A UNIT CIRCLE APPROACH 


NINTH EDITION 


Review “Study for Quizzes and Tests” 


Feature 


“Things to 
Know” 


“You Should Be 
Able to...” 


Review 
Exercises 


CHAPTER TEST 


ty 


CUMULATIVE 
REVIEW 


CHAPTER 
PROJECTS 


NEW! 
Internet-based 
Projects 


Q 


Description 


Benefit Page 


Chapter Reviews at the end of each chapter contain... 


A detailed list of important theorems, 
formulas, and definitions 
from the chapter. 


Contains a complete list of objectives by 
section, examples that illustrate the 
objective, and practice exercises that test 
your understanding of the objective. 


These provide comprehensive review and 
practice of key skills, matched to the 
Learning Objectives for each section. 


About 15-20 problems that can be taken 
as a Chapter Test. Be sure to take the 
Chapter Test under test conditions—no 
notes! 


These problem sets appear at the end of 
each chapter, beginning with Chapter 2. 
They combine problems from previous 
chapters, providing an ongoing 
cumulative review. 


The Chapter Project applies what you’ve 
learned in the chapter. Additional projects 
are available on the Instructor's 

Resource Center (IRC). 


In selected chapters, a web-based 
project is given. 


172-174 


176-178 


178-179 


Review these and you'll know the 
most important material in the chapter! 


Do the recommended exercises and 
you'll have mastery over the key 
material. If you get something wrong, 
review the suggested page numbers 
and try again. 


Practice makes perfect.These problems 
combine exercises from all sections, 
giving you a comprehensive review in 
one place. 


Be prepared. Take the sample practice 
test under test conditions. This will 

get you ready for your instructor's test. 
If you get a problem wrong, watch 

the Chapter Test Prep video. 


These are really important. They will 
ensure that you are not forgetting 
anything as you go. These will go a long 
way toward keeping you constantly 
primed for the final exam. 


The Project gives you an opportunity to 
apply what you've learned in the chapter 
to solve a problem related to the 
opening article. If your instructor allows, 
these make excellent opportunities to 
work in a group, which is often the 

best way of learning math. 


The projects allow the opportunity for 
students to collaborate and use 
mathematics to deal with issues that 
come up in their lives. 


To the Student 


As you begin, you may feel anxious about the number of theorems, definitions, 
procedures, and equations. You may wonder if you can learn it all in time. Don’t 
worry, your concerns are normal. This textbook was written with you in mind. If 
you attend class, work hard, and read and study this book, you will build the 
knowledge and skills you need to be successful. Here’s how you can use the book 
to your benefit. 


Read Carefully 


When you get busy, it’s easy to skip reading and go right to the problems. Don’t. . . 
the book has a large number of examples and clear explanations to help you break 
down the mathematics into easy-to-understand steps. Reading will provide you with 
a clearer understanding, beyond simple memorization. Read before class (not after) 
so you can ask questions about anything you didn’t understand. You'll be amazed at 
how much more you'll get out of class if you do this. 


Use the Features 


I use many different methods in the classroom to communicate. Those methods, 
when incorporated into the book, are called “features.” The features serve many 
purposes, from providing timely review of material you learned before (just when 
you need it), to providing organized review sessions to help you prepare for quizzes 
and tests. Take advantage of the features and you will master the material. 

To make this easier, ve provided a brief guide to getting the most from this 
book. Refer to the “Prepare for Class,” “Practice,” and “Review” pages on the inside 
front cover of this book. Spend fifteen minutes reviewing the guide and familiarizing 
yourself with the features by flipping to the page numbers provided. Then, as you 
read, use them. This is the best way to make the most of your textbook. 

Please do not hesitate to contact me, through Pearson Education, with any 
questions, suggestions, or comments that would improve this text. I look forward to 
hearing from you, and good luck with all of your studies. 


Best Wishes! 
Michael Sullivan 
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Three Distinct Series 


Students have different goals, learning styles, and levels of preparation. Instructors 
have different teaching philosophies, styles, and techniques. Rather than write one 
series to fit all, the Sullivans have written three distinct series. All share the same 
goal—to develop a high level of mathematical understanding and an appreciation 
for the way mathematics can describe the world around us. The manner of reaching 
that goal, however, differs from series to series. 


Contemporary Series, Ninth Edition 


The Contemporary Series is the most traditional in approach yet modern in its 
treatment of precalculus mathematics. Graphing utility coverage is optional and can 
be included or excluded at the discretion of the instructor: College Algebra, Algebra & 
Trigonometry, Trigonometry, Precalculus. 


Enhanced with Graphing Utilities Series, 
Fifth Edition 


This series provides a more thorough integration of graphing utilities into topics, 
allowing students to explore mathematical concepts and foreshadow ideas usually 
studied in later courses. Using technology, the approach to solving certain problems 
differs from the Contemporary Series, while the emphasis on understanding concepts 
and building strong skills does not: College Algebra, Algebra & Trigonometry, 
Trigonometry, Precalculus. 


Concepts through Functions Series, 
Second Edition 


This series differs from the others, utilizing a functions approach that serves as the 
organizing principle tying concepts together. Functions are introduced early in 
various formats. This approach supports the Rule of Four, which states that 
functions are represented symbolically, numerically, graphically, and verbally. Each 
chapter introduces a new type of function and then develops all concepts pertaining 
to that particular function. The solutions of equations and inequalities, instead of 
being developed as stand-alone topics, are developed in the context of the 
underlying functions. Graphing utility coverage is optional and can be included or 
excluded at the discretion of the instructor: College Algebra; Precalculus, with a Unit 
Circle Approach to Trigonometry; Precalculus, with a Right Triangle Approach to 
Trigonometry. 


Preface to the Instructor 


university for 35 years, I understand the varied needs 

of students taking trigonometry. Students range from 
being underprepared, with little mathematical background 
and a fear of mathematics, to being highly prepared and 
motivated. For some, this is their final course in mathematics. 
For others, it is preparation for future mathematics courses. 
T have written this text with both groups in mind. 

A tremendous benefit of authoring a successful series 
is the broad-based feedback I receive from teachers and 
students who have used previous editions. I am sincerely 
grateful for their support. Virtually every change to this 
edition is the result of their thoughtful comments and 
suggestions. I hope that I have been able to take their ideas 
and, building upon a successful foundation of the eighth 
edition, make this series an even better learning and 
teaching tool for students and teachers. 


A s a professor of mathematics at an urban public 


Features in the Ninth Edition 


Rather than provide a list of features here, that 
information can be found on the endpapers in the front of 
this book. 

This places the features in their proper context, as 
building blocks of an overall learning system that has been 
carefully crafted over the years to help students get the 
most out of the time they put into studying. Please take the 
time to review this and to discuss it with your students at 
the beginning of your course. My experience has been 
that when students utilize these features, they are more 
successful in the course. 


New to the Ninth Edition 


e¢ Chapter Projects, which apply the concepts of each 
chapter to a real-world situation, have been enhanced 
to give students an up-to-the-minute experience. Many 
projects are new and Internet-based, requiring the 
student to research information online in order to solve 
problems. 


¢ Author Solves It MathXL Video Clips— author Michael 
Sullivan works by section through MathXL exercises 
typically requested by students for more explanation 
or tutoring. These videos are a result of Sullivan’s 
experiences in teaching online. 


e Showcase Examples are used to present examples in a 
guided, step-by-step format. Students can immediately 
see how each of the steps in a problem are employed. 
The “How To” examples have a two-column format in 
which the left column describes the step in solving the 
problem and the right column displays the algebra 
complete with annotations. 


¢ Model It examples and exercises are clearly marked with a 

icon. These examples and exercises are meant to develop 

the student’s ability to build models from both verbal 

descriptions and data. Many of the problems involving 

data require the students to first determine the appropriate 
model to fit to the data and justify their choice. 


e Exercise Sets at the end of each section remain classified 
according to purpose. The “Are You Prepared?” exercises 
have been expanded to better serve the student who 
needs a just-in-time review of concepts utilized in the 
section. The Concepts and Vocabulary exercises have 
been updated. These fill-in-the-blank and True/False 
problems have been written to serve as reading quizzes. 
Mixed Practice exercises have been added where 
appropriate. These problems offer a comprehensive 
assessment of the skills learned in the section by asking 
problems that relate to more than one objective. Some- 
times these require information from previous sections 
so students must utilize skills learned throughout the 
course. Applications and Extension problems have been 
updated and many new problems involving sourced 
information and data have been added to bring 
relevance and timeliness to the exercises. The Explaining 
Concepts: Discussion and Writing exercises have been 
updated and reworded to stimulate discussion of 
concepts in online discussion forums. These can also be 
used to spark classroom discussion. In selected exercise 
sets, Interactive Exercises are presented. These applets 
provide a “hands-on” experience allowing students to 
interact with Mathematics in an active learning 
environment. Finally, in the Annotated Instructor’s 
Edition, I have preselected problems that can serve as 
sample homework assignments. These are indicated by a 
blue underline, and they are assignable in MyMathLab® 
if desired. 


e The Chapter Review now identifies Examples to review 
for each objective in the chapter. 


Changes in the Ninth Edition 


¢ CONTENT 

2° Appendix A, Section A.3. A new objective “Know 
Formulas for Special Products” has been added. 

2 Chapter 1, Section 4 A new objective “Use a graph 
to locate the absolute maximum and the absolute 
minimum” has been added. The Extreme Value 
Theorem is also cited here. 

2 Chapter 5, Section 5 More applications of decom- 
posing vectors have been added. 


° Chapter 7, Section 1 The definition of an exponential 
function has been broadened. 
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¢ ORGANIZATION 


2° Appendix A, Section A.3 The objective “Complete 
the Square” has been relocated to here from 
Section A.4. 


2 Chapter 3 The two sections on trigonometric equations, 
Trigonometric Equations (I) and Trigonometric Equa- 
tions (IT), have been consolidated into a new section in 
Chapter 3, Section 3, entitled Trigonometric Equations. 
In addition, trigonometric equations that utilize specific 
identities have been woven into the appropriate sections 
throughout the remainder of Chapter 3. 


2° Chapter 5 The material on applications of vectors 
that was formerly in Section 5 on the Dot Product 
has been moved to Section 4 to emphasize the 
applications of the resultant vector. 


Using the Ninth Edition Effectively 
with Your Syllabus 


To meet the varied needs of diverse syllabi, this book 
contains more content than is likely to be covered in a 
Trigonometry course. As the chart illustrates, this book has 
been organized with flexibility of use in mind. Within a 
given chapter, certain sections are optional (see the detail 
following the flow chart) and can be omitted without loss 
of continuity. 
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Appendix B 


7 2 6.1-6.4 
3 6.5-6.7 
4 5.1-5.3 
5.4—5.7 


AppendixA Review 

This chapter consists of review material. It may be used as 
the first part of the course or later as a just-in-time review 
when the content is required. Specific references to this 
chapter occur throughout the book to assist in the review 
process. 


Chapter 1 Graphs and Functions 
This chapter lays the foundation for Chapters 2, 6, and 7. 


Chapter 2 Trigonometric Functions 
Section 2.6 may be omitted in a brief course. 


Chapter3 Analytic Trigonometry 
Section 3.7 may be omitted in a brief course. 


Chapter 4 Applications of Trigonometric Functions 
Sections 4.4 and 4.5 may be omitted in a brief course. 


Chapter5 Polar Coordinates; Vectors 
Sections 5.1—-5.3 and Sections 5.4—5.7 are independent and 
may be covered separately. 


Chapter6 Analytic Geometry 

Sections 6.1-6.4 follow in sequence. Sections 6.5, 6.6, and 
6.7 are independent of each other, but each requires 
Sections 6.1-6.4. 


Chapter 7 Exponential and Logarithmic Functions 
Sections 7.1-7.4 follow in sequence. Sections 7.5, 7.6, 
and 7.7 are optional. 
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STUDENT RESOURCES 


Available to students are the following supplements: 


¢ Student Solutions Manual (ISBN 10: 0321717023; ISBN 13: 9780321717023) 
Fully worked solutions to odd-numbered exercises. 


e Algebra Review (ISBN 10: 0131480065; ISBN 13: 9780131480063) 
Four chapters of Intermediate Algebra Review. Perfect for a slower-paced course or for individual review. 


e Videos on DVD with Chapter Test Prep for Trigonometry 9e ISBN 10: 0321717058; ISBN 13: 9780321717054) 
The Videos on DVD contain short video clips of Michael Sullivan III working key book examples. Chapter Test Prep Videos 
(also included) provide fully worked solutions to the Chapter Test exercises. The Chapter Test Prep Videos are also available 
within MyMathLab® or on YouTube™ (go to http://www.youtube.com/SullivanTrig9e). Videos have optional subtitles. 


MathXL® Online Course (access code required) 


MathXL® is a powerful online homework, tutorial, and assessment system that accompanies Pearson Education’s textbooks in 
mathematics or statistics. With MathXL, instructors can: 


¢ Create, edit, and assign online homework and tests using algorithmically generated exercises correlated at the objective level 
to the textbook. 


e Create and assign their own online exercises and import TestGen tests for added flexibility. 
e Maintain records of all student work tracked in MathXL’s online gradebook. 
With MathXL, students can: 
e Take chapter tests in MathXL and receive personalized study plans based on their test results. 
e Use the study plan to link directly to tutorial exercises for the objectives they need to study and retest. 
e Access supplemental animations and video clips directly from selected exercises. 


MathXL is available to qualified adopters. For more information, visit our website at www.mathxl.com, or contact your Pearson sales 
representative. 


MyMathLab® Online Course (access code required) 


MyMathLab® is a text-specific, easily customizable online course that integrates interactive multimedia instruction with textbook 
content. MyMathLab gives you the tools you need to deliver all or a portion of your course online, whether your students are in a lab 
setting or working from home. 


e Interactive homework exercises, correlated to your textbook at the objective level, are algorithmically generated for unlimited 
practice and mastery. Most exercises are free-response and provide guided solutions, sample problems, and tutorial learning aids for 
extra help. 


Personalized homework assignments that you can design to meet the needs of your class. MyMathLab tailors the assignment for 
each student based on their test or quiz scores. Each student receives a homework assignment that contains only the problems they 
still need to master. 


Personalized Study Plan, generated when students complete a test or quiz or homework, indicates which topics have been mastered 
and links to tutorial exercises for topics students have not mastered. You can customize the Study Plan so that the topics available 
match your course content. 


Multimedia learning aids, such as video lectures and podcasts, animations, and a complete multimedia textbook, help students 
independently improve their understanding and performance. You can assign these multimedia learning aids as homework to help 
your students grasp the concepts. 


Homework and Test Manager lets you assign homework, quizzes, and tests that are automatically graded. Select just the right mix of 
questions from the MyMathLab exercise bank, instructor-created custom exercises, and/or TestGen® test items. 


Gradebook, designed specifically for mathematics and statistics, automatically tracks students’ results, lets you stay on top of student 
performance, and gives you control over how to calculate final grades. You can also add offline (paper-and-pencil) grades to the 
gradebook. 


MathXL Exercise Builder allows you to create static and algorithmic exercises for your online assignments. You can use the library 
of sample exercises as an easy starting point, or you can edit any course-related exercise. 


Pearson Tutor Center (www.pearsontutorservices.com) access is automatically included with MyMathLab. The Tutor Center is 
staffed by qualified math instructors who provide textbook-specific tutoring for students via toll-free phone, fax, email, and 
interactive Web sessions. 


NEW Resources for Sullivan, Trigonometry, 9e 


° Author Solves It videos feature Mike Sullivan III working by section through MathXL exercises typically requested by students 
for more explanation or tutoring. These videos are a result of Sullivan’s experiences in teaching online. 


Sample homework assignments, preselected by the author, are indicated by a blue underline within the end-of-section exercise sets 
in the Annotated Instructor’s Edition and are assignable in MyMathLab. 


° Chapter Project MathXL Exercises allow instructors to assign problems based on the new Internet-based Chapter Projects. 


Students do their assignments in the Flash®-based MathXL Player, which is compatible with almost any browser (Firefox®, Safari™, or 
Internet Explorer®) on almost any platform (Macintosh® or Windows®). MyMathLab is powered by CourseCompass™, Pearson 
Education’s online teaching and learning environment, and by MathXL®, our online homework, tutorial, and assessment system. 
MyMathLab is available to qualified adopters. For more information, visit www.mymathlab.com or contact your Pearson representative. 


Applications Index 


Acoustics 

amplifying sound, 519 

loudness of sound, 471 
loudspeaker, 294 

tuning fork, 294-95 

whispering galleries, 394-95, 439 


Aerodynamics 
modeling aircraft motion, 376 


Aeronautics 
Challenger disaster, 507 


Agriculture 


grazing area for cow, 285-86 
removing stump, 348-49 


Air travel 

bearing of aircraft, 261,272 

frequent flyer miles, 272 

holding pattern, 208 

revising a flight plan, 279 

speed and direction of aircraft, 343-44, 
347-48, 374 


Archaeology 

age of ancient tools, 500-501 

age of fossil, 506 

age of tree, 506 

date of prehistoric man’s 
death, 519 


Architecture 

Burj Khalifa building, A15 
Norman window, A21 
racetrack design, 397 


Area 

of Bermuda Triangle, 285 
under a curve, 193-94 

of isosceles triangle, 239 
of sector of circle, 106 

of segment of circle, 297 


Art 
fine decorative pieces, 124 


Astronomy 
angle of elevation of Sun, 260 
planetary orbits, 394 

Earth, 397 

Jupiter, 397 

Mars, 397 


xviii 


Mercury, 424 
Neptune, 441 
Pluto, 397, 441 


Aviation 
modeling aircraft motion, 376 


Biology 
alcohol and driving, 467, 472 
bacterial growth, 499-500, 512-13 
E-coli, 52 
healing of wounds, 457, 471 
maternal age versus Down 
syndrome, A85 


yeast biomass as function of time, 511-12 


Business 


advertising, A84 
cigarette exports, 513 
cost 

of manufacturing, A13 

of production, 52 
cost equation, A77 
demand 

for jeans, A84 

for PCs, 513 
drive-thru rate 

at Burger King, 453 

at Citibank, 457, 471 

at McDonald’s, 457 
Jiffy Lube’s car arrival rate, 457, 471 
new-car markup, A55 
precision ball bearings, A13 
price vs. quantity demanded, 513-14 
product promotion, A78 
profit 

cigar company, 73-74 
rate of return on, 496 
revenue 

advertising and, A84 

from digital music, 73 
salary 

gross, 38 
sales 

commission on, A54 

net, 8 
salvage value, 519 
truck rentals, A77 
wages 

of car salesperson, A77 


Calculus 

area under a curve, 74, 193-94 

area under graph, 51 

carrying a ladder around a corner, 
208-9 


maximizing rain gutter construction, 
238-39 
projectile motion, 208-9 


Carpentry 
pitch, A78 


Chemistry 

alpha particles, 410 
decomposition reactions, 507 

pH, 470 

radioactive decay, 506, 513,519 
radioactivity from Chernobyl, 507 
volume of gas, A54 


Communications 

cell phone service, 59 

cell phone usage, 509-10, 515 
satellite dish, 384-85, 386 
spreading of rumors, 457, 471 
Touch-Tone phones, 243, 295 


Computers and computing 


Dell PCs, 513-14 
graphics, 347 


Construction 


of box 
open, 51-52 
of flashlight, 386-87 
of garden walk, 179 
of headlight, 387 
of highway, 261, 272, 298 
pitch of roof, 262 
of rain gutter, 117-18, 238-39, 
252-53 
of ramp, 271 
access ramp, A77 
of swimming pool, A21, A22 
of swing set, 280 
of tent, 284 
TV dish, 386 
vent pipe installation, 397 


Crime 
income vs. rate of, 515 


Decorating 
Christmas tree, A16 


Demographics 

diversity index, 470-71 

life expectancy, A54 
mosquito colony growth, 506 


Design 

of awning, 273 

of fine decorative pieces, 124 
of Little League field, 108 

of water sprinkler, 107 


Direction 


of aircraft, 343-44, 347, 374 
compass heading, 348 

for crossing a river, 348 

of fireworks display, 409-10 
of lightning strikes, 410 

of motorboat, 348 

of swimmer, 374 


Distance 


Bermuda Triangle, A21 
bicycle riding, 41 
from Chicago to Honolulu, 194 
circumference of Earth, 108 
between cities, 102-3, 107 
between Earth and Mercury, 273 
between Earth and Venus, 273 
from Earth to a star, 260-61 
of explosion, 410 
height 
of aircraft, 271, 273,519 
of bridge, 271 
of building, 260, 261 
of cloud, 256 
of Eiffel Tower, 260 
of embankment, 261 
of Ferris Wheel rider, 208 
of Great Pyramid of Cheops, 
273, A21 
of helicopter, 298 
of hot-air balloon, 261 
of Lincoln’s caricature on 
Mt. Rushmore, 261 
of mountain, 268, 271,519 
of statue on a building, 256-57 
of tower, 262 
of tree, 271 
of Washington Monument, 261 
of Willis Tower, 261 
from home, 41 
from Honolulu to Melbourne, 
Australia, 194 
of hot-air balloon 
to airport, 300 
from intersection, 8 
length 
of guy wire, 279 
of mountain trail, 261 
of ski lift, 271 
limiting magnitude of 
telescope, 519 
to the Moon, 271 
to plateau, 260 
across a pond, 260 
reach of ladder, 260 


of rotating beacon, 161 
at sea, 272, 298 
to shore, 260, 272 
between skyscrapers, 262, 263 
surveying, 299 
to tower, 273 
traveled by wheel, A21 
between two moving vehicles, 8 
between two objects, 260, 261 
visibility of Gibb’s Hill Lighthouse 
beam, 257-58, 263, A22 

visual, A22 
walking, 41 
width 

of gorge, 259 

of Mississippi River, 262 

of river, 255 


Economics 


Consumer Price Index (CPI), 497 

Dell personal computer price and 
demand, 513-14 

federal stimulus package of 2009, 496 

inflation, 496 

per capita federal debt, 496 

poverty threshold, 8 


Education 

college costs, 496 

funding a college education, 519 

grade computation, A55 

IQ tests, A55 

learning curve, 458, 471 

video games and grade-point 
average, A84 


Electricity 
alternating current (ac), 177, 229 
alternating current (ac) circuits, 152, 170 
alternating current (ac) generators, 
152-53 
alternating voltage, 177 
charging a capacitor, 295 
current in RC circuit, 458 
current in RL circuit, 458, 471 
impedance, A45 
parallel circuits, A45 
rates for, A54, A77 
voltage 
foreign, A13 
US., A13 


Electronics 


loudspeakers, 294 
microphones, 22 
sawtooth curve, 239, 295 


Energy 


nuclear power plant, 410 
solar, 22,355 


Applications Index 


solar heat, 387 
thermostat control, 73 


Engineering 
bridges 
clearance, 153 
parabolic arch, 387, 439 
semielliptical arch, 397, 439 
suspension, 387 
drive wheel, 299 
Gateway Arch (St. Louis), 387 
grade of road, A78 
lean of Leaning Tower of Pisa, 272 
moment of inertia, 243 
piston engines, 124 
product of inertia, 239 
road system, 312 
robotic arm, 365 
rods and pistons, 280 
searchlight, 217, 387, 439 
whispering galleries, 397, 439 


Entertainment 

cable subscribers, 514-15 

Demon Roller Coaster customer 
rate, 457-58 

movie theater, 193 


Exercise and fitness 
for weight loss, AS4 


Finance 
balancing a checkbook, A13 
college costs, 496 
computer system purchase, 496 
cost 

of driving car, A77 

of land, 299 

of natural gas, 60 

of trans-Atlantic travel, 39 

of triangular lot, 284 
credit cards 

interest on, 495 

payment, 60 
depreciation, 457, 515 

of car, 487, 522 
electricity rates, A77 
federal income tax, A54 
federal stimulus package of 2009, 496 
funding a college education, 519 
gross salary, 38 
income vs. crime rate, 515 
interest, 60 
loans 

repayment of, 495 
mortgages 

interest rates on, 496 

second, 496 
price appreciation of 

homes, 495 


XIX 


XX Applications Index 


saving 

for a car, 495 
savings accounts interest, 496 
taxes 

e-filing returns, 52 

federal income, 86 
used-car purchase, 495 
water bills, AS4-A55 


Food and nutrition 


candy, A83 

cooling time of pizza, 506 
“light” foods, A55 

pig roasts, 507 

raisins, A83—A84 

warming time of beer stein, 507 


Forestry 
wood product classification, 505 


Gardens and gardening. See 
Landscaping 


Geography 

area of Bermuda Triangle, 285 

area of lake, 285, 299 

inclination of hill, 343 

inclination of mountain trail, 
255,298 


Geology 
earthquakes, 472 


Geometry 
angle between two lines, 229 
circle 
area of, 285 
center of, 23 
circumference of, A1l2 
length of chord of, 280 
radius of, 23 
cube 
surface area of, A13 
volume of, A13 
ladder angle, 300 
quadrilateral area, 301 
rectangle 
area of, 38, A12 
inscribed in semicircle, 239 
perimeter of, A12 
semicircle area, 284, 301 
sphere 
surface area of, A13 
volume of, A13 
square 
area of, A21 
surface area 
of cube, A13 
of sphere, A13 


triangle 
area of, 284, 285, 301, A13 
circumscribing, 274 
equilateral, A13 
isosceles, 38, 301 
perimeter of, A13 
right, 259 
sides of, 301 
volume of parallelepiped, 371 


Government 

federal deficit, 519 

federal income tax, 86, A54 

e-filing returns, 52 

federal stimulus package of 
2009, 496 

first-class mail, 60 

per capita federal debt, 496 


Health. See also Medicine 

age vs. total cholesterol, 515 

blood pressure, 208 

cigarette use among teens, 
AT77-A78 

ideal body weight, 86 


Housing 


number of rooms in, 39 
price appreciation of homes, 495 


Investment(s) 


in bonds 
zero-coupon, 493, 496-97 


compound interest on, 488-89, 490, 


491-92, 495-96 
doubling of, 493-94, 497 
finance charges, 495 
in fixed-income securities, 

496-97 
growth rate for, 495-96 
IRA, 496, 519 
money market account, 492 
return on, 495-96 
savings account, 491-92 
in stock 

appreciation, 495-96 
time to reach goal, 495, 497 
tripling of, 494, 497 


Landscaping 

building a walk, 179 
height of tree, 271 
removing stump, 348-49 
watering lawn, 107 


Leisure and recreation 

Ferris wheel, 22, 208, 273, 294 

video games and grade-point 
average, A84 


Marketing 


Dell personal computer price and 
demand, 513-14 


Measurement 


optical methods of, 217 
of rainfall, 355 


Mechanics. See Physics 


Medicine. See also Health 
age vs. total cholesterol, 515 
blood pressure, 208 

drug concentration, 52 

drug medication, 457, 471 
healing of wounds, 457, 471 
spreading of disease, 520 


Meteorology 


weather balloon height and atmospheric 
pressure, 510-11 


Miscellaneous 


biorhythms, 153 

carrying a ladder around a corner, 
161, 208-9 

coffee container, 522 

cross-sectional area of beam, 39 

drafting error, 8 

Mandelbrot sets, 335 

rescue at sea, 268-69, 271 

surveillance satellites, 262-63 


Motion, 295. See also Physics 

catching a train, 440 

on a circle, 107 

of Ferris Wheel rider, 208 

of golf ball, 40 

minute hand of clock, 106, 177 

objects approaching 
intersection, 436 

of pendulum, 295 

revolutions of circular disk, A21 

simulating, 430 

uniform, 436 


Motor vehicles 


alcohol and driving, 467, 472 

approaching intersection, 436 

braking load, 355-56, 374 

crankshafts, 272 

depreciation of, 487, 515, 522 

with Global Positioning System 
(GPS), 520 

new-car markup, A55 

spin balancing tires, 108, 177 

stopping distance, 86 

used-car purchase, 495 


Music 
revenues from, 73 


Navigation 
avoiding a tropical storm, 279 
bearing, 257-58, 278 

of aircraft, 261, 272 

of ship, 261, 299 
commercial, 271-72 
compass heading, 348 
crossing a river, 348 
error in 

correcting, 276-77, 298 

time lost due to, 272 
rescue at sea, 268-69, 271 
revising a flight plan, 279 


Oceanography 
tides, 171-72 


Optics 

angle of refraction, 209-10 
bending light, 210 

index of refraction, 209-10 

laser beam, 260 

laser projection, 239 

light obliterated through glass, 457 
mirrors, 410 

reflecting telescope, 387 


Pediatrics 


height vs. head circumference, 
86, A84 


Photography 


camera distance, 261 


Physics 
angle of elevation of Sun, 260 
braking load, 356 
damped motion, 290 
force, 347 
to hold a wagon on a hill, 353 
resultant, 347 
gravity 
on Earth, 39, 86 
on Jupiter, 39 
harmonic motion, 289 
heat transfer, 208 
inclination of mountain trail, 255 
moment of inertia, 243 
motion of object, 289 
pendulum motion, 106, 295, A64 
period, 73, 87 
product of inertia, 239 
projectile motion, 123-25, 208, 209, 
233-34, 239, 243, 428-29, 435-37, 440 
artillery, 199 
thrown object, 435 


simulating motion, 430 
static equilibrium, 344-45, 348, 
349, 374 
tension, 344-45, 348, 374 
truck pulls, 348 
uniform motion, 436, 440 
velocity down inclined planes, A63 
weight 
of a boat, 348 
of a car, 348 
of a piano, 344 
work, 365 


Play 
swinging, 301 
wagon pulling, 347, 354 


Population. See also Demographics 
bacterial, 506, 507, 512-13 
decline in, 506 

E-coli growth, 52 

of endangered species, 507 
of fruit fly, 504 

as function of age, 38-39 
growth in, 506, 507 

insect, 506 

of United States, 487, 514 
of world, 487, 514, 519 


Probability 


exponential, 453, 457, 471 
Poisson, 457-58 


Pyrotechnics 
fireworks display, 409-10 


Rate. See also Speed 


of car, 107 
catching a bus, 435 
catching a train, 435 
to keep up with the Sun, 108 
revolutions per minute 
of bicycle wheels, 107 
of pulleys, 109 


Real estate 


commission schedule, A54 
cost of land, 299 
cost of triangular lot, 284 


Recreation 
Demon Roller Coaster customer rate, 457 


Security 
security cameras, 260 


Seismology 
calibrating instruments, 440 


Applications Index 


Speed 
of aircraft, 347, 374 
angular, 107, 177 
of current, 107-8 
as function of time, 41 
linear, 104-5 
on Earth, 107 
of merry-go-rounds, 177 
of Moon, 107 
revolutions per minute of pulley, 107 
of rotation of lighthouse 
beacons, 177 
of swimmer, 374 
of truck, 260 
of wheel pulling cable cars, 108 


Sports 

baseball, 436 
diamond, 7 
dimensions of home plate, 284 
field, 279, 280 
Little League, 7, 8, 108-9 
on-base percentage, A79-A80 
stadium, 279 

basketball 
free throws, 39, 262 
granny shots, 39-40 

football, 397 

golf, 40, 428-29, 436 
distance to the green, 278 
sand bunkers, 199 

hammer throw, 179 

swimming, 300, 374 


Statistics. See Probability 


Surveying 
distance between houses, 299 


Temperature 

body, A13 

conversion of, 86 

cooling time of pizza, 506 
measuring, A77 

monthly, 170-71, 178 

of portable heater, 520 
relationship between scales, 73 
sinusoidal function from, 166-67 
of skillet, 519 

warming time of beer stein, 507 
wind chill factor, 520 


Tests and testing 
1Q, A55 


Time 

for beer stein to warm, 507 

for block to slide down inclined 
plane, 124 


xxi 


xxii Applications Index 


Ferris Wheel rider height as function 
of, 208 

hours of daylight, 95, 168-69, 172, 178, 
180, 193 

for pizza to cool, 506 

of sunrise, 108, 193 

of trip, 124, 138 


Transportation 

deicing salt, 199 

Niagara Falls Incline 
Railway, 261 


Travel. See also Air travel; 
Navigation 


bearing, 272, 299 
drivers stopped by the 
police, 521 


Volume 
of gasoline in tank, A63 


Weapons 
artillery, 199 


Weather 


atmospheric pressure, 457, 471 
avoiding a tropical storm, 279 
lightning strikes, 406-7, 410 
rainfall measurement, 355 
relative humidity, 458 

wind chill, 59, 520 


Work, 354 

computing, 354, 355, 374 
pulling a wagon, 354 
ramp angle, 356 
wheelbarrow push, 347 
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Graphs and Functions 


Outline 


1.1 The Distance and Midpoint Formulas 1.5 Library of Functions; Piecewise-defined e Chapter Review 

1.2 Graphs of Equations in Two Variables; Functions © Chapter Test 
Circles 1.6 — Graphing Techniques: © Chapter Projects 

1.3 Functions and Their Graphs Transformations 

1.4 Properties of Functions 1.7 One-to-One Functions; Inverse Functions 


Choosing a Cellular Telephone Plan 


Most consumers choose a cellular telephone provider first, and then 
select an appropriate plan from that provider. The choice as to the 
type of plan selected depends upon your use of the phone. For 
example, is text messaging important? How many minutes do you 
plan to use the phone? Do you desire a data plan to browse the 
Web? The mathematics learned in this chapter can help you decide 

the plan best-suited for your particular needs. 


@ — See the Internet-based Chapter Project— 


<J A Look Back In Appendix A, we review algebra essentials, 


geometry essentials, and equations in one variable. 


A Look Ahead > Here we connect algebra and geometry using 


the rectangular coordinate system to graph equations in two variables. Then we look at a 
special type of equation involving two variables called a function. This chapter deals with what a function 
is, how to graph functions, properties of functions, and how functions are used in applications. The word function 
apparently was introduced by René Descartes in 1637. For him, a function simply meant any positive integral power of a 
variable x. Gottfried Wilhelm Leibniz (1646-1716), who always emphasized the geometric side of mathematics, used the 
word function to denote any quantity associated with a curve, such as the coordinates of a point on the curve. Leonhard 
Euler (1707-1783) employed the word to mean any equation or formula involving variables and constants. His idea of a 
function is similar to the one most often seen in courses that precede calculus. Later, the use of functions in investigating 
heat flow equations led to a very broad definition, due to Lejeune Dirichlet (1805-1859), which describes a function as a 
correspondence between two sets. It is his definition that we use here. 
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Figure 1 


1.1 The Distance and Midpoint Formulas 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Algebra Essentials (Appendix A, Section A.1, ° 
PP. 


A1-A10) 


Now Work the ‘Are You Prepared?’ problems on page 5. 


OBJECTIVES 1 Use the Distance Formula (p.3) 


Figure 2 


Figure 3 
Va 
Quadrant Il Quadrant | 
x<0,y>0 x>0,y>0 


ss 


Quadrant Ill 
x<0,v<0 


x 


Quadrant IV 
x>0,y<0 


Geometry Essentials (Appendix A, Section A.2, 
pp. Al4-A19) 


2 Use the Midpoint Formula (p.5) 


Rectangular Coordinates 


We locate a point on the real number line by assigning it a single real number, called 
the coordinate of the point. For work in a two-dimensional plane, we locate points by 
using two numbers. 

We begin with two real number lines located in the same plane: one horizontal 
and the other vertical. The horizontal line is called the x-axis, the vertical line the 
y-axis, and the point of intersection the origin O. See Figure 1. We assign coordinates 
to every point on these number lines using a convenient scale. We usually use the 
same scale on each axis, but in applications, different scales appropriate to the 
application may be used. 

The origin O has a value of 0 on both the x-axis and y-axis. Points on the x-axis 
to the right of O are associated with positive real numbers, and those to the left of 
O are associated with negative real numbers. Points on the y-axis above O are 
associated with positive real numbers, and those below O are associated with negative 
real numbers. In Figure 1, the x-axis and y-axis are labeled as x and y, respectively, 
and we have used an arrow at the end of each axis to denote the positive direction. 

The coordinate system described here is called a rectangular or Cartesian* 
coordinate system. The plane formed by the x-axis and y-axis is sometimes called 
the xy-plane, and the x-axis and y-axis are referred to as the coordinate axes. 

Any point P in the xy-plane can be located by using an ordered pair (x, y) of 
real numbers. Let x denote the signed distance of P from the y-axis (signed means 
that, if P is to the right of the y-axis, then x > 0, and if P is to the left of the y-axis, 
then x < 0); and let y denote the signed distance of P from the x-axis. The ordered 
pair (x, y), also called the coordinates of P, then gives us enough information to 
locate the point P in the plane. 

For example, to locate the point whose coordinates are (—3, 1), go 3 units along 
the x-axis to the left of O and then go straight up 1 unit. We plot this point by placing 
a dot at this location. See Figure 2, in which the points with coordinates (—3, 1), 
(—2, -3), (3, —2), and (3, 2) are plotted. 

The origin has coordinates (0, 0). Any point on the x-axis has coordinates of the 
form (x, 0), and any point on the y-axis has coordinates of the form (0, y). 

If (x, y) are the coordinates of a point P, then x is called the x-coordinate, or 
abscissa, of P and y is the y-coordinate, or ordinate, of P. We identify the point P by 
its coordinates (x, y) by writing P = (x, y). Usually, we will simply say “the point 
(x, y)” rather than “the point whose coordinates are (x, y).” 

The coordinate axes divide the xy-plane into four sections called quadrants, as 
shown in Figure 3. In quadrant I, both the x-coordinate and the y-coordinate of all 
points are positive; in quadrant II, x is negative and y is positive; in quadrant III, 
both x and y are negative; and in quadrant IV, x is positive and y is negative. Points 
on the coordinate axes belong to no quadrant. 
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*Named after René Descartes (1596-1650), a French mathematician, philosopher, and theologian. 
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COMMENT On a graphing calculator, you can set the scale on each axis. Once this has been done, 
you obtain the viewing rectangle. See Figure 4 for a typical viewing rectangle. You should now read 
Section B.1, The Viewing Rectangle, in Appendix B. a 


Figure 4 


1 Use the Distance Formula 


If the same units of measurement, such as inches, centimeters, and so on, are used 
for both the x-axis and y-axis, then all distances in the xy-plane can be measured 
using this unit of measurement. 


EXAMPLE 1 Finding the Distance between Two Points 
Find the distance d between the points (1, 3) and (5, 6). 


Solution First plot the points (1,3) and (5,6) and connect them with a straight line. See 
Figure 5(a). We are looking for the length d. We begin by drawing a horizontal line 
from (1, 3) to (5, 3) and a vertical line from (5, 3) to (5, 6), forming a right triangle, 
as shown in Figure 5(b). One leg of the triangle is of length 4 (since |5 — 1| = 4), 
and the other is of length 3 (since |6 — 3| = 3). By the Pythagorean Theorem, the 
square of the distance d that we seek is 


PaP+ = 16+ 9 =25 


d= V25=5 


Figure 5 Va (5, 6) Yh (5, 6) 
6E 6E 
ae ee ae 
3 3 e 
L (1, 3) L(1,3) 4 (5,3) 
L es Kae Fa L is 31 Wit 3 fs 4 
3 6 Xx 3 Gr. =X 


(a) (b) 
- 


The distance formula provides a straightforward method for computing the 
distance between two points. 


THEOREM Distance Formula 


The distance between two points P; = (x,, y,;) and Py = (x2, y2), denoted by 
In Words d(P, P2), is 
To compute the distance between 
two points, find the difference of 
the x-coordinates, square it, and 
add this to the square of the 
difference of the y-coordinates. 
The square root of this sum is 
the distance. 
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EXAMPLE 2 


EXAMPLE 3 


Solution 


Solution 
Figure 6 
Va 
| B=(2,3 
sh 83) 
A= (-2, 1) C= (3, 1) 
| oj | | ot | jf | Jj, 
-3 3 x 


Using the Distance Formula 


Find the distance d between the points (—4, 5) and (3, 2). 


Using the distance formula, equation (1), the distance d is 


d= V[3- (-4)2 + (2-52 = VP + (-3)? 
= V49 +9 = V58 = 7.62 ef 


ormm=====-low Work PROBLEMS 17 AND 21 


The distance between two points P; = (x;, y;) and Py = (x2, y2) is never a 


negative number. Furthermore, the distance between two points is 0 only when the 
points are identical, that is, when x; = x2 and y, = y. Also, because (x. — x)? = 
(x1 — x) and (yy — y,)? = (y1 — y2)?, it makes no difference whether the distance 
is computed from P, to P, or from P; to P}; that is,d(P,, Pr) = d(P2, P;). 


The introduction to this chapter mentioned that rectangular coordinates enable 


us to translate geometry problems into algebra problems, and vice versa. The next 
example shows how algebra (the distance formula) can be used to solve geometry 
problems. 


Using Algebra to Solve Geometry Problems 
Consider the three points A = (—2,1), B = (2,3), and C = (3,1). 


(a) Plot each point and form the triangle ABC. 

(b) Find the length of each side of the triangle. 

(c) Verify that the triangle is a right triangle. 

(d) Find the area of the triangle. 

(a) Figure 6 shows the points A, B, C and the triangle ABC. 

(b) To find the length of each side of the triangle, use the distance formula, 


equation (1). 
d(A, B) = \/[2 - (-2)P + (3 - 1) = V16 + 4 = V20 = 2V5 
d(B,C) =\/(3 - 2)? + (1-32 = V1+4= V5 
d(A,C) = \/[3 - (-2)P2 + (1-1 = V254+0=5 


(c) To show that the triangle is a right triangle, we need to show that the sum of the 


(d 


wa 


squares of the lengths of two of the sides equals the square of the length of the 
third side. (Why is this sufficient?) Looking at Figure 6, it seems reasonable to 
conjecture that the right angle is at vertex B. We shall check to see whether 


[d(A, B)? + [d(B,C)? = [d(A,C)P 
Using the results in part (b), 
[d(A, B)? + [d(B, C)P = (2V5)* + (V5)? 
=20+5=25 =[d(A,C)/? 


It follows from the converse of the Pythagorean Theorem that triangle ABC is a 
right triangle. 


Because the right angle is at vertex B, the sides AB and BC form the base and 
height of the triangle. Its area is 


1 1 
Area = 3 (Base) (Height) = =(2V'5)(V5) = 5 square units 


: oJ 
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2 Use the Midpoint Formula 


We now derive a formula for the coordinates of the midpoint of a line segment. Let 

Figure 7 P, = (x;,¥;) and Py = (x, y2) be the endpoints of a line segment, and let 
y M = (x, y) be the point on the line segment that is the same distance from P, as 
it is from P. See Figure 7. The triangles P} AM and MBP, are congruent. Do 
you see why? d(P,, M) = d(M, P>) is given; ZAP,M = ZBMP,* and ZP,MA = 


J: 
: ZMP>B. So, we have angle—-side—angle. Because triangles P; AM and MBP, are 
congruent, corresponding sides are equal in length. That is, 
y 
X-X=%Xy-x and yry=y-y 
V4 2x = X1 + Xp 2y = y+ yo 
yo — S17 2 
2 Po a 
THEOREM Midpoint Formula 
vi The midpoint M = (x, y) ofthe linesegment from P; = (x,, y,) to P2 = (x2, y2) is 
_. In Words 
_. lo find the midpoint of a line dL du 
_. segment, average the x-coordinates M= Ge y) = (2 ae uu 2) 
and average the y-coordinates of 2 2 
~ the endpoints. _J 
EXAMPLE 4 Finding the Midpoint of a Line Segment 
Find the midpoint of the line segment from P; = (—5,5) to P, = (3,1). Plot the 
points P; and P, and their midpoint. 
Solution Apply the midpoint formula (2) using x, = —5, y; = 5, x2 = 3, and y, = 1. Then 
Figure 8 the coordinates (x, y) of the midpoint M are 
ny xy F he. —5 +3 + ie! 
1 2 yi T Y2 
= = =—-1 d = = =3 
= 9 2 me a 2 
That is, M = (—1, 3). See Figure 8. ra 
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* A postulate from geometry states that the transversal P,P, forms congruent corresponding angles with 
the parallel line segments P| A and MB. 


1.1 Assess Your Understanding 


‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. On the real number line the origin is assigned the number 5. The area A of a triangle whose base is b and whose altitude is 
. (p. A4) 
2. If —3 and 5 are the coordinates of two points on the real ee =. — — ea 
number line, the distance between these points is . 6. True or False Two triangles are congruent if two angles 
(pp. A5S—A6) and the included side of one equals two angles and the 


3. If 3 and 4 are the legs of a right triangle, the hypotenuse is Ine Gre Sas Bethe OEE A eee 


. (p. A14) 
4. Use the converse of the Pythagorean Theorem to show that 
a triangle whose sides are of lengths 11, 60, and 61 is a right 
triangle. (pp. A14—A15) 
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Concepts and Vocabulary 


7. If (x, y) are the coordinates of a point P in the xy-plane, 
then x is called the of P and y is the 
of P. 


8. The coordinate axes divide the xy-plane into four sections 
called 


9. If three distinct points P, Q, and R all lie on a line and if 
d(P,Q) = d(Q, R), then Q is called the 
of the line segment from P to R. 


Skill Building 


10. True or False The distance between two points is some- 
times a negative number. 


11. True or False The point (—1,4) lies in quadrant IV of 
the Cartesian plane. 


12. True or False The midpoint of a line segment is found by 
averaging the x-coordinates and averaging the y-coordinates 
of the endpoints. 


In Problems 13 and 14, plot each point in the xy-plane. Tell in which quadrant or on what coordinate axis each point lies. 


\23. (a) A = (-3,2) (d) D = (6,5) 
(b) B = (6,0) (e) E = (0, —3) 
(c) C = (-2,—2) () F = (6,-3) 


14. (a) A = (1,4) (d) D = (4,1) 
(b) B = (—3, -4) (e) E = (0,1) 
(c) C = (-3,4) (f) F = (—3,0) 


15. Plot the points (2, 0), (2, —3), (2, 4), (2, 1), and (2, —1). Describe the set of all points of the form (2, y), where y is a real number. 


16. Plot the points (0,3), (1,3), (—2, 3), (5,3), and (—4, 3). Describe the set of all points of the form (x, 3), where x is a real number. 


In Problems 17-28, find the distance d(P,, Pz) between the points P, and P. 


\17. Ya 18. Ya 
2b Pp, = (2, 1) P,=(3,1)2 pc 
P,=(0,0)r - : Si 
2 al 2 XxX -2 4b 2 x 


\ 21. P; = (3,-4); Po = (5,4) 


23. Py = (-3, 2); Py = (6, 0) 
25. Py = (4, =3); P, = (6, 4) 
27. P, = (a,b); P2 = (0,0) 


ee y= (22 7 nS ae 
Pom Pp = 1,1) ala ae 
ar a 2x 2 2x 
22. P, = (-1,0); P) = (2,4) 
24, P, = (2,-3); P2 = (4,2) 
26. P, = (-4,-3); P2 = (6,2) 
28. P, = (a,a); Pz = (0,0) 


In Problems 29-34, plot each point and form the triangle ABC. Verify that the triangle is a right triangle. Find its area. 


\ 29. A = (-2,5); B= (1,3); C = (-1,0) 


31. A = (-5,3); B= (6,0); C= (5,5) 


33. A 


(4,-3); B= (0,—-3); C= (4,2) 


In Problems 35-42, find the midpoint of the line segment joining the points P, and P. 


\3s. P; = (3-4); Po = (5,4) 


37. Py = (-3, 2); Py = (6, 0) 
28. Fy = 143), Pe = 16,1) 
41, Pi = (a, b); P, = (0, 0) 


30. A = (—2,5); B= (12,3); C = (10, -11) 
32. A = (—6,3); B= (3,—-5); C = (1,5) 
34. A= (4,-3); B= (4,1); C = (2,1) 

36. P,; = (—2,0); Pz = (2,4) 

38. P; = (2,—-3); P2 = (4,2) 

40. P; = (-4,-3); P2 = (2,2) 

42. P,; = (a,a); P, = (0,0) 


Applications and Extensions 


43. 


44. 


45. 


46. 


47. 


49. 


50. 


51. 


If the point (2,5) is shifted 3 units to the right and 2 units 
down, what are its new coordinates? 


If the point (—1, 6) is shifted 2 units to the left and 4 units 
up, what are its new coordinates? 


Find all points having an x-coordinate of 3 whose distance 
from the point (—2, —1) is 13. 

(a) By using the Pythagorean Theorem. 

(b) By using the distance formula. 


Find all points having a y-coordinate of —6 whose distance 
from the point (1, 2) is 17. 

(a) By using the Pythagorean Theorem. 

(b) By using the distance formula. 


Find all points on the x-axis that are 6 units from the point 
(4, 3 ) : 


. Find all points on the y-axis that are 6 units from the point 


(4, -3). 


The midpoint of the line segment from P; to P2 is (—1, 4). If 
P, = (—3,6), what is P,? 


The midpoint of the line segment from P, to P) is (5, —4). If 
P) = (7, —2), what is P,? 


Geometry The medians of a triangle are the line segments 
from each vertex to the midpoint of the opposite side (see 
the figure). Find the lengths of the medians of the triangle 
with vertices at A = (0,0), B = (6,0), and C = (4,4). 


52. 


53. 


54. 


SECTION 1.1 The Distance and Midpoint Formulas 7 


C Median 


Midpoint 


Geometry An equilateral triangle is one in which all three 
sides are of equal length. If two vertices of an equilateral 
triangle are (0,4) and (0,0), find the third vertex. How 


many of these triangles are possible? 


Geometry Find the midpoint of each diagonal of a square 
with side of length s. Draw the conclusion that the diagonals 
of a square intersect at their midpoints. 

[Hint: Use (0, 0), (0, 5), (s, 0), and (s, s) as the vertices of the 
square. ] 


Geometry Verify that the points (0, 0), (a, 0), and 
( a V3a 

2 2 
show that the midpoints of the three sides are the vertices of 
a second equilateral triangle (refer to Problem 52). 


) are the vertices of an equilateral triangle. Then 


In Problems 55-58, find the length of each side of the triangle determined by the three points P,, P,, and P3. State whether the triangle 
is an isosceles triangle, a right triangle, neither of these, or both. (An isosceles triangle is one in which at least two of the sides are of 


equal length.) 

55. P; = (2,1); Py = (-4,1); P3 = (-4, -3) 

56. P,; = (-1,4); P2 = (6,2); P3 = (4, —-5) 

57. P; = (-2,-1); P, = (0,7); P3 = (3,2) 

58. P, = (7,2); P2 = (—4,0); P3 = (4,6) 

59. Baseball A major league baseball “diamond” is actually a 


square, 90 feet on a side (see the figure). What is the distance 
directly from home plate to second base (the diagonal of the 
square)? 


60. 


61. 


Little League Baseball The layout of a Little League 
playing field is a square, 60 feet on a side. How far is it 
directly from home plate to second base (the diagonal of the 
square)? 

Source: Little League Baseball, Official Regulations and 
Playing Rules, 2010. 


Baseball Refer to Problem 59. Overlay a rectangular 

coordinate system on a major league baseball diamond so 

that the origin is at home plate, the positive x-axis lies 

in the direction from home plate to first base, and the 

positive y-axis lies in the direction from home plate to 

third base. 

(a) What are the coordinates of first base, second base, and 
third base? Use feet as the unit of measurement. 

(b) If the right fielder is located at (310, 15), how far is it 
from the right fielder to second base? 

(c) If the center fielder is located at (300, 300), how far is it 
from the center fielder to third base? 


62. 


63. 


64. 


65. 
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Little League Baseball Refer to Problem 60. Overlay a 

rectangular coordinate system on a Little League baseball 

diamond so that the origin is at home plate, the positive 

x-axis lies in the direction from home plate to first base, and 

the positive y-axis lies in the direction from home plate to 

third base. 

(a) What are the coordinates of first base, second base, and 
third base? Use feet as the unit of measurement. 

(b) If the right fielder is located at (180,20), how far is it 
from the right fielder to second base? 

(c) Ifthe center fielder is located at (220, 220), how far is it 
from the center fielder to third base? 


Distance between Moving Objects A Dodge Neon and a 
Mack truck leave an intersection at the same time. The Neon 
heads east at an average speed of 30 miles per hour, while 
the truck heads south at an average speed of 40 miles per 
hour. Find an expression for their distance apart d (in miles) 
at the end of ¢ hours. 


Distance of a Moving Object from a Fixed Point A hot-air 
balloon, headed due east at an average speed of 15 miles per 
hour and at a constant altitude of 100 feet, passes over an 
intersection (see the figure). Find an expression for the distance 
d (measured in feet) from the balloon to the intersection 
t seconds later. 


Drafting Error When a draftsman draws three lines that 
are to intersect at one point, the lines may not intersect as 
intended and subsequently will form an error triangle. If 
this error triangle is long and thin, one estimate for the 
location of the desired point is the midpoint of the shortest 
side. The figure shows one such error triangle. 


Source: www.uwgb.edu/dutchs/STRUCTG E/s100.htm 


Explaining Concepts: Discussion and Writing 


68. 


Write a paragraph that describes a Cartesian plane. Then 
write a second paragraph that describes how to plot points 
in the Cartesian plane. Your paragraphs should include the 


‘Are You Prepared?’ Answers 


1.0 


66. 


67. 


2. 8 3. 5 4. 11° + 60? = 121 + 3600 


3721 


(a) Find an estimate for the desired intersection point. 
(b) Find the length of the median for the midpoint found in 
part (a). See Problem 51. 


Net Sales The figure illustrates how net sales of Wal-Mart 
Stores, Inc., have grown from 2002 through 2008. Use the 
midpoint formula to estimate the net sales of Wal-Mart 
Stores, Inc., in 2005. How does your result compare to the 
reported value of $282 billion? 


Source: Wal-Mart Stores, Inc., 2008 Annual Report 


Wal-Mart Stores, Inc. 
Net sales (in $ billions) 


) 


wo 
oO 
oO 


lons 


Net sales ($ bill 


| | | | | | i | 
2002 2003 2004 2005 2006 2007 2008 
Year 


Poverty Threshold Poverty thresholds are determined by 
the U.S. Census Bureau. A poverty threshold represents the 
minimum annual household income for a family not to be 
considered poor. In 1998, the poverty threshold for a family 
of four with two children under the age of 18 years was 
$16,530. In 2008, the poverty threshold for a family of four 
with two children under the age of 18 years was $21,834. 
Assuming poverty thresholds increase in a straight-line 
fashion, use the midpoint formula to estimate the poverty 
threshold of a family of four with two children under the 
age of 18 in 2003. How does your result compare to the 
actual poverty threshold in 2003 of $18,660? 


Source: U.S. Census Bureau 


terms “coordinate axes,” “ordered pair,” “coordinates,” 
“plot,” “x-coordinate,” and “y-coordinate.” 
> 
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1.2 Graphs of Equations in Two Variables; Circles 
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PREPARING FOR THIS SECTION Before getting started, review the following: 


e Solving Equations (Appendix A, Section A.4, e Completing the Square (Appendix A, Section A.3, 
g Eq Pp p g q Pp 


pp. A28-A35) 


pp. A25-A26) 


~ Now Work the ‘Are You Prepared?’ problems on page 19. 


OBJECTIVES 1 Graph Equations by Plotting Points (p.9) 


EXAMPLE 1 


Solution 


Find Intercepts from a Graph (p.11) 
Find Intercepts from an Equation (p.11) 


Test an Equation for Symmetry with Respect to the x-Axis, the y-Axis, 
and the Origin (p. 12) 


Know How to Graph Key Equations (p. 14) 

Write the Standard Form of the Equation of a Circle (pp. 16) 
Graph a Circle (p.17) 

Work with the General Form of the Equation of a Circle (p.18) 


1 Graph Equations by Plotting Points 


An equation in two variables, say x and y, is a statement in which two expressions 
involving x and y are equal. The expressions are called the sides of the equation. 
Since an equation is a statement, it may be true or false, depending on the value of 
the variables. Any values of x and y that result in a true statement are said to satisfy 
the equation. 

For example, the following are all equations in two variables x and y: 


rty=5 2x - y=6 y=2x4+5 oy 


The first of these, x* + y? = 5, is satisfied for x = 1,y = 2, since 1* + 2?= 
1 + 4=5. Other choices of x and y, such as x = —1, y = —2, also satisfy this 
equation. It is not satisfied for x = 2 and y = 3, since 27 + 3° =4+9=13 45. 

The graph of an equation in two variables x and y consists of the set of points in 
the xy-plane whose coordinates (x, y) satisfy the equation. 


Determining Whether a Point Is on the Graph of an Equation 


Determine if the following points are on the graph of the equation 2x — y = 6. 
(a) (2,3) (b) (2, —2) 


(a) For the point (2,3), check to see if x = 2,y =3 satisfies the equation 
2x —y=6. 


Ix — y= 2(2) -3=4-3=146 


The equation is not satisfied, so the point (2, 3) is not on the graph of 2x — y = 6. 
(b) For the point (2, —2), 


2x — y = 2(2) — (-2) =44+2=6 


The equation is satisfied, so the point (2, —2) is on the graph of 2x — y = 6. At 
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EXAMPLE 2 Graphing an Equation by Plotting Points 
Graph the equation: y = 2x +5 


Solution —_ We want to find all points (x, y) that satisfy the equation. To locate some of these 
points (and get an idea of the pattern of the graph), assign some numbers to x and 
find corresponding values for y. 


Figure 9 Point on Graph 
(10, 25) y = 2(0) 4 (0,5) 
y= 2(1) 4 (1,7) 
y=2(-5) +5=-5 (-5,—-5) 
(taj ei piiririy y =2(10) +5 =25 (10, 25) 
-25 (-5, -5) 25 x 
By plotting these points and then connecting them, we obtain the graph of the 


equation (a /ine),* as shown in Figure 9. ail 


EXAMPLE 3 Graphing an Equation by Plotting Points 


Graph the equation: y = x? 


Solution Table 1 provides several points on the graph. In Figure 10 we plot these points and 
connect them with a smooth curve to obtain the graph (a parabola). 


Figure 10 


Table 1 


The graphs of the equations shown in Figures 9 and 10 do not show all points. 
For example, in Figure 9, the point (20, 45) is a part of the graph of y = 2x + 5, but 
it is not shown. Since the graph of y = 2x + 5 could be extended out as far as we 
please, we use arrows to indicate that the pattern shown continues. It is important 
when illustrating a graph to present enough of the graph so that any viewer of the 
illustration will “see” the rest of it as an obvious continuation of what is actually 
there. This is referred to as a complete graph. 

One way to obtain a complete graph of an equation is to plot a sufficient number 
of points on the graph until a pattern becomes evident. Then these points are 
connected with a smooth curve following the suggested pattern. But how many 

COMMENT Another way to obtain points are sufficient? Sometimes knowledge about the equation tells us. For example, 
fay the graph of an equation is to use a jf an equation is of the form y = mx + b, then its graph is a line.* In this case, only 
graphing utility. Read Section 6.2, — two points are needed to obtain the graph. 
Gelli a Clapinig: Melly, Ye Cree One purpose of this book is to investigate the properties of equations in order 
i a a "to decide whether a graph is complete. Sometimes we shall graph equations by 


*Lines are discussed in detail in Appendix A, Section A.8. 
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plotting points. Shortly, we shall investigate various techniques that will enable us to 
graph an equation without plotting so many points. 
Graph VA Two techniques that sometimes reduce the number of points required to graph 


crosses an equation involve finding intercepts and checking for symmetry. 
y-axis 


Figure 11 


Graph 
crosses 
X-axis 


2 Find Intercepts from a Graph 


- The points, if any, at which a graph crosses or touches the coordinate axes are called 

i the intercepts. See Figure 11. The x-coordinate of a point at which the graph crosses 
ed instants or touches the x-axis is an x-intercept, and the y-coordinate of a point at which the 
ys a graph crosses or touches the y-axis is a y-intercept. For a graph to be complete, all its 


intercepts must be displayed. 


EXAMPLE 4 Finding Intercepts from a Graph 


Find the intercepts of the graph in Figure 12. What are its x-intercepts? What are its 
y-intercepts? 


Solution The intercepts of the graph are the points 


(=3,0)) (0,23); (3.0), (0,-$), (0,-3.5), (4.5, 0) 


Figure 12 


3 4 
The x-intercepts are —3, > and 4.5; the y-intercepts are —3.5, — 3? and 3. Pa 


In Example 4, you should notice the following usage: If we do not specify the type 
of intercept (x- versus y-), then report the intercept as an ordered pair. However, 
if the type of intercept is specified, then report the coordinate of the specified 
intercept. For x-intercepts, report the x-coordinate of the intercept; for y-intercepts, 
report the y-coordinate of the intercept. 


m= -Now Work pRoBLEM 39(a) 


3 Find Intercepts from an Equation 


The intercepts of a graph can be found from its equation by using the fact that 
points on the x-axis have y-coordinates equal to 0 and points on the y-axis have 


x-coordinates equal to 0. 
ie COMMENT For many equations, finding _ 


intercepts may not be so easy. In such 


cases, a graphing utility can be used. Procedure for Finding Intercepts 

Read the first part of Section B.3, ; i ; : : 
Using a Graphing Utility to Locate 1. To find the x-intercept(s), if any, of the graph of an equation, let y = 0 in 
Intercepts and Check for Symmetry, in the equation and solve for x, where x is a real number. 

Appendix B, to find out how to locate 2. To find the y-intercept(s), if any, of the graph of an equation, let x = 0 in 


ieee Uliige geyANeueNi. a the equation and solve for y, where y is a real number. 


EXAMPLE 5 Finding Intercepts from an Equation 


Find the x-intercept(s) and the y-intercept(s) of the graph of y = x* — 4. Then 
graph y = x? — 4 by plotting points. 


Solution To find the x-intercept(s), let y = 0 and obtain the equation 


x-4=0 y =x* — 4withy =O 
(x + 2)(x — 2) = 0° Factor. 
x+2=0 or x -—2=0 = Zero-Product Property 


x=-2 or x=2 = Solve. 


The equation has two solutions, —2 and 2. The x-intercepts are —2 and 2. 


12  CHAPTERI Graphs and Functions 


To find the y-intercept(s), let x = 0 in the equation. 
y= x7 - 4 
0? -4=-4 


The y-intercept is —4. 

Since x” = 0 for all x, we deduce from the equation y = x? — 4that y = —4 for 
all x. This information, the intercepts, and the points from Table 2 enable us to graph 
y = x? — 4. See Figure 13. 


Table 2 Figure 13 


om======-Now Work problem 21 


4 Test an Equation for Symmetry with Respect 
to the x-Axis, the y-Axis, and the Origin 
We just saw the role that intercepts play in obtaining key points on the graph of an 


equation. Another helpful tool for graphing equations involves symmetry, particularly 
symmetry with respect to the x-axis, the y-axis, and the origin. 


DEFINITION A graph is said to be symmetric with respect to the x-axis if, for every point 
(x, y) on the graph, the point (x, —y) is also on the graph. J 


Figure 14 illustrates the definition. When a graph is symmetric with respect to 
the x-axis, notice that the part of the graph above the x-axis is a reflection or mirror 
image of the part below it, and vice versa. 


Figure 14 Vh 
Symmetry with respect to the x-axis 


EXAMPLE 6 Points Symmetric with Respect to the x-Axis 
If a graph is symmetric with respect to the x-axis and the point (3, 2) is on the graph, 


then the point (3, —2) is also on the graph. “) 
Figure 15 DEFINITION A graph is said to be symmetric with respect to the y-axis if, for every point 
Symmetry with respect to the y-axis (x, y) on the graph, the point (—.x, y) is also on the graph. J 


Figure 15 illustrates the definition. When a graph is symmetric with respect to 
the y-axis, notice that the part of the graph to the right of the y-axis is a reflection of 
the part to the left of it, and vice versa. 


xv 
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EXAMPLE 7 Points Symmetric with Respect to the y-Axis 
If a graph is symmetric with respect to the y-axis and the point (5, 8) is on the graph, 


then the point (—5, 8) is also on the graph. “i 
DEFINITION A graph is said to be symmetric with respect to the origin if, for every point 
(x, y) on the graph, the point (—x, —y) is also on the graph. =) 


Figure 16 
Symmetry with respect to the origin 


Figure 16 illustrates the definition. Notice that symmetry with respect to the 
origin may be viewed in three ways: 
1. Asa reflection about the y-axis, followed by a reflection about the x-axis 


2. As a projection along a line through the origin so that the distances from the 
origin are equal 
3. As half of a complete revolution about the origin 


EXAMPLE 8 Points Symmetric with Respect to the Origin 


If a graph is symmetric with respect to the origin and the point (4,2) is on the graph, 
then the point (—4, —2) is also on the graph. el 


orm Now Work PROBLEMS 29 AND 39(b) 


When the graph of an equation is symmetric with respect to a coordinate axis or 
the origin, the number of points that you need to plot in order to see the pattern is 
reduced. For example, if the graph of an equation is symmetric with respect to the 
y-axis, then, once points to the right of the y-axis are plotted, an equal number of 
points on the graph can be obtained by reflecting them about the y-axis. Because of 
this, before we graph an equation, we first want to determine whether it has any 
symmetry. The following tests are used for this purpose. 


Tests for Symmetry 
To test the graph of an equation for symmetry with respect to the 
x-Axis Replace y by —y in the equation and simplify. If an equivalent 


equation results, the graph of the equation is symmetric with respect 
to the x-axis. 


y-Axis Replace x by —x in the equation and simplify. If an equivalent 
equation results, the graph of the equation is symmetric with respect 
to the y-axis. 

Origin Replace x by —x and y by —y in the equation and simplify. If an 
equivalent equation results, the graph of the equation is symmetric 
with respect to the origin. 


EXAMPLE 9 Testing an Equation for Symmetry 


4x? 


Test y = 2 ed: 


for symmetry. 


Solution —_x-Axis: To test for symmetry with respect to the x-axis, replace y by —y. Since 
2 2 


sd is not equivalent to ae the graph of the equation is 
-y =~ i iv = {= ——, ion i 
f r+ q y vt Brap q 


not symmetric with respect to the x-axis. 
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y-Axis: To test for symmetry with respect to the y-axis, replace x by —x. Since 
4(—x)? Ae ; 4x? 
y= fae = aa is equivalent to y = cx 
equation is symmetric with respect to the y-axis. 
Origin: To test for symmetry with respect to the origin, replace x by —x and y by —y. 


, the graph of the 


4(—x)? 
(=x a Replace x by —x and y by —y. 
4x? 
4x? 
y=- Baca Multiply both sides by —1. 


Since the result is not equivalent to the original equation, the graph of the 


si 


: xv, : : ae 
equation y = eet is not symmetric with respect to the origin. 
Bier 


Seeing the Concept 


Figure 17 shows the graph of y = 
respect to the y-axis? 


ae using a graphing utility. Do you see the symmetry with 
x 


Figure 17 5 


——— 


om=====-Now Work pros_L—em 59 


5 Know How to Graph Key Equations 


The next three examples use intercepts, symmetry, and point plotting to obtain the 
graphs of key equations. It is important to know the graphs of these key equations 
because we use them later. The first of these is y = x°. 


EXAMPLE 10 Graphing the Equation y = x by Finding Intercepts, 
Checking for Symmetry, and Plotting Points 


Graph the equation y = x° by plotting points. Find any intercepts and check for 
symmetry first. 


Solution _ First, find the intercepts. When x = 0, then y = 0; and when y = 0, then x = 0. 
The origin (0, 0) is the only intercept. Now test for symmetry. 


x-Axis: Replace y by —y. Since —y = x? is not equivalent to y = x°, the 
graph is not symmetric with respect to the x-axis. 


y-Axis: Replace x by —x. Since y = (—x)* = —x° is not equivalent to 


y = x3, the graph is not symmetric with respect to the y-axis. 


Origin: Replace x by —x and y by —y. Since —y = (—x)° = —x° is equivalent 
to y = x° (multiply both sides by —1), the graph is symmetric with 
respect to the origin. 
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Figure 18 To graph y = x°, we use the equation to obtain several points on the graph. 
Because of the symmetry, we only need to locate points on the graph for which 
x = 0. See Table 3. Since (1, 1) is on the graph, and the graph is symmetric with 
respect to the origin, the point (—1, —1) is also on the graph. Plot the points from 
Table 3 and use the symmetry. Figure 18 shows the graph. 


EXAMPLE 11 Graphing the Equation x = y” 


(a) Graph the equation x = y*. Find any intercepts and check for symmetry first. 
(b) Graph x = y’, y = 0. 


Solution (a) The lone intercept is (0,0). The graph is symmetric with respect to the x-axis. 
(Do you see why? Replace y by —y.) Figure 19 shows the graph. 
(b) If we restrict y so that y = 0, the equation x = y’, y = 0, may be written 
equivalently as y = Vx. The portion of the graph of x = y’ in quadrant I is 
therefore the graph of y = Vx. See Figure 20. 


Figure 19 Ya Figure 20 aN 
x=y? 67 y= Vx 67 
t (9, 3) L (9, 3) 
ae a (0, 7 bittiriuiy , 
= N 2 +4 10 x 
fae ~: 5 0 
L a =2) (9, -3) o 


ia COMMENT To gee the graph of the equation x = y* ona graphing calculator, you will need to graph 


two equations: Y, = Vx andY2 = —Vx. See Figure 21. r 
Figure 21 6 Y= 1X 
—2 10 
6 Yo = —K 


EXAMPLE 12 
G 


1 
raphing the Equation y = < 


1 
Graph the equation y = x Find any intercepts and check for symmetry first. 


Solution Check for intercepts first. If we let x = 0, we obtain 0 in the denominator, which 
makes y undefined. We conclude that there is no y-intercept. If we let y = 0, we get 
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Table 4 


ta. t : E F : 
the equation — = 0, which has no solution. We conclude that there is no x-intercept. 
x 


1 : 
The graph of y = — does not cross or touch the coordinate axes. 
x 


Next check for symmetry: 


1 1 
x-Axis: Replacing y by —y yields —y 2 which is not equivalent to y = a 


1 1 
y-Axis: Replacing x by —x yields y = = which is not equivalent to 
ae 
a 


1 
Origin: Replacing x by —x and y by —y yields —y = — x which is equivalent to 
1 
a The graph is symmetric with respect to the origin. 


Now, set up Table 4, listing several points on the graph. Because of the symmetry 
with respect to the origin, we use only positive values of x. From Table 4 we 


infer that if x is a large and positive number, then y = — is a positive number close 
x 


: oe 7 1, 
Figure 22 to 0. We also infer that if x is a positive number close to 0, then y = x 88 large and 


positive number. Armed with this information, we can graph the equation. 


Figure 22 illustrates some of these points and the graph of y = —. Observe how 


the absence of intercepts and the existence of symmetry with respect to the origin 
were utilized. J 


| 
COMMENT Refer to Example 2 in Appendix B, Section B.3, for the graph of y = — using a graphing 
utility. * a 


6 Write the Standard Form of the Equation of a Circle 


One advantage of a coordinate system is that it enables us to translate a geometric 
statement into an algebraic statement, and vice versa. Consider, for example, the 
following geometric statement that defines a circle. 


DEFINITION A circle is a set of points in the xy-plane that are a fixed distance r from a fixed 
point (h, k).The fixed distance r is called the radius, and the fixed point (h, k) 
is called the center of the circle. J 


Figure 23 


Figure 23 shows the graph of a circle. To find the equation, let (x, y) represent 


Ye xy) the coordinates of any point on a circle with radius r and center (h, k). Then the 
distance between the points (x, y) and (h, k) must always equal r. That is, by the 
distance formula 

V(x- het (y-kP =r 
: or, equivalently, 
(x- AP + (y-kP =P 
DEFINITION The standard form of an equation of a circle with radius r and center (Hh, k) is 


Co) ey tar () 


= 
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THEOREM The standard form of an equation of a circle of radius r with center at the 
origin (0, 0) is 


reper 


J 


DEFINITION If the radius r = 1, the circle whose center is at the origin is called the unit 
circle and has the equation 


= 


See Figure 24. Notice that the graph of the unit circle is symmetric with respect to 
the x-axis, the y-axis, and the origin. 


Figure 24 Yh 
Unit circle x? + y? = 1 


—1 


EXAMPLE 13 Writing the Standard Form of the Equation of a Circle 


Write the standard form of the equation of the circle with radius 5 and center 
(-3, 6). 


Solution — Using equation (1) and substituting the values r = 5, = —3, and k = 6, we have 
(x -—hPt+(y-—kypear 
(x + 3)? + (y — 6)? = 25 


vm 
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7 Graph a Circle 


EXAMPLE 14 Graphing a Circle 


Graph the equation: (x + 3)? + (y — 2)? = 16 


Solution Since the equation is in the form of equation (1), its graph is a circle. To graph the 
equation, compare the given equation to the standard form of the equation of a 
circle. The comparison yields information about the circle. 


(x + 3)? + (y — 2)? = 16 
eee) == 
t t t 
(x-hP +(y—kPar 
We see that h = —3,k = 2, and r = 4. The circle has center (—3,2) and a 
radius of 4 units. To graph this circle, first plot the center (—3, 2). Since the radius is 
4, we can locate four points on the circle by plotting points 4 units to the left, to the 


right, up, and down from the center. These four points can then be used as guides to 
obtain the graph. See Figure 25. eo 


Figure 25 


ommmms=-Now Work prospLems 95(a) AND (b) 
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EXAMPLE 15 Finding the Intercepts of a Circle 


For the circle (x + 3)? + (y — 2)? = 16, find the intercepts, if any, of its graph. 


Solution This is the equation discussed and graphed in Example 14. To find the x-intercepts, 
if any, let y = 0. Then 


(x + 3)? + (y — 2° = 16 


(x + 3)? + (0 — 2)” = 16 y= 0 
(x + 3)? +4 = 16 Simplify. 
(x + 3)? = 12 Simplify. 
x+3= a 12 Apply the Square Root Method. 


x=-3+ oA/5 Solve for x. 


The x-intercepts are —3 — 2V3 ~ —6.46 and —3 + 2V3 © 0.46. 
To find the y-intercepts, if any, let x = 0. Then 


(ey +i(p= 2) = 16 
Gh 3) + (y= 27 = 16 
9+ (y — 2)? = 16 


ee el 
y-2=4V7 
yy = A/a 


The y-intercepts are 2 — V7 = —0.65 and2 + V7 © 4.65. 
Look back at Figure 25 to verify the approximate locations of the intercepts. =) 


erm=====s=-Now Work pros_Lem 95(c) 


8 Work with the General Form of the Equation of a Circle 
If we eliminate the parentheses from the standard form of the equation of the circle 
given in Example 14, we get 
(x + 3)? + (y — 2)? = 16 
xrt+6ox+9+y—4y+4=16 


which, upon simplifying, is equivalent to 


rt yt 6x —-4y-3=0 (2) 


x+y t+axt+ by+c=0 


has a graph that is a circle, or a point, or has no graph at all. For example, the graph 
of the equation x” + y* = Ois the single point (0, 0). The equation x7 + y? +5 =0, 


or x? + y? = —5, has no graph, because sums of squares of real numbers are never 
negative. 
DEFINITION When its graph is a circle, the equation 


is referred to as the general form of the equation of a circle. J 
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If an equation of a circle is in the general form, we use the method of completing 
the square to put the equation in standard form so that we can identify its center 
and radius. 


EXAMPLE 16 Graphing a Circle Whose Equation Is in General Form 
Graph the equation: x7 + y? + 4x — 6y + 12 =0 


Solution Group the terms involving x, group the terms involving y, and put the constant on 
the right side of the equation. The result is 


(x? + 4x) + (y? - 6y) = -12 
Next, complete the square of each expression in parentheses. Remember that any 
number added on the left side of the equation must also be added on the right. 
rv (x? + 4x + 4) + (y? - 6y + 9) = -124+449 


Bel 4h (+1, 3) so — oe 


Figure 26 


(x + 2)? + (y - 3 =1- Factor. 


This equation is the standard form of the equation of a circle with radius 1 and 
center (—2, 3). 
To graph the equation use the center (—2, 3) and the radius 1. See Figure sere 


| 
(oe) 
x<Y 
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ie EXAMPLE 17 Using a Graphing Utility to Graph a Circle 


Graph the equation: x* + y? = 4 


Solution This is the equation of a circle with center at the origin and radius 2. To graph this 


Figure 27 ; 
equation, solve for y. 
> Y, = v4 — x2 
rt+y=4 
y=4-7 Subtract x* from each side. 
-3 3 y= +V4— x? Apply the Square Root Method to solve for y. 

There are two equations to graph: first graph Y,; = V4 — x? and then graph 
Y, = —\V 4 — x’ on the same square screen. (Your circle will appear oval if you do 

Yo = —4 — x2 not use a square screen.) See Figure 27. Pa 


1.2 Assess Your Understanding 


Are You Prepa red? Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. To complete the square of x* + 10x, you would (add/ 2. Use the Square Root Method to solve the equation 
subtract) the number (pp. A25-A 26) (x — 2)? = 9. (p.A32) 


Concepts and Vocabulary 


3. The points, if any, at which a graph crosses or touches the 5. If the graph of an equation is symmetric with respect to the 
coordinate axes are called : origin and (3, —4) is a point on the graph, then 

4. If for every point (x, y) on the graph of an equation the is also a point on the graph. 
point (—x,y) is also on the graph, then the graph is 6. True or False To find the y-intercepts of the graph of an 


symmetric with respect to the ; equation, let x = 0 and solve for y. 
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7. True or False If a graph is symmetric with respect to the 9. True or False The radius of the circle x7 + y* = 9is 3. 
x-axis, then it cannot be symmetric with respect to the i Tet Pes Weenie of Ge cece 
y-axis. 
1 24 2 
8. For a circle, the is the distance from the center to any (x + 3)" + (y — 2) 13 
point on the circle. is (3, —2). 
Skill Building 
In Problems 11-16, determine which of the given points are on the graph of the equation. 
\CuL Equation: y = x4 -— Vx 12. Equation: y = x° — 2Vx 13. Equation: y* = x° +9 
Points: (0,0); (1,1); (-1, 0) Points: (0,0); (1,1); (1, -1) Points: (0,3); (3,0); (—3, 0) 
14, Equation: y>=x+1 15. Equation: x7 + y?=4 16. Equation: x” + 4y? =4 
Points: (1,2); (0,1); (—1,0 sta i f= ; 1 
(1,2); (4), (=1,0) Points: (0,2); (-2,2); (V2, V2) Points: (0,1); (2,0): (2 x) 


In Problems 17-28, find the intercepts and graph each equation by plotting points. Be sure to label the intercepts. 


17. y=x+2 18. y=x-6 19. y=2x+ 8 20. y= 3x — 9 
Nan y=2-1 22 y=x2-9 23. y=—-x2 +4 24. y=—-2 41 

25. 2x + 3y = 6 26. 5x + 2y = 10 27. 9x? + 4y = 36 28. 40° + y =4 

In Problems 29-38, plot each point. Then plot the point that is symmetric to it with respect to (a) the x-axis; (b) the y-axis; (c) the origin. 
X29. (3, 4) 30. (5,3) 31. (—2, 1) 32. (4, —2) 33. (5, —2) 

34. (—1, -1) 35. (—3, —4) 36. (4, 0) 37. (0, —3) 38. (—3, 0) 


In Problems 39-50, the graph of an equation is given. (a) Find the intercepts. (b) Indicate whether the graph is symmetric with respect to 
the x-axis, the y-axis, or the origin. 


\ 39. va 42. y 
3F 4 
Lo I i hg 
=3 3x -3 
—3h —4b 
43. Va 
3 = 
-3 L 
47. % 48. Y 49. 8 
3h 3h 
L L —2 2 —4 4 
—3 | 3x —3 | 3x _ —_ 
L L —8 —4 
-3 = -3 L. 
In Problems 51-54, draw a complete graph so that it has the type of symmetry indicated. 
51. y-axis y, 52. x-axis Yh 53. Origin y, 54. y-axis Yo 4) 
5F 4b 4o— 
(0, 2)F oa (2) r 
4g) 09 7\09 Ee ae 
[pipe ig a , 
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In Problems 55-70, list the intercepts and test for symmetry. 


Ms 56. yv= x +9 57. y = Wx 58. y = Vx 
\ 59. 2 + y-9=0 60. x -y-4=0 61. 9x2 + 4y? = 36 62.42 + y=4 
63. y = x? — 27 64. y=x4- 1 65. y =x? -3x-4 66. y=x+4 
3x 4 3 xf | 
67. y = = = _ 
y re: 68. y 7 69. y 26 70. y aA 


In Problems 71-74, draw a quick sketch of each equation. 


1 
1 y=x 2.x =y" 73. y= Vx 74. y=— 

x 
75. If (3, b) is a point on the graph of y = 4x + 1, what is b? 76. If (—2, b) is a point on the graph of 2x + 3y = 2, what is b? 
77. If (a, 4) is a point on the graph of y = x + 3x, what is a? 78. If (a, —5) is a point on the graph of y = x? + 6x, what is a? 


In Problems 79-82, find the center and radius of each circle. Write the standard form of the equation. 
ba 80. Shy 


— 


(1, 0) x 


In Problems 83-92, write the standard form of the equation and the general form of the equation of each circle of radius r and 
center (h, k). Graph each circle. 


83. r= 2: (h,k) = (0,0) 84. r= 3; (hk) =(0,0) \ 85. r=2; (Ak) = (0,2) 86. r = 3; (h,k) = (1,0) 


87.r=5; (hk) =(4,-3) 8&r=4; (hk) =(2,-3) 8%r=4; (hk) =(-2,1) 90. r=7; (A,k) = (-5,-2) 


91. 7 = * (h,k) = (4.0) 92. r= . (h,k) = (0 -3) 

In Problems 93-106, (a) find the center (h, k) and radius r of each circle; (b) graph each circle; (c) find the intercepts, if any. 

93.7? + y=4 94.7 + (y-1/? =1 \ 95. 2(x — 3)? + 2y? = 8 

96. 3(x + 1)? + 3(y — 1)? = 6 97. 7° + y — 2x -4y-4=0 98. x7 + y? + 4x + 2y — 20 =0 
\.99. x2 + y? + 4x - dy -1=0 100. x2 + y — 6x + 2y+9=0 101. x? + YW —x+2y+1=0 

102. xP + y+xty : 0 103. 2x7 + 2y? — 12x + 8y — 24=0 104. 2x7 + 2y? + 8x +7=0 

105. 2x7 + 8x + 2y? =0 106. 3x° + 3y? — 12y =0 


In Problems 107-114, find the standard form of the equation of each circle. 


107. Center at the origin and containing the point (—2, 3) 108. Center (1, 0) and containing the point (—3, 2) 
109. Center (2, 3) and tangent to the x-axis 110. Center (—3, 1) and tangent to the y-axis 
111 With endpoints of a diameter at (1, 4) and (—3, 2) 112. With endpoints of a diameter at (4,3) and (0, 1) 


113. Center (—1,3) and tangent to the line y = 2 114. Center (4, —2) and tangent to the line x = 1 
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Applications and Extensions 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


Given that the point (1, 2) is on the graph of an equation 
that is symmetric with respect to the origin, what other point 
is on the graph? 

If the graph of an equation is symmetric with respect to the 
y-axis and 6 is an x-intercept of this graph, name another 
x-intercept. 

If the graph of an equation is symmetric with respect to the 
origin and —4 is an x-intercept of this graph, name another 
x-intercept. 

If the graph of an equation is symmetric with respect to the 
x-axis and 2 is a y-intercept, name another y-intercept. 


Microphones In studios and on stages, cardioid micro- 
phones are often preferred for the richness they add to voices 
and for their ability to reduce the level of sound from the 
sides and rear of the microphone. Suppose one such cardioid 
pattern is given by the equation (x7 + y? — x)? 


x 4 yy. 

(a) Find the intercepts of the graph of the equation. 

(b) Test for symmetry with respect to the x-axis, y-axis, and 
origin. 

Source: www.notaviva.com 


Solar Energy The solar electric generating systems at 
Kramer Junction, California, use parabolic troughs to heat a 
heat-transfer fluid to a high temperature. This fluid is used 
to generate steam that drives a power conversion system to 
produce electricity. For troughs 7.5 feet wide, an equation 
for the cross-section is 16y” = 120x — 225. 


(a) Find the intercepts of the graph of the equation. 

(b) Test for symmetry with respect to the x-axis, y-axis, and 
origin. 

Source: U.S. Department of Energy 


Find the area of the square in the figure. 


Find the area of the blue shaded region in the figure, assum- 
ing the quadrilateral inside the circle is a square. 


123. 


124. 


Ferris Wheel The original Ferris wheel was built in 1893 by 
Pittsburgh, Pennsylvania, bridge builder George W. Ferris. 
The Ferris wheel was originally built for the 1893 World’s 
Fair in Chicago, but was also later reconstructed for the 1904 
World’s Fair in St. Louis. It had a maximum height of 
264 feet and a wheel diameter of 250 feet. Find an equation 
for the wheel if the center of the wheel is on the y-axis. 


Source: inventors.about.com 


Ferris Wheel In 2008, the Singapore Flyer opened as the 
world’s largest Ferris wheel. It has a maximum height of 
165 meters and a diameter of 150 meters, with one full rotation 
taking approximately 30 minutes. Find an equation for the 
wheel if the center of the wheel is on the y-axis. 


Source: Wikipedia 


125. Which of the following equations might have the graph 


shown? (More than one answer is possible.) 


(a) (x — 2)? + (y+ 3? = 13 YA 
(b) (x=2) 4 (y= 2) =8 
(c) (x - 2 + (y- 3 = 13 
(d) (x +2? + (y-2P =8 


(e) 7+ y-— 4x - 9y =0 

24+ y+ 4x -—2y =0 
(g) + y-— 9x — 4y =0 
(bh) x? + y — 4x —- 4y =4 


¥ 
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126. Which of the following equations might have the graph shown? (More than one answer is possible.) 


@) («-2P+y=3 

(b) (x + 2)? + 2 =3 

©) xr+(y-2P=3 

(d) (x+2P+y=4 

(e) x7 + y+ 10x + 16 =0 . 
(f) x2 + y? + 10x - 2y =1 x 
(g) P+ y+ 9x+10=0 

(h) x7 + y? — 9x —-10=0 


Explaining Concepts: Discussion and Writing 


4427. 


128. 


129. 


130. 


(a) Graph y= V2, y =x,y=|x|, and y = (Vx), 
noting which graphs are the same. 

(b) Explain why the graphs of y = V2 and y = |x| are the 
same. 

(c) Explain why the graphs of y = x and y = (Vx)? are 
not the same. 

(d) Explain why the graphs of y = V2 and y = x are not 
the same. 

Draw a graph of an equation that contains two x-intercepts; 

at one the graph crosses the x-axis, and at the other the 

graph touches the x-axis. 


Make up an equation with the intercepts (2,0), (4,0), and 
(0,1). Compare your equation with a friend’s equation. 
Comment on any similarities. 


Draw a graph that contains the points (—2,—1), (0,1), 
(1,3), and (3,5). Compare your graph with those of other 
students. Are most of the graphs almost straight lines? How 
many are “curved”? Discuss the various ways that these 
points might be connected. 


Interactive Exercises 


Ask your instructor if the applets below are of interest to you. 


135. y-axis Symmetry Open the y-axis symmetry applet. Move 


136. 


137. 


138. 


point A around the Cartesian plane with your mouse. How 
are the coordinates of point A and the coordinates of point B 
related? 


x-axis Symmetry Open the x-axis symmetry applet. Move 
point A around the Cartesian plane with your mouse. How 
are the coordinates of point A and the coordinates of point B 
related? 


Origin Symmetry Open the origin symmetry applet. Move 
point A around the Cartesian plane with your mouse. How 
are the coordinates of point A and the coordinates of point B 
related? 


Center of a Circle Open the “Circle: the role of the center” 

applet. Place the cursor on the center of the circle and hold 

the mouse button. Drag the center around the Cartesian 

plane and note how the equation of the circle changes. 

(a) What is the radius of the circle? 

(b) Draw a circle whose center is at (1,3). What is the 
equation of the circle? 

(c) Draw a circle whose center is at (—1,3). What is the 
equation of the circle? 

(d) Draw a circle whose center is at (—1, —3). What is the 
equation of the circle? 


‘Are You Prepared?’ Answers 


1 


add; 25 2, 41,5) 


131. 


132. 


133. 


134. 


139. 


An equation is being tested for symmetry with respect to 
the x-axis, the y-axis, and the origin. Explain why, if two of 
these symmetries are present, the remaining one must also 
be present. 


Draw a graph that contains the points (—2,5), (—1,3), 
and (0, 2) that is symmetric with respect to the y-axis. 
Compare your graph with those of other students; comment 
on any similarities. Can a graph contain these points and 
be symmetric with respect to the x-axis? the origin? Why 
or why not? 


Explain how the center and radius of a circle can be used to 
graph the circle. 


What Went Wrong? A student stated that the center and 
radius of the graph whose equation is (x + 3)?+ 
(y — 2)? = 16 are (3, —2) and 4, respectively. Why is this 
incorrect? 


(e) Draw a circle whose center is at (1, —3). What is the 
equation of the circle? 

(f) Write a few sentences explaining the role the center of 
the circle plays in the equation of the circle. 


Radius of a Circle Open the “Circle: the role of the radius” 
applet. Place the cursor on point B, press and hold the 
mouse button. Drag B around the Cartesian plane. 

(a) What is the center of the circle? 

(b) Move B to a point in the Cartesian plane directly above 
the center such that the radius of the circle is 5. 

(c) Move B to a point in the Cartesian plane such that the 
radius of the circle is 4. 

(d) Move B to a point in the Cartesian plane such that the 
radius of the circle is 3. 

(e) Find the coordinates of two points with integer coordi- 
nates in the fourth quadrant on the circle that result in a 
circle of radius 5 with center equal to that found in part (a). 

(f) Use the concept of symmetry about the center, vertical 
line through the center of the circle, and horizontal line 
through the center of the circle to find three other 
points with integer coordinates in the other three 
quadrants that lie on the circle of radius five with center 
equal to that found in part (a). 
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1.3 Functions and Their Graphs 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Interval Notation (Appendix A, Section A.6, e Evaluating Algebraic Expressions, Domain of a 
pp. A46-A47) Variable (Appendix A, Section A.1, pp. A6-A7) 


e Solving Inequalities (Appendix A, Section A.6, 
pp. A49-AS2) 


\ Now Work the ‘Are You Prepared?’ problems on page 35. 


OBJECTIVES 1 Determine Whether a Relation Represents a Function (p.24) 
2 Find the Value of a Function (p.27) 
3 Find the Domain of a Function Defined by an Equation (p.30) 
4 Identify the Graph of a Function (p.32) 
5 Obtain Information from or about the Graph of a Function (p.33) 


1 Determine Whether a Relation Represents a Function 


Often there are situations where one variable is somehow linked to the value of another 

variable. For example, an individual’s level of education is linked to annual income. 

Engine size is linked to gas mileage. When the value of one variable is related to 

the value of a second variable, we have a relation. A relation is a correspondence 
Figure 28 between two sets. If x and y are two elements in these sets and if a relation exists 
between x and y, then we say that x corresponds to y or that y depends on x, and we 
write x > y. 

There are a number of ways to express relations between two sets. For 
example, the equation y = 3x — 1 shows a relation between x and y. It says that 
if we take some number x, multiply it by 3, and then subtract 1 we obtain the 
corresponding value of y. In this sense, x serves as the input to the relation and y 
is the output of the relation. We can also express this relation as a graph as shown 
in Figure 28. 

Not only can a relation be expressed through an equation or graph, but we can 
also express a relation through a technique called mapping. A map illustrates a 
relation by using a set of inputs and drawing arrows to the corresponding element in 
the set of outputs. Ordered pairs can be used to represent x — y as (x, y). 


EXAMPLE 1 Maps and Ordered Pairs as Relations 


Figure 29 shows a relation between states and the number of representatives each 
state has in the House of Representatives. The relation might be named “number of 
representatives.” 


Figure 29 Number of 
State Representatives 


Alaska 
Arizona 
California 
Colorado 
Florida 
North Dakota 


In this relation, Alaska corresponds to 1, Arizona corresponds to 8, and so on. Using 
ordered pairs, this relation would be expressed as 


{ (Alaska, 1), (Arizona, 8), (California, 53), (Colorado, 7), (Florida, 25), (North Dakota, 1) } 


ai 
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One of the most important concepts in algebra is the function. A function is a 
special type of relation. To understand the idea behind a function, let’s revisit the 
relation presented in Example 1. If we were to ask, “How many representatives does 
Alaska have?,” you would respond “1.” In fact, each input state corresponds to a 

Figure 30 single output number of representatives. 

Let’s consider a second relation where we have a correspondence between four 
people and their phone numbers. See Figure 30. Notice that Colleen has two 
telephone numbers. If asked, “What is Colleen’s phone number?,” you cannot assign 
a single number to her. 

Let’s look at one more relation. Figure 31 is a relation that shows a correspon- 
dence between animals and life expectancy. If asked to determine the life 
expectancy of a dog, we would all respond “11 years.” If asked to determine the life 
expectancy of a rabbit, we would all respond “7 years.” 


Person Phone number 


Dan ————————>- 555 — 2345 
Gizmo —~————>- 549 — 9402 


~ 930 - 3956 
Colleen = & 555 — 8294 


Phoebe —-> 839 - 9013 


Figure 31 Life 
Animal Expectancy 


Dog. ——————_ ae 
Duck —~—————+> 10 


Rabbit ————————-->_ 7 


Notice that the relations presented in Figures 29 and 31 have something in 
common. What is it? The common link between these two relations is that each 
input corresponds to exactly one output. This leads to the definition of a function. 


Figure 32 DEFINITION Let X and Y be two nonempty sets.* A function from X into Y is a relation that 
associates with each element of X exactly one element of Y. =) 
— The set X is called the domain of the function. For each element x in _X, the 
ey corresponding element y in Y is called the value of the function at x, or the image of x. 


The set of all images of the elements in the domain is called the range of the 
function. See Figure 32. 
Since there may be some elements in Y that are not the image of some x in_X, it 
Range follows that the range of a function may be a subset of Y, as shown in Figure 32. 
Not all relations between two sets are functions. The next example shows how to 
Domain determine whether a relation is a function. 


EXAMPLE 2 Determining Whether a Relation Represents a Function 


Determine which of the following relations represent a function. If the relation is a 
function, then state its domain and range. 


(a) See Figure 33. For this relation, the domain represents the number of calories in 
a sandwich from a fast-food restaurant and the range represents the fat content 
(in grams). 


Figure 33 Calories Fat 
Source: Each company’s Web site 


(Wendy's Single) 470 ————————_-> 21 
(Burger King Whopper) 670 ——_—_-—___—_—__|__> 40 
(Burger King Chicken Sandwich) 630 -------->_ 39 
(McDonald's Big Mac) 540 —————~————————_-__> 29 


(McDonald's McChicken) 360 —-——-_——-—___>- 16 


* The sets X and Y will usually be sets of real numbers, in which case a (real) function results. The two sets 
can also be sets of complex numbers, and then we have defined a complex function. In the broad definition 
(due to Lejeune Dirichlet), X and Y can be any two sets. 
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(b) See Figure 34. For this relation, the domain represents gasoline stations in 
Collier County, Florida, and the range represents the price per gallon of 
unleaded regular in July 2010. 

(c) See Figure 35. For this relation, the domain represents the weight (in carats) of 
pear-cut diamonds and the range represents the price (in dollars). 


Figure 34 Figure 35 
; . Source: Used with permission of Diamonds.com 
Gas Station Price of regular per gallon 

Carats Price 

Mobil $2.71 
0.70 ———— $1529 
Shell $2.72 0.71 > $1575 
Sunoco $2.69 0.75 — $1765 
7-Eleven oe iS oe 
$1952 


Solution (a) The relation in Figure 33 is a function because each element in the domain 
corresponds to exactly one element in the range. The domain of the function is 
{470, 670, 630, 540, 360}, and the range of the function is {21, 40, 39, 29, 16}. 

(b) The relation in Figure 34 is a function because each element in the domain 
corresponds to exactly one element in the range. The domain of the function is 
{Mobil, Shell, Sunoco, 7-Eleven}. The range of the function is {2.69, 2.71, 2.72}. 
Notice that it is okay for more than one element in the domain to correspond 
to the same element in the range (Shell and 7-Eleven each sell gas for $2.72 a 
gallon). 

(c) The relation in Figure 35 is not a function because each element in the domain 
does not correspond to exactly one element in the range. If a 0.71-carat 
diamond is chosen from the domain, a single price cannot be assigned to it. ms 


om=====-Now Work prosLem 17 


The idea behind a function is its predictability. If the input is known, we can 
use the function to determine the output. With “nonfunctions,” we don’t have this 
predictability. Look back at Figure 34. The inputs are {Mobil, Shell, Sunoco, 

Cc 7-Eleven}.The correspondence is “sells regular gas for,” and the outputs are {$2.69, 
- In Words $2.71, $2.72}. If asked, “How much does Shell sell regular gas for?,” we can use the 
Poe cr nietntel. ie til ale Mie Vole correspondence to answer “$2.72.” Now consider Figure 35. If asked, “What is the 
than one output. The domain of a : : 9 ‘ : 

ae : price of a 0.71-carat diamond?,” we could not give a single response because two 
function is the set of all inputs; é ; ee 5 : Ln anaes 
cr outputs result from the single input “0.71.” For this reason, the relation in Figure 35 

the range is the set of all outputs. : : 
is not a function. 

We may also think of a function as a set of ordered pairs (x, y) in which no 
ordered pairs have the same first element and different second elements. The set of 
all first elements x is the domain of the function, and the set of all second elements 
y is its range. Each element x in the domain corresponds to exactly one element y in 
the range. 


EXAMPLE 3 Determining Whether a Relation Represents a Function 


Determine whether each relation represents a function. If it is a function, state the 
domain and range. 


(a) {(1, 4), (2,5), (3, 6), (4, 7)} 
(b) {(1, 4), (2, 4), (3,5), (6, 10)} 
(c) {(—3, 9), (2,4), (0, 0), (1, 1), (~3, 8)} 


SECTION 1.3 Functions and Their Graphs 27 


Solution (a) This relation is a function because there are no ordered pairs with the same first 
element and different second elements. The domain of this function is 
{1, 2,3, 4}, and its range is {4, 5, 6, 7}. 
(b) This relation is a function because there are no ordered pairs with the same first 
element and different second elements. The domain of this function is 


{1, 2,3, 6}, and its range is {4, 5, 10}. 


(c) This relation is not a function because there are two ordered pairs, (—3, 9) and 


(—3, 8), that have the same first element and different second elements. 


-i] 


In Example 3(b), notice that 1 and 2 in the domain each have the same image in 
the range. This does not violate the definition of a function; two different first 
elements can have the same second element. A violation of the definition occurs 
when two ordered pairs have the same first element and different second elements, 


as in Example 3(c). 
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Up to now we have shown how to identify when a relation is a function for 
relations defined by mappings (Example 2) and ordered pairs (Example 3). But 
relations can also be expressed as equations. We discuss next the circumstances 


under which equations are functions. 


To determine whether an equation, where y depends on x, is a function, it is 
often easiest to solve the equation for y. If any value of x in the domain corresponds 
to more than one y, the equation does not define a function; otherwise, it does 


define a function. 


EXAMPLE 4 Determining Whether an Equation Is a Function 


Determine if the equation y = 2x — 5 defines y as a function of x. 


Solution —_ The equation tells us to take an input x, multiply it by 2, and then subtract 5. For any 
input x, these operations yield only one output y. For example, if x = 1, then 
y = 2(1) —-5 = -3.Ifx = 3, then y = 2(3) — 5 = 1. For this reason, the equation 


is a function. 


J 


EXAMPLE 5 Determining Whether an Equation Is a Function 


Determine if the equation x” + y’ = 1 defines y as a function of x. 


Solution To determine whether the equation x + y’ = 1, which defines the unit circle, is a 


function, solve the equation for y. 


+ y’ = 
y’ =1- x2 
yrs V 1 = x2 
For values of x between —1 and 1, two values of y result. For example, if x = 0, then 
y = +1, so two different outputs result from the same input. This means that the 
equation x” + y* = 1 does not define a function. a 
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2 Find the Value of a Function 


Functions are often denoted by letters such as f, F, g, G, and others. If f is a 
function, then for each number x in its domain the corresponding image in the range 
is designated by the symbol f(x), read as “f of x” or as “f at x.” We refer to f(x) as 
the value of f at the number x; f(x) is the number that results when x is given and 
the function f is applied; f(x) is the output corresponding to x or the image of x; f(x) 
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does not mean “f times x.” For example, the function given in Example 4 may be 


3 
written as y = f(x) = 2x — 5. Then (3) = -2. 


Figure 36 illustrates some other functions. Notice that, in every function, for 
each x in the domain there is one value in the range. 


Figure 36 
(a) fx) = x (b) F(x) =4 
Domain Range Domain Range 
(c) (x) = vx (d) G(x) =3 
Figure 37 Sometimes it is helpful to think of a function f as a machine that receives as input 
Input x a number from the domain, manipulates it, and outputs a value. See Figure 37. 


The restrictions on this input/output machine are as follows: 


1. It only accepts numbers from the domain of the function. 


2. For each input, there is exactly one output (which may be repeated for different 
inputs). 


For a function y = f(x), the variable x is called the independent variable, 
Output because it can be assigned any of the permissible numbers from the domain. The 
y=") "variable y is called the dependent variable, because its value depends on x. 

Any symbol can be used to represent the independent and dependent 
variables. For example, if f is the cube function, then f can be given by f(x) = x? or 
f(t) = 8 or f(z) = 2. All three functions are the same. Each tells us to cube the 
independent variable to get the output. In practice, the symbols used for the 
independent and dependent variables are based on common usage, such as using C for 
cost in business. 

The independent variable is also called the argument of the function. Thinking 
of the independent variable as an argument can sometimes make it easier to find the 
value of a function. For example, if f is the function defined by f(x) = x°, then f 
tells us to cube the argument. Thus, f(2) means to cube 2, f(a) means to cube the 
number a, and f(x + 4) means to cube the quantity x + h. 


EXAMPLE 6 Finding Values of a Function 


For the function f defined by f(x) = 2x? — 3x, evaluate 


(a) (3) (b) f(x) + F(3) (©) 3f(x) (d) f(—x) 


+h) - 
(e) F(x) (f) f(3x) (g) f(x +3) (h) Fo ) lore, 


Solution 


7 
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a) Substitute 3 for x in the equation for f, f(x) = 2x* — 3x, to get 
Substi 3 fi in the equation f 2x? — 3 g 


f(3) = 2G/ 
The image of 3 is 9. 
(b) f(x) + f(3) = (2x? -— 3x) + (9) = 2x7 - 3x49 
(c) Multiply the equation for f by 3. 


3(3) = 18 -9=9 


3f(x) = 3(2x? — 3x) = 6x* — 9x 


(d) Substitute —x for x in the equation for f and simplify. 
f(—x) = 2(-x) 


(e) —f(x) = —(2x* — 3x) = -2x? + 3x 
(f) Substitute 3x for x in the equation for f and simplify. 


3(—x) = 2x’ 4 


f (3x) = 2(3x)? — 3(3x) = 2(9x7) — 9x = 18x* — 9x 


(g) Substitute x + 3 for x in the equation for f and simplify. 


3) = 2(x + 3)? — 3(x + 3) 
= 2(x* + 6x + 9) -— 3x -9 


f(x 4 


= 2x? + 12x +18 — 3x -—9 
= 2x7 + 9x +9 
f(x +h) — f(x) [2(x +h)? — 3(x + h)] — [2x - 3x] 
(h) h = i 
il 
fox + h) = 2(x + h)* — 3(x +h) 
2(x? + 2xh + h?) — 3x — 3h — 2x* + 3x 
Simplify. 
h 
2x2 + 4xh + 2h? — 3h — 2x? Distribute and combine 
= i like terms. 
4xh + 2h? — 3h 
a h Combine like terms. 
h(4x + 2h — 3) 
= Factor out h. 
h 
=4%+ 2h -—3 Divide out the h’s. 


3x Notice the use of parentheses here. 
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a) 


Notice in this example that f(x + 3) 4 f(x) + f(3), f(—x) # —f(x), and 


3f(x) # f(3x). 


The expression in part (h) is called the difference quotient of f, an important 


expression in calculus. 
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Most calculators have special keys that allow you to find the value of certain 
commonly used functions. For example, you should be able to find the square 
function f(x) = x’, the square root function f(x) = Vx, the reciprocal function 


1 
f(x) = - x !, and many others that will be discussed later in this book (such as 


In x and log x). Verify the results of Example 7, which follows, on your calculator. 
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EXAMPLE 7 Finding Values of a Function on a Calculator 


(a) f(x) = 2 f (1.234) = 1.2342 = 1.522756 
1 1 
(b) F(x) == F(1.234) = [534 © 08103727715 
(c) g(x) = Vx (1.234) = V1.234 © 1.110855526 fl 


COMMENT Graphing calculators can be used to evaluate any function that you wish. Figure 38 
shows the result obtained in Example ©(a) on a TI-84 Plus graphing calculator with the function to 
be evaluated, f(x) = 2x* — 3x, in Y;. 


Figure 38 Flotd Flotz PIOtz Wacga 


Implicit Form of a Function 


| COMMENT The explicit form of a In general, when a function f is defined by an equation in x and y, we say that the 
function is the form required bya graphing — function f is given implicitly. If it is possible to solve the equation for y in terms of x, 


calculator. = then we write y = f(x) and say that the function is given explicitly. For example, 
Implicit Form Explicit Form 
3x +y=5 y= f(x) = -3x +5 
Page y= f(x) = -6 
4 
i Set ho a 


SUMMARY __ Important Facts about Functions 


(a) For each x in the domain of a function f, there is exactly one image f(x) in the range; however, an element in 
the range can result from more than one x in the domain. 


(b) f is the symbol that we use to denote the function. It is symbolic of the equation (rule) that we use to get from 
an x in the domain to f(x) in the range. 

(c) If y = f(x), then x is called the independent variable or argument of f, and y is called the dependent variable 
or the value of f at x. 


3 Find the Domain of a Function Defined by an Equation 


Often the domain of a function f is not specified; instead, only the equation defining 
the function is given. In such cases, we agree that the domain of f is the largest set of 
real numbers for which the value f(x) is a real number. The domain of a function f 
is the same as the domain of the variable x in the expression f(x). 


EXAMPLE 8 Finding the Domain of a Function 


Find the domain of each of the following functions: 


3x 
vr - 4 


(a) f(x) = x7 + 5x (b) g(x) = 


(c) A(t) = V4 — 34 (d) F(x) = a 


Solution 


In Words 

The domain of g found in Example 
&(b) is {xl x # —2, x # 2}. This 
notation is read, “The domain of 
the function g is the set of all real 
numbers x such that x does not 
equal —2 and x does not equal 2.” 
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(a) The function tells us to square a number and then add five times the number. 
Since these operations can be performed on any real number, we conclude that 
the domain of f is the set of all real numbers. 

(b) The function g tells us to divide 3x by x” — 4. Since division by 0 is not defined, 
the denominator x* — 4 can never be 0, so x can never equal —2 or 2. The 
domain of the function g is {x|x # —2, x # 2}. 

(c) The function h tells us to take the square root of 4 — 3t. But only nonnegative 
numbers have real square roots, so the expression under the square root (the 
radicand) must be nonnegative (greater than or equal to zero). This requires 


that 
4-—3t=0 
—3t = -4 
pes 
3 


The domain of /: is {! 


t< “} or the interval (-o < 
~ 3 “3 


(d) The function F tells us to take the square root of 3x + 12 and divide this result 
by x — 5. This requires that 3x + 12 = 0,so x = —4, and also that x — 5 # 0, 
so x # 5. Combining these two restrictions, the domain of F is {x|x = —4, 


x # 5}. 
oe 


For the functions that we will encounter in this book, the following steps may 
prove helpful for finding the domain of a function that is defined by an equation 
and whose domain is a subset of the real numbers. 


Finding the Domain of a Function Defined by an Equation 


1. Start with the domain as the set of real numbers. 


2. If the equation has a denominator, exclude any numbers that give a zero 
denominator. 


3. If the equation has a radical of even index, exclude any numbers that 
cause the expression inside the radical to be negative. 
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If x is in the domain of a function f, we shall say that f is defined at x, or f(x) exists. 
If x is not in the domain of f, we say that f is not defined at x, or f(x) does not exist. 


then f(0) exists, but f(1) and f(—1) do not exist. 


For example, if f(x) = 
(Do you see why?) 

We have not said much about finding the range of a function. We will say 
more about finding the range when we look at the graph of a function. When 
a function is defined by an equation, it can be difficult to find the range. 
Therefore, we shall usually be content to find just the domain of a function 
when the function is defined by an equation. We shall express the domain of a 
function using inequalities, interval notation, set notation, or words, whichever is 
most convenient. 

When we use functions in applications, the domain may be restricted by 
physical or geometric considerations. For example, the domain of the function f 
defined by f(x) = x’ is the set of all real numbers. However, if f is used to obtain 
the area of a square when the length x of a side is known, then we must restrict 
the domain of f to the positive real numbers, since the length of a side can never 
be 0 or negative. 


x 
9 
vr 
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EXAMPLE 9 


Solution 


Figure 39 


Table 5 


Finding the Domain in an Application 
Express the area of a circle as a function of its radius. Find the domain. 
See Figure 39. The formula for the area A of a circle of radius ris A = ar’. If we use 


r to represent the independent variable and A to represent the dependent variable, 
the function expressing this relationship is 


A(r) = ar" 
In this setting, the domain is {r|r > 0}. (Do you see why?) a 


Observe in the solution to Example 9 that the symbol A is used in two ways: It 
is used to name the function, and it is used to symbolize the dependent variable. This 
double use is common in applications and should not cause any difficulty. 
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The Graph of a Function 


In applications, a graph often demonstrates more clearly the relationship between 
two variables than, say, an equation or table would. For example, Table 5 shows the 
average price of gasoline at a particular gas station in Texas (for the years 1980-2009 
adjusted for inflation, based on 2008 dollars). If we plot these data and then connect 
the points, we obtain Figure 40. 


Figure 40 
Average retail price of gasoline (2008 dollars) 


| 
co 
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lop) 
is 
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Source: http://www.randomuseless.info/gasprice/gasprice.html 


Source: http://www.randomuseless.info/gasprice/gasprice.html 


__ In Words 
lf any vertical line intersects a 
‘ graph at more than one point, the 
C graph is not the graph of a function. 


We can see from the graph that the price of gasoline (adjusted for inflation) fell 
from 1980 to 1986 and rose rapidly from 2003 to 2007. The graph also shows that the 
lowest price occurred in 2001. To learn information such as this from an equation 
requires that some calculations be made. 

Look again at Figure 40. The graph shows that for each date on the horizontal 
axis there is only one price on the vertical axis. The graph represents a function, 
although the exact rule for getting from date to price is not given. 

When a function is defined by an equation in x and y, the graph of the function 
is the graph of the equation, that is, the set of points (x, y) in the xy-plane that 
satisfies the equation. 


Identify the Graph of a Function 


Not every collection of points in the xy-plane represents the graph of a function. 
Remember, for a function, each number x in the domain has exactly one image y in 
the range. This means that the graph of a function cannot contain two points with 
the same x-coordinate and different y-coordinates. Therefore, the graph of a function 
must satisfy the following vertical-line test. 


20105. 
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THEOREM Vertical-line Test 
A set of points in the xy-plane is the graph of a function if and only if every 
vertical line intersects the graph in at most one point. J 


EXAMPLE 10 Identifying the Graph of a Function 


Which of the graphs in Figure 41 are graphs of functions? 


Figure 41 Vy Va 


a 


(ce) x= (d) 2+ y= 


Solution The graphs in Figures 41(a) and 41(b) are graphs of functions, because every vertical 
line intersects each graph in at most one point. The graphs in Figures 41(c) and 41(d) 
are not graphs of functions, because there is a vertical line that intersects each graph 
in more than one point. Notice in Figure 41(c) that the input 1 corresponds to two 
outputs, —1 and 1. This is why the graph does not represent a function. ee 
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5 Obtain Information from or about the Graph of a Function 


If (x, y) is a point on the graph of a function f, then y is the value of f at x; that is, 
y = f(x). Also if y = f(x), then (x, y) is a point on the graph of f. For example, if 
(—2, 7) is on the graph of f, then f(—2) = 7, andif f(5) = 8, then the point (5, 8) is 
on the graph of y = f(x). 


EXAMPLE 11 Obtaining Information from the Graph of a Function 


Figure 42 Let f be the function whose graph is given in Figure 42. (The graph of f might 

represent the distance y that the bob of a pendulum is from its at-rest position at time x. 

fF (0, 4) (2a, 4) (4a, 4) Negative values of y mean that the pendulum is to the left of the at-rest position, and 
aglt 


positive values of y mean that the pendulum is to the right of the at-rest position.) 


(a) What are r(0).4(), and f(37r)? 


70) * — (b) What is the domain of f'? 
(c) What is the range of f? 


(d) List the intercepts. (Recall that these are the points, if any, where the graph 
crosses or touches the coordinate axes.) 


(e) How many times does the line y = 2 intersect the graph? 
(f) For what values of x does f(x) = —4? 
(g) For what values of x is f(x) > 0? 


Solution (a) Since (0,4) is on the graph of f, the y-coordinate 4 is the value of f at the 
37 


x-coordinate 0; that is, f(0) = 4. In a similar way, we find that when x = os 
3 
then y = 0,so (=) = 0. When x = 3m, then y = —4, so f(3m) = —4. 
(b) To determine the domain of f, we notice that the points on the graph of f have 
x-coordinates between 0 and 477, inclusive; and for each number x between 
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0 and 47, there is a point (x, f(x)) on the graph. The domain of f is 
{x|0 <= x < 47} or the interval [0, 47]. 

(c) The points on the graph all have y-coordinates between —4 and 4, inclusive; and 
for each such number y, there is at least one number x in the domain. The range 
of f is {y|-4 < y < 4} or the interval [—4, 4]. 

(d) The intercepts are the points 


(0,4), (%,0), (3,0), (%.0), and (0) 


(e) If we draw the horizontal line y = 2 on the graph in Figure 42, we find that it 
intersects the graph four times. 


(f) Since (a, —4) and (37,—4) are the only points on the graph for which 
y = f(x) = —4, we have f(x) = —4 when x = mw and x = 37. 

(g) To determine where f(x) > 0, look at Figure 42 and determine the 
x-values from 0 to 4a for which the y-coordinate is positive. This occurs 


37 5 
on [o, =) U ( 7 =) U & a Using inequality notation, f(x) > 0 for 
71 


0<x< La, 25 —<x=<4 
=X 7 OS x 2 or 2 x = 47. 


oe 


When the graph of a function is given, its domain may be viewed as the shadow 
created by the graph on the x-axis by vertical beams of light. Its range can be viewed 
as the shadow created by the graph on the y-axis by horizontal beams of light. Try 
this technique with the graph given in Figure 42. 
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EXAMPLE 12 Obtaining Information about the Graph of a Function 


+1 
Consider the function: f(x) = ag 
a 


(a) Find the domain of f. 
1 
(b) Is the point @ >) on the graph of f? 
(c) If x = 2, what is f(x)? What point is on the graph of f? 
(d) If f(x) = 2, what is x? What point is on the graph of f? 
(e) What are the x-intercepts of the graph of f (if any)? What point(s) are on the 
graph of f? 
Solution —_ (a) The domain of fis {x|x # —2}. 
(b) When x = 1, then 


f(s) = 5 
1+1 2 
roa 


2 1 
The point (1, 2) is on the graph of f; the point (1, 5) is not. 
(c) If x = 2, then 


+1 

i= 
2h 3 

F940 4 


3 
The point (2, :) is on the graph of f. 
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(d) If f(x) = 2, then 


f(x) =2 
x+1 
O° 


x+1=2(x +2) Multiply both sides by x + 2. 


xt+1=2x+4 Remove parentheses. 


x=-3 Solve for x. 


If f(x) = 2, then x = —3. The point (—3, 2) is on the graph of f. 
(e) The x-intercepts of the graph of f are the real solutions of the equation f(x) = 0 
that are in the domain of f. The only real solution of the equation 


f(x) = : - i 0, is x = —1, so —1 is the only x-intercept. Since f(—1) = 0, 
the point (—1, 0) is on the graph of f. Pe 
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SUMMARY 


Function A relation between two sets of real numbers so that each number x in the first set, the 
domain, has corresponding to it exactly one number y in the second set. 
A set of ordered pairs (x, y) or (x, f(x)) in which no first element is paired with two 
different second elements. 
The range is the set of y values of the function that are the images of the x values in the 
domain. 
A function f may be defined implicitly by an equation involving x and y or explicitly by 
writing y = f(x). 

Unspecified domain If a function f is defined by an equation and no domain is specified, then the domain 


will be taken to be the largest set of real numbers for which the equation defines a real 
number. 


Function notation y = f(x) 
f is a symbol for the function. 
x is the independent variable or argument. 
y is the dependent variable. 


f(x) is the value of the function at x, or the image of x. 
Graph of afunction —_The collection of points (x, y) that satisfies the equation y = f(x). 


Vertical-line test A collection of points is the graph of a function provided that every vertical line intersects 
the graph in at most one point. 


1.3 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The inequality —1 <x <3 can be written in interval 3. The domain of the variable in the expression ai = 4 is 
notation as . (pp. A46-A47) . (pp. A6-A7) . 
: I 
2. If x = —2, the value of the expression 3x7 — Sx + a 4. Solve the inequality: 3 — 2x > 5. Graph the solution set. 


. (pp. A6-A7) (pp. A49-A52) 
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Concepts and Vocabulary 


5. 


If f is a function defined by the equation y = f(x), then x 
is called the variable and y is the 
variable. 


. The set of all images of the elements in the domain of a 


function is called the 


7. True or False Every relation is a function. 


11. 


15. 


16. 


A set of points in the xy-plane is the graph of a function if 
and only if every line intersects the graph in at 
most one point. 


. If the point (5,—3) is a point on the graph of f, then 
=) > 

. Find a so that the point (—1,2) is on the graph of 
f(x) = ax? + 4, 


. True or False A function can have more than one 


y-intercept. 

True or False The graph of a function y = f(x) always 
crosses the y-axis. 

True or False The y-intercept of the graph of the function 
y = f(x), whose domain is all real numbers, is f(0). 


Skill Building 


In Problems 17-26, determine whether each relation represents a function. For each function, state the domain and range. 


8. True or False The independent variable is sometimes 
referred to as the argument of the function. 
9. True or False If no domain is specified for a function f, then 
the domain of f is taken to be the set of real numbers. 
2 
—4 
10. True or False The domain of the function f(x) = = 
is {x|x # +2}. - 
AN 17. Person Birthday 
Elvis 
Colleen 
Kaleigh 
Marissa 
19. Hours Worked Salary 


X23 


24. 


20 Hours 


30 Hours 
40 Hours 


{(2, 6), (—3, 6), (4, 9), (2, 10)} 
{(0, =2); (1, 3), (2, 3), (3, 7)} 


18. 


20. 


22. {(—2, 5), (-1, 3), (3,7), (4, 12)} 
25. {(—2, 4), (—2, 6), (0, 3), (3, 7)} 


Father 


Daughter 


Level of Education 


Less than 9th grade 
9th-12th grade 

High School Graduate 
Some College 
College Graduate 


23. {(1, 3), (2,3), (3, 3), (4, 3)} 
26. {(—4, 4), (-3, 3), (-2, 2), (1, 1), (4, 0)} 


In Problems 27-38, determine whether the equation defines y as a function of x. 


27. y= x? 28. y= x? 29. 
31 y= 4- x? 32, y= +V1 — 2x \33. 

3x = 1 

= 9,2 — = 
35. y = 2x° — 3x +4 36. y ao 37. 
In Problems 39-46, find the following for each function: 

(a) f(0) (b) f(A) (c) f(-1) (d) f(—x) (e) —f(x) 
\ 39. f(x) = 3x2 + 2x — 4 MO. $6) == + 4 41. 
43. f(x) = |x| + 4 44, f(x) = Vx +x 45. 

In Problems 47-62, find the domain of each function. 
47. f(x) = —Sx +4 48. f(x) = x7 +2 49. 

% 2x 
\GSL g(x) = 52. h(x) = 53. 


x? — 16 rai 4 


1 
fa 30. y = |x| 
Sy 34.x+ y=1 
2x7 + 3y =1 38. x? — 4y = 1 
() f(x +1) (g) f(2x) (h) f(x + h) 
x e-1 
F(x) = y+ ec a x+4 
2. 1 1 
fe) = et ee PE 
Xx x? 
i) Sag 50. f(x) = 244 
= 92: 4 
P(x) = 54. G(x) = 
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x 
55. h(x) = V3x — 12 56. G(x) = V1— x 57. f(x) = — 58. f(x) = Vea 
x= 9 a 
2 Vt—4 Vzer3 
9, = . =V-x-2 F = aa . = —_——_ 
59. p(x) ead 60. q(x) = V-x 61. P(t) a Oh 62. h(z) a9 
cm gle HI) , ee 
AX In Problems 63-70, find the difference quotient of f; that is, find h ,h # 0, for each function. Be sure to simplify. 
‘ 1 
\ 63. f(x) = 4x +3 64. f(x) = —3x +1 65. f(x) = x° 66. f(x) = = 
7 > 1 1 
67. f(x) =x -—x+4 68. f(x) = 3x° — 2x + 6 69. f(x) => 70. f(x) = ra 
x x 


QTL. Use the given graph of the function f to answer parts (a)-(n). 


(6, -3) 


72. Use the given graph of the function f to answer parts (a)-(n). 


(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
(g) 
(h) 
(i) 
(i) 
(k) 
(1) 
(m) 
(n) 


Find f(0) and f(—6). 

Find f(6) and f(11). 

Is f(3) positive or negative? 
Is f(—4) positive or negative? 


Find f(0) and f(6). 

Find f(2) and f(—2). 

Is f(3) positive or negative? 
Is f(—1) positive or negative? 


For what values of x is f(x) = 0? 
For what values of x is f(x) > 0? 


What is the domain of f? 
What is the range of f? 
What are the x-intercepts? 
What is the y-intercept? 


How often does the line y = 


2 


intersect the graph? 


How often does the line x = 5 intersect the graph? 
For what values of x does f(x) = 3? 
For what values of x does f(x) = —2? 


For what values of x is f(x) = 0? 

(f) For what values of x is f(x) < 0? 

What is the domain of f? 

What is the range of f? 

(i) What are the x-intercepts? 

(j) What is the y-intercept? 

How often does the line y = —1 intersect the graph? 
(1) How often does the line x = 1 intersect the graph? 
For what value of x does f(x) = 3? 

For what value of x does f(x) = —2? 


In Problems 73-84, determine whether the graph is that of a function by using the vertical-line test. If it is, use the graph to find: 


(a) The domain and range 


(b) The intercepts, if any 
(c) Any symmetry with respect to the x-axis, the y-axis, or the origin 
73. Va 74, Va 
3F 3P 
i] con eS fee 
—3 E 3x —3 E 3x 
-3 -3 = 
X71. Va 78. Va 
37 3P 
rioiNiiy = 
—3 L 3x —3 3x 
-—3 L -3 L 


XB. 


76. y A 


79. 80. Ya 
4¢ (4,3) 
Lit LZ. 
—4 Le 4x 
a 
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Ya 82. Va 
3 3 


(+1, 2) 


=3 


83. 


84. 


wo oO oN 


In Problems 85-90, answer the questions about the given function. 


85. 


86. 


\sz7. 


88. 


f(x) = 2x? -—x-1 

(a) Is the point (—1, 2) on the graph of f? 

(b) Ifx = —2, what is f(x)? What point is on the graph of f? 

(c) If f(x) = —1, what is x? What point(s) are on the graph 
of f? 

(d) What is the domain of f? 

(e) List the x-intercepts, if any, of the graph of f. 

(f) List the y-intercept, if there is one, of the graph of f. 

f(x) = —3x? + 5x 

(a) Is the point (—1, 2) on the graph of f? 

(b) Ifx = —2, what is f(x)? What point is on the graph of f? 

(c) If f(x) = —2, what is x? What point(s) are on the graph 
of f? 

(d) What is the domain of f? 

(e) List the x-intercepts, if any, of the graph of f. 

(f) List the y-intercept, if there is one, of the graph of f. 


fy = 222 


(a) Is the point (3, 14) on the graph of f? 

(b) If x = 4, what is f(x)? What point is on the graph of f? 

(c) If f(x) = 2, what is x? What point(s) are on the graph 
of f? 

(d) What is the domain of f? 

(e) List the x-intercepts, if any, of the graph of f. 

(f) List the y-intercept, if there is one, of the graph of f. 


x +2 
2 haere, 


3 
(a) Is the point (:, 2) on the graph of f? 
(b) If x = 0, what is f(x)? What point is on the graph of f? 


Applications and Extensions 


91. 


92. 


93. 


94. 


95. 


96. 


If f(x) = 2x7 + Ax? + 4x — 5 and f(2) = 5, what is the 
value of A? 
If f(x) = 3x? — Bx + 4and f(—1) = 12, what is the value 


of B? 


If f(x) = eS al f (0) = 2, what is the value of A? 
2x —-A 
2x = B. 1 
= SS i ? 
If f(x) ae | and f (2) 5 What is the value of B? 
2x —A 
If f(x) = us — and f(4) = 0, what is the value of A? 
Where is f not defined? 
If f(x) = == f(2) = 0 and f(1) is undefined, what are 
— 


the values of A and B? 


89. 


90. 


\ 97. 
98. 


99. 


100. 


101. 


(c) If f(x) = ‘ what is x? What point(s) are on the graph 
of f? 

(d) What is the domain of f? 

(e) List the x-intercepts, if any, of the graph of f. 

(f) List the y-intercept, if there is one, of the graph of f. 


2x? 

Ax) xt4+d 

(a) Is the point (—1, 1) on the graph of f? 

(b) If x = 2, what is f(x)? What point is on the graph 
of f? 

(c) If f(x) = 1, what is x? What point(s) are on the graph 
of f? 

(d) What is the domain of f? 

(e) List the x-intercepts, if any, of the graph of f. 

(f) List the y-intercept, if there is one, of the graph of f. 


2x 


(a) Is the point G. -?) on the graph of f? 

(b) If x = 4, what is f(x)? What point is on the graph of f? 

(c) If f(x) = 1, what is x? What point(s) are on the graph 
of f? 

(d) What is the domain of f? 

(e) List the x-intercepts, if any, of the graph of f. 

(f) List the y-intercept, if there is one, of the graph of f. 


Geometry Express the area A of a rectangle as a function 
of the length x if the length of the rectangle is twice its width. 
Geometry Express the area A of an isosceles right triangle 
as a function of the length x of one of the two equal sides. 
Constructing Functions Express the gross salary G of a 
person who earns $10 per hour as a function of the number 
x of hours worked. 

Constructing Functions Tiffany, a commissioned salesper- 
son, earns $100 base pay plus $10 per item sold. Express her 
gross salary G as a function of the number x of items sold. 


Population as a Function of Age The function 
P(a) = 0.015a* — 4.962a + 290.580 


represents the population P (in millions) of Americans that 
are a years of age or older. 


102. 


103. 


104. 


105. 


(a) Identify the dependent and independent variables. 

(b) Evaluate P(20). Provide a verbal explanation of the 
meaning of P(20). 

(c) Evaluate P(0). Provide a verbal explanation of the 
meaning of P(0). 

The function 


14.52r 


Number of Rooms 


N(r) 1.447? 4 


14.96 


represents the number N of housing units (in millions) that 
have r rooms, where r is an integer and2 =r = 9. 


(a) Identify the dependent and independent variables. 

(b) Evaluate N(3). Provide a verbal explanation of the 
meaning of N(3). 

Effect of Gravity on Earth Ifa rock falls from a height of 


20 meters on Earth, the height H (in meters) of the rock 
after x seconds is approximately 


H (x) = 20 — 4.9x? 


(a) What is the height of the rock when x = 1 second? 
x = 1.1 seconds? x = 1.2 seconds? x = 1.3 seconds? 

(b) When is the height of the rock 15 meters? When is it 
10 meters? When is it 5 meters? 

(c) When does the rock strike the ground? 


Effect of Gravity on Jupiter If a rock falls from a height of 
20 meters on the planet Jupiter, its height H (in meters) 
after x seconds is approximately 


H(x) = 20 — 13x? 
(a) What is the height of the rock when x = 1 second? 
x = 1.1 seconds? x = 1.2 seconds? 
(b) When is the height of the rock 15 meters? When is it 


10 meters? When is it 5 meters? 
(c) When does the rock strike the ground? 


Cost of Trans-Atlantic Travel A Boeing 747 crosses the 

Atlantic Ocean (3000 miles) with an airspeed of 500 miles 

per hour. The cost C (in dollars) per passenger is given by 
x 36,000 


100 + : 
10 x 


C(x) 


where x is the ground speed (airspeed + wind). 

(a) What is the cost per passenger for quiescent (no wind) 
conditions? 

(b) What is the cost per passenger with a head wind of 
50 miles per hour? 

(c) What is the cost per passenger with a tail wind of 
100 miles per hour? 

(d) What is the cost per passenger with a head wind of 
100 miles per hour? 


106. 


107. 


108. 
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Cross-sectional Area The cross-sectional area of a beam cut 
from a log with radius 1 foot is given by the function 
A(x) = 4xV/1 — x’, where x represents the length, in feet, 
of half the base of the beam. See the figure. Determine the 
cross-sectional area of the beam if the length of half the 
base of the beam is as follows: 

(a) One-third of a foot 

(b) One-half of a foot 

(c) Two-thirds of a foot 


A(x) = 4x\/1 — x? 


x 


Free-throw Shots According to physicist Peter Brancazio, 
the key to a successful foul shot in basketball lies in the arc 
of the shot. Brancazio determined the optimal angle of the 
arc from the free-throw line to be 45 degrees. The arc also 
depends on the velocity with which the ball is shot. If a 
player shoots a foul shot, releasing the ball at a 45-degree 
angle from a position 6 feet above the floor, then the path of 
the ball can be modeled by the function 


_ 44x? 
yw 


h(x) = +x+6 

where hi is the height of the ball above the floor, x is the 

forward distance of the ball in front of the foul line, and v is the 

initial velocity with which the ball is shot in feet per second. 

Suppose a player shoots a ball with an initial velocity of 

28 feet per second. 

(a) Determine the height of the ball after it has traveled 
8 feet in front of the foul line. 

(b) Determine the height of the ball after it has traveled 
12 feet in front of the foul line. 

(c) Find additional points and graph the path of the 
basketball. 

(d) The center of the hoop is 10 feet above the floor and 
15 feet in front of the foul line. Will the ball go through 
the hoop? Why or why not? If not, with what initial 
velocity must the ball be shot in order for the ball to go 
through the hoop? 


Source: The Physics of Foul Shots, Discover, Vol. 21, No. 10, 
October 2000 


Granny Shots The last player in the NBA to use an under- 
hand foul shot (a “granny” shot) was Hall of Fame forward 
Rick Barry who retired in 1980. Barry believes that current 
NBA players could increase their free-throw percentage if 
they were to use an underhand shot. Since underhand shots 
are released from a lower position, the angle of the shot must 
be increased. If a player shoots an underhand foul shot, 
releasing the ball at a 70-degree angle from a position 
3.5 feet above the floor, then the path of the ball can be 


136x7 
as as. 


modeled by the function h(x) =o 
v 


where hi is the height of the ball above the floor, x is the 
forward distance of the ball in front of the foul line, and v 
is the initial velocity with which the ball is shot in feet per 
second. 


2.7x 4 
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(a) The center of the hoop is 10 feet above the floor and 
15 feet in front of the foul line. Determine the initial 
velocity with which the ball must be shot in order for 
the ball to go through the hoop. 

(b) Write the function for the path of the ball using the 
velocity found in part (a). 

(c) Determine the height of the ball after it has traveled 
9 feet in front of the foul line. 

(d) Find additional points and graph the path of the basketball. 

Source: The Physics of Foul Shots, Discover, Vol. 21, No. 10, 

October 2000 


Motion of a Golf Ball A golf ball is hit with an initial 
velocity of 130 feet per second at an inclination of 45° to 
the horizontal. In physics, it is established that the height h 
of the golf ball is given by the function 


—32x7 
h(x) => 


+X 


130° 
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where x is the horizontal distance that the golf ball has 

traveled. 

(a) Determine the height of the golf ball after it has 
traveled 100 feet. 

(b) What is the height after it has traveled 300 feet? 

(c) What is the height after it has traveled 500 feet? 

(d) How far was the golf ball hit? 

(e) Use a graphing utility to graph the function h = h(x). 

(£) Use a graphing utility to determine the distance that 
the ball has traveled when the height of the ball is 
90 feet. 

(g) Create a TABLE with TblStart = 0 and ATbl = 25. 
To the nearest 25 feet, how far does the ball travel 
before it reaches a maximum height? What is the 
maximum height? 

(h) Adjust the value of ATbl until you determine the 
distance, to within 1 foot, that the ball travels before it 
reaches a maximum height. 


Some functions f have the property that f(a + b) = 
f(a) + f(®) for all real numbers a and b. Which of the 
following functions have this property? 

(a) A(x) = 2x (b) g(x) = x 


(c) F(x) =5x-2 (d) G(x) = 


ele 


111. Describe how you would proceed to find the domain and range of a function if you were given its graph. How would your strategy 
change if you were given the equation defining the function instead of its graph? 


112. How many x-intercepts can the graph of a function have? How many y-intercepts can the graph of a function have? 


113. Is a graph that consists of a single point the graph of a function? Can you write the equation of such a function? 


114. Match each of the following functions with the graph that best describes the situation. 
(a) The cost of building a house as a function of its square footage 
(b) The height of an egg dropped from a 300-foot building as a function of time 


(c) The height of a human as a function of time 
(d) The demand for Big Macs as a function of price 
(e) The height of a child on a swing as a function of time 


| Nava WA | | 
x x 
(I) 


(Ill) 


(I!) 


xV 
xV 


x 
(IV) 
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115. Match each of the following functions with the graph that best describes the situation. 
(a) The temperature of a bowl of soup as a function of time 
(b) The number of hours of daylight per day over a 2-year period 
(c) The population of Florida as a function of time 
(d) The distance traveled by a car going at a constant velocity as a function of time 
(e) The height of a golf ball hit with a 7-iron as a function of time 


| | \ / | | 
x a x x x 
(I) (II) (I!) (IV) (V) 

116. Consider the following scenario: Barbara decides to take a (c) Fromt = 2.5 tot = 2.8 

walk. She leaves home, walks 2 blocks in 5 minutes at a (d) Fromt = 2.8 tot = 3 

constant speed, and realizes that she forgot to lock the door. (e) Fromt = 3 tot = 3.9 

So Barbara runs home in 1 minute. While at her doorstep, it (f) Fromt = 3.9 tot = 4.2 

takes her 1 minute to find her keys and lock the door. Barbara (g) Fromt = 4.2 tot = 5.3 

walks 5 blocks in 15 minutes and then decides to jog home. It (h) What is the farthest distance that Kevin was from home? 

takes her 7 minutes to get home. Draw a graph of Barbara’s (i) How many times did Kevin return home? 

distance from home (in blocks) as a function of time. 119. The following sketch represents the speed v (in miles per 
117. Consider the following scenario: Jayne enjoys riding her hour) of Michael’s car as a function of time ¢ (in minutes). 

bicycle through the woods. At the forest preserve, she gets 

on her bicycle and rides up a 2000-foot incline in 10 minutes. v(t) A 

She then travels down the incline in 3 minutes. The next 

(7, 50) (7.4, 50) 


5000 feet is level terrain and she covers the distance in 
20 minutes. She rests for 15 minutes. Jayne then travels 
10,000 feet in 30 minutes. Draw a graph of Jayne’s distance (2,30) 
traveled (in feet) as a function of time. 


(4, 30) eee) 


118. The following sketch represents the distance d (in miles) 
that Kevin was from home as a function of time f (in hours). (4.2, 0) (6, 0) (9.1, 0) 
Answer the questions based on the graph. In parts (a)-(g), 
how many hours elapsed and how far was Kevin from home 
during this time? 


(a) Over what interval of time was Michael traveling fastest? 
(b) Over what interval(s) of time was Michael’s speed zero? 
(c) What was Michael’s speed between 0 and 2 minutes? 
d(tya (d) What was Michael’s speed between 4.2 and 6 minutes? 
(e) What was Michael’s speed between 7 and 7.4 minutes? 
(f) When was Michael’s speed constant? 


120. Draw the graph of a function whose domain is 

{x|-3 = x=8, x #5} and whose range is 

{y|-1 = y = 2, y # 0}. What point(s) in the rectangle 

—3 =x =8,-1=y=2 cannot be on the graph? 

(2.8, 0) (3, 0) (5.3, 0) oat Compare your graph with those of other students. What 
differences do you see? 


(a) Fromt = Otot = 2 121. Is there a function whose graph is symmetric with respect to 
(b) From t = 2 tot = 2.5 the x-axis? Explain. 


Are You Prepared?’ Answers 
1. (-1,3) 2. 215 3. {xlx # —4} 4, {xlx < -1} Waa = g. 4 
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1.4 Properties of Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Interval Notation (Appendix A, Section A.6, e Point-Slope Form of a Line (Appendix A, 
pp. A46-A47) Section A.8, p. A68) 


Intercepts (Section 1.2, pp. 11-12) e Symmetry (Section 1.2, pp. 12-14) 


Slope of a Line (Appendix A, Section A.8, 
pp. A64-A66) 


\ Now Work the ‘Are You Prepared?’ problems on page 49. 


OBJECTIVES 1 Determine Even and Odd Functions from a Graph (p.42) 
2. Identify Even and Odd Functions from the Equation (p.43) 


3 Use a Graph to Determine Where a Function Is Increasing, 
Decreasing, or Constant (p.44) 


4 Use a Graph to Locate Local Maxima and Local Minima (p.45) 


5 Usea Graph to Locate the Absolute Maximum and the Absolute 
Minimum (p.46) 


a 6 Usea Graphing Utility to Approximate Local Maxima and Local Minima 
and to Determine Where a Function Is Increasing or Decreasing (p.47) 


Find the Average Rate of Change of a Function (p.48) 


To obtain the graph of a function y = f(x), it is often helpful to know certain 
properties that the function has and the impact of these properties on the way that 
the graph will look. 


1 Determine Even and Odd Functions from a Graph 


The words even and odd, when applied to a function f, describe the symmetry that 
exists for the graph of the function. 

A function f is even, if and only if, whenever the point (x, y) is on the graph of 
f then the point (—.x, y) is also on the graph. Using function notation, we define an 
even function as follows: 


DEFINITION A function f is even if, for every number x in its domain, the number —x is also 
in the domain and 


f(—x) = F(x) 
as) 


A function f is odd, if and only if, whenever the point (x, y) is on the graph of f 
then the point (—x, —y) is also on the graph. Using function notation, we define an 
odd function as follows: 


DEFINITION A function f is odd if, for every number x in its domain, the number — x is also 
in the domain and 


f(—x) = —f(x) 
—J 


Refer to page 13, where the tests for symmetry are listed. The following results 
are then evident. 


THEOREM 


EXAMPLE 1 


Figure 43 


Solution 


EXAMPLE 2 


Solution 
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A function is even if and only if its graph is symmetric with respect to the 
y-axis. A function is odd if and only if its graph is symmetric with respect to the 


origin. J 


Determining Even and Odd Functions from the Graph 


Determine whether each graph given in Figure 43 is the graph of an even function, 
an odd function, or a function that is neither even nor odd. 


y y Va 


x< 
x 
x 


(a) (b) (c) 


(a) The graph in Figure 43(a) is that of an even function, because the graph is 


symmetric with respect to the y-axis. 


(b) The function whose graph is given in Figure 43(b) is neither even nor odd, 


because the graph is neither symmetric with respect to the y-axis nor symmetric 
with respect to the origin. 


(c) The function whose graph is given in Figure 43(c) is odd, because its graph is 


symmetric with respect to the origin. as 


om -Now Work prosLems 21(a), (b), AND (d) 


2 Identify Even and Odd Functions from the Equation 


Identifying Even and Odd Functions Algebraically 


Determine whether each of the following functions is even, odd, or neither. Then 
determine whether the graph is symmetric with respect to the y-axis or with respect 
to the origin. 


(a) f(x) =x —5 (b) g(x) = -1 
(c) h(x) = 5x? - x (d) F(x) = |" 


(a) To determine whether f is even, odd, or neither, replace x by —x in 


f(x) = x? — 5. Then 
(yA SS HS He 


Since f(—x) = f(x), we conclude that fis an even function, and the graph of f 
is symmetric with respect to the y-axis. 


(b) Replace x by —x in g(x) = x° — 1. Then 


g(-x) = (-x)-1=-x-1 


Since g(—x) # g(x) and g(—x) # —g(x) = —(x°7- 1) = —x° + 1, we conclude 
that g is neither even nor odd. The graph of g is not symmetric with respect 
to the y-axis nor is it symmetric with respect to the origin. 


(c) Replace x by —x in h(x) = 5x° — x. Then 


h(—x) = 5(—x)? — (x) = —5x8 + x = —(5x° — x) = —A(x) 


Since h(—x) = —h(x), h is an odd function, and the graph of h is symmetric 
with respect to the origin. 


44 


WARNING We describe the behavior of 
a graph in terms of its x-values. Do not 
gay the graph in Figure 44 is increasing 
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(d) Replace x by —x in F(x) = |x|. Then 
F(—x) = [-x| = [-4]+ [x] = |x] = F(x) 


Since F(—x) = F(x), F is an even function, and the graph of F is symmetric 
with respect to the y-axis. J 


Now Work prosLem 33 


3 Use a Graph to Determine Where a Function Is Increasing, 
Decreasing, or Constant 


Consider the graph given in Figure 44. If you look from left to right along the graph 
of the function, you will notice that parts of the graph are going up, parts are going 
down, and parts are horizontal. In such cases, the function is described as increasing, 
decreasing, or constant, respectively. 


Figure 44 


EXAMPLE 3 Determining Where a Function Is Increasing, Decreasing, 
or Constant from Its Graph 


Where is the function in Figure 44 increasing? Where is it decreasing? Where is it 
constant? 


Solution —_To answer the question of where a function is increasing, where it is decreasing, and 
where it is constant, we use strict inequalities involving the independent variable x, or 
we use open intervals* of x-coordinates. The function whose graph is given in 
Figure 44 is increasing on the open interval (—4, 0) or for —4 < x < 0. The function 


from the point (—4,—-2) to the point is decreasing on the open intervals (—6, —4) and (3,6) or for —-6 < x < —4 and 
(0, 4). Rather, say it is increasing on 3 < x < 6. The function is constant on the open interval (0, 3) or for0 < x < 3. 
the interval (—4, O). : o! 


More precise definitions follow: 


DEFINITIONS A function f is increasing on an open interval J if, for any choice of x, and x 
in J, with x; < x, we have f(x) < f(x). 
A function f is decreasing on an open interval J if, for any choice of x, and x, 
in J, with x; < x, we have f(x,) > f(x). 
A function f is constant on an open interval / if, for all choices of x in /, the 
values f(x) are equal. J 


Figure 45 illustrates the definitions. The graph of an increasing function goes up 
from left to right, the graph of a decreasing function goes down from left to right, 
and the graph of a constant function remains at a fixed height. 


* The open interval (a, b) consists of all real numbers x for which a < x < b. 
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Figure 45 Va 
| | 
I I 
HF(X4) | F(X) 
> e e > 
x xX, Xo x 
kK | >| |< | > |< | >| 
(a) For x, <Xpin/, (b) For x; <x in/, (c) For all xin /, the values of 
f(x) < F(X); f(x4) > F(X»); fare equal; fis constant on / 
fis decreasing on / 


fis increasing on / 


orm -Now Work pros_emMs 11, 13, 15, AND 21(c) 


4 Use a Graph to Locate Local Maxima and Local Minima 


Suppose fis a function defined on an open interval containing c. If the value of f at 
c is greater than or equal to the values of fon J, then f has a local maximum at c*. 


See Figure 46(a). 
If the value of f at c is less than or equal to the values of f on J, then fhas a local 


minimum at c. See Figure 46(b). 


Figure 46 VA Yh 
, H(c)) ini 

fhas alocal maximum fe) —~__ __ (¢ fc) +—-——— fhas a local minimum 
eA () ) (6) rc, Hc)) atc 

| | 

| | 

| = a 

c x c x 

/k— | /k— | > 
(a) (b) 


DEFINITIONS A function f has a local maximum at c if there is an open interval J containing c 
so that for all xin J, f(x) = f(c). We call f(c) alocal maximum value of f. 


A function f has a local minimum at c if there is an open interval J containing c 
so that, for all x in J, f(x) = f(c). We call f(c) a local minimum value of f. J 


If f has alocal maximum atc, then the value of f at cis greater than or equal to the 
values of f near c. If f has a local minimum at c, then the value of f at c is less than or 
equal to the values of f near c. The word /ocal is used to suggest that it is only near c, 
that is, in some open interval containing c, that the value f(c) has these properties. 


* Some texts use the term relative instead of local. 
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EXAMPLE 4 


Figure 47 


Solution 


Finding Local Maxima and Local Minima from the Graph 
of a Function and Determining Where the Function 
Is Increasing, Decreasing, or Constant 


Figure 47 shows the graph of a function f. 


(a) At what value(s) of x, if any, does f have a local maximum? List the local 
maximum values. 


(b) At what value(s) of x, if any, does f have a local minimum? List the local 
minimum values. 


(c) Find the intervals on which f is increasing. Find the intervals on which f is 
decreasing. 


The domain of f is the set of real numbers. 


(a) f has a local maximum at 1, since for all x close to 1, we have f(x) = f(1). The 


WARNING The y-value is the local 
maximum value or local minimum value 
and it occurs at some x-value. For 
example, in Figure 47, we say f has a 
local maximum at 1 and the local 
maximum value is 2. | 


local maximum value is f(1) = 2. 


(b) f has local minima at —1 and at 3. The local minima values are f(—1) = 1 and 


f(3) = 0. 


(c) The function whose graph is given in Figure 47 is increasing for all values of x 


between —1 and 1 and for all values of x greater than 3. That is, the function is 


Figure 48 


Va 


domain: [a, b] 

for all xin [a, b], f(x) = 
for all xin [a, b], f(x) = 
absolute maximum: f(u 
absolute minimum: f(v) 


5 


A 


EXAMPLE 5 


increasing on the intervals (—1, 1) and (3, ©) or for -1 < x < 1 and x > 3. 
The function is decreasing for all values of x less than —1 and for all values of x 
between 1 and 3. That is, the function is decreasing on the intervals (—00o, —1) 
and (1,3) or forx < —land1 <x <3. a 


wm Now Work pROoBLEMS 17 AND 19 


Use a Graph to Locate the Absolute Maximum 

and the Absolute Minimum 

Look at the graph of the function f given in Figure 48. The domain of fis the closed 
interval [a, b]. Also, the largest value of fis f(u) and the smallest value of fis f(v). 


These are called, respectively, the absolute maximum and the absolute minimum of f 
on [a, b]. 


DEFINITION Let f denote a function defined on some interval /. If there 
is anumber uw in J for which f(x) < f(u) for all x in J, then f(w) is the absolute 
maximum of fon J and we say the absolute maximum of f occurs at w. 


If there is anumber v in / for which f(x) = f(v) for all x in J, then f(v) is the 
absolute minimum of fon / and we say the absolute minimum of f occurs at v. al 


The absolute maximum and absolute minimum of a function f are sometimes 
called the extreme values of f on J. 
The absolute maximum or absolute minimum of a function f may not exist. 


Finding the Absolute Maximum and the Absolute Minimum 
from the Graph of a Function 


For each graph of a function y = f(x) in Figure 49, find the absolute maximum and 
the absolute minimum, if they exist. 


Figure 49 
Vp 
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(5, 4) 


(1,1) (2,1) 


Solution 


(b) 


(c) 


(d) 


5 1 


3 
(c) 


(a) The function f whose graph is given in Figure 49(a) has the closed interval [0, 5] 


as its domain. The largest value of f is f(3) = 6, the absolute maximum. The 
smallest value of fis f(0) = 1, the absolute minimum. 

The function f whose graph is given in Figure 49(b) has the domain 
{x|1 = x = 5,x 4 3}. Note that we exclude 3 from the domain because of the 
“hole” at (3, 1). The largest value of f on its domain is f(5) = 3, the absolute 
maximum. There is no absolute minimum. Do you see why? As you trace the 
graph, getting closer to the point (3, 1), there is no single smallest value. [As 
soon as you claim a smallest value, we can trace closer to (3,1) and get a smaller 
value! ] 

The function f whose graph is given in Figure 49(c) has the interval [0,5] as 
its domain. The absolute maximum of f is f(5) = 4. The absolute minimum 
is 1. Notice that the absolute minimum 1 occurs at any number in the interval 
[1,2]. 

The graph of the function f given in Figure 49(d) has the interval [0, 00) as its 
domain. The function has no absolute maximum; the absolute minimum is 


f(0) = 0. 


(e) The graph of the function fin Figure 49(e) has the domain {x|1 < x <5, x # 3}. 


The function f has no absolute maximum and no absolute minimum. Do you 
see why? 


In calculus, there is a theorem with conditions that guarantee a function will 


have an absolute maximum and an absolute minimum. 


THEOREM 


om——=-Now Work 


ie 6 
Is 
To 


Extreme Value Theorem 


If f is a continuous function* whose domain is a closed interval [a, b], then f 
has an absolute maximum and an absolute minimum on [a, b]. 


PROBLEM 45 


Use a Graphing Utility to Approximate Local Maxima 
and Local Minima and to Determine Where a Function 


Increasing or Decreasing 


locate the exact value at which a function f has a local maximum or a local 


minimum usually requires calculus. However, a graphing utility may be used to 
approximate these values by using the MAXIMUM and MINIMUM features. 


*Although it requires calculus for a precise definition, we’ll agree for now that a continuous function is 
one whose graph has no gaps or holes and can be traced without lifting the pencil from the paper. 


ee 


=) 
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EXAMPLE 6 Using a Graphing Utility to Approximate Local Maxima 
and Minima and to Determine Where a Function Is Increasing 


or Decreasing 


(a) Use a graphing utility to graph f(x) = 6x7 — 12x +5 for -2<x <2. 
Approximate where f has a local maximum and where f has a local minimum. 
(b) Determine where f is increasing and where it is decreasing. 


Solution (a) Graphing utilities have a feature that finds the maximum or minimum point of 
a graph within a given interval. Graph the function f for —2 < x < 2. The 
MAXIMUM and MINIMUM commands require us to first determine the open 
interval J. The graphing utility will then approximate the maximum or minimum 
value in the interval. Using MAXIMUM we find that the local maximum value 
is 11.53 and it occurs at x = —0.82, rounded to two decimal places. See 
Figure 50(a). Using MINIMUM, we find that the local minimum value is —1.53 
and it occurs at x = 0.82, rounded to two decimal places. See Figure 50(b). 


Figure 50 


Adximur ini 
n= 7.BL6494d W=11.521973 : Y=rL.831973 


—10 —10 
(a) (b) 


(b) Looking at Figures 50(a) and (b), we see that the graph of f is increasing from 


x = —2 to x = —0.82 and from x = 0.82 to x = 2, so f is increasing on the 
intervals (—2, —0.82) and (0.82, 2) or for -2 < x < —0.82 and 0.82 < x < 2. 
The graph is decreasing from x = —0.82 to x = 0.82, so f is decreasing on the 


interval (—0.82, 0.82) or for —0.82 < x < 0.82. J 


ovm=======-Now Work pros_Lem 53 


7 Find the Average Rate of Change of a Function 


In Appendix A, we say that the slope of a line can be interpreted as the average rate 
of change. To find the average rate of change of a function between any two points 
on its graph, calculate the slope of the line containing the two points. 


DEFINITION If a and b, a # b, are in the domain of a function y = f(x), the average rate of 
change of f from a to b is defined as 


Average rate of change = 


The symbol Ay in (1) is the “change in y,” and Ax is the “change in x.” The 
average rate of change of f is the change in y divided by the change in x. 


EXAMPLE 7 Finding the Average Rate of Change 


Find the average rate of change of f(x) = 3x”: 
(a) From 1 to3 (b) From 1 to 5 (c) From | to7 
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Solution (a) The average rate of change of f(x) = 3x’ from 1 to 3 is 
Figure 51 Ay f(3)-f() 27-3 24 
= - ==. 
" 3-1 3-1 2 
160 - (b) The average rate of change of f(x) = 3x’ from 1 to 5 is 
L Ay (0) 2) 7533 _ 2 45 
420 — Average rate ~ 5-1 °#45-1 4 


of change = 24 


(5, 75) 


(c) The average rate of change of f(x) = 3x” from 1 to 7 is 
Ay f(7)—~fG) 147-3 144 


= 24 


Average rate 
of change = 18 


Average rate 
of change = 12 


(0, 0) 2 4 6 x 


Ax 


7 = 1. 


P=1 6 a) 


See Figure 51 for a graph of f(x) = 3x’. The function f is increasing for x > 0. 
The fact that the average rate of change is positive for any x1, x7, x; # X> in the 
interval (1,7) indicates that the graph is increasing on 1 < x < 7. Further, the 
average rate of change is consistently getting larger for 1 < x < 7, indicating that 


the graph is increasing at an increasing rate. 


oom=====-Now Work prosLem 61 


1.4 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The interval (2, 5) can be written as the inequality 
(pp. A46-A47) 


2. The slope of the line containing the points (—2,3) and 
(3,8) is _. (pp. A64-A66) 

3. Test the equation y = 5x* — 1 for symmetry with respect to 
the x-axis, the y-axis, and the origin. (pp. 12-14) 


Concepts and Vocabulary 


6. A function f is on an open interval / if, for any 
choice of x, and x, in J, with x, < x2, we have f(x,) < f(x). 


7. A(n) function f is one for which f(—x) = f(x) for 
every x in the domain of f; a(n) function f is one for 
which f(—x) = —f(x) for every x in the domain of f. 


8. True or False A function f is decreasing on an open 
interval / if, for any choice of x, and x2 in J, with x; < x2, we 


have f (x1) > f(%2). 


Skill Building 


In Problems 11-20, use the graph of the function f given. 

NAIL Is f increasing on the interval (—8, —2)? 

12. Is f decreasing on the interval (—8, —4)? 
\ 23. Is f increasing on the interval (2, 10)? 

14. Is f decreasing on the interval (2, 5)? 
\ 15. List the interval(s) on which f is increasing. 

16. List the interval(s) on which f is decreasing. 
™\ 17. Is there a local maximum value at 2? If yes, what is it? 


18. Is there a local maximum value at 5? If yes, what is it? 


4. 


10. 


Write the point-slope form of the line with slope 5 containing 
the point (3, —2). (p. A68) 


. The intercepts of the equation y = x* — 9 are 


(pp. 11-12) 


. True or False A function f has a local maximum at c if 


there is an open interval / containing c so that for all x in J, 
f(x) = fle). 

True or False Even functions have graphs that are 
symmetric with respect to the origin. 


(2, 10) 


a 


oN 19. List the number(s) at which f has a local maximum. What are the local maximum values? 


20. List the number(s) at which f has a local minimum. What are the local minimum values? 
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In Problems 21-28, the graph of a function is given. Use the graph to find: 
(a) The intercepts, if any 
(b) The domain and range 
(c) The intervals on which it is increasing, decreasing, or constant 
(d) Whether it is even, odd, or neither 


X21. 22. 


(3, 3) 


25. 26. 


In Problems 29-32, the graph of a function f is given. Use the graph to find: 
(a) The numbers, if any, at which f has a local maximum value. What are the local maximum values? 
(b) The numbers, if any, at which f has a local minimum value. What are the local minimum values? 


29. 32. VA 
2 


In Problems 33-44, determine algebraically whether each function is even, odd, or neither. 


\ 33. f(x) = 42 34, f(x) = 2x4 - x7 35. g(x) = —3x7 — 5 36. h(x) = 3x° + 5 
37. F(x) = Vx 38. G(x) = Vx 39. f(x) = x + |x| 40. f(x) = W241 
1 x -x3 2% 
41, g(x) = = 42. h(x) = Zz 1 43. h(x) = ae 9 44, F(x) = in| 


In Problems 45-52, for each graph of a function y = f(x), find the absolute maximum and the absolute minimum, if they exist. 


X45. oy 46. yy 47. yy 4. yy 
1 4) zl (4,4) 1 (3, 4) il) 
(3, 3) 
(1, 3) 
25 (2 2) 25 
(5°) (0, 1) 
om x =|. = 


xV 
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(4; —3) 


* In Problems 53-60, use a graphing utility to graph each function over the indicated interval and approximate any local maximum values 
~ and local minimum values. Determine where the function is increasing and where it is decreasing. Round answers to two decimal places. 


\ 53. f(x) = 8 — 3x +2 (2,2) 
55. f(x) =x -— x (-2,2) 
57. f(x) 0.2x3 — 0.6x7 + 4x —6 (-6,4) 
59. f(x) = 0.25x4 + 0.3x° - 0.9x7 + 3 (-3,2) 


\ 61. Find the average rate of change of f(x) = —2x? + 4 
(a) From 0 to 2 
(b) From 1 to 3 
(c) From 1 to 4 


63. Find the average rate of change of g(x) = x7 — 2x + 1 
(a) From —3 to —2 
(b) From —1 to 1 
(c) From 1 to3 


Mixed Practice 


65. g(x) = x° — 27x 
(a) Determine whether g is even, odd, or neither. 
(b) There is a local minimum value of —54 at 3. 
Determine the local maximum value. 


66. f(x) = —x° + 12x 
(a) Determine whether fis even, odd, or neither. 
(b) There is a local maximum value of 16 at 2. Determine 
the local minimum value. 


67. F(x) = —x* + 8x° + 8 
(a) Determine whether F is even, odd, or neither. 
(b) There is a local maximum value of 24 at x = 2. 
Determine a second local maximum value. 


Applications and Extensions 


69. Constructing an Open Box An open box with a square base 
w is to be made from a square piece of cardboard 24 inches on 
a side by cutting out a square from each corner and turning 

up the sides. See the figure. 

(a) Express the volume V of the box as a function of 
the length x of the side of the square cut from each 
corner. 

(b) What is the volume if a 3-inch square is cut out? 

(c) What is the volume if a 10-inch square is cut out? 

(d) Graph V = V(x). For what value of x is V largest? 


Vas) 


54. f(x) = x° — 3x7 +5 (1,3) 

56. f(x) = x*- x? (-2,2) 

58. f(x) 0.4x3 + 0.6x7 + 3x — 2 (-4,5) 
60. f(x) 0.4x* — 0.5x3 + 0.8x7 — 2 (-3,2) 


62. Find the average rate of change of f(x) = —x° + 1 
(a) From 0 to 2 
(b) From 1 to 3 
(c) From —1 to1 


64. Find the average rate of change of h(x) = x? — 2x + 3 
(a) From —1 tol 
(b) From 0 to 2 
(c) From 2 to 5 


AX (c) Suppose the area under the graph of F between x = 0 
and x = 3 that is bounded below by the x-axis is 47.4 
square units. Using the result from part (a), determine 
the area under the graph of F between x = —3 and 
x = 0 bounded below by the x-axis. 


68. G(x) = —x* + 32x + 144 
(a) Determine whether G is even, odd, or neither. 
(b) There is a local maximum value of 400 at x = 4. 
Determine a second local maximum value. 
4X (c) Suppose the area under the graph of G between 
x = 0 and x = 6 that is bounded below by the x-axis 
is 1612.8 square units. Using the result from part (a), 
determine the area under the graph of G between 
x = —6 and x =0 bounded below by the x-axis. 
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70. 


71. 


72. 


73. 
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Constructing an Open Box An open box with a square 

base is required to have a volume of 10 cubic feet. 

(a) Express the amount A of material used to make such a 
box as a function of the length x of a side of the square 
base. 


(b) How much material is required for a base 1 foot by 
1 foot? 

(c) How much material is required for a base 2 feet by 
2 feet? 

(d) Use a graphing utility to graph A = A(x). For what 
value of x is A smallest? 

Minimum Average Cost The average cost per hour in 

dollars, C, of producing x riding lawn mowers can be 

modeled by the function 


2500 


21x — 251 4 


C(x) = 0.3x? 4 


(a) Use a graphing utility to graph C = C(x). 

(b) Determine the number of riding lawn mowers to 
produce in order to minimize average cost. 

(c) What is the minimum average cost? 


Medicine Concentration The concentration C of a 
medication in the bloodstream f hours after being 
administered is modeled by the function 


C(t) 0.00274 + 0.03977 — 0.28517 + 0.766r + 0.085 

(a) After how many hours will the concentration be 
highest? 

(b) A woman nursing a child must wait until the concentra- 
tion is below 0.5 before she can feed him. After taking 
the medication, how long must she wait before feeding 


her child? 


E-coli Growth A strain of E-coli Beu 397-recA441 is 

placed into a nutrient broth at 30° Celsius and allowed to 

grow. The data shown in the table are collected. The 

population is measured in grams and the time in hours. 

Since population P depends on time ¢ and each input 

corresponds to exactly one output, we can say that 

population is a function of time; so P(t) represents the 

population at time f. 

(a) Find the average rate of change of the population from 
0 to 2.5 hours. 

(b) Find the average rate of change of the population from 
4.5 to 6 hours. 

(c) What is happening to the average rate of change as time 
passes? 


Explaining Concepts: Discussion and Writing 


Ie 


76. 


Draw the graph of a function that has the following 
properties: domain: all real numbers; range: all real numbers; 
intercepts: (0, —3) and (3, 0); a local maximum value of —2 
is at —1; a local minimum value of —6 is at 2. Compare your 
graph with those of others. Comment on any differences. 


Redo Problem 75 with the following additional information: 
increasing on (—0o,—1),(2,co); decreasing on (—1,2). 


74. 


Te 


78. 


Time 
(hours), t 


Population 
(grams), P 


e-Filing Tax Returns The Internal Revenue Service 

Restructuring and Reform Act (RRA) was signed into law 

by President Bill Clinton in 1998. A major objective of 

the RRA was to promote electronic filing of tax returns. 

The data in the table that follows show the percentage of 

individual income tax returns filed electronically for filing 

years 2000-2008. Since the percentage P of returns filed 

electronically depends on the filing year y and each input 

corresponds to exactly one output, the percentage of 

returns filed electronically is a function of the filing year; so 

P(y) represents the percentage of returns filed electroni- 

cally for filing year y. 

(a) Find the average rate of change of the percentage of 
e-filed returns from 2000 to 2002. 

(b) Find the average rate of change of the percentage of 
e-filed returns from 2004 to 2006. 

(c) Find the average rate of change of the percentage of 
e-filed returns from 2006 to 2008. 

(d) What is happening to the average rate of change as time 
passes? 


Source: Internal Revenue Service 


Again compare your graph with others and comment on any 
differences. 


How many x-intercepts can a function defined on an interval 
have if it is increasing on that interval? Explain. 

Suppose that a friend of yours does not understand the idea 
of increasing and decreasing functions. Provide an explana- 
tion, complete with graphs, that clarifies the idea. 
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79. Can a function be both even and odd? Explain. 82. Show that a constant function f(x) = b has an average rate 

80. Using a graphing utility, graph y = 5 on the interval (—3, 3). of change of 0. Compute the average rate of change of 
Use MAXIMUM to find the local maximum values on y = V4 — x? on the interval [—2, 2]. Explain how this can 
(—3, 3). Comment on the result provided by the calculator. happen. 


81. A function f has a positive average rate of change on the 
interval [2,5]. Is f increasing on [2,5]? Explain. 


‘Are You Prepared?’ Answers 


1.2<x<5 2.1 3. symmetric with respect to the y-axis 4. y +2 =5(x — 3) 5. (—3, 0), (3, 0), (0, -9) 


1.5 Library of Functions; 
Piecewise-defined Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Lines (Appendix A, Section A.8, pp. A64-A72) e Graphs of Key Equations (Section 1.2: 
Example 3, p. 10; Example 10, p. 14; 
Example 11, p. 15; Example 12, p. 15) 


\ Now Work the ‘Are You Prepared?’ problems on page 58. 


OBJECTIVES 1 Graph the Functions Listed in the Library of Functions (p.53) 
2 Graph Piecewise-defined Functions (p.57) 


1 Graph the Functions Listed in the Library of Functions 


First we introduce a few more functions, beginning with the square root function. 
On page 15, we graphed the equation y = Vx. Figure 52 shows a graph of the 
function f(x) = Vx. Based on the graph, we have the following properties: 


Figure 52 

Properties of f(x) = x 
y 
6 1. The domain and the range are the set of nonnegative real numbers. 
(9, 3) 2. The x-intercept of the graph of f(x) = Vx is 0. The y-intercept of the 


Fa, 1) 2 graph of f(x) = Vx is also 0. 
ae een ee i 3. The function is neither even nor odd. 


oe | — 4. The function is increasing on the interval (0, ©). 


Toro 


5. The function has an absolute minimum of 0 at x = 0. 


EXAMPLE 1 Graphing the Cube Root Function 


(a) Determine whether f(x) = Vx is even, odd, or neither. State whether the graph 
of f issymmetric with respect to the y-axis or symmetric with respect to the origin. 

(b) Determine the intercepts, if any, of the graph of f(x) = Vx. 

(c) Graph f(x) = Wx. 
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Solution (a) Because 


f(-x) = W—x = -VWx = —f(x) 


the function is odd. The graph of f is symmetric with respect to the origin. 
(b) The y-intercept is f(0) = W/0 = 0. The x-intercept is found by solving the 
equation f(x) = 0. 
f(x) =0 
Wx=0 tw =% 
x =0 = Cube both sides of the equation. 
The x-intercept is also 0. 


(c) Use the function to form Table 6 and obtain some points on the graph. Because 
of the symmetry with respect to the origin, we find only points (x, y) for which 
x = 0. Figure 53 shows the graph of f(x) = Wx. 


Table 6 


panna tx Figure 53 


W2 ~ 1.26 
2 


From the results of Example 1 and Figure 53, we have the following properties 
of the cube root function. 


Properties of f(x) = ¥/x 


1. The domain and the range are the set of all real numbers. 

2. The x-intercept of the graph of f(x) = Wx is 0. The y-intercept of the graph 
of f(x) = Wx is also 0. 

3. The graph is symmetric with respect to the origin. The function is odd. 

4. The function is increasing on the interval (—©o, 00), 

5. The function does not have any local minima or any local maxima. 


EXAMPLE 2 Graphing the Absolute Value Function 


(a) Determine whether f(x) = |x| is even, odd, or neither. State whether the graph of 
f is symmetric with respect to the y-axis or symmetric with respect to the origin. 


(b) Determine the intercepts, if any, of the graph of f(x) = |x]. 
(c) Graph f(x) = |x. 
Solution (a) Because 


f(-x) = |-2] 
= |x| = f(x) 
the function is even. The graph of f is symmetric with respect to the y-axis. 
(b) The y-intercept is f(0) = |0| = 0. The x-intercept is found by solving the 
equation f(x) = 0 or |x| = 0. So the x-intercept is 0. 
(c) Use the function to form Table 7 and obtain some points on the graph. Because 


of the symmetry with respect to the y-axis, we need to find only points (x, y) for 
which x = 0. Figure 54 shows the graph of f(x) = |x|. 
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Table 7 Figure 54 


3-2 4 12 3x 
WN, 3 


From the results of Example 2 and Figure 54, we have the following properties 
of the absolute value function. 


Properties of f(x) = |x| 


1. The domain is the set of all real numbers. The range of fis {y|y = 0}. 

2. The x-intercept of the graph of f(x) = |x| is 0. The y-intercept of the 
graph of f(x) = |x| is also 0. 

3. The graph is symmetric with respect to the y-axis. The function is even. 


4. The function is decreasing on the interval (—0<, 0). It is increasing on the 
interval (0, 00). 
5. The function has an absolute minimum of 0 at x = 0. 


ie Seeing the Concept 


Graph y = |x| on a square screen and compare what you see with Figure 54. Note that some graphing 


calculators use abs(x) for absolute value. 


Below is a list of the key functions that we have discussed. In going through this list, 
pay special attention to the properties of each function, particularly to the shape of 
each graph. Knowing these graphs along with key points on each graph will lay the 
foundation for further graphing techniques. 


Figure 55 Constant Function Constant Function 


f(x) =b bis a real number 


See Figure 55. 


The domain of a constant function is the set of all real numbers; its range is the 
set consisting of a single number bD. Its graph is a horizontal line whose y-intercept is b. 
The constant function is an even function. 


Identity Function 


Figure 56 Identity Function f(x) =x 


See Figure 56. 

The domain and the range of the identity function are the set of all real 
numbers. Its graph is a line whose slope is 1 and whose y-intercept is 0. The line 
consists of all points for which the x-coordinate equals the y-coordinate. The 
identity function is an odd function that is increasing over its domain. Note that the 
graph bisects quadrants I and III. 
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Figure 57 Linear Function 5 : 
Linear Function 


yA f(x) = mx +b,m>0 
f(x) = mx + b,m>0 


See Figure 57. 

The domain of a linear function is the set of all real numbers. The graph of this 
function is a nonvertical line* with slope m and y-intercept b. A linear function is 
increasing if m > 0, decreasing ifm < 0, and constant if m = 0. 


Figure 58 Square Function Square Function 


See Figure 58. 

The domain of the square function f is the set of all real numbers; its range is 
the set of nonnegative real numbers. The graph of this function is a parabola whose 
intercept is at (0, 0). The square function is an even function that is decreasing on 
the interval (— 0°, 0) and increasing on the interval (0, ©). 


See Figure 59. 

The domain and the range of the cube function are the set of all real numbers. 
The intercept of the graph is at (0, 0). The cube function is odd and is increasing on 
the interval (—0©0, 00). 


Square Root Function 
f(x) = Vx 


See Figure 60. 

The domain and the range of the square root function are the set of nonnega- 
tive real numbers. The intercept of the graph is at (0, 0). The square root function is 
neither even nor odd and is increasing on the interval (0, ©). 


See Figure 61. 

The domain and the range of the cube root function are the set of all real 
numbers. The intercept of the graph is at (0,0). The cube root function is an odd 
function that is increasing on the interval (— 00, oo), 


Reciprocal Function 


* Lines are discussed in detail in Appendix A, Section A.8. 


Figure 62 Reciprocal Function 


Figure 63 Absolute Value Function 


EXAMPLE 3 


Solution 


SECTION 1.5 Library of Functions; Piecewise-defined Functions 57 


Refer to Example 12, page 15, for a discussion of the equation y = - See 
Figure 62. = 

The domain and the range of the reciprocal function are the set of all nonzero 
real numbers. The graph has no intercepts. The reciprocal function is decreasing on 
the intervals (—0o, 0) and (0, ©) and is an odd function. 


Absolute Value Function 


See Figure 63. 

The domain of the absolute value function is the set of all real numbers; its range is 
the set of nonnegative real numbers. The intercept of the graph is at (0, 0). If x = 0, 
then f(x) = x, and the graph of f is part of the line y = x; if x < 0, then f(x) = —x, 
and the graph of f is part of the line y = —x. The absolute value function is an even 
function; it is decreasing on the interval (—o, 0) and increasing on the interval (0, 00). 

The functions discussed so far are basic. Whenever you encounter one of them, 
you should see a mental picture of its graph. For example, if you encounter the 
function f(x) = x’, you should see in your mind’s eye a picture like Figure 58. 


om low Work PROBLEMS 9 THROUGH 16 


2 Graph Piecewise-defined Functions 


Sometimes a function is defined using different equations on different parts of its 
domain. For example, the absolute value function f(x) = |x| is actually defined by 
two equations: f(x) = x if x = 0 and f(x) = —x if x < 0. For convenience, these 
equations are generally combined into one expression as 

x ifx=0 
—x ifx <0 


fe) = bl = { 


When a function is defined by different equations on different parts of its domain, 
it is called a piecewise-defined function. 

Analyzing a Piecewise-defined Function 

The function f is defined as 


=—24-+-1. ah=3 = xed 


f(x) = 2 ifx = 1 
x ifx >1 
(a) Find f(—2), f(1), and f(2). (b) Determine the domain of f. 
(c) Locate any intercepts. (d) Graph f. 


(e) Use the graph to find the range of f. 


(a) To find f(—2), observe that when x = —2 the equation for f is given by 
f(x) = —2x + 1.S0 


f(-2) 2(-2) +1 =5 
When x = 1, the equation for f is f(x) = 2. That is, 


f)=2 
When x = 2, the equation for f is f(x) = x’. So 
fQ)=P=4 


(b) To find the domain of f, look at its definition. Since fis defined for all x greater 
than or equal to —3, the domain of fis {x|x = —3}, or the interval [—3, oo). 
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Figure 64 


(-3,7) 8P 


(c) 


(d) 


(e) 


The y-intercept of the graph of the function is f(0). Because the equation for f 
when x = Ois f(x) = —2x + 1, the y-intercept is f(0) = —2(0) + 1 = 1. The 
x-intercepts of the graph of a function f are the real solutions to the equation 
f(x) = 0.To find the x-intercepts of f, solve f(x) = 0 for each “piece” of the 
function and then determine if the values of x, if any, satisfy the condition that 
defines the piece. 


ja) = 0 f(x) =0 f(x) = 
—-2x+1=0 -3<x<1 2=0 x=1 <= 0.421 
—2x = -1 No solution x= 
1 
aa: 


The first potential x-intercept, x = > satisfies the condition —3 = x < 1, so 


1, : F : ; 
x= 7 isan x-intercept. The second potential x-intercept, x = 0, does not satisfy 


1 

the condition x > 1, so x = 0 is not an x-intercept. The only x-intercept is % 
1 

The intercepts are (0,1) and (3 0). 
To graph f, graph “each piece.” First graph the line y = —2x + 1 and keep 
only the part for which —3 = x < 1. Then plot the point (1, 2) because, when 
x = 1, f(x) = 2. Finally, graph the parabola y = x’ and keep only the part for 
which x > 1. See Figure 64. 
From the graph, we conclude that the range of f is {y|y > —1}, or the interval 


(-1, 00). e 


om=======-Now Work prosLem 29 


1.5 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Sketch the graph of y = Vx. (p. 15) 


1 
2. Sketch the graph of y = e (p. 15) 


Concepts and Vocabulary 


3. Find the slope and the intercepts of the line y = —2x + 8. 
(pp. A64-A72) 


4. The function f(x) = x* is decreasing on the interval 7. True or False The cube root function is odd and is 


decreasing on the interval (—©o, ©), 


5. When functions are defined by more than one equation, 8. True or False The domain and the range of the reciprocal 


they are called 


functions. function are the set of all real numbers. 


6. True or False The cube function is odd and is increasing 


on the interval (—0o, 00), 


Skill Building 
In Problems 9-16, match each graph to its function. 
A. Constant function B. Identity function C. Square function D. Cube function 
E. Square root function FE. Reciprocal function G. Absolute value function HT. Cube root function 
\ 9. \ 10. 


\. Na. 


Na. oo Xp. a 
Nas. \ om an 
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In Problems 17-24, sketch the graph of each function. Be sure to label three points on the graph. 


17. f(x) =x 18. f(x) = x° 19. f(x) =x? 20. f(x) = Vx 
21. f(x) = i 22. f(x) = |x| 23. f(x) = Wx 24, f(x) = 3 
x ifs 0 =3% ites 1 
25. If f(x) = 4 2 ifx = 0 26. If f(x) = 4 0 ifx = —-1 
2x +1 ifx > 0 2x7 +1 ifx >—-1 
find: (a) f(-2)  (b) f(0) ~~ (c) (2) find: (a) f(-2) (b) f(-1) (©) F (0) 
2=4 it=lbax=2 # P21. 
27. If f(x) = 28. If = 
fe) ee ee ee ee ae ifl<x<4 
find: (a) f(0) = (b) Ff) ©) (2), ) £3) find: (a) f(—1) (b) f() (cc) fA) (d) FR) 
In Problems 29-38: 
(a) Find the domain of each function. (b) Locate any intercepts. (c) Graph each function. 
(d) Based on the graph, find the range. 
‘ 2x ifx #0 3x ifx #0 =28 + 3 ifx <1 
29. = 5 = 1. = 
\ f(x) {3 ifx —0 cr) 3 ifx = 0 pene) ae ifx=1 
x+3 if-2=<x<1l 2x + 5 if-3 =x <0 
x+3 ix <2 : ; 
32. f(x) = aya a 33. f(x) = 45 ifx =1 34. f(x) = 4 —-3 ifx = 0 
— —x +2 ifx >1 =3% ifx > 0 
1 fx <0 tte ed lx] if—2 0 
a ¥ th xo — x wo2Ssx< 
36.700) = {1 36. f(x) = 4% an. f(a) = {h 
= = 
x ifx = 0 Wy fx =0 x ifx > 0 
222 f=3=2%< 1 
38. f(x) = 
i fe ifx>1 
In Problems 39-42, the graph of a piecewise-defined function is given. Write a definition for each function. 
39, Y4 40. YA 41. Yh 42. 
2b 2 D) 
2,1 (2, 1) 
(-1,1) L a - oe L Ny (1.1) 
(-1,1) 
| | | ae ! ! ! Ly I i f a 
—2 (0,0) 2 x = (0,0) 2x -2 (0,0) (2,0) X 
; (1-1) [ i ; 
Applications and Extensions 
43. Cell Phone Service Sprint PCS offers a monthly cellular t 0=<=v< 1.79 
phone plan for $39.99. It includes 450 anytime minutes and (10.45 + 10Vv — v)(33 — ft) 
charges $0.45 per minute for additional minutes. The follow- W 33 7.04 1.79 = v = 20 
ing aati is used to compute the monthly cost for a 33 — 1.5958(33 — 1) oe, 
subscriber: 
where v represents the wind speed (in meters per second) 
C _ J 39.99 if0 = x = 450 and f represents the air temperature (°C). Compute the 
(*) = \oasx — 162.51  ifx > 450 wind chill for the following: 


where x is the number of anytime minutes used. Compute 
the monthly cost of the cellular phone for use of the 
following number of anytime minutes: 
(a) 200 (b) 465 

Source: Sprint PCS 


(c) 451 


44. Wind Chill The wind chill factor represents the equivalent 
air temperature at a standard wind speed that would produce 
the same heat loss as the given temperature and wind speed. 


One formula for computing the equivalent temperature is 


(a) An air temperature of 10°C and a wind speed of 1 meter 
per second (m/sec) 

(b) An air temperature of 10°C and a wind speed of 
5 m/sec 

(c) An air temperature of 10°C and a wind speed of 
15 m/sec 

(d) An air temperature of 10°C and a wind speed of 25 m/sec 

(ce) Explain the physical meaning of the equation 
corresponding to 0 = v < 1.79. 

(f) Explain the physical meaning of the equation 
corresponding to v > 20. 
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46. 
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Cost of Natural Gas In April 2009, Peoples Energy had 
the following rate schedule for natural gas usage in single- 
family residences: 


Monthly service charge $15.95 
Per therm service charge 
1st 50 therms $0.33606/therm 
Over 50 therms $0.10580/therm 
Gas charge $0.3940/therm 


(a) What is the charge for using 50 therms in a month? 

(b) What is the charge for using 500 therms in a month? 

(c) Develop a model that relates the monthly charge C for 
x therms of gas. 

(d) Graph the function found in part (c). 


Source: Peoples Energy, Chicago, Illinois, 2009 
Cost of Natural Gas In April 2009, Nicor Gas had the 


following rate schedule for natural gas usage in single- 
family residences: 


Monthly customer charge $8.40 
Distribution charge 
1st 20 therms $0.1473/therm 
Next 30 therms $0.0579/therm 
Over 50 therms $0.0519/therm 
Gas supply charge $0.43/therm 


(a) What is the charge for using 40 therms in a month? 

(b) What is the charge for using 150 therms in a month? 

(c) Develop a model that gives the monthly charge C for x 
therms of gas. 

(d) Graph the function found in part (c). 


Source: Nicor Gas, Aurora, Illinois, 2009 


Explaining Concepts: Discussion and Writing 


| In Problems 50-57, use a graphing utility. 


50. 


51. 


52. 


53. 


54. 


Exploration Graph y = x’. Then on the same screen 
graph y = x* + 2, followed by y = x? + 4, followed by 
y = x? — 2. What pattern do you observe? Can you predict 
the graph of y = x? — 4? Of y = x’ + 5? 

Exploration Graph y = x’. Then on the same screen 
graph y = (x — 2)’, followed by y = (x — 4)?, followed by 
y = (x + 2)*. What pattern do you observe? Can you 
predict the graph of y = (x + 4)?? Of y = (x — 5)? 


Exploration Graph y = |x|. Then on the same screen 


graph y = 2|x|, followed by y = 4|x|, followed by y = le 


What pattern do you observe? Can you predict the graph of 
i 
y= qh? Of y = 5|x|? 


Exploration Graph y = x’. Then on the same screen 
graph y = —x*. What pattern do you observe? Now try 
y = |x| and y = —|x|. What do you conclude? 

Exploration Graph y = Vx. Then on the same screen 
graph y = V—x. What pattern do you observe? Now try 
y = 2x + Land y = 2(—x) + 1. What do you conclude? 


‘Are You Prepared?’ Answers 


1 


Yh 2. Yh 
i (4, 2) 


2 L(A, 1) aa 
h = ee 7 


(0, 0) 4 x 


47. 


48. 


49. 


55. 


56. 


57s 


58. 


59. 


Minimum Payments for Credit Cards Holders of credit 
cards issued by banks, department stores, oil companies, and 
so on, receive bills each month that state minimum amounts 
that must be paid by a certain due date. The minimum due 
depends on the total amount owed. One such credit card 
company uses the following rules: For a bill of less than $10, 
the entire amount is due. For a bill of at least $10 but less 
than $500, the minimum due is $10. A minimum of $30 is 
due on a bill of at least $500 but less than $1000, a minimum 
of $50 is due on a bill of at least $1000 but less than $1500, 
and a minimum of $70 is due on bills of $1500 or more. Find 
the function f that describes the minimum payment due on 
a bill of x dollars. Graph f. 


Interest Payments for Credit Cards Refer to Problem 47. 
The card holder may pay any amount between the minimum 
due and the total owed. The organization issuing the card 
charges the card holder interest of 1.5% per month for 
the first $1000 owed and 1% per month on any unpaid 
balance over $1000. Find the function g that gives the amount 
of interest charged per month on a balance of x dollars. 
Graph g. 

First-class Mail In 2009 the U.S. Postal Service charged 
$1.17 postage for first-class mail retail flats (such as an 8.5” 
by 11” envelope) weighing up to 1 ounce, plus $0.17 for each 
additional ounce up to 13 ounces. First-class rates do not 
apply to flats weighing more than 13 ounces. Develop a 
model that relates C, the first-class postage charged, for a 
flat weighing x ounces. Graph the function. 


Source: United States Postal Service 


Exploration Graph y = x°. Then on the same screen graph 
y = (x — 1)° + 2. Could you have predicted the result? 


Exploration Graph y = x°*, y = x‘, and y = x° on the 


same screen. What do you notice is the same about each 
graph? What do you notice that is different? 


Exploration Graph y = x°,y = x°, and y =x’ on the 


same screen. What do you notice is the same about each 
graph? What do you notice that is different? 


Consider the equation 


if x is rational 
if x is irrational 


Is this a function? What is its domain? What is its range? 
What is its y-intercept, if any? What are its x-intercepts, if 
any? Is it even, odd, or neither? How would you describe its 
graph? 

Define some functions that pass through (0,0) and (1, 1) 
and are increasing for x= 0. Begin your list with 
y = Vx,y =x, and y = x*. Can you propose a general 
result about such functions? 


3. —2; (0, 8), (4, 0) 
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1.6 Graphing Techniques: Transformations 


OBJECTIVES 1 Graph Functions Using Vertical and Horizontal Shifts (p.61) 
2 Graph Functions Using Compressions and Stretches (p.64) 


3 Graph Functions Using Reflections about the x-Axis and the 
y-Axis (p.66) 


At this stage, if you were asked to graph any of the functions defined by y = x, 


1 
oe oe tee eae eee ee ory |x|, your response should be, “Yes, 


I recognize these functions and know the general shapes of their graphs.” (If this is 
not your answer, review the previous section, Figures 56 through 63.) 

Sometimes we are asked to graph a function that is “almost” like one that we 
already know how to graph. In this section, we develop techniques for graphing such 
functions. Collectively, these techniques are referred to as transformations. 


1 Graph Functions Using Vertical and Horizontal Shifts 


EXAMPLE 1 Vertical Shift Up 


Use the graph of f(x) = x’ to obtain the graph of g(x) = x? + 3. 


Solution Begin by obtaining some points on the graphs of f and g. For example, when x = 0, 
then y = f(0) =0 and y= g(0) = 3. When x =1, then y = f(1) =1 and 
y = g(1) = 4. Table 8 lists these and a few other points on each graph. Notice that 
each y-coordinate of a point on the graph of g is 3 units larger than the y-coordinate 
of the corresponding point on the graph of f. We conclude that the graph of g is 
identical to that of f, except that it is shifted vertically up 3 units. See Figure 65. 
Figure 65 


Table 8 


EXAMPLE 2 Vertical Shift Down 


Use the graph of f(x) = x’ to obtain the graph of g(x) = x” — 4. 


Solution Table 9 on page 62 lists some points on the graphs of f and g. Notice that each 
y-coordinate of g is 4 units less than the corresponding y-coordinate of f. 
To obtain the graph of g from the graph of f, subtract 4 from each y-coordinate on 
the graph of f. So the graph of g is identical to that of f, except that it is shifted down 
4 units. See Figure 66. 
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Figure 66 Table 9 
(-2, 4) 


Down 
4 units 


=, 0) 


exe —4 J 
0, —4 
_lo-4 
: ie Exploration 
Figure 67 On the same screen, graph each of the following functions: 
Y, = x2 +2 
6 Y,=x 
Y,=x? +2 
Y3=x?—2 
Y= x? Figure 67 illustrates the graphs. You should have observed a general pattern. With Y; = x* on the 
screen, the graph of Y, = x? + 2 is identical to that of Y, = x’, except that it is shifted vertically up 
7 2 units. The graph of Y; = x* — 2 is identical to that of Y, = x’, except that it is shifted vertically 
down 2 units. 
=2 
Y, = x2 — 2 
We are led to the following conclusions: 
If a positive real number k is added to the output of a function y = f(x), the 
graph of the new function y = f(x) + k is the graph of f shifted vertically up 
k units. 
If a positive real number k is subtracted from the output of a function 
y = f(x), the graph of the new function y = f(x) — k is the graph of f 
shifted vertically down k units. 
om====>-Now Work prosLem 39 
EXAMPLE 3 Horizontal Shift to the Right 
Use the graph of f(x) = x’ to obtain the graph of g(x) = (x — 2). 
Solution The function g(x) = (x — 2)? is basically a square function. Table 10 lists some 
points on the graphs of f and g. Note that when f(x) = 0 then x = 0, and when 
g(x) = 0, then x = 2. Also, when f(x) = 4, then x = —2 or 2, and when g(x) = 4, 
Figure 68 then x = 0 or 4. Notice that the x-coordinates on the graph of g are two units larger 
Right Y 4 Right than the corresponding x-coordinates on the graph of f for any given y-coordinate. 
2units | yoy? 2units )_(y—)2 We conclude that the graph of g is identical to that of f, except that it is shifted 


(4, 4) horizontally 2 units to the right. See Figure 68. 


Table 10 
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Figure 69 : 
2 , ie Exploration 
ete 6 On the same screen, graph each of the following functions: 
Y, =x? 
Y, = (x — 3) 
Y; = (x + 2)? 


Figure 69 illustrates the graphs. 

—6 6 You should have observed the following pattern. With the graph of Y, = x* on the screen, the 
graph of Y, = (x — 3)? is identical to that of Y, = x’, except that it is shifted horizontally to the right 
3 units. The graph of Y3 = (x + 2)? is identical to that of Y, = x’, except that it is shifted horizontally 


2 
¥g = (x + 2)? ¥y = (x— 3)? to the left 2 units. | 


C iOLher Worde | We are led to the following conclusion. 


If a positive number h is 
subtracted from xin y = f(x), 
the graph of the new function 


y = f(x — h) is the graph of ; ‘ 
y = f(x) shifted horizontally If the argument x of a function f is replaced by x + h,h > 0, the graph of the 


C right h units. If his added to x, new function y = f(x + h) is the graph of f shifted horizontally left / units. 
© shift horizontally left h units. 


EXAMPLE 4 Horizontal Shift to the Left 


Use the graph of f(x) = x’ to obtain the graph of g(x) = (x + 4)’. 


If the argument x of a function f is replaced by x — h, h > 0, the graph of the 
new function y = f(x — h) is the graph of f shifted horizontally right / units. 


Solution _—_Again, the function g(x) = (x + 4)’ is basically a square function. Its graph is the 
same as that of f, except that it is shifted horizontally 4 units to the left. See Figure 70. 


Figure 70 


os 
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Notice the distinction between vertical and horizontal shifts. The graph of 
f(x) = Vx + 3 is obtained by shifting the graph of y = Vx up 3 units, because we 
evaluate the square root function first and then add 3. The graph of g(x) = Vx + 3 
is obtained by shifting the graph of y = Vx left3 units, because we add 3 to x before 
we evaluate the square root function. 


EXAMPLE 5 Combining Vertical and Horizontal Shifts 
Graph the function: f(x) = (x + 3)? -—5 


Solution We graph f in steps. First, notice that the rule for f is basically a square function, 
so begin with the graph of y = x? as shown in Figure 71(a) on page 64. Next, to get 
the graph of y = (x + 3), shift the graph of y = x’ horizontally 3 units to the left. 
See Figure 71(b). Finally, to get the graph of y = (x + 3)? — 5, shift the graph of 
y = (x + 3) vertically down 5 units. See Figure 71(c). Note the points plotted on 
each graph. Using key points can be helpful in keeping track of the transformation 
that has taken place. 
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Figure 71 V4 
5L 
L gt es ip ye ge Se 
—5 ; ; 5 xX —5 L 5 x 
Ff I L-(—2, —4) 
le | 
L L (-4, bw: L 
—5F —5bE (-3, —5) —5- 
a ee 
y=x? Replace xbyx+3; Y= (x+ 3)? Subtract 5; y=(x+ 3-5 
Horizontal Vertical shift 
shift left 3 units down 5 units 


(a) (b) (c) 


al 


ie check: Graph Y, = f(x) = (x + 3)?—5 and compare the graph to Figure 71(c). 


In Example 5, if the vertical shift had been done first, followed by the horizontal 
shift, the final graph would have been the same. Try it for yourself. 
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2 Graph Functions Using Compressions and Stretches 


EXAMPLE 6 Vertical Stretch 


Use the graph of f(x) = |x| to obtain the graph of g(x) = 2|x]. 


Solution To see the relationship between the graphs of f and g, form Table 11, listing points 
on each graph. For each x, the y-coordinate of a point on the graph of g is 2 times as 
large as the corresponding y-coordinate on the graph of f. The graph of f(x) = |x| 
is vertically stretched by a factor of 2 to obtain the graph of g(x) = 2|x| [for 
example, (1, 1) is on the graph of f, but (1, 2) is on the graph of g]. See Figure 72. 


Table 11 Figure 72 


EXAMPLE 7 Vertical Compression 


1 
Use the graph of f(x) = |x| to obtain the graph of g(x) = 5h: 


Solution For each x, the y-coordinate of a point on the graph of g is 7 as large as the 
corresponding y-coordinate on the graph of f. The graph of f(x) = |x| is vertically 
compressed by a factor of 2 to obtain the graph of g(x) = sk [for example, (2, 2) 
is on the graph of f, but (2, 1) is on the graph of g]. See Table 12 and Figure 73. 
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Table 12 Figure 73 


When the right side of a function y = f(x) is multiplied by a positive number 
a, the graph of the new function y = af(x) is obtained by multiplying each 
y-coordinate on the graph of y = f(x) by a. The new graph is a vertically 
compressed (if 0 < a < 1) ora vertically stretched (if a > 1) version of the 


graph of y= f(x). 
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What happens if the argument x of a function y = f(x) is multiplied by a 
positive number a, creating a new function y = f(ax)? To find the answer, look at 
the following Exploration. 


a Exploration 


On the same screen, graph each of the following functions: 


Y, =f) = Vx Y, = F(2x) = VOX Ys (4x) Je Vz 


Create a table of values to explore the relation between the x- and y-coordinates of each function. 


Result You should have obtained the graphs in Figure 74. Look at Table 13(a). Notice that (1, 1), (4, 2), 
and (9,3) are points on the graph of Y; = Vx. Also, (0.5, 1), (2, 2), and (4.5, 3) are points on the graph of 


1 
Y= V/2x.Fora given y-coordinate, the x-coordinate on the graph of Y, is = of the x-coordinate on Y;. 


Figure 74 3 Table 13 
= V2x 
Y, = vx 
x 
Y=v2 
0 4 
0 


We conclude that the graph of Y, = VV 2x is obtained by multiplying the x-coordinate of each point on 
1 
the graph of Y; = Vx by > The graph of Y = V 2x is the graph of Y; = Vx compressed horizontally. 


Look at Table 13(b). Notice that (1, 1), (4, 2), and (9, 3) are points on the graph of Y; = Vx. Also 
notice that (2, 1), (8, 2), and (18, 3) are points on the graph of Y3 = Ji For a given y-coordinate, the 
x-coordinate on the graph of Y3 is 2 times the x-coordinate on Y;. We conclude that the graph of 


Y3 = Vz is obtained by multiplying the x-coordinate of each point on the graph of Y, = Vx by 2. The 


graph of Y3 = Vz is the graph of Y,; = Vx stretched horizontally. | 
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Based on the results of the Exploration, we have the following result: 


If the argument x of a function y = f(x) is multiplied by a positive number a, 
the graph of the new function y = f(ax) is obtained by multiplying each 


: 1 : : . 
x-coordinate of y = f(x) by - A horizontal compression results if a > 1, and 


a horizontal stretch occurs if 0 < a < 1. 


EXAMPLE 8 Graphing Using Stretches and Compressions 
The graph of y = f(x) is given in Figure 75. Use this graph to find the graphs of 


(a) y = 2f(x) (b) y = f(3x) 


Solution (a) The graph of y = 2f(x) is obtained by multiplying each y-coordinate of 
y = f(x) by 2. See Figure 76. 
(b) The graph of y = f(3x) is obtained from the graph of y = f(x) by multiplying 


1 
each x-coordinate of y = f(x) by 3° See Figure 77. 


Figure 75 Figure 76 y, Figure 77 
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3 Graph Functions Using Reflections about the x-Axis 
and the y-Axis 


EXAMPLE 9 Reflection about the x-Axis 


Graph the function: f(x) = —x? 


Figure 78 Solution —_ Begin with the graph of y = x’, as shown in black in Figure 78. For each point (x, y) 
on the graph of y = x’, the point (x, —y) is on the graph of y = —x’, as indicated in 
Table 14. Draw the graph of y = —x’ by reflecting the graph of y = x’ about the 
(2, 4) x-axis. See Figure 78. 


y=x 


(2,-4) 


y= e 
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When the right side of the function y = f(x) is multiplied by —1, the graph 


of the new function y = —f(x) is the reflection about the x-axis of the graph 
of the function y = f(x). 
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EXAMPLE 10 Reflection about the y-Axis 


Graph the function: f(x) = V-x 


Solution First, notice that the domain of f consists of all real numbers x for which —x = 0 or, 
equivalently, x < 0. To get the graph of f(x) = V—x, begin with the graph of 
y = Vx, as shown in Figure 79. For each point (x, y) on the graph of y = Vx, 
the point (—x, y) is on the graph of y = V—x. Obtain the graph of y = V—x by 
reflecting the graph of y = Vx about the y-axis. See Figure 79. 


Figure 79 Yh 


When the graph of the function y = f(x) is known, the graph of the new 
function y = f(—x) is the reflection about the y-axis of the graph of the 
function y = f(x). 


SUMMARY OF GRAPHING TECHNIQUES 


To Graph: Draw the Graph of f and: Functional Change to f(x) 
Vertical shifts 

YH eaaris ik = Raise the graph of f by k units. Add k to f(x). 

Perey =is k= Lower the graph of f by k units. Subtract k from f(x). 


Horizontal shifts 
y=f(xth) h>0 Shift the graph of f to the left / units. Replace x by x + h. 
peree=D), 2 SW Shift the graph of f to the right / units. Replace x by x — h. 


Compressing or stretching 


y=af(x), a>0 Multiply each y-coordinate of y = f(x) bya. Multiply f(x) by a. 
Stretch the graph of f vertically if a > 1. 
Compress the graph of f vertically if0 <a < 1. 


1 
y = f(ax), a>0 Multiply each x-coordinate of y = f(x) by a Replace x by ax. 


Stretch the graph of f horizontally if0 < a < 1. 
Compress the graph of fhorizontally if a > 1. 


Reflection about the x-axis 
y = —f(x) Reflect the graph of f about the x-axis. Multiply f(x) by —1. 


Reflection about the y-axis 
y = f(-x) Reflect the graph of f about the y-axis. Replace x by —x. 
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EXAMPLE 11 Determining the Function Obtained from a Series 
of Transformations 


Find the function that is finally graphed after the following three transformations 
are applied to the graph of y = |x]. 
1. Shift left 2 units 


2. Shift up 3 units 
3. Reflect about the y-axis 


Solution 1. Shift left 2 units: Replace x by x + 2. y=|x+2| 
. Shift up 3 units: Add 3. y =|x +2) +3 
3. Reflect about the y-axis: Replace x by — x. y =|-x + 2) +3 


n 


a 
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EXAMPLE 12 Combining Graphing Procedures 


Graph the function R(x) = 


5 + 1. Find the domain and the range of R. 


‘ ; . 1 : 
Solution It is helpful to write R as R(x) = (4) + 1. Now use the following steps to 
4 = 


obtain the graph of R: 
1 
STEP 1: y = — Reciprocal function 
x 
1 3 1 
STEP 2: y = 3-(|—] = — Multiply by 3; vertical stretch of the graph of y = — by 
x x x 
a factor of 3. 
STEP 3: y = er Replace x by x — 2; horizontal shift to the right 2 units. 
ye 
STEP 4: y = 5 +1 Add 1; vertical shift up 1 unit. 
= 
See Figure 80. 
Figure 80 
VA 
4 = 


1 _ 4 
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Multiply by 3; 3 Replace x by x — 2; ‘ Add 1; ‘ 
(a) y=— Vertical stretch (by) y=— Horizontalshift (y y= Vertical shift (gy y=. +14 
. X fight 2 units () Y= 55 up 1 unit (A) m5 


il 
The domain of y = 2 is {x|x 4 O} and its range is {y|y # 0}. Because we shifted 


right 2 units and up 1 unit to obtain R, the domain of R is {x|x # 2} and its range is 


{yly 4 1}. oi 
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Other orderings of the steps shown in Example 12 would also result in the graph 
of f. For example, try this one: 


1 
STEP 1: y = — Reciprocal function 
x 


1 
STEP 2: y = =o Replace x by x — 2; horizontal shift to the right 2 unite. 
_ 3 . . 
STEP 3: y= =o Multiply by 3; vertical stretch of the graph ofy= — 
by a factor of 3. 
3 
STEP 4: y = 5 + 10 Add; vertical shift up 1 unit. 
C= 


Hint: Although the order in which transformations are performed can be 
altered, you may consider using the following order for consistency: 


1. Reflections 
2. Compressions and stretches 
3. Shifts 


EXAMPLE 13 


Combining Graphing Procedures 
Graph the function f(x) = V1 — x + 2. Find the domain and the range of f. 


Solution 


2=V-(x - 1) 


Because horizontal shifts require the form x — h, we begin by rewriting f(x) as 


f(x) = V1-x4 


2. Now use the following steps: 


STEP 1: y = Vx Square root function 
STEP 2: y= V-x Replace x by —x; reflect about the y-axis. 
STEP 3: y = 1 (x-1)= V1i-x Replace x by x — 1; horizontal shift to the right 1 unit. 
STrepP 4: y= V1—-—x+2 Add 2; vertical shift up 2 units. 
See Figure 81. 
Figure 81 
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(a) y= vx Replace x by —x, (b) y=V—-x Replace xby x—1; (ec) y= V—(x—1) Add 2: (d) y=VIi-x+2 
Reflect Horizontal shift = vV—x+1_ Vertical shift 
about y-axis right 1 unit es up 2 units 


The domain of f is (— 00, 1] and the range is [2, co). 
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Asymptotes 


Look back at Figure 80(d). Notice that as the values of x become more negative, 
that is, as x becomes unbounded in the negative direction (x — —o©°, read as 
“x approaches negative infinity”), the values R(x) approach 1. Also, as the values of 
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DEFINITION 


DEFINITION 


Figure 82 


Yh 


x become unbounded in the positive direction (x — ©, read as “x approaches 
infinity”), the values of R(x) also approach 1. That is, 


As x — —00, the values R(x) approach 1. lim R(x) = 1 


As x — ©, the values R(x) approach 1. lim R(x) = 1 
This behavior of the graph is depicted by the horizontal line y = 1, called a horizontal 
asymptote of the graph. 


Let R denote a function. If, as x ~ —0°° or as x > &%, the values of R(x) 
approach some fixed number, L, then the line y = L is a horizontal asymptote 
of the graph of R. = 


Now look again at Figure 80(d). Notice that as x gets closer to 2, but remains less 
than 2, values of R are becoming unbounded in the negative direction; that is, 
R(x) > —0o0. And as x gets closer to 2, but remains larger than 2, the values of R are 
becoming unbounded in the positive direction; that is R(x) — co. We conclude that 


As x — 2, the values of |R(x)| > co lim, IR()| = 00 
This behavior of the graph is depicted by the vertical line x = 2, which is called 
a vertical asymptote of the graph. 


If, as x approaches some number c, the values |R(x)| > 00, then the line x = cis 
a vertical asymptote of the graph of R. The graph of a function never intersects 
a vertical asymptote. 4 


Even though the asymptotes of a function are not part of the graph of the 
function, they provide information about how the graph looks. Figure 82 illustrates 
some of the possibilities. 


(a) End behavior: 


As x , the values of 

R(x) approach L 

[ symbolized by Jim RO) = 1). 
That is, the points on the graph 
of Rare getting closer to 

the line y= L; y= Lisa 
horizontal asymptote. 


x 
x 
xy 


| \ 


(c) As xapproaches c, the (d) As xapproaches c, the 
values of R(x)—> values of | R(x)|—> % 


(b) End behavior: 
As x > —~, the values 


of R(x) approach L 


[ symbolized by lim, R(x) = L]. 


That is, the points on the 
graph of FR are getting 
closer to the line 

y=L y= Lisa horizontal 
asymptote. 


[ for x< c, this is symbolized 
by lIm,- R(x) = =; 

for x> c, this is symbolized 
by lim. R(x) = ©]. That is, 
the points on the graph 

of R are getting closer to 

the line x= ¢;x=cisa 
vertical asymptote. 


[ for x< ¢, this is symbolized 
by Uim,— A(x) = 2 

for x> c, this is symbolized 
by lim + R(x) = ~]. That is, 
the points on the graph 

of Rare getting closer to 

the line x = c; x= cisa 
vertical asymptote. 


A horizontal asymptote, when it occurs, describes the end behavior of the 


graph as x — ©o or as x > — 00. The graph of a function may intersect a horizontal 
asymptote. 

A vertical asymptote, when it occurs, describes the behavior of the graph when 
x is close to some number c. The graph of a function will never intersect a vertical 
asymptote. 


1.6 Assess Your Understanding 


Concepts and Vocabulary 


1. Suppose that the graph of a function f is known. Then the 
graph of y = f(x — 2) may be obtained by a(n) 
shift of the graph of f to the a distance of 2 units. 
2. Suppose that the graph of a function f is known. Then the 
graph of y = f(—x) may be obtained by a reflection about 
the -axis of the graph of the function y = f(x). 


3. Suppose that the graph of a function g is known. The graph 


of y = g(x) + 2 may be obtained by a shift of 
the graph of g a distance of 2 units. 
Skill Building 
In Problems 7-18, match each graph to one of the following functions: 
A. y=x+2 B. y=-x74+2 
E. y = (x - 2)? Fy = -(x + 2)? 
Ly = 2x Joy = -2x 
7. 8 Yh 
3 L 
Ll Lt, el ee ! i 
3 a 3 E 3x 
11. yh 12. Yh 
3 [= 5 La. 
—3 i: 3 Xx [ 
L ee ae i 
_ x 
3b 3 ab 3 
15. Va 16. Va 
4h 3P 
Lt | (ofp Pg. 1_l__1 L_|___.. 
| | 4x —3 {T\ 3 x 
—4- —3F 


In Problems 19-26, write the function whose graph is the graph of y = 
19. Shifted to the right 4 units 
21. Shifted up 4 units 
23. Reflected about the y-axis 


25. Vertically stretched by a factor of 4 


In Problems 27-30, find the function that is finally graphed after each of the following transformations is applied to the graph of 


y = Vx in the order stated. 


27. (1) Shift up 2 units 
(2) Reflect about the x-axis 
(3) Reflect about the y-axis 
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4. True or False The graph of y = —f(x) is the reflection 


about the x-axis of the graph of y = f(x). 


5. True or False To obtain the graph of f(x) = Vx + 2,shift 
x horizontally to the right 2 units. 


6. True or False To obtain the graph of f(x) = x° + 5, shift 


the graph of y = 


the graph of y = x° vertically up 5 units. 
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Cc. y= |x| +2 D. y= —|x| + 2 
G. y=|x -2| H y=-|x +2 
K. y = |x| L. y = —2|x| 
9. 10. y 
3 
ji 
3X 
| — 
3 3x 
13. 14. Yh 
gr 
1 fie Vi 
—3 3x pitti t Pipi ii yy 
—6 C 6 x 
4b 
17. Va 18. 
4h 
| 7... | 1 
-4 L 4x -3 3x 
—4b —3rF 
x, but is: 


20. Shifted to the left 4 units 


22. Shifted down 4 units 
24. Reflected about the x-axis 


26. Horizontally stretched by a factor of 4 


28. (1) Reflect about the x-axis 
(2) Shift right 3 units 
(3) Shift down 2 units 
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31. 
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. (1) Reflect about the x-axis 
(2) Shift up 2 units 
(3) Shift left 3 units 


If (3,6) is a point on the graph of y = f(x), which of the 
following points must be on the graph of y = —f(x)? 


30. 


32. 


(1) Shift up 2 units 
(2) Reflect about the y-axis 
(3) Shift left 3 units 


If (3,6) is a point on the graph of y = f(x), which of the 
following points must be on the graph of y = f(—x)? 


(a) (6,3) (b) (6, —3) (a) (6,3) (b) (6, —3) 
(c) (3, —6) (d) (—3, 6) (c) (3, —6) (d) (—3, 6) 
33. If (1, 3) is a point on the graph of y = f(x), which of the 34. If (4,2) is a point on the graph of y = f(x), which of the 


35. 


following points must be on the graph of y = 2f(x)? 
(a) (:. 3) (b) (2,3) 
(6) (1,6) @ (53) 


Suppose that the x-intercepts of the graph of y = f(x) are 
—5 and 3. 

(a) What are the x-intercepts of the graph of y = f(x + 2)? 
(b) What are the x-intercepts of the graph of y = f(x — 2)? 
(c) What are the x-intercepts of the graph of y = 4f(x)? 
(d) What are the x-intercepts of the graph of y = f(—x)? 


37. Suppose that the function y = f(x) is increasing on the 


interval (—1, 5). 
(a) Over what interval is the graph of y = f(x + 2) 


following points must be on the graph of y = f(2x)? 


(a) (4, 1) (b) (8,2) 
(c) (2,2) (d) (4,4) 
36. Suppose that the x-intercepts of the graph of y = f(x) are 


38. 


—8 and 1. 

(a) What are the x-intercepts of the graph of y = f(x + 4)? 
(b) What are the x-intercepts of the graph of y = f(x — 3)? 
(c) What are the x-intercepts of the graph of y = 2f(x)? 
(d) What are the x-intercepts of the graph of y = f(—x)? 


Suppose that the function y = f(x) is decreasing on the 
interval (—2, 7). 
(a) Over what interval is the graph of y = f(x + 2) 


increasing? decreasing? 
(b) Over what interval is the graph of y = f(x — 5) (b) Over what interval is the graph of y = f(x — 5) 
increasing? decreasing? 


(c) What can be said about the graph of y = —f(x)? 
(d) What can be said about the graph of y = f(—x)? 


(c) What can be said about the graph of y = —f(x)? 
(d) What can be said about the graph of y = f(—x)? 


In Problems 39-60, graph each function using the techniques of shifting, compressing, stretching, and/or reflecting. Start with the graph 
of the basic function (for example, y = x) and show all stages. Be sure to show at least three key points. Find the domain and the range 


of each function. 
\ 39. f(x) = P= 1 40. f(x) =x +4 41. g(x) = +1 

42, g(x) =x-1 \ 43. h(x) = Vx = 2 44. h(x) = Vx +1 
N45. f(x) = (x — 1732 4+2 46. f(x) = (x + 2)7>-3 \. 47. g(x) = 4Vx 

48. g(x) = Vx \ 49. f(x) = Wx 50. f(x) = —Vx 

51. f(x) = 2(x + 1)? -3 52. f(x) = 3(x —2)? +1 53. g(x) =2Vx—-24+1 

54. ex) = ale # 1) =3 \ 55. h(x) = Vax -2 56. h(x) = —+2 

5 f= Ses 1 = 1 58. f(x) = -4Vx—1 59. g(x) = 2|1 — a| 


60. g(x) =4V2-x 


In Problems 61-64, the graph of a function f is illustrated. 


functions: 
(a) F(x) = f(x) +3 
(e) (x) = 5f(x) 
\ 61. m 


(b) G(x) = f(x + 2) 
(f) g(x) = f(-x) 


Use the graph of f as the first step toward graphing each of the following 


(c) P(x) = —f(x) 
(g) A(x) = f(2x) 


(d) H(x) = f(x +1) -2 


Mixed Practice 
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In Problems 65-72, complete the square of each quadratic expression. Then graph each function using the technique of shifting. 
(If necessary, refer to Appendix A, Section A.3 to review completing the square.) 


65. f(x) = x? + 2x 
69. f(x) = 2x? — 12x + 19 


66. f(x) = x° — 6x 
70. f(x) = 3x7 + 6x +1 


67. f(x 
71. f(x) = —3x* — 12x — 17 


=x? - 8x +1 68. f(x) =x? + 4x +2 


72. f(x) = —2x7 — 12x — 13 


Applications and Extensions 


73. 


74, 


75. 


Thermostat Control Energy conservation experts estimate 
that homeowners can save 5% to 10% on winter heating 
bills by programming their thermostats 5 to 10 degrees 
lower while sleeping. In the given graph, the temperature T 
(in degrees Fahrenheit) of a home is given as a function of 
time ¢ (in hours after midnight) over a 24-hour period. 


Th 
80 
76 


2 
68- 


Temperature (°F ) 


So > 
0} 4 8 12 16 20 24 t 
Time (hours after midnight) 


(a) At what temperature is the thermostat set during 
daytime hours? At what temperature is the thermostat 
set overnight? 

(b) The homeowner reprograms the thermostat to 
y = T(t) — 2. Explain how this affects the temperature 
in the house. Graph this new function. 

(c) The homeowner reprograms the thermostat to 
y = T(t + 1). Explain how this affects the temperature 
in the house. Graph this new function. 

Source: Roger Albright, 547 Ways to Be Fuel Smart, 2000 


Digital Music Revenues The total projected worldwide 
digital music revenues R, in millions of dollars, for the years 
2005 through 2010 can be estimated by the function 


R(x) = 170.7x" + 1373x + 1080 


where x is the number of years after 2005. 

(a) Find R(0), R(3), and R(5) and explain what each value 
represents. 

(b) Findr = R(x — 5). 

(c) Find r(5), r(8), and r(10) and explain what each value 
represents. 

(d) In the model r, what does x represent? 

(ec) Would there be an advantage in using the model r when 
estimating the projected revenues for a given year 
instead of the model R? 

Source: eMarketer.com, May 2006 


Temperature Measurements The relationship between 
the Celsius (°C) and Fahrenheit (°F) scales for measuring 
temperature is given by the equation 


9 
F=—C + 32 
5 
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The relationship between the Celsius (°C) and Kelvin (K) 
scales is K = C + 273. Graph the equation F = 5¢ + 32 


using degrees Fahrenheit on the y-axis and degrees Celsius 
on the x-axis. Use the techniques introduced in this section 
to obtain the graph showing the relationship between 
Kelvin and Fahrenheit temperatures. 


Period of a Pendulum The period T (in seconds) of a 
simple pendulum is a function of its length / (in feet) 
defined by the equation 


7 = 2/4 
§ 


where g ~ 32.2 feet per second per second is the accelera- 
tion of gravity. 


(a) Use a graphing utility to graph the function T = T(/). 

(b) Now graph the functions T = T(/ + 1),T = T(/ + 2), 
and T = T(/ + 3). 

(c) Discuss how adding to the length / changes the period T. 

(d) Now graph the functions T = T(2/),T = T(3/), and 
T = T(4l). 

(ec) Discuss how multiplying the length / by factors of 2, 3, 
and 4 changes the period T. 


Cigar Company Profits The daily profits of a cigar com- 
pany from selling x cigars are given by 


p(x) 0.05x? + 100x — 2000 


The government wishes to impose a tax on cigars (some- 

times called a sin tax) that gives the company the option of 

either paying a flat tax of $10,000 per day or a tax of 10% 

on profits. As chief financial officer (CFO) of the company, 

you need to decide which tax is the better option for the 

company. 

(a) On the same screen, graph Y; = p(x) — 10,000 and 
Y>, = (1 — 0.10) p(x). 

(b) Based on the graph, which option would you select? 
Why? 

(c) Using the terminology learned in this section, describe 
each graph in terms of the graph of p(x). 
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(d) Suppose that the government offered the options of a 
flat tax of $4800 or a tax of 10% on profits. Which would 
you select? Why? 

78. The graph of a function f is illustrated in the figure. 

(a) Draw the graph of y = |f(x)]. 

(b) Draw the graph of y = f (|x|). 


79. The graph of a function f is illustrated in the figure. 
(a) Draw the graph of y = |f(x)]. 
(b) Draw the graph of y = f (|x|). 


Explaining Concepts: Discussion and Writing 


82. Suppose that the graph of a function f is known. Explain 
how the graph of y = 4f(x) differs from the graph of 
y = f(4x). 

83. Suppose that the graph of a function f is known. Explain 
how the graph of y = f(x) — 2 differs from the graph of 
y= f(x — 2). 


Interactive Exercises: Exploring Transformations 


Ask your instructor if the applets below are of interest to you. 

85. Vertical Shifts Open the vertical shift applet. Use your 
mouse to grab the slider and change the value of k. Note the 
role k plays in the graph of g(x) = f(x) + k, where 
f(x) =x’. 

86. Horizontal Shifts Open the horizontal shift applet. Use 
your mouse to grab the slider and change the value of h. 
Note the role h plays in the graph of g(x) = f(x — A), 


where f(x) = x’. 


87. Vertical Stretches Open the vertical stretch applet. Use 
your mouse to grab the slider and change the value of a. 
Note the role a plays in the graph of g(x) = af(x), where 
f(x) = Ixl. 

88. Horizontal Stretches Open the horizontal stretch applet. 
(a) Use your mouse to grab the slider and change the value 

of a. Note the role a plays in the graph of 
g(x) = f(ax) = Vax, where f(x) = Vx. What 
happens to the points on the graph of g when 
0 <a < 1? What happens to the points on the graph 
whena > 1? 

(b) To further understand the concept of horizontal 
compressions, fill in the spreadsheet to the right of the 
graph as follows: 

(i) What x-coordinate is required on the graph of 
g(x) = V2x, if the y-coordinate is to be 1? 


80. Suppose (1,3) is a point on the graph of y = f(x). 
(a) What point is on the graph of y = f(x +3) —5? 
(b) What point is on the graph of y = —2f(x —2)+1? 
(c) What point is on the graph of y = f(2x + 3)? 

81. Suppose (—3, 5) is a point on the graph of y = g(x). 
(a) What point is on the graph of y = g(x + 1) — 3? 
(b) What point is on the graph of y = —3g(x — 4) + 3? 
(c) What point is on the graph of y = g(3x + 9)? 


XX 84. The area under the curve y = Vx bounded below by the 


16 
x-axis and on the right by x = 4 is — square units. Using the 


ideas presented in this section, what do you think is the area 
under the curve of y = V— x bounded below by the x-axis 
and on the left by x = —4? Justify your answer. 


(ii) What x-coordinate is required on the graph of 
g(x) = V2x, if the y-coordinate is to be 2? 

(iii) What x-coordinate is required on the graph of 
g(x) = V2x, if the y-coordinate is to be 3? 

(iv) What x-coordinate is required on the graph of 


/1 
g(x) = ae if the y-coordinate is to be 1? 


(v) What x-coordinate is required on the graph of 


/1 
g(x) = rae if the y-coordinate is to be 2? 


vi) What x-coordinate is required on the graph of 
q grap 
1 
g(x) =, [5% if the y-coordinate is to be 3? 


89. Reflection about the y-axis Open the reflection about the 
y-axis applet. Move your mouse to grab the slide and change 
the value of a from 1 to —1. 

90. Reflection about the x-axis Open the reflection about the 
x-axis applet. Move your mouse to grab the slide and change 
the value of a from 1 to —1. 


ra 
pe 
= 
- 
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1.7 One-to-One Functions; Inverse Functions 


OBJECTIVES 1 Determine Whether a Function Is One-to-One (p.75) 


2 Determine the Inverse of a Function Defined by a Map 
ora Set of Ordered Pairs (p.77) 


3 Obtain the Graph of the Inverse Function from the Graph 
of the Function (p.80) 


4 Find the Inverse of a Function Defined by an Equation (p.80) 


1 Determine Whether a Function Is One-to-One 


In Section 1.3, we presented four different ways to represent a function as (1) a map, 
(2) a set of ordered pairs, (3) a graph, and (4) an equation. For example, Figures 83 
and 84 illustrate two different functions represented as mappings. The function 
in Figure 83 shows the correspondence between states and their population (in 
millions). The function in Figure 84 shows a correspondence between animals and 
life expectancy (in years). 


Figure 83 Figure 84 
Population Life Expectancy 
State (in millions) Animal (in years) 
Indiana ——————— > 6.2 00 | il 
Washington —~————+>__ 6.1 Cat ——— 
South Dakota ——————->__ 0.8 Duck —~—_____| 
10 
North Carolina ——————-> 8.3 oe 
Tennessee ——~—————__——> 5.8 Pig 


Rabbit —~—————-——>_ 7 


Suppose we asked a group of people to name the state that has a population of 
0.8 million based on the function in Figure 83. Everyone in the group would respond 
South Dakota. Now, if we asked the same group of people to name the animal 
whose life expectancy is 11 years based on the function in Figure 84, some would 
respond dog, while others would respond cat. What is the difference between the 
functions in Figures 83 and 84? In Figure 83, we can see that no two elements in 
the domain correspond to the same element in the range. In Figure 84, this is not the 
case: two different elements in the domain correspond to the same element in the 
range. Functions such as the one in Figure 83 are given a special name. 


DEFINITION A function is one-to-one if any two different inputs in the domain correspond 
to two different outputs in the range. That is, if x, and x, are two different 
inputs of a function f, then f is one-to-one if f(x,) # f(x). - 


Put another way, a function f is one-to-one if no y in the range is the image of 
In Words more than one x in the domain. A function is not one-to-one if two different 
iW We stelle ew tte exol alt elements in the domain correspond to the same element in the range. So the function 
Be Oe came eae in Figure 84 is not one-to-one because two different elements in the domain, dog and 
Uo ipa causeuts cat, both correspond to 11. Figure 85 illustrates the distinction among one-to-one 
functions, functions that are not one-to-one, and relations that are not functions. 
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EXAMPLE 1 


Solution 


THEOREM 


Figure 86 
F(x) = F(x2) = hand x, # x; fis not 
a one-to-one function. 


Domain Range Domain Range 

(a) One-to-one function: (b) Not a one-to-one function: (c) Nota function: 
Each x in the domain has y, is the image of both x, has two images, 
one and only one image X, and Xo. Y, and Yo. 
in the range. 


Determining Whether a Function Is One-to-One 
Determine whether the following functions are one-to-one. 
(a) For the following function, the domain represents the age of five males and the 


range represents their HDL (good) cholesterol (mg/dL). 


Age HDL Cholesterol 


38) ————_>_ 97 


(b) {(—2, 6), (1, 3), (0, 2), (1,5), (2, 8)} 


(a) The function is not one-to-one because there are two different inputs, 55 and 61, 
that correspond to the same output, 38. 


(b) The function is one-to-one because there are no two distinct inputs that 
correspond to the same output. - 


orm lQW Work PROBLEMS 7 AND 11 


For functions defined by an equation y = f(x) and for which the graph of f is 
known, there is a simple test, called the horizontal-line test, to determine whether f 
is one-to-one. 


Horizontal-line Test 


If every horizontal line intersects the graph of a function f in at most one 
point, then f is one-to-one. J 


The reason that this test works can be seen in Figure 86, where the horizontal 
line y = A intersects the graph at two distinct points, (x,,) and (x2, h). Since h 
is the image of both x; and x, and x; # x2, f is not one-to-one. Based on Figure 86, 
we can state the horizontal-line test in another way: If the graph of any horizontal 
line intersects the graph of a function f at more than one point, then f is not 
one-to-one. 
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EXAMPLE 2 Using the Horizontal-line Test 


For each function, use its graph to determine whether the function is one-to-one. 


(a) f(x) = 2° (b) g(x) = 2° 


Solution (a) Figure 87(a) illustrates the horizontal-line test for f(x) = x’. The horizontal 
line y = 1 intersects the graph of f twice, at (1,1) and at (—1,1), so f is not 
one-to-one. 


(b) Figure 87(b) illustrates the horizontal-line test for g(x) = x°. Because every 
horizontal line intersects the graph of g exactly once, it follows that g is 
one-to-one. 


Figure 87 
i 
—3 
-3 L 
(a) A horizontal line intersects the graph (b) Every horizontal line intersects the graph 
twice; f is not one-to-one exactly once; g is one-to-one 
om-Now Work proB_em 15 
Look more closely at the one-to-one function g(x) = x°. This function is an 
increasing function. Because an increasing (or decreasing) function will always have 
different y-values for unequal x-values, it follows that a function that is increasing 
(or decreasing) over its domain is also a one-to-one function. 
THEOREM A function that is increasing on an interval J is a one-to-one function on J. 


A function that is decreasing on an interval J is a one-to-one function on J. J 


2 Determine the Inverse of a Function Defined by a Map 
or a Set of Ordered Pairs 


DEFINITION Suppose that f is a one-to-one function. Then, to each x in the domain of f, 


there is exactly one y in the range (because f is a function); and to each y 
in the range of f, there is exactly one x in the domain (because f is 
one-to-one). The correspondence from the range of f back to the domain 


In Words of f is called the inverse function of f. The symbol f~' is used to denote the 
Suppose that f io a one-to-one inverse of f. | 
function where the input 5 


corresponds to the output 10. 


tain ae mee . : 
In the inverse function f', the We will discuss how to find inverses for all four representations of functions: 


input 10 would correspond to the 


output 5. 


(1) maps, (2) sets of ordered pairs, (3) graphs, and (4) equations. We begin with 


finding inverses of functions represented by maps or sets of ordered pairs. 
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EXAMPLE 3 Finding the Inverse of a Function Defined by a Map 


Find the inverse of the following function. Let the domain of the function represent 
certain states, and let the range represent the state’s population (in millions). State 
the domain and the range of the inverse function. 


Population 
State (in millions) 


Indiana ———+——————_— 6.2 
Washington —~————————- 6.1 
South Dakota —------— 08 
North Carolina -——————_>- 8.3 


Tennessee ——-———-—__> 5.8 


Solution The function is one-to-one. To find the inverse function, we interchange the 
elements in the domain with the elements in the range. For example, the function 
receives as input Indiana and outputs 6.2 million. So the inverse receives as input 
6.2 million and outputs Indiana. The inverse function is shown next. 


Population 
(in millions) State 


6.2 ————__—_———>_ Indiana 

6.1. ———-._ Washington 
0.8 ———>_ South Dakota 
8.3. > _ North Carolina 


5.8 ————_——————~__ Tennessee 


The domain of the inverse function is {6.2, 6.1, 0.8, 8.3, 5.8}.The range of the inverse 
function is {Indiana, Washington, South Dakota, North Carolina, Tennessee}. 


If a one-to-one function f is defined by a set of ordered pairs (x, y), then the 
inverse of f, denoted f 1, is the set of ordered pairs (y, x). 


EXAMPLE 4 Finding the Inverse of a Function Defined 
by a Set of Ordered Pairs 


Find the inverse of the following one-to-one function: 
{(3, -27), (-2, -8), (-1, 1), (0, 0), (1, 1), (2, 8), (3, 27)} 


State the domain and the range of the function and its inverse. 


Solution The inverse of the given function is found by interchanging the entries in each 
ordered pair and so is given by 


{(-27, -3), (-8, -2), (-1, -1), (0, 0), (1, 1), (8, 2), (27, 3)} 


The domain of the function is {—3,—2,—1,0,1,2,3}. The range of the function is 
{—27, —8, -1,0,1,8,27}. The domain of the inverse function is {—27, —8, -1,0, 
1, 8, 27}. The range of the inverse function is {—3, —2, -1,0,1,2,3}. 


mmm lNow Work PROBLEMS 21 AND 25 
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Figure 88 See Figure 88. Based on the results of Example 4 and Figure 88, two facts are 
Domain of f Range of f now apparent about a one-to-one function f and its inverse f 


Domain of f = Range off"! — Range of f = Domain of f"! 


Look again at Figure 88 to visualize the relationship. If we start with x, apply f, 
and then apply f_', we get x back again. If we start with x, apply f_', and then apply 
f, we get the number x back again. To put it simply, what f does, f~! undoes, and vice 
versa. See the illustration that follows. 


Range of f —' Domain of f~' 
- Apply f Apply f | i 
— —> 5 = 
WARNING Be carefull fis a symbol rhe s Dee ee ete f(x) UG) = * 
for the inverse function of f. The —1 used seid eae 
1, pole F + F = Pp = pply = 
in Ff ig not an exponent. That is, f Input x from domain of f 1 ——s f '(x) = ff '(x)) =x 


does not mean the reciprocal of fF; f '(x) 


is not equal to ——. a In other words, 


F(x) 


—(f(x)) = x where x is in the domain of f 


f(f-'(x)) = x where x is in the domain of f! 


Consider the function f(x) = 2x, which multiplies the argument x by 2. Since f 
is an increasing function, f is one-to-one. The inverse function f_' undoes whatever 


1 
does. So the inverse function of f is f(x) = =x, which divides the argument by 2. 
2 g y 


For example, f(3) = 2(3) = 6 and f~'(6) = 3(6) = = 3, so f-' undoes what f did. 
We can verify this by showing that 


Figure 89 
f 
ee hee 
x Qt fl) = 1 il 1 
es FIG) = M1Ox) = Fx) =x and F409) = F(Fx) = 25x) = x 
See Figure 89. 


EXAMPLE 5 Verifying Inverse Functions 


(a) Verify that the inverse of g(x) = x° is g'(x) = Wx by showing that 


g (g(x) = g(x) = Wi =x forall x in the domain of g 
g(g '(x)) = g(Wx) = (Wx)? = x forall x in the domain of g™! 


1 
(b) Verify that the inverse of f(x) = 2x + 3is f-'(x) = 3 (x — 3) by showing that 


f (f(x) =f (2x + 3) = : [(2x + 3)-3]= J (2x) =x for all x in the 
: 2 domain of f 
fry) = 150 3) Ee 3)| +3= (x —3)+3=x forallxin the 
. domain oo a 


EXAMPLE 6 Verifying Inverse Functions 


1 
Verify that the inverse of f(x) = 
ieee 


1 
; sy (x)= {+ 1. For what values of x is 


f-‘(f(x)) = x? For what values of x is f(f-'(x)) = x? 
Solution — The domain of f is {x|x # 1} and the domain of fis {x|x # 0}. Now 


7 (F(x) = rs : ;) eee een ee provided x # 1 


1 
x1 
4 1 1 1 . 
iF (a) =F x71 =—_ .... f° * provided x # 0 
—+ = = 
x aie x 
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3 Obtain the Graph of the Inverse Function from the Graph 
of the Function 


Suppose that (a, b) is a point on the graph of a one-to-one function f defined by 
y = f(x). Then b = f(a). This means that a = f '(b), so (b, a) is a point on the 
graph of the inverse function f!. The relationship between the point (a, b) on f and 
the point (b, a) on f~! is shown in Figure 90. The line segment with endpoints (a, b) 
and (b,a) is perpendicular to the line y = x and is bisected by the line y = x. 
(Do you see why?) It follows that the point (b, a) on f~' is the reflection about the 
line y = x of the point (a, b) on f. 


Figure 90 


THEOREM The graph of a one-to-one function f and the graph of its inverse f! are 
symmetric with respect to the line y = x. J 


Figure 91 illustrates this result. Notice that, once the graph of f is known, the 
graph of f~' may be obtained by reflecting the graph of f about the line y = x. 


Figure 91 


EXAMPLE 7 Graphing the Inverse Function 


The graph in Figure 92(a) is that of a one-to-one function y = f(x). Draw the graph 
of its inverse. 


Solution Begin by adding the graph of y=x to Figure 92(a). Since the points 
(—2, -1),(-1,0), and (2,1) are on the graph of f, the points (—1, —2), (0, -1), 
and (1,2) must be on the graph of f~!. Keeping in mind that the graph of f~! is the 
reflection about the line y = x of the graph of f, draw f-'. See Figure 92(b). 


Figure 92 Yh 
3r 
(-1, 0) 2,1) 
=3 ax = 
(—2, -1) i (2-1) 
—3F 


(a) (b) me 
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4 Find the Inverse of a Function Defined by an Equation 


The fact that the graphs of a one-to-one function f and its inverse function f~! are 
symmetric with respect to the line y = x tells us more. It says that we can obtain f7! 


EXAMPLE 8 


Step-by-Step Solution 


Step 1: Replace f(x) with y. In 
y = f(x), interchange the variables 
x and y to obtain x = f(y). This 
equation defines the inverse 
function f' implicitly. 
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by interchanging the roles of x and y in f. Look again at Figure 91. If f is defined by 
the equation 


y = f(x) 
then f~' is defined by the equation 
x = f(y) 


The equation x = f(y) defines f! implicitly. If we can solve this equation for y, 
we will have the explicit form of f ', that is, 


y= f(x) 
Let’s use this procedure to find the inverse of f(x) = 2x + 3. (Since f is a 


linear function and is increasing, we know that f is one-to-one and so has an inverse 
function.) 


How to Find the Inverse Function 


Find the inverse of f(x) = 2x + 3. Graph f and f' on the same coordinate axes. 


Replace f(x) with yin f(x) = 2x + 3 and obtain y = 2x + 3. Now interchange the 
variables x and y to obtain 


x=2y+3 


This equation defines the inverse f! implicitly. 


Step 2: If possible, solve the 
implicit equation for y in terms of x 
to obtain the explicit form of f |, 


y = f(x). 


To find the explicit form of the inverse, solve x = 2y + 3 for y. 


x=2y+3 
2y+3=x Reflexive Property; If a = b, then b = a. 
2y=x-3 Subtract 3 from both sides. 


1 
y= a(x — 3) Divide both sides by 2. 
The explicit form of the inverse f~! is 


fx) = F(x - 3) 


Step 3: Check the result by showing 
that f '(F(x)) = xand f(F '(x)) = x. 


Figure 93 


We verified that f and f~' are inverses in Example 5(b). 


1 
The graphs of f(x) = 2x + 3 and its inverse f-!(x) = 3 (* — 3) are shown in 
Figure 93 . Note the symmetry of the graphs with respect to the line y = x. a 


Procedure for Finding the Inverse of a One-to-One Function 
Step 1: In y = f(x), interchange the variables x and y to obtain 


ar) 


This equation defines the inverse function f! implicitly. 


Step 2: If possible, solve the implicit equation for y in terms of x to obtain the 
explicit form of f~!: 


oo) 
Step 3: Check the result by showing that 
fF (f(~)) =x and f(f(x)) =x 
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EXAMPLE 9 Finding the Inverse Function 


The function 


2x +1 
F(x) = Ta x #1 


is one-to-one. Find its inverse and check the result. 


Solution Step 1: Replace f(x) with y and interchange the variables x and y in 


2x +1 
es 
to obtain 
2y+1 
x= 7a 
STEP 2: Solve for y. 
2y+1 
= =r 
x(y — 1) =2y +1 > Multiply both sides by y — 1. 
xy — x =2y +1 = Apply the Distributive Property. 


xy-—2y=x+1 Subtract 2y from both sides; add x to both sides. 


(x -2)y=x+1 — Factor 


=) Bogie s 
I= ae ivide by x . 
The inverse is 
+1 
fx) = 3 x #2 Replace y by f(x). 
STEP 3: Wh Check: 
2x 1 
esd. = 6 a ese eee 
. et = - = = #1 
fF (x) pet) 2x+1_. x+1-2%(x-1) 3 > * 
a= 1 
Bae cl 
2 jen 
=) tt) - eas _ et iyt x72 3x _ 
_~(2tl\_ \e-2/ #2 
f(f-(x)) (24 x+1_, ce l— 2) ea 
PS 7 


J 


om -Now Work pRoBLEMS 47 AND 61 


If a function is not one-to-one, it has no inverse function. Sometimes, though, an 
appropriate restriction on the domain of such a function will yield a new function 
that is one-to-one. Then the function defined on the restricted domain has an inverse 
function. Let’s look at an example of this common practice. 


EXAMPLE 10 Finding the Inverse of a Domain-restricted Function 
Find the inverse of y = f(x) = x? if x = 0. Graph f and f7!. 


Solution The function y = x’ is not one-to-one. [Refer to Example 2(a).] However, if we 
restrict the domain of this function to x = 0, as indicated, we have a new function 
that is increasing and therefore is one-to-one. As a result, the function defined by 
y = f(x) = x’, x = 0, has an inverse function, f . 
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Follow the steps given previously to find f_!. 


2 


Step 1: In the equation y = x*, x = 0, interchange the variables x and y. The result is 


x=y y20 

Figure 94 : ; ‘ : ao : ‘ 
This equation defines (implicitly) the inverse function. 

Y=x STEP 2: Solve for y to get the explicit form of the inverse. Since y = 0, only one 


y 
2 solution for y is obtained: y = Vx. So f(z) = Vx. 


srer 3: V check: f(f(x)) = f2) = 1/2 = |x| = x since x = 0 
FF (a) = f(Vx) = (VaP =x 


x<V 


Figure 94 illustrates the graphs of f(x) = x’, x = 0, and f-'(x) = Vx. ral 


SUMMARY 


1. Ifa function f is one-to-one, then it has an inverse function f |. 
2. Domain of f = Range of f-'; Range of f = Domain of ft. 


3. To verify that f~ is the inverse of f, show that f-'(f(x)) = x for every x in the domain of f and f(f~!(x)) = x 
for every x in the domain of f7!. 


4, The graphs of f and f! are symmetric with respect to the line y = x. 


1.7 Assess Your Understanding 


Concepts and Vocabulary 


1. If x; and x, are two different inputs of a function f, then fis 4. If f | denotes the inverse of a function f, then the graphs of 
one-to-one if , f and f ! are symmetric with respect to the line . 
2. If every horizontal line intersects the graph of a function f at 5. If the domain of a one-to-one function f is [4, co), the range 
no more than one point, f is a(n) function. of its inverse, f ', is 
3. If f is a one-to-one function and f(3) = 8, then 6. True or False If f and g are inverse functions, the domain 
f (8) = : of f is the same as the range of g. 
Skill Building 
In Problems 7-14, determine whether the function is one-to-one. 
NO 7 Domain Range 8. Domain Range 
20 Hours ->- $200 Bob ._—_———— Karla 
25 Hours ~—-—- $300 Dave Debra 
30 Hours =~ $350 John ———————> Dawn 
40 Hours > $425 Chuck —7—————————+> Phoebe 
9. Domain Range 10. Domain Range 
20 Hours = $200 Bob 9 >= Karla 
25 Hours Dave 9———————————_> Debra 
30 Hours > $350 John __ Phoebe 
40 Hours -——-> $425 Chuck 


Xu. {(2,6), (-3, 6), (4, 9), (1, 10)} 12. {(—2,5), (-1,3), (3,7), (4, 12)} 
13. {(0,0), (1,1), (2, 16), (3, 81)} 14. {(1,2), (2,8), (3, 18), (4, 32)} 
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In Problems 15-20, the graph of a function f is given. Use the horizontal-line test to determine whether f is one-to-one. 


Nas. 16. va 7, 


| 
wo 
ob 
x<Y 

| 
wo 
ob 
xv 


19. 20. Ya 
3 


| 
(ox) 
cob 
xV 


In Problems 21-23, find the inverse of each one-to-one function. State the domain and the range of each inverse function. 


\ 2. Annual Rainfall 22. Domestic Gross 
Location (inches) Title (in millions) 
Mt Waialeale, Hawaii —--——-———————————> 460.00 Star Wars —————————_1—_—_> _ $461 
Monrovia, Liberia —————5———-_ 202.01 Star Wars: Episode One - The > _ $4311 
Phantom Menace 


Pago Pago, American Samoa ---------—-_ 196.46 


oll ia’ ——_|____——-- 4 
Moulmein, Burma. ————-————————+> 191.02 ; pecs Terrestrial 
lurassi¢ Park ———_—_ 

Lae, Papua New Guinea. ——~—-—---—-—-_ 182.87 


Forrest Gump ———————~———_——__ $330 


Source: Information Please Almanac : 
Source: Information Please Almanac 


23. Monthly Cost 24, State Unemployment Rate 

Age of Life Insurance 
Virginia ——-——_——-—_ 11% 
30 ——>—__ $7.09 Nevada ——~————————_—>_ 5.5% 
——— —_—_——_ aa. Tennessee —~——————> _ 5.1% 
45 ae ia $11.29 Texas ——_—_—+—. 6.38% 
Wanroeceteriicoi Source: United States Statistical Abstract 
\ 25. {(-3, 5), (—2, 9), (-1, 2), (0, 11), (1, -5)} 26. {(—2,2), (-1, 6), (0,8), (1, —3), (2, 9)} 
27. {(—2,1), (—3, 2), (—10, 0), (1, 9), (2, 4)} 28. {(—2, —8), (-1, -1), (0, 0), (1, 1), (2, 8)} 


In Problems 29-38, verify that the functions f and g are inverses of each other by showing that f(g(x)) = x and g(f(x)) = x. Give any 
values of x that need to be excluded from the domain of f and the domain of g. 


\ 29. F(x) = 3x +45 a(x) = 3(e - 4) 30. f(x) = 32%, g(x) = h(x -3) 
31. f(x) = 4x — 8; g(x) = z +2 32. f(x) =2x +6; g(x) = x =3 
33. f(x) = 2° = 8; g(x) = Wx +8 34. f(x) = (x-2),x=2; g(x) = VE+2 
Bl) = =] 36. F(x) = 5 glx) = x 
ae a g(x) = os 38. f(x) ae g(x) = — 
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In Problems 39-44, the graph of a one-to-one function f is given. Draw the graph of the inverse function f '. For convenience (and as a 


hint), the graph of y = x is also given. 
\ 39. Ve rae 40. 


41. 


43. 


44, 


In Problems 45-56, the function f is one-to-one. Find its inverse and check your answer. Graph f , f-', and y = x on the same coordinate axes. 


45, f(x) = 3x 
\a7. f(x) = 4x +2 

49. f(x) =x-1 

51. f(x) =x +4 x=0 


53. f(x) = 


BR 


55. f(x) = x -2 


46. f(x) = —4x 
48. f(x) =1—- 3x 


50. f(x) =x +1 


52. f(x) =x +9 x=0 


54. f(x) = 2 
4 
56. f(x) = Pee 


In Problems 57-68, the function f is one-to-one. Find its inverse and check your answer. 


87. f(x) = = 
89. f(x) = 
\ 6b f(x) = : 
63. f(x) = = = : 
19-22: 
67. f(x) = — x>0 


Applications and Extensions 


69. Use the graph of y = f(x) given in Problem 39 to evaluate 
the following: 


(a) f(-1) (b) f() (c) f-*(1) (d) f"(2) 


70. Use the graph of y = f(x) given in Problem 40 to evaluate 
the following: 


(a) f(2) (b) f() (c) f-*(0) (d) f“(-1) 


58. f(x) = 5 = : 

60. f(x) = -t 
Ae = st : 

64. f(x) = a 

66. f(x) = a 

68. f(x) = = x>0 


71. If f(7) = 13 and fis one-to-one, what is f-'(13)? 
72. If g(—5) = 3 and g is one-to-one, what is g1(3)? 


73. The domain of a one-to-one function f is [5, 0), and its 
range is [—2, 00). State the domain and the range of f7!. 


74. The domain of a one-to-one function f is [0, 00), and its 
range is [5, 00). State the domain and the range of f7!. 


86 


75. 


76. 


77. 


78. 


79. 
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. The domain of a one-to-one function g is (—©%, 0], and its 
1 


range is [0, co). State the domain and the range of g ~. 
The domain of a one-to-one function g is [0, 15], and its 
range is (0,8). State the domain and the range of g!. 

A function y = f(x) is increasing on the interval (0, 5). 
What conclusions can you draw about the graph of 
ete le 

A function y = f(x) is decreasing on the interval (0, 5). 
What conclusions can you draw about the graph of 
y= f(z) 


Find the inverse of the linear function 


f(x) =mx+b m#0 
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81. 


82. 


83. 


84. 


Find the inverse of the function 
f(x) = Vr—-x 0O=xer 


A function f has an inverse function. If the graph of flies in 
quadrant I, in which quadrant does the graph of f ! lie? 


A function f has an inverse function. If the graph of f lies in 
quadrant II, in which quadrant does the graph of f7 lie? 


The function f(x) = |x| is not one-to-one. Find a suitable 
restriction on the domain of f so that the new function that 
results is one-to-one. Then find the inverse of f. 
The function f(x) = x* is not one-to-one. Find a suitable 
restriction on the domain of f so that the new function that 
results is one-to-one. Then find the inverse of f. 


In applications, the symbols used for the independent and dependent variables are often based on common usage. So, rather than using 
y = f(x) to represent a function, an applied problem might use C = C(q) to represent the cost C of manufacturing q units of a good since, 
in economics, q is used for output. Because of this, the inverse notation f ' used in a pure mathematics problem is not used when finding 
inverses of applied problems. Rather, the inverse of a function such as C = C(q) will be q = q(C). So C = C(q) is a function that 
represents the cost C as a function of the output q, while q = q(C) is a function that represents the output q as a function of the cost C. 
Problems 85-88 illustrate this idea. 


85 


86. 


87. 


88. 


- Vehicle Stopping Distance Taking into account reaction 
time, the distance d (in feet) that a car requires to come to a 
complete stop while traveling r miles per hour is given by the 
function 


d(r) = 6.97r — 90.39 


(a) Express the speed r at which the car is traveling as a 
function of the distance d required to come to a complete 
stop. 

(b) Verify that r = r(d) is the inverse of d = d(r) by 
showing that r(d(r)) = rand d(r(d)) = d. 

(c) Predict the speed that a car was traveling if the distance 
required to stop was 300 feet. 


Height and Head Circumference The head circumference C 
of a child is related to the height H of the child (both in 
inches) through the function 


H(C) = 2.15C — 10.53 


(a) Express the head circumference C as a function of 
height H. 

(b) Verify that C = C(#) is the inverse of H = H(C) by 
showing that H(C(H)) = H and C(H(C)) = C. 

(c) Predict the head circumference of a child who is 26 inches 
tall. 


Ideal Body Weight One model for the ideal body weight W 


for men (in kilograms) as a function of height h (in inches) is 
given by the function 
W(h) = 50 + 2.3(h — 60) 
(a) What is the ideal weight of a 6-foot male? 
(b) Express the height / as a function of weight W. 
(c) Verify that h = h(W) is the inverse of W = W(h) by 
showing that h(W(h)) = hand W(h(W)) = W. 
(d) What is the height of a male who is at his ideal weight of 
80 kilograms? 
[Note: The ideal body weight W for women (in kilograms) 
as a function of height A (in inches) is given by W(h) = 
45.5 + 2.3(h — 60).] 


Temperature Conversion The function F(C) = 2c + 32 


converts a temperature from C degrees Celsius to F degrees 
Fahrenheit. 


89. 
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(a) Express the temperature in degrees Celsius C as a 
function of the temperature in degrees Fahrenheit F. 

(b) Verify that C = C(F) is the inverse of F = F(C) by 
showing that C(F(C)) = Cand F(C(F)) = F. 

(c) What is the temperature in degrees Celsius if it is 
70 degrees Fahrenheit? 


The function 


0.25(g 


Income Taxes 


T(g) 


represents the 2009 federal income tax T (in dollars) due for 

a “single” filer whose modified adjusted gross income is 

g dollars, where 33,950 = g = 82,250. 

(a) What is the domain of the function T? 

(b) Given that the tax due T is an increasing linear function 
of modified adjusted gross income g, find the range of the 
function T. 

(c) Find adjusted gross income g as a function of federal 
income tax T. What are the domain and the range of this 


4675 + 


33,950) 


function? 
Income Taxes The function 
T(g) = 1670 + 0.15(g — 16,700) 


represents the 2009 federal income tax T (in dollars) due for 

a “married filing jointly” filer whose modified adjusted gross 

income is g dollars, where 16,700 = g = 67,900. 

(a) What is the domain of the function T? 

(b) Given that the tax due T is an increasing linear function 
of modified adjusted gross income g, find the range of the 
function T. 

(c) Find adjusted gross income g as a function of federal 
income tax T. What are the domain and the range of this 
function? 


Gravity on Earth If a rock falls from a height of 100 meters 
on Earth, the height H (in meters) of the rock after ¢ seconds 
is approximately 


H(t) = 100 — 4.927 


(a) In general, quadratic functions are not one-to-one. 
However, the function H is one-to-one. Why? 

(b) Find the inverse of H and verify your result. 

(c) How long will it take a rock to fall 80 meters? 


92. Period of a Pendulum The period T (in seconds) of a 
simple pendulum as a function of its length / (in feet) is 


given by 
[ 1 
T(l) = 27 32.2 


(a) Express the length / as a function of the period T. 
(b) How long is a pendulum whose period is 3 seconds? 


Explaining Concepts: Discussion and Writing 


94. Can a one-to-one function and its inverse be equal? What 
must be true about the graph of f for this to happen? Give 
some examples to support your conclusion. 


95. Draw the graph of a one-to-one function that contains the 
points (—2, —3), (0, 0), and (1, 5). Now draw the graph of 
its inverse. Compare your graph to those of other students. 
Discuss any similarities. What differences do you see? 

96. Give an example of a function whose domain is the set of 
real numbers and that is neither increasing nor decreasing on 
its domain, but is one-to-one. 


[Hint: Use a piecewise-defined function.] 
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93. Given 


97. 
98. 


99, 


ax + b 


f(x) = 


cx +d 


find f(x). If c # 0, under what conditions on a, b, c, and d 


is f =f !? 


Is every odd function one-to-one? Explain. 
Suppose that C(g) represents the cost C, in dollars, of manu- 
facturing g cars. Explain what C7! (800,000) represents. 


Explain why the horizontal-line test can be used to identify 
one-to-one functions from a graph. 


Library of Functions 
Constant function (p. 55) Identity function (p. 55) Linear function (p. 56) 
f(x) =6b f(x) =x f(x) = mx + b 
The graph is a horizontal line with The graph is a line with slope 1 and The graph is a line with slope m and 


y-intercept b. 


Square function (p. 56) 
f(x) = 2 


The graph is a parabola with intercept 


at (0, 0). 
(-2, 4) 


y-intercept 0. y-intercept b. 


Cube function (p. 56) 


f(x) = f(x) = Vx 


f(x) = mx +b,m>0 


Square root function (p. 56) 
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Cube root function (p. 56) 
f(x) = Vx 


Things to Know 
Formulas 
Distance formula (p. 3) 
Midpoint formula (p. 5) 
Equations of Circles 


Standard form of the equation of a circle (p. 16) 


Equation of the unit circle (p. 17) 
General form of the equation of a circle (p. 18) 
Function (pp. 24-27) 


Function notation (pp. 27-30) 


Difference quotient of f (p. 29) 


Domain (pp. 30-31) 
Vertical-line test (p. 33) 


Even function f (p. 42) 
Odd function f (p. 42) 
Increasing function (p. 44) 


Reciprocal function (p. 57) 


Absolute value function (p. 57) 


ail f(x) 
. Va 
ya 
L (—2, 2 
(1, 1) 
=e 3% 
(-1,-1¥\ + 
or 


xm) + (2 - n)’ 


a )- (4 nes) 
oy 2 9 2 


(x — h)? + (y — k)? = 7°; ris the radius of the circle, (h, k) is the center 
of the circle. 


rtye= 


er+y+axt byte 


0, with restrictions on a,b, and c 


A relation between two sets so that each element x in the first set, the domain, 
has corresponding to it exactly one element y in the second set. The range is 
the set of y values of the function for the x values in the domain. 


A function can also be characterized as a set of ordered pairs (x, y) in which 
no first element is paired with two different second elements. 


y= f(x) 

f is a symbol for the function. 

x is the argument, or independent variable. 

y is the dependent variable. 

f(x) is the value of the function at x, or the image of x. 

A function f may be defined implicitly by an equation involving x and y or 

explicitly by writing y = f(x). 

flx + h) — f(x) 
h 


If unspecified, the domain of a function f defined by an equation is the largest 
set of real numbers for which f(x) is a real number. 


h#0 


A set of points in the plane is the graph of a function if and only if every 
vertical line intersects the graph in at most one point. 


f(—x) = f(x) for every x in the domain (—x must also be in the domain). 
f(—x) = —f(x) for every x in the domain (—x must also be in the domain). 


A function f is increasing on an open interval / if, for any choice of x, and x 
in J, with x, < x), we have f(x,) < f(x). 
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Decreasing function (p. 44) A function f is decreasing on an open interval / if, for any choice of x, and x, 
in J, with x, < x2, we have f(x,) > f (x2). 

A function f is constant on an open interval / if, for all choices of x in J, the 
values of f(x) are equal. 


Constant function (p. 44) 
Local maximum (p. 44) A function f has a local maximum at c if there is an open interval J containing 
cso that, for all x in J, f(x) = f(c). 
A function f has a local minimum at c if there is an open interval J containing 
cso that, for all x in J, f(x) = f(c). 


Local minimum (p. 45) 


Absolute maximum and absolute minimum (p. 46) Let f denote a function defined on some interval /. 

If there is a number wu in J for which f(x) = f(u) for all x in J, then f(uw) is the 
absolute maximum of fon J and we say the absolute maximum of f occurs at u. 
If there is a number v in J for which f(x) = f(v), for all x in J, then f(v) is the 


absolute minimum of f on J and we say the absolute minimum of f occurs at v. 


Average rate of change of a function (p. 48) The average rate of change of f from a to b is 


Ay _ f(b) — f(a) 

Ax b-a 
A function for which any two different inputs in the domain correspond to 
two different outputs in the range 
For any choice of elements x;, x2 in the domain of f, if x, # x2, then 
f(x) # f(x). 
If every horizontal line intersects the graph of a function f in at most one 
point, f is one-to-one. 


a#b 


One-to-one function f (p. 75) 


Horizontal-line test (p. 76) 


Inverse function f! of f (pp. 77-80) 


Domain of f = range of f'; range of f = domain of f! 

f(f(x)) = x for all x in the domain of f 

f(f-\(x)) = x for all x in the domain of f7! 

The graphs of f and f_! are symmetric with respect to the line y = x. 


Objectives 
Section You should be able to... Examples Review Exercises 
alt 1 Use the distance formula (p. 3) 1-3 1(a)-6(a), 103, 104 
2 Use the midpoint formula (p. 5) 4 1(b)-6(b), 104 
2: 1 Graph equations by plotting points (p. 9) 1-3 7 
2 Find intercepts from a graph (p. 11) 4 8 
3 Find intercepts from an equation (p. 11) 5 9-16 
4 ‘Test an equation for symmetry with respect to the x-axis, 
the y-axis, and the origin (p. 12) 6-9 9-16 
5 Know how to graph key equations (p. 14) 10-12 73,74 
6 Write the standard form of the equation of a circle (p. 16) 13 17-20, 104 
7 Graph a circle (p. 17) 14,15 21-26 
8 Work with the general form of the equation of a circle (p. 18) 16 23-26 
1.3 1 Determine whether a relation represents a function (p. 24) 1-5 27, 28 
2 Find the value of a function (p. 27) 6,7 29-34, 43, 44, 91, 92 
3 Find the domain of a function defined by an equation (p. 30) 8,9 35-42 
4 Identify the graph of a function (p. 32) 10 67-70 
5 Obtain information from or about the graph of a function (p. 33) 11,12 45(a)-(f), 46(a)-(f£), 
47(a), 47(e), 47(g), 
48(a), 48(e), 48(g) 
1.4 Determine even and odd functions from a graph (p. 42) 1 47(f), 48(£) 
Identify even and odd functions from the equation (p. 43) 2 49-56 
Use a graph to determine where a function is increasing, decreasing, 
or constant (p. 44) 3 47(b), 48(b) 
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Section You should be ableto ... Examples Review Exercises 
4 Use a graph to locate local maxima and local minima (p. 45) 4 47(c), 48(c) 
Use a graph to locate the absolute maximum and the absolute minimum (p.46) 5 47(d), 48(d) 
6 Use a graphing utility to approximate local maxima and local minima 
and to determine where a function is increasing or decreasing (p. 47) 6 57-60 
7 Find the average rate of change of a function (p. 48) 7,8 61-66 
15 1 Graph the functions listed in the library of functions (p. 53) 1,2 71-74 
2 Graph piecewise-defined functions (p. 57) 3 87-90 
1.6 1 Graph functions using vertical and horizontal shifts (p. 61) 1-5 45(f), 46(f), 46(g), 75, 
76, 79-86 
2 Graph functions using compressions and stretches (p. 64) 6-8 45(g), 46(h), 77, 78, 
85, 86 
3 Graph functions using reflections about the x-axis or y-axis (p. 66) 9-10 45(h), 77, 81, 82, 86 
1:7 1 Determine whether a function is one-to-one (p. 75) 1,2 93(a), 94(a), 95, 96 
2 Determine the inverse of a function defined by a map or 
a set of ordered pairs (p. 77) 3,4 93(b), 94(b) 
3 Obtain the graph of the inverse function from the graph 
of the function (p. 80) 7 95, 96 
4 Find the inverse of a function defined by an equation (p. 80) 8,9,10 97-102 


Review Exercises 


In Problems 1-6, find the following for each pair of points: 


(a) The distance between the points 
(b) The midpoint of the line segment connecting the points 


1. (0,0); (4,2) 2. (0,0); (—4, 6) 
3. (1, -1); (2, 3) 4. (—2,2); (1,4) 
5. (4, —4); (4,8) 6. (—3, 4); (2,4) 


7. Graph y = x? + 4 by plotting points. L 


In Problems 9-16, list the intercepts and test for symmetry with respect to the x-axis, the y-axis, and the origin. 
9, 2x = 3y° 10. y = 5x 11. x2 + 4y? = 16 12. 9x2 - y=9 
3. y= x4 +2? +1 4, y=x-x I. +x+y+2y=0 16. x7 + 4x + yY - 2y =0 


In Problems 17-20, find the standard form of the equation of the circle whose center and radius are given. 


17. (h,k) = (-2,3);r = 4 18. (h,k) = (3,4);r = 4 19. (h,k) = (—1,-2);r =1 20. (h, k) = (2,-4); r= 3 
In Problems 21-26, find the center and radius of each circle. Graph each circle. Find the intercepts, if any, of each circle. 

21.22 +(y-1P? =4 22. (x +2 + y=9 23.7? + YW —-2x +4y-4=0 

24.x° + y+ 4x —-4y-1=0 25. 3x7 + 3y’ — 6x + 12y =0 26. 2x7 + 2y? — 4x =0 


In Problems 27 and 28, determine whether each relation represents a function. For each function, state the domain and range. 


27. {(-1,0), (2,3), (4, 0)} 28. {(4, -1), (2,1), (4, 2)} 


In Problems 29-34, find the following for each function: 


(a) f(2) OA) OF-) Mf) Fx-2) Fx) 

3 
29. f(x) == 30. f(x) = 5 31. f(x) =\/P —4 
32. f(x) = |x’ - 4| 33. f(x) = w-4 34, f(x) = ms 9 
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In Problems 35-42, find the domain of each function. 


35 -—* 36. f(x) = a 37 =V2- 
fx) = fo-S f(x) = V2=% 
4 
38. f(x) = Vx +2 39. h(x) = a 40. g(x) = Il 
x 
x 1 
41. => 42. F(x) = ————— 
Fx) x 2x — 3 A) ae oer 
In Problems 43 and 44, find the difference quotient of each function f; that is, find 
x +h) — f(x 
f( ) — F(x) pag 
h 
43. f(x) = -2x7 +x4+1 44, f(x) = 3x? - 2x +4 
45. Using the graph of the function f shown: 46. Using the graph of the function g shown: 
— 
(aon a 
5 Xx - 
(3, —8) 
(a) Find the domain and the range of f. (a) Find the domain and the range of g. 
(b) List the intercepts. (b) Find g(—1). 
(c) Find f(—2). (c) List the intercepts. 
(d) For what value of x does f(x) = —3? (d) For what value of x does g(x) = —3? 
(e) Solve f(x) > 0. (e) Solve g(x) > 0. 
(f) Graph y = f(x — 3). (f) Graph y = g(x — 2). 
fl (g) Graph y = g(x) + 1. 
@) Graphy = f (3+) (h) Graph y = 2¢(x). 
(h) Graph y = f(x). 
In Problems 47 and 48, use the graph of the function f to find: 
(a) The domain and the range of f. 
(b) The intervals on which f is increasing, decreasing, or constant. 
(c) The local minimum values and local maximum values. 
(d) The absolute maximum and absolute minimum. 
(e) Whether the graph is symmetric with respect to the x-axis, the y-axis, or the origin. 
(f) Whether the function is even, odd, or neither. 
(g) The intercepts, if any. 
47. Va 48. 
3 ta 
(3, -3) 
In Problems 49-56, determine (algebraically) whether the given function is even, odd, or neither. 
F 4+ x? 1 1 5 
49. f(x) =x — 4x 50. g(x) = 7 51. A(x) =G+ 371 52. F(x) = 1-—x 
1+x Xe x 
1+ x 
53. G(x) =1-x+x3 84, H(x)=1+x+x2 55. f(x) = — 56. g(x) = —— 


1+ x? x? 
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*| In Problems 57-60, use a graphing utility to graph each function over the indicated interval. Approximate any local maximum values 
and local minimum values. Determine where the function is increasing and where it is decreasing. 


57. f(x) = 2x3 —5x +1 (-3,3) 58. f(x) + 3x-—5 (-3,3) 
59. f(x) = 2x4 — 5x3 + 2x +1 (2,3) 60. f(x) x4 + 3x3 -— 4x +3 (2,3) 


In Problems 61 and 62, find the average rate of change of f: 
(a) From 1 to 2 (b) From 0 to 1 (c) From 2 to 4 
61. f(x) = 8x -— x 62. f(x) = 24+ x 


In Problems 63-66, find the average rate of change from 2 to 3 for each function f. Be sure to simplify. 
63. f(x) =2-5x 64. f(x) = 2x7 +7 65. f(x) = 3x — 4x° 66. f(x) = x7 -— 3x +2 


In Problems 67-70, is the graph shown the graph of a function? 


67. ak 68. 7 69. y 70. | 
x x x x 


In Problems 71-74, sketch the graph of each function. Be sure to label at least three points. 


1 
71. f(x) = |x| 12, f= Ve 73. f(x) = Vx 74, f(x) => 
In Problems 75-86, graph each function using the techniques of shifting, compressing or stretching, and reflections. Identify any 
intercepts on the graph. State the domain and, based on the graph, find the range. ‘: 
75. F(x) = |x| — 4 76. f(x) = |x| +4 77. g(x) = —2|x| 78. g(x) = 5rt 
79. h(x) =Vx-1 80. A(x) = Vx -1 81. f(x) = V1-x 82. f(x) =-Vx+3 
83. h(x) = (x — 1)? +2 84. h(x) = (x + 2)? -3 85. g(x) =3(x - 133 +1 86. g(x) = —2(x + 2)3- 8 


In Problems 87-90, 


(a) Find the domain of each function. (b) Locate any intercepts. (c) Graph each function. 
(d) Based on the graph, find the range. 


3x if-2<x=1 x= 1 if-3<x<0 
mf)= 1, ifx>1 m= fo ifx =0 
x if-4s=x<0 2 ; 
endo _ jx if-25xs2 
89. f(x) = 41 i? 90. r= fe fees B 
3x ifx > 0 
91. A function f is defined by 92. A function g is defined by 
Ax +5 A 8 
= Se ee 
FP) 6x — 2 g(x) x x? 
If f(1) = 4, find A. If g(—1) = 0, find A. 
In Problems 93 and 94, (a) verify that the function is one-to-one, and (b) find the inverse of the given function. 
93. {(1, 2), (3,5), (5, 8), (6, 10) } 94. {(-1, 4), (0, 2), (1,5), (3, 7)} 


In Problems 95 and 96, state why the graph of the function is one-to-one. Then draw the graph of the inverse function f '. For convenience 
(and as a hint), the graph of y = x is also given. 


95. 96. 
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In Problems 97-102, the function f is one-to-one. Find the inverse of each function and check your answer. 


2x +3 i 
97. f(x) = = 7 ; 98. f(x) = 3 a 
100. f(x) = Vx-2 101. f(x) = 


103. Show that the points A = (3,4), B = (1,1),andC = (—2,3) 
are the vertices of an isosceles triangle. 


1 
99, f(x) = y= 1 


102. f(x) = x43 +1 
104. The endpoints of a diameter of a circle are (—3,2) and 


(5, —6). Find the center and radius of the circle. Write the 
standard equation of this circle. 


The Chapter Test Prep Videos are step-by-step test solutions available in the 

Video Resources DVD, in MyMathLab ij, or on this text's You: Channel. Flip 

Test Prep back to the Student Resources page to see the exact web address for this 
VIDEOS 


CHAPTER 


CHAPTER TEST 


text's YouTube channel. 


In Problems 1-2, use P, = (—1,3) and Py = (5,~—1). 

1. Find the distance from P, to P3. 

2. Find the midpoint of the line segment joining P, and P). 

3. Graph y = x* — 9 by plotting points. 

4. Sketch the graph of y” = x. 

5. List the intercepts and test for symmetry: x” + y = 9. 

6. Write the general form of the circle with center (4, —3) and 
radius 5. 

7. Find the center and radius of the circle 
x? + y? + 4x — 2y — 4 = 0.Graph this circle. 

8. Determine whether each relation represents a function. For 
each function, state the domain and the range. 
(a) {(2,5), (4, 6), (6, 7), (8, 8)} 
(b) {(1, 3), (4, -2), (3, 5), CL 7)} 


(c) 
=I 
=4 
(d) Yh 
6F 
A= 
2. 
roa aera eee | | i ie 
ee es ae ee 
—2F 


In Problems 9-11, find the domain of each function and evaluate 
each function at x = —1. 


9. f(x) = V4 — 5x Weg e2 


wee) 


Oem ts 
a on 
12. Using the graph of the function f: 


11. h(x) = 


(3, —3) 


(a) Find the domain and the range of f. 
(b) List the intercepts. 
(c) Find f(1). 
(d) For what value(s) of x does f(x) = —3? 
(e) Solve f(x) < 0. 
13. Use a_ graphing utility to graph the function 
% f(x) x + 2x° + 4x? —2 on the interval (—5,,5). 
Approximate any local maximum values and local minimum 
values rounded to two decimal places. Determine where the 
function is increasing and where it is decreasing. 


Ape ar I 
se a 


: : (tee = ll 
14. Consider the function g(x) es 
(a) Graph the function. 
(b) List the intercepts. 
(c) Find g(—5). 
(d) Find g(2). 


15. For the function f(x) = 3x” — 2x + 4, find the average 
rate of change of f from 3 to 4. 


16. Graph each function using the techniques of shifting, 
compressing or stretching, and reflections. Start with the 
graph of the basic function and show all stages. 

(a) h(x) = —2(x + 1)? +3 
(b) g(x) = |x + 4] + 2 


17. Find the inverse of f(x) = 5 and check your answer. 


she 
State the domain and the range of f and f. 


18. If the point (3, —5) is on the graph of a one-to-one function f, 
what point must be on the graph of f~!? 
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CHAPTER PROJECTS 


assuming unlimited texting and 20 MB of data each month 
for each plan you are considering. 
. Graph each function from Problem 5. 
. Based on your particular usage, which plan is best for you? 
8. Now, develop an Excel spreadsheet to analyze the various 
plans you are considering. Suppose you want a plan that 
offers 700 anytime minutes with additional minutes 
costing $0.40 per minute that costs $39.99 per month. In 
addition, you want unlimited texting, which costs an 
additional $20 per month, and a data plan that offers up 
to 25 MB of data each month, with each additional MB 
costing $0.20. Because cellular telephone plans’ cost 
structure is based on piecewise-defined functions, we 
need “if-then” statements within Excel to analyze the 
cost of the plan. Use the Excel spreadsheet below as a 
guide in developing your worksheet. Enter into your 
spreadsheet a variety of possible minutes and data used 


SN 


) Internet-based Project to help arrive at a decision regarding which plan is best 
. Choosing a Cellular Telephone Plan Collect information for you. 
from your family, friends, or consumer agencies such as 9. Write a paragraph supporting the choice in plans that 
Consumer Reports. Then decide on a cellular telephone best meets your needs. 
provider, choosing the company that you feel offers the best 10. How are “if/then” loops similar to a piecewise-defined 
service. Once you have selected a service provider, research function? 


the various types of individual plans offered by the company 
by visiting the provider’s website. 


1. Suppose you expect to use 400 
anytime minutes without a texting A B C D LI] 
or data plan. What would be the iL 
monthly cost of each plan you are 2 |Monthly Fee $ 39.99 
considering? F : 
i, Sieece you: expake tous Boe 3 |Alloted number of anytime minutes 700 
anytime minutes with unlimited 4 |Number of anytime minutes used: 700 
texting, but no data plan. What 5 |Cost per additional minute $ 0.40 
Wowie Dee MDa Conk or ea 6 |Monthly cost of text messaging: $ 20.00 
plan you are considering? 
3. Suppose you expect to use 500 7 _|Monthly cost of data plan $ 9.99 
anytime minutes with unlimited 8 |Alloted data per month (MB) 95 
texting and an unlimited data plan. 
What would be the monthly cost of Eee: — sw 
each plan you are considering? ALO) Cost per additional MB of data $ 0.20 
4. Suppose you expect to use 500 al al 
anytime minutes with unlimited 4 zy, *(RA. 
texte, aud 20 MIB of data. ‘What 12|Cost of phone minutes =|F(B4<B3,B2,B2+B5*(B4-B3)) 
would be the monthly cost of each 13 |Cost of data =IF(B9<B8,B7,B7+B10*(B9-B8)) 
plan you are considering? 14 
5. Build a model that describes the 
monthly cost C as a function of the Baw ‘otal Cost Sooner 
number of anytime minutes used m 16 


The following projects are available on the Instructor’s Resource Center (IRC): 
II. Project at Motorola: Wireless Internet Service Use functions and their graphs to analyze the total cost of various wireless 
Internet service plans. 


III. Cost of Cable When government regulations and customer preference influence the path of a new cable line, the Pythagorean 
Theorem can be used to assess the cost of installation. 


IV. Oil Spill Functions are used to analyze the size and spread of an oil spill from a leaking tanker. 


Citation: Excel © 2010 Microsoft Corporation. Used with permission from Microsoft. 


Trigonometric 
Functions 
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2.1 Angles and Their Measure 2.4 Graphs of the Sine and Cosine Functions e Chapter Review 

2.2 Trigonometric Functions: Unit Circle 2.5 Graphs of the Tangent, Cotangent, Cosecant, e Chapter Test 
Approach and Secant Functions e Cumulative Review 

2.3 Properties of the Trigonometric Functions 2.6 Phase Shift; Sinusoidal Curve Fitting e Chapter Projects 


Length of Day 


The length of a day depends upon the day of the year as well as the latitude of the location. Latitude gives the location of a 
point on Earth north or south of the equator. In the Internet Project at the end of this chapter, we build a model that 
describes the relation between the length of day and day of the year for a specific latitude. 


@) — See the Internet-based Chapter Project I— 


<J A Look Back In Chapter 1, we began our discussion of functions. We defined domain and range and independent 
and dependent variables; we found the value of a function and graphed functions. We continued our study of functions by listing 
properties that a function might have, like being even or odd, and we created a library of functions, naming key functions and listing their 
properties, including the graph. 


A Look Ahead > In this chapter we define the trigonometric functions, six functions that have wide application. We 
shall talk about their domain and range, see how to find values, graph them, and develop a list of their properties. 

There are two widely accepted approaches to the development of the trigonometric functions: one uses right triangles; the other uses 
circles, especially the unit circle. In this book, we develop the trigonometric functions using the unit circle. In Chapter 4, we present right 
triangle trigonometry. 95 
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2.1 Angles and Their Measure 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Circumference and Area of a Circle (Appendix A, Section A.2, p.A16) 


\ Now Work the ‘Are You Prepared?’ problems on page 105. 


Figure 1 


OBJECTIVES 1 Convert between Decimals and Degrees, Minutes, Seconds 


SO Little 


V 


Ray 


Figure 2 


Figure 3 


Measures for Angles (p.98) 

Find the Length of an Arc of a Circle (p. 100) 

Convert from Degrees to Radians and from Radians to Degrees (p. 100) 
Find the Area of a Sector of a Circle (jp. 103) 

Find the Linear Speed of an Object Traveling in Circular Motion (p. 104) 


A ray, or half-line, is that portion of a line that starts at a point V on the line and 
extends indefinitely in one direction. The starting point V of a ray is called its vertex. 
See Figure 1. 

If two rays are drawn with a common vertex, they form an angle. We call one ray 
of an angle the initial side and the other the terminal side. The angle formed is 
identified by showing the direction and amount of rotation from the initial side to 
the terminal side. If the rotation is in the counterclockwise direction, the angle is 
positive; if the rotation is clockwise, the angle is negative. See Figure 2. 


Vertex Initial side Initial side 


Counterclockwise Counterclockwise 
rotation Clockwise rotation rotation 

Positive angle Negative angle Positive angle 
(a) (b) (c) 


Lowercase Greek letters, such as a (alpha), 8 (beta), y (gamma), and 6 (theta), 
will often be used to denote angles. Notice in Figure 2(a) that the angle a is positive 
because the direction of the rotation from the initial side to the terminal side is 
counterclockwise. The angle 6 in Figure 2(b) is negative because the rotation is 
clockwise. The angle y in Figure 2(c) is positive. Notice that the angle a in Figure 2(a) 
and the angle y in Figure 2(c) have the same initial side and the same terminal side. 
However, a and y are unequal, because the amount of rotation required to go from 
the initial side to the terminal side is greater for angle y than for angle a. 

An angle @ is said to be in standard position if its vertex is at the origin of a 
rectangular coordinate system and its initial side coincides with the positive x-axis. 
See Figure 3. 


Va Yh 


Terminal side 6 


Vertex] Initialside x Initial side xX 


Terminal side 


(a) 6 is in standard position; (b) 6 is in standard position; 
6 is positive 6 is negative 
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When an angle @ is in standard position, the terminal side will lie either in a 
quadrant, in which case we say that 0 lies in that quadrant, or the terminal side will 
lie on the x-axis or the y-axis, in which case we say that 0 is a quadrantal angle. For 
example, the angle 6 in Figure 4(a) lies in quadrant II, the angle 0 in Figure 4(b) lies 
in quadrant IV, and the angle 6 in Figure 4(c) is a quadrantal angle. 


Figure 4 y y y 


(a) 6 lies in quadrant II (b) 6 lies in quadrant IV (c) 6 is a quadrantal angle 


We measure angles by determining the amount of rotation needed for the initial 
side to become coincident with the terminal side. The two commonly used measures 
for angles are degrees and radians. 


Degrees 


HISTORICAL NOTE One counterclock- The angle formed by rotating the initial side exactly once in the counterclockwise 


wise rotation is 360° due to the — direction until it coincides with itself (1 revolution) is said to measure 360 degrees, 
Babylonian year, which had 360 days. & . 2 . . 
abbreviated 360°. One degree, 1°, is 360 revolution. A right angle is an angle that 


1 : ; : 
measures 90°, or ri revolution; a straight angle is an angle that measures 180°, or 


1 
> revolution. See Figure 5. As Figure 5(b) shows, it is customary to indicate a right 


angle by using the symbol L. 


Figure 5 
Terminal 
Terminal side side 
Initial side 
Vertex Vertex Initial side Terminal side Vertex Initial side 
(a) 1 revolution (b) right angle, + revolution (c) straight angle, 3 revolution 
counterclockwise, 360° counterclockwise, 90° counterclockwise, 180° 


It is also customary to refer to an angle that measures 6 degrees as an angle of 
0 degrees. 


EXAMPLE 1 Drawing an Angle 


Draw each angle. 
(a) 45° (b) —90° (c) 225° (d) 405° 


: rel : i 52. 8 
Solution (a) An angle of 45° is > of aright angle. (b) An angle of —90° is 4 revolution in 


See Figure 6. the clockwise direction. See Figure 7. 
Figure 6 Figure7 —artay Initial side 

Terminal —90° 

side 


Vertex Initial side 
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(c) An angle of 225° consists of a (d) An angle of 405° consists of 1 revo- 


rotation through 180° followed by a lution (360°) followed by a rotation 
rotation through 45°. See Figure 8. through 45°. See Figure 9. 
Figure 8 295° Figure 9 


Initial side 
Vertex 


Initial side 


om======-Now Work prosLem 11 


1 Convert between Decimals and Degrees, Minutes, Seconds 
Measures for Angles 
Although subdivisions of a degree may be obtained by using decimals, we also may 
use the notion of minutes and seconds. One minute, denoted by 1’, is defined as 


1 1 
60 degree. One second, denoted by 1”, is defined as 60 minute, or equivalently, 


1 
3600 degree. An angle of, say, 30 degrees, 40 minutes, 10 seconds is written 


compactly as 30°40'10”. To summarize: 


1 counterclockwise revolution = 360° 


60) i — a0" 


It is sometimes necessary to convert from the degree, minute, second notation 
(D°M'S”) to a decimal form, and vice versa. Check your calculator; it should be 
capable of doing the conversion for you. 

Before using your calculator, though, you must set the mode to degrees because 
there are two common ways to measure angles: degree mode and radian mode. (We will 
define radians shortly.) Usually, a menu is used to change from one mode to another. 
Check your owner’s manual to find out how your particular calculator works. 

To convert from the degree, minute, second notation (D°M’S”) to a decimal 
form, and vice versa, follow these examples: 


15°30’ = 15.5° because 30’ = 30:1’ | 30° (=) = 05° 


1\° 1 1 
32.25° = 32°15’ because 0.25° ( ;) a 7 (60") = 15’ 


EXAMPLE 2 Converting between Degrees, Minutes, Seconds, 
and Decimal Forms 


(a) Convert 50°6’21” to a decimal in degrees. Round the answer to four decimal 
places. 


(b) Convert 21.256° to the D°M’S” form. Round the answer to the nearest second. 


Solution 


Figure 10 


SECTION 2.1 Angles and Their Measure 


1\° 1\' 1 ay" 
(a) Because 1’ = (=) and 1” = (=) = (z-4) , we convert as follows: 


50°6'21" = 50° + 6’ + 21” 


as, 50° 


6-( 


y 


1 1\° 
a-(2-4) 


= 50° + 0.1° + 0.0058° 


= 50.1058° 


(b) We proceed as follows: 


21.256° = 21° + 0.256° 

= 21° + (0.256) (60') Convert fraction of degree to 
minutes; 1° = GO’. 

= 21° + 15.36’ 

= 21° + 15’ + 0.36’ 

= 21° + 15’ + (0.36)(60") Convert fraction of minute to 
seconds; 1’ = 60". 

= 21° + 15’ + 21.6” 

& 21°15'22" Round to the nearest second. 


om=-Now Work 
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In many applications, such as describing the exact location of a star or the 
precise position of a ship at sea, angles measured in degrees, minutes, and even seconds 
are used. For calculation purposes, these are transformed to decimal form. In other 
applications, especially those in calculus, angles are measured using radians. 


Radians 


A central angle is a positive angle whose vertex is at the center of a circle. The rays 
of a central angle subtend (intersect) an arc on the circle. If the radius of the circle is 
rand the length of the arc subtended by the central angle is also r, then the measure 


of the angle is 1 radian. See Figure 10(a). 


For a circle of radius 1, the rays of a central angle with measure 1 radian subtend 
an arc of length 1. For a circle of radius 3, the rays of a central angle with measure 
1 radian subtend an arc of length 3. See Figure 10(b). 


Initial side 


(a) 
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oo ” 2 Find the Length of an Arc of a Circle 
Ss 
aes Now consider a circle of radius r and two central angles, 6 and 6,, measured in 
radians. Suppose that these central angles subtend arcs of lengths s and s,, respectively, 
7 as shown in Figure 11. From geometry, we know that the ratio of the measures of 
the angles equals the ratio of the corresponding lengths of the arcs subtended by 
these angles; that is, 
0 Ss 
Sy 0, Sy 
Suppose that 6, = 1 radian. Refer again to Figure 10(a). The length s of the arc 
subtended by the central angle 6; = 1 radian equals the radius r of the circle. Then 
S$, = r,So equation (2) reduces to 
0 
eee or s=r0 (3) 
1 or 
THEOREM Arc Length 
For a circle of radius r, a central angle of 0 radians subtends an arc whose 
length s is 
s=r0 (4) ly 
NOTE Formulas must be consistent with regard to the units used. In equation (4), we write 
6=r0 
To see the units, however, we must go back to equation (3) and write 
Oradians 3 length units 
| radian r length units 
F __. 9 radians 
3 length units = r length units ————— 
1 radian 
Since the radians divide out, we are left with 
3 length units = (rlength units)0 so = ré 
where 0 appears to be “dimensionless” but, in fact, is measured in radians. So, in using the formula 
5 = rO, the dimension for @ is radians, and any convenient unit of length (such as inches or 
meters) may be used fors and r. a 
EXAMPLE 3 Finding the Length of an Arc of a Circle 
Find the length of the arc of a circle of radius 2 meters subtended by a central angle 
of 0.25 radian. 
Solution —_ Use equation (4) with r = 2 meters and 6 = 0.25. The length s of the arc is 
s = r0 = 2(0.25) = 0.5 meter -! 
om=====s-Now Work prosLem 71 
3 Convert from Degrees to Radians and from Radians to Degrees 
Figure 12 


With two ways to measure angles, it is important to be able to convert from one to 
the other. Consider a circle of radius r. A central angle of 1 revolution will subtend 
an arc equal to the circumference of the circle (Figure 12). Because the circum- 
ference of a circle of radius r equals 27r, we substitute 27r for s in equation (4) to 
find that, for an angle 6 of 1 revolution, 


1 revolution = 277 radians 


s=2tr 


1 revolution 


s=r0 
2ar = rd 0 = 1 revolution; $ = 2ar 


0 


2a radians Solve for @. 
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From this, we have 
1 revolution = 27 radians (5) 
Since 1 revolution = 360°, we have 
360° = 27 radians 
Dividing both sides by 2 yields 
180° = zw radians (6) 
Divide both sides of equation (6) by 180. Then 
1 degree = a radian 
Divide both sides of (6) by 7. Then 
a degrees = 1 radian 


We have the following two conversion formulas:* 


7 : .__ 180 
1 degree = igo aan 1 radian = = degrees (7) 


EXAMPLE 4 Converting from Degrees to Radians 


Convert each angle in degrees to radians. 
(a) 60° (b) 150° (c) —45° (d) 90° (e) 107° 


Solution (a) 60° = 60-1 degree = 60-55 radian = 7 radians 


by 1502 = 1804412 = 150» ation =O eadianis 
180 6 


ae : T : aa 7 7 
(c) —45 45 180 radian 4 radian 


(d) 90° = 90-7 radian = 7 radians 


(e) 107° = 107-57 radian ~ 1.868 radians 


“) 


Example 4, parts (a)—(d), illustrates that angles that are “nice” fractions of a 
revolution are expressed in radian measure as fractional multiples of 7, rather than as 


decimals. For example, a right angle, as in Example 4(d), is left in the form a radians, 


3.1416 
which is exact, rather than using the approximation 5 x 5 = 1.5708 radians. 


When the fractions are not “nice,” we use the decimal approximation of the angle, as 
in Example 4(e). 


omm====s=-Now Work pRoBLEMS 35 AND 61 


Degree _ Radian 
180° 


* Some students prefer instead to use the proportion 
and solve for the measurement sought. 


. Then substitute for what is given 
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EXAMPLE 5 Converting Radians to Degrees 
Convert each angle in radians to degrees. 


(a) a radian (b) = radians (c) — = radians 
(d) y radians (e) 3 radians 


; : : 180 
Solution (a) @ radian = eS 1 radian = ae degrees = 30° 


37r 180 
aL degrees = 270° 


ll 


37, 
(b) oa radians 5 


30, Ss Bar 180 _ 7 
(c) — 77 fadians = — degrees = —135 


(d) 7 radians = a= degrees = 420° 


180 
(e) 3 radians = 3+~~ degrees =~ 171.89° 


J 


om===-Now Work prosLem 47 


Table 1 lists the degree and radian measures of some commonly encountered 
angles. You should learn to feel equally comfortable using degree or radian measure 
for these angles. 


Table 1 Degrees 120° 135° 150° 
27 37 5a 
3 4 6 

Degrees 210° = 225° = 240-270" =—300°—S 315° 330° 

70 117 
6 6 


Radians 


Radians 


EXAMPLE 6 Finding the Distance between Two Cities 


The latitude of a location L is the measure of the angle formed by a ray drawn from 
the center of Earth to the Equator and a ray drawn from the center of Earth to L. 
See Figure 13(a). Glasgow, Montana, is due north of Albuquerque, New Mexico. 
Find the distance between Glasgow (48°9’ north latitude) and Albuquerque (35°5’ 
north latitude). See Figure 13(b). Assume that the radius of Earth is 3960 miles. 


Figure 13 ? North Pole North Pole 


Equator 


South Pole 
(a) (b) 


South Pole 
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Solution —The measure of the central angle between the two cities is 48°9’ — 35°5’ = 13°4’. Use 
equation (4),s = r@. But remember we must first convert the angle of 13°4’ to radians. 


6 = 13°4’ = 13.0667° = 13.0667 - 7 radian ~ 0.228 radian 
t 


1 fe) 
4' = 4( — 
(a) 


Use @ = 0.228 radian and r = 3960 miles in equation (4). The distance between the 
two cities is 


s = r6 = 3960-0.228 ~ 903 miles re 


When an angle is measured in degrees, the degree symbol will always be shown. 


COMMENT If the measure of an angle However, when an angle is measured in radians, we will follow the usual practice 


is given as 5, it is understood to mean : : . ae Tw. 

5 radians; if the measure of an angle is and omit the word radians. So, if the measure of an angle is given as 6° it is understood 
; 7. 

given as 5°, it means 5 degrees. : to mean 6 radian. 


om=====-Now Work proB_Lem 101 
Figure 14 


Consider a circle of radius r. Suppose that 6, measured in radians, is a central angle 
of this circle. See Figure 14. We seek a formula for the area A of the sector (shown in 
blue) formed by the angle 6. 

Now consider a circle of radius r and two central angles 6 and 6,, both measured 
in radians. See Figure 15. From geometry, we know that the ratio of the measures of 
the angles equals the ratio of the corresponding areas of the sectors formed by these 
angles. That is, 

Figure 15 


aA ees 
6, Ay 6, Ay 
> Suppose that 6, = 27 radians. Then A, = area of the circle = ar’. Solving for A, 


> 4 Find the Area of a Sector of a Circle 
> 


we find 


1 
A= A\— = =<sr 
16, a se 
t 
A, = ar? 


THEOREM Area of a Sector 


The area A of the sector of a circle of radius r formed by a central angle of 
@ radians is 


A= 50 (8) 
=) 
EXAMPLE 7 Finding the Area of a Sector of a Circle 


Find the area of the sector of a circle of radius 2 feet formed by an angle of 30°. 
Round the answer to two decimal places. 


Solution —_ Use equation (8) withr = 2 feet and @ = 30° = (radian, [Remember, in equation (8), 
6 must be in radians. | 


a Pig loge 
A Br 5 (2) ra = 1.05 
The area A of the sector is 1.05 square feet, rounded to two decimal places. a! 
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5 Find the Linear Speed of an Object Traveling in Circular Motion 


The average speed of an object equals the distance traveled divided by the elapsed 
time. For motion along a circle, we distinguish between linear speed and angular 
speed. 


DEFINITION Suppose that an object moves around a circle of radius r at a constant speed. If 
s is the distance traveled in time ¢ around this circle, then the linear speed v of 


Figure 16 the object is defined as 


S 
Vos 
t 


Time t v=- (9) 
=) 


As this object travels around the circle, suppose that 6 (measured in radians) is 
the central angle swept out in time ¢. See Figure 16. 


DEFINITION The angular speed w (the Greek letter omega) of this object is the angle @ 
(measured in radians) swept out, divided by the elapsed time ¢; that is, 


o=- (10) 


2) 


Angular speed is the way the turning rate of an engine is described. For example, 
an engine idling at 900 rpm (revolutions per minute) is one that rotates at an angular 
speed of 

revolutions revolutions radians radians 


aw minute am minute LUPE I =p LOOT: minute 


There is an important relationship between linear speed and angular speed: 


‘ sro 0 
linear speed = v ; (2) reo 


where w is measured in radians per unit time. 


When using equation (11), remember that v = ; (the linear speed) has the 


dimensions of length per unit of time (such as feet per second or miles per hour), 
r (the radius of the circular motion) has the same length dimension as s, and w (the 
angular speed) has the dimensions of radians per unit of time. If the angular speed 
is given in terms of revolutions per unit of time (as is often the case), be sure to 
convert it to radians per unit of time using the fact that 1 revolution = 277 radians 
before attempting to use equation (11). 


(EXAMPLE 8 |] PLE 8 Finding Linear Speed 


A child is spinning a rock at the end of a 2-foot rope at the rate of 180 revolutions 
per minute (rpm). Find the linear speed of the rock when it is released. 


Solution Look at Figure 17. The rock is moving around a circle of radius r = 2 feet. The 
angular speed of the rock is 


revolutions revolutions: radians radians 
@ = 180 : = 180 ; ° 20 : = 3607 — 
minute minute revetution minute 
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Figure 17 From equation (11), the linear speed v of the rock is 
radians feet feet 
v = rw = 2 feet -3607—, = 7200 —, x as 
minute minute minute 


om Now Work 


Historical Feature 


rigonometry was developed by Greek astronomers, who 
regarded the sky as the inside of a sphere, so it was natural that 


triangles on a sphere were investigated early (by Menelaus of 
Alexandria about ab 100) and that triangles in the plane were studied 


much later. The first book containing a systematic treatment of plane 
and spherical trigonometry was written by the Persian astronomer 
Nasir Eddin (about ab 1250). 

Regiomontanus (1436-1476) is the person most responsible for 
moving trigonometry from astronomy into mathematics. His work 
was improved by Copernicus (1473-1543) and Copernicus’s student 


2.1 Assess Your Understanding 


The linear speed of the rock when it is released is 2262 ft/min ~ 25.7 mi/hr. ail 


PROBLEM 97 


Rhaeticus (1514-1576). Rhaeticus’s book was the first to define the six 
trigonometric functions as ratios of sides of triangles, although he 
did not give the functions their present names. Credit for this is due 
to Thomas Finck (1583), but Finck’s notation was by no means 
universally accepted at the time. The notation was finally stabilized by 
the textbooks of Leonhard Euler (1707-1783). 

Trigonometry has since evolved from its use by surveyors, 
navigators, and engineers to present applications involving ocean 
tides, the rise and fall of food supplies in certain ecologies, brain wave 
patterns, and many other phenomena. 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. What is the formula for the circumference C of a circle of 
radius r? (p. A16) 


Concepts and Vocabulary 


3. An angle 6 is in if its vertex is at the 
origin of a rectangular coordinate system and its initial side 
coincides with the positive x-axis. 

4,.A 
the center of a circle. 


is a positive angle whose vertex is at 


5. If the radius of a circle is r and the length of the arc sub- 
tended by a central angle is also 7, then the measure of the 
angle is 1 


6. On a circle of radius r,a central angle of @ radians subtends 
an arc of length s = ; the area of the sector formed 


by this angle 6 is A = 


Skill Building 
In Problems 11-22, draw each angle. 
\ 11. 30° 12. 60° 13. 135° 
3a 4a 7 
17, 18. — 19. —— 
4 ae 6 


2. The area of a semicircle of radius 2 is . (p. A16) 


7. 180° = __ radians 


8. An object travels around a circle of radius r with constant 
speed. If s is the distance traveled in time ¢ around the circle 
and @ is the central angle (in radians) swept out in time f, 


then the linear speed of the object is v = and the 


angular speed of the objectisw = 


9. True or False The angular speed w of an object traveling 
around a circle of radius r is the angle 9 (measured in 
radians) swept out, divided by the elapsed time tf. 


10. True or False For circular motion on a circle of radius r, 
linear speed equals angular speed divided by r. 


14, —120° 15. 450° 16. 540° 
Qa 167 217 

20. ——— 21 ,,:—— 22..—— 
3 3 4 


In Problems 23-28, convert each angle to a decimal in degrees. Round your answer to two decimal places. 


23. 40°10'25” 24. 61°42'21" 25. 1°2'3" 


26. 73°40'40" 27. 9°9'9" 28. 98°22'45" 


106 CHAPTER 2 Trigonometric Functions 


In Problems 29-34, convert each angle to D°M'S" form. Round your answer to the nearest second. 


X29. 40.32° 30. 61.24° 31. 18.255° 32. 29.411° 33. 19.99° 34. 44.01° 
In Problems 35-46, convert each angle in degrees to radians. Express your answer as a multiple of 7. 

\ 35, 30° 36. 120° 37. 240° 38. 330° 39. —60° 40. —30° 
41. 180° 42. 270° 43. —135° 44, —225° 45. —90° 46. —180° 


In Problems 47-58, convert each angle in radians to degrees. 


‘ 7 5a 5a Qa 7 
ul eal Lae eal ee 2. 4 
\a47 : 48. 49, -— 50. 5 51. 5 52. 4a 
5a ag, 27 5 56. — ro agi 
5 18 aa: a 76 “4 


In Problems 59-64, convert each angle in degrees to radians. Express your answer in decimal form, rounded to two decimal places. 
59. 17" 60. 73° i 61. —40° 62. —51° 63. 125° 64. 350° 


In Problems 65-70, convert each angle in radians to degrees. Express your answer in decimal form, rounded to two decimal places. 


65. 3.14 66. 0.75 67. 2 68. 3 69. 6.32 70. V2 


In Problems 71-78, s denotes the length of the arc of a circle of radius r subtended by the central angle 6. Find the missing quantity. 
Round answers to three decimal places. 


NXT. r = 10meters, 0= 5 radian, s=? 72. r= 6feet, @=2radians, s =? 
73. 0 = 5 radian, s=2feet, r=? 74. 0= “radian, s = 6centimeters, r=? 
75. r= Smiles, s=3miles, 0=? 76. r =6meters, s = 8meters, 6 =? 
77. r = 2inches, @= 30°, s=? 78. r= 3 meters, 6= 120°, s=? 


In Problems 79-86, A denotes the area of the sector of a circle of radius r formed by the central angle 0. Find the missing quantity. Round 
answers to three decimal places. 


‘ 1 ; 
X79. r= 10meters, 0 = 3 fadian, A=? 80. r = 6feet, @ =2radians, A=? 
1 1 
81. 0 = 3 radian, A = 2 square feet, r=? 82. 0 = q radian, A = 6square centimeters, r= ? 
83. r = Smiles, A = 3square miles, 0 = ? 84. r = 6meters, A = 8square meters, 6 = ? 
85. r = 2inches, @ = 30°, A=? 86. r = 3meters, 9 = 120°, A=? 


In Problems 87-90, find the length s and area A. Round answers to three decimal places. 


87. é 88. 89. 90. 
Ss 
Ss 
L® ays py y 


Applications and Extensions 


91. Movement of a Minute Hand The minute hand ofaclockis 92. Movement of a Pendulum A pendulum swings through an 


6 inches long. How far does the tip of the minute hand move angle of 20° each second. If the pendulum is 40 inches long, 
in 15 minutes? How far does it move in 25 minutes? Round how far does its tip move each second? Round answers to 
answers to two decimal places. two decimal places. 


93. Area of a Sector Find the area of the sector of a circle of 
radius 4 meters formed by an angle of 45°. Round the answer 
to two decimal places. 


94, Area of a Sector Find the area of the sector of a circle of 


radius 3 centimeters formed by an angle of 60°. Round the 
answer to two decimal places. 


96. Designing a Water Sprinkler 


99. Bicycle Wheels 


100. Car Wheels 


distance of 30 feet while rotating through an angle of 135°. 
What area of lawn receives water? 


An engineer is asked to 
design a water sprinkler that will cover a field of 100 square 
yards that is in the shape of a sector of a circle of radius 
15 yards. Through what angle should the sprinkler rotate? 


\o7. Motion on a Circle An object is traveling around a circle 


with a radius of 5 centimeters. If in 20 seconds a central angle 
1 
of 3 radian is swept out, what is the angular speed of the 


object? What is its linear speed? 


98. Motion on a Circle An object is traveling around a circle 


with a radius of 2 meters. If in 20 seconds the object travels 
5 meters, what is its angular speed? What is its linear speed? 


The diameter of each wheel of a bicycle is 
26 inches. If you are traveling at a speed of 35 miles per hour 
on this bicycle, through how many revolutions per minute 
are the wheels turning? 


ie 
b 


The radius of each wheel of a car is 15 inches. 
If the wheels are turning at the rate of 3 revolutions per 
second, how fast is the car moving? Express your answer in 
inches per second and in miles per hour. 


95. Watering a Lawn A water sprinkler sprays water over a \ 101. 


102. 


103. 


104. 


105. 


106. 


107. 
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Distance between Cities Memphis, Tennessee, is due north 
of New Orleans, Louisiana. Find the distance between 
Memphis (35°9’ north latitude) and New Orleans (29°57' 
north latitude). Assume that the radius of Earth is 3960 miles. 


Distance between Cities Charleston, West Virginia, is due 
north of Jacksonville, Florida. Find the distance between 
Charleston (38°21’ north latitude) and Jacksonville (30°20' 
north latitude). Assume that the radius of Earth is 
3960 miles. 


Linear Speed on Earth Earth rotates on an axis through its 
poles. The distance from the axis to a location on Earth 
30° north latitude is about 3429.5 miles. Therefore, a location 
on Earth at 30° north latitude is spinning on a circle of radius 
3429.5 miles. Compute the linear speed on the surface of 
Earth at 30° north latitude. 


Linear Speed on Earth Earth rotates on an axis through its 
poles. The distance from the axis to a location on Earth 40° 
north latitude is about 3033.5 miles. Therefore, a location on 
Earth at 40° north latitude is spinning on a circle of radius 
3033.5 miles. Compute the linear speed on the surface of 
Earth at 40° north latitude. 


Speed of the Moon The mean distance of the moon from 
Earth is 2.39 X 10° miles. Assuming that the orbit of the 
moon around Earth is circular and that 1 revolution takes 
27.3 days, find the linear speed of the moon. Express your 
answer in miles per hour. 


Speed of Earth The mean distance of Earth from the Sun is 
9.29 X 10’ miles. Assuming that the orbit of Earth around 
the Sun is circular and that 1 revolution takes 365 days, find 
the linear speed of Earth. Express your answer in miles per 
hour. 


Pulleys Two pulleys, one with radius 2 inches and the other 
with radius 8 inches, are connected by a belt. (See the figure.) 
If the 2-inch pulley is caused to rotate at 3 revolutions per 
minute, determine the revolutions per minute of the 8-inch 
pulley. 


[Hint: The linear speeds of the pulleys are the same; both 
equal the speed of the belt.] 


In Problems 101-104, the latitude of a location L is the angle formed 
by a ray drawn from the center of Earth to the Equator and a ray 
drawn from the center of Earth to L. See the figure. 


North Pole 


108. Ferris Wheels A neighborhood carnival has a Ferris wheel 
whose radius is 30 feet. You measure the time it takes for one 
revolution to be 70 seconds. What is the linear speed (in feet 
per second) of this Ferris wheel? What is the angular speed 


Equator in radians per second? 


109. Computing the Speed of a River Current To approximate 
the speed of the current of a river, a circular paddle wheel 
with radius 4 feet is lowered into the water. If the current 


causes the wheel to rotate at a speed of 10 revolutions per 


South Pole 
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minute, what is the speed of the current? Express your answer 
in miles per hour. 


North Pole 


Equator 


y} 
South Pole 


110. Spin Balancing Tires A spin balancer rotates the wheelofa 115. Approximating the Circumference of Earth Eratosthenes 


w car at 480 revolutions per minute. If the diameter of the 
wheel is 26 inches, what road speed is being tested? Express 
your answer in miles per hour. At how many revolutions per 
minute should the balancer be set to test a road speed of 
80 miles per hour? 


111. The Cable Cars of San Francisco At the Cable Car Museum 
you can see the four cable lines that are used to pull cable cars 
up and down the hills of San Francisco. Each cable travels at a 
speed of 9.55 miles per hour, caused by a rotating wheel whose 
diameter is 8.5 feet. How fast is the wheel rotating? Express 
your answer in revolutions per minute. 


112. Difference in Time of Sunrise Naples, Florida, is approxi- 
mately 90 miles due west of Ft. Lauderdale. How much 
sooner would a person in Ft. Lauderdale first see the rising 
Sun than a person in Naples? See the hint. 


[Hint: Consult the figure. When a person at Q sees the first rays 
of the Sun, a person at P is still in the dark. The person at P sees 
the first rays after Earth has rotated so that P is at the location Q. 
Now use the fact that at the latitude of Ft. Lauderdale in 
24 hours an arc of length 277(3559) miles is subtended. ] 


116. 


90 miles 


Rotation. 
of Earth ™ 


113. Keeping Up with the Sun How fast would you have to travel 
on the surface of Earth at the equator to keep up with the Sun 
(that is, so that the Sun would appear to remain in the same 
position in the sky)? 


114. Nautical Miles A nautical mile equals the length of arc 
subtended by a central angle of 1 minute on a great circle’ on 
the surface of Earth. See the figure. If the radius of Earth is 
taken as 3960 miles, express 1 nautical mile in terms of 
ordinary, or statute, miles. 


¥ Any circle drawn on the surface of Earth that divides Earth into two 


of Cyrene (276-195 Bc) was a Greek scholar who lived and 
worked in Cyrene and Alexandria. One day while visiting in 
Syene he noticed that the Sun’s rays shone directly down a 
well. On this date 1 year later, in Alexandria, which is 
500 miles due north of Syene he measured the angle of the 
Sun to be about 7.2 degrees. See the figure. Use this information 
to approximate the radius and circumference of Earth. 


as 


1a eh 


Alexandria 
cal 


Designing a Little League Field For a 60-foot Little 
League Baseball field, the distance from home base to the 
nearest fence (or other obstruction) in fair territory should 
be a minimum of 200 feet. The commissioner of parks and 
recreation is making plans for a new 60-foot field. Because of 
limited ground availability, he will use the minimum required 
distance to the outfield fence. To increase safety, however, he 
plans to include a 10-foot-wide warning track on the inside 
of the fence. To further increase safety, the fence and warning 
track will extend both directions into foul territory. In total, 
the arc formed by the outfield fence (including the extensions 
into the foul territories) will be subtended by a central angle 
at home plate measuring 96°, as illustrated. 

(a) Determine the length of the outfield fence. 

(b) Determine the area of the warning track. 


Outfield Fenc 


equal hemispheres. Source: www.littleleague.org 


[Note: There is a 90° angle between the two foul lines. Then 
there are two 3° angles between the foul lines and the dotted 
lines shown. The angle between the two dotted lines outside 
the 200-foot foul lines is 96°.] 


Explaining Concepts: Discussion and Writing 

118. Do you prefer to measure angles using degrees or radians? 
Provide justification and a rationale for your choice. 

119. What is 1 radian? What is 1 degree? 


120. Which angle has the larger measure: 1 degree or | radian? 
Or are they equal? 


121. Explain the difference between linear speed and angular 
speed. 

122. For a circle of radius r, a central angle of 6 degrees subtends 
an arc whose length s is s = "+9. Discuss whether this is a 


180 
true or false statement. Give reasons to defend your position. 


‘Are You Prepared?’ Answers 


1. C = 27r 2. 27 


2.2 Trigonometric Functions: Unit Circle Approach 


SECTION 2.2  Trigonometric Functions: Unit Circle Approach 109 


117. 


123. 


124. 


125. 


Pulleys Two pulleys, one with radius r,; and the other with 
radius r>, are connected by a belt. The pulley with radius r; 
rotates at w, revolutions per minute, whereas the pulley with 
radius rz rotates at w) revolutions per minute. Show that 
FA -.7O2 


Lo) w) 


Discuss why ships and airplanes use nautical miles to 
measure distance. Explain the difference between a nautical 
mile and a statute mile. 


Investigate the way that speed bicycles work. In particular, 
explain the differences and similarities between 5-speed and 
9-speed derailleurs. Be sure to include a discussion of linear 
speed and angular speed. 


In Example 6, we found that the distance between 
Albuquerque, New Mexico, and Glasgow, Montana, is 
approximately 903 miles. According to mapquest.com, the 
distance is approximately 1300 miles. What might account for 
the difference? 


PREPARING FOR THIS SECTION Before getting started, review the following: 


¢ Geometry Essentials (Appendix A, Section A.2, 
pp. A14-A19) 


¢ Unit Circle (Section 1.2, p. 17) 


\ Now Work the ‘Are You Prepared?’ problems on page 121. 


e Symmetry (Section 1.2, pp. 12-14) 
e Functions (Section 1.3, pp. 24-35) 


OBJECTIVES 1 Find the Exact Values of the Trigonometric Functions Using a Point on 
the Unit Circle (p.111) 


Find the Exact Values of the Trigonometric Functions of Quadrantal 


Angles (p.112) 


Find the Exact Values of the Trigonometric Functions of = 45° (p.114) 


Find the Exact Values of the Trigonometric Functions of 30° and 


T 
— = 60° (p.115 
3 (p. 115) 


Find the Exact Values of the Trigonometric Functions for Integer Multiples 


f= = 30°, 
"6A 


= 45°, and © = 60° (p.118) 


Use a Calculator to Approximate the Value of a Trigonometric 
Function § (p.119) 


Use a Circle of Radius r to Evaluate the Trigonometric Functions (p.120) 


The Unit Circle 


Recall that the unit circle is a circle whose radius is 1 and whose center is at the 
origin of a rectangular coordinate system. Also recall that any circle of radius r has 
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Figure 18 


DEFINITION 


circumference of length 2ar. Therefore, the unit circle (radius = 1) has a 
circumference of length 27. In other words, for 1 revolution around the unit circle 
the length of the arc is 27 units. 

The following discussion sets the stage for defining the trigonometric functions 
using the unit circle. 

Let t¢ be any real number. We position the f-axis so that it is vertical with the 
positive direction up. We place this f-axis in the xy-plane so that t = 0 is located at 
the point (1, 0) in the xy-plane. 

If t = 0, let s be the distance from the origin to ¢ on the taxis. See the red 
portion of Figure 18(a). 

Now look at the unit circle in Figure 18(a). Beginning at the point (1, 0) on the 
unit circle, travel s = ¢ units in the counterclockwise direction along the circle, to 
arrive at the point P = (x, y). In this sense, the length s = ¢ units is being wrapped 
around the unit circle. 

If t < 0, we begin at the point (1, 0) on the unit circle and travel s = |t| units in 
the clockwise direction to arrive at the point P = (x, y). See Figure 18(b). 


P= (x,y) 
s = tunits 


S = tunits 
> 0 ial 
0 xX ={ x 
$ =|t| units 
—1 
t 
S = |¢| units 


P= (x,y) 
(a) (b) 


If ¢ > 27 or if t < —2z, it will be necessary to travel around the unit circle 
more than once before arriving at the point P. Do you see why? 

Let’s describe this process another way. Picture a string of length s = |t| units 
being wrapped around a circle of radius 1 unit. We start wrapping the string around 
the circle at the point (1,0). If t = 0, we wrap the string in the counterclockwise 
direction; if f <0, we wrap the string in the clockwise direction. The point 
P = (x, y) is the point where the string ends. 

This discussion tells us that, for any real number ¢, we can locate a unique point 
P = (x, y) on the unit circle. We call P the point on the unit circle that corresponds 
to ¢. This is the important idea here. No matter what real number ¢ is chosen, there is 
a unique point P on the unit circle corresponding to it. We use the coordinates of the 
point P = (x, y) on the unit circle corresponding to the real number f¢ to define the 
six trigonometric functions of ¢. 


Let ¢ be a real number and let P = (x, y) be the point on the unit circle that 
corresponds to t. 


The sine function associates with ¢ the y-coordinate of P and is denoted by 


The cosine function associates with ¢ the x-coordinate of P and is denoted by 


COS =e 


In Words 

The sine function takes as input a 
real number t that corresponds 
to a point P = (x, y) on the unit 
circle and outputs the y-coordinate. 
The cosine function takes as input 
a real number t that corresponds 
© toa point P = (x, y) on the 

© unit circle and outputs the 

7 x-coordinate. 


EXAMPLE 1 
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If x # O, the tangent function associates with ¢ the ratio of the y-coordinate to 
the x-coordinate of P and is denoted by 


If y # 0, the cosecant function is defined as 


If x # 0, the secant function is defined as 


1 
sect = — 
x 


If y # 0, the cotangent function is defined as 


mG 
cott =— 
yy 


J 


Notice in these definitions that if x = 0, that is, if the point P is on the y-axis, 
then the tangent function and the secant function are undefined. Also, if y = 0, that 
is, if the point P is on the x-axis, then the cosecant function and the cotangent 
function are undefined. 

Because we use the unit circle in these definitions of the trigonometric functions, 
they are sometimes referred to as circular functions. 


Find the Exact Values of the Trigonometric Functions Using 
a Point on the Unit Circle 


Figure 19 


WARNING When writing the values of 


Solution 


the trigonometric functions, do not 


forget the argument of the function. 


sin t = —— correct 


sin = incorrect 


Finding the Values of the Six Trigonometric Functions Using 
a Point on the Unit Circle 
1 V3 ae 
Let t be a real number and let P = { — a a be the point on the unit circle that 
corresponds to ¢. Find the values of sin f, cos f, tan f, csc t, sec f, and cot f¢. 


See Figure 19. We follow the definition of the six trigonometric functions, using 
oe (- 1 V3 


1 3 
+3) = (x, y). Then, with x = “5 and y = V3 we have 


2 


| wt 
Re Ww 


sint = y= ~~ cost =x =-—= tant=—= SiN/3 
2 
os 
mpcten Does ee ey eee v3 
v3 3 ee a V3 3 
co 2 a 


oom=====-Now Work proB_Lem 13 
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Trigonometric Functions of Angles 


Let P = (x, y) be the point on the unit circle corresponding to the real number t. 
See Figure 20(a). Let 6 be the angle in standard position, measured in radians, whose 
terminal side is the ray from the origin through P and whose arc length is |t|. See 
Figure 20(b). Since the unit circle has radius 1 unit, if s = |¢| units, then from the arc 
length formula s = r0, we have 6 = t radians. See Figures 20(c) and (d). 


Figure 20 

VA 

1 
P= (x,y) : 

(1, 0) 
= ~ 
il 

(a) 

The point P = (x, y) on the unit circle that corresponds to the real number f is 
also the point P on the terminal side of the angle @ = ¢ radians. As a result, we can 
say that 

sint = sin 6 
t t 
Real number 0 = tradians 
and so on. We can now define the trigonometric functions of the angle 0. 
DEFINITION If 6 = ¢ radians, the six trigonometric functions of the angle 0 are defined as 


sin @ = sint cos 06 = cost tan 6 = tant 


csc 8 = csct sec 0 = sect cot 6 = cott 


= 


Even though the trigonometric functions can be viewed both as functions of 
real numbers and as functions of angles, it is customary to refer to trigonometric 
functions of real numbers and trigonometric functions of angles collectively as the 
trigonometric functions. We shall follow this practice from now on. 

If an angle @ is measured in degrees, we shall use the degree symbol when writing 
a trigonometric function of 0, as, for example, in sin 30° and tan 45°. If an angle 6 is 
measured in radians, then no symbol is used when writing a trigonometric function of 


< 7 
0, as, for example, in cos 7 and sec 3" 


Finally, since the values of the trigonometric functions of an angle @ are determined 
by the coordinates of the point P = (x, y) on the unit circle corresponding to @, the 
units used to measure the angle 6 are irrelevant. For example, it does not matter 


whether we write 6 = 7 tadians or 8 = 90°. The point on the unit circle corresponding 
to this angle is P = (0,1). Asa result, 


sin > = sin90° = 1 and cos 5 = cos 90° = 0 


Find the Exact Values of the Trigonometric Functions 
of Quadrantal Angles 


To find the exact value of a trigonometric function of an angle 6 or a real number f 
requires that we locate the point P = (x, y) on the unit circle that corresponds to t. 
This is not always easy to do. In the examples that follow, we will evaluate the 
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trigonometric functions of certain angles or real numbers for which this process is 
relatively easy. A calculator will be used to evaluate the trigonometric functions of 
most other angles. 


EXAMPLE 2 Finding the Exact Values of the Six Trigonometric 
Functions of Quadrantal Angles 


Find the exact values of the six trigonometric functions of: 


(a) 0=0=0° (b) 9= 5 = 90° 
3a 
(c) 0 = 7 = 180° (d) 9 = = = 270° 


Solution (a) The point on the unit circle that corresponds to 9 = 0 = 0° is P = (1,0). See 


Figure 21(a). Then 
Figure 21 


Yh sin0 = sin0° = y=0 cos0 = cos0° = x = 1 


1 
ine = tage? =o sec 0 = sec0° =—=1 
x x 


Since the y-coordinate of P is 0, csc 0 and cot 0 are not defined. 
T 


(b) The point on the unit circle that corresponds to 6 = a 90° is P = (0,1). See 
Figure 21(b). Then 
sin = sin 90° = y= 1 cos 5 = cos 90° = x = 0 
7 1 7 x 
csc — = csc 90° = —= 1 cot — = cot 90° = —=0 
y 2 y 


‘ ; ; T 7 . 
Since the x-coordinate of P is 0, tan > and sec > are not defined. 


(c) The point on the unit circle that corresponds to 6 = 7 = 180° is P = (—1,0). 
See Figure 21(c). Then 


sin 7 = sin 180° = y=0 cos 7 = cos 180° 


tan 7 = tan 180° = * =0 sec 7 = sec 180° = 


Since the y-coordinate of P is 0, csc 7 and cot 7 are not defined. 


3 
(c) (d) The point on the unit circle that corresponds to 6 = <7 = 


5 270° is P = (0, —1). 
See Figure 21(d). Then 


3 3 
sin-> = sin 270° = y = —1 cos =~ = cos270° = x = 0 


ll 


3 1 3 
ge a petiita Sey 86 eet = eeEoiie 
2 y 2 


3 3 
Since the x-coordinate of P is 0, tan - and sec a are not defined. 


ai 


Table 2 on the next page summarizes the values of the trigonometric functions 
found in Example 2. 
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Table 2 


Quadrantal Angles 


6 (Radians) 6 (Degrees) sind cos 0 tan0 csc 0 


0 Not defined 1 Not defined 


Not defined 1 Not defined (0) 


0 Not defined =| Not defined 


Not defined =‘ Not defined 0 


There is no need to memorize Table 2. To find the value of a trigonometric 
function of a quadrantal angle, draw the angle and apply the definition, as we did in 
Example 2. 


EXAMPLE 3 Finding Exact Values of the Trigonometric Functions 
of Angles That Are Integer Multiples of Quadrantal Angles 


Find the exact value of: 


(a) sin(37r) (b) cos(—270°) 

Solution (a) See Figure 22(a). The point P on (b) See Figure 22(b). The point P on 
the unit circle that corresponds the unit circle that corresponds 
to 0=37 is P=(-1,0), so to @=-—270° is P=(0,1), so 
sin(37) = y = 0. cos(—270°) = x = 0. 

Figure 22 


ormm=====-Now Work PROBLEMS 21 AND 61 


3 Find the Exact Values of the Trigonometric 


Functions of = 45° 


EXAMPLE 4 Finding the Exact Values of the Trigonometric 


7 
Functions a = 45° 
Find the exact values of the six trigonometric functions of 7 = 45°. 


Solution We seek the coordinates of the point P = (x, y) on the unit circle that corresponds 


tod = 7 = 45°. See Figure 23. First, observe that P lies on the line y = x. (Do you 
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Figure 23 ; 1 ; . : 
see why? Since 0 = 45° = 7 90°, P must lie on the line that bisects quadrant I.) 


Since P = (x, y) also lies on the unit circle, x? + y* = 1, it follows that 


a oe aa 
+x = 1 y=x%x>O0,y>oO 
2x7 =1 
ae _ v2 
a nae 
Then 
v2 
2 2 2 
eae ar tan = tan 45° = —_ = 1 
4 2 4 2 4 V2 
a 
v2 
ec Samed ee ee eee op Sends esd 
: v2 i v2 : v2 
2; 2 2 


EXAMPLE 5 Finding the Exact Value of a Trigonometric Expression 


Find the exact value of each expression. 
(a) sin 45° cos 180° 


(b) tan 7 ae" 


2 
(c) (sec =) + ese= 
4 2 
2 2 
Solution (a) sin 45° cos 180° ue -(-1) = Me 
a» J 
From Example 4 From Table 2 
3 
(b) tan 7 sin = 1 (-1) =2 
t t 
From Example 4 From Table 2 


2 
(c) (sect) + eso5 = (V2) +1=2+1=3 


oom -Now Work problem 35 
4 Find the Exact Values of the Trigonometric Functions 
WT WT 
of — = 30° and — = 60° 
6 3 
Consider a right triangle in which one of the angles is A = 30°. It then follows that 


the third angle is : = 60°. Figure 24(a) illustrates such a triangle with hypotenuse 


of length 1. Our problem is to determine a and b. 
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We begin by placing next to this triangle another triangle congruent to the first, 
as shown in Figure 24(b). Notice that we now have a triangle whose three angles 
each equal 60°. This triangle is therefore equilateral, so each side is of length 1. 


Figure 24 


1 
This means the base is 2a = 1, and so a= 2 By the Pythagorean Theorem, 


b satisfies the equation a* + b” = c*, so we have 


Papa 


1 { 
he ae aszent 
1 3 
P=1- == 
4 
V3 . > O because b 
b= = is the length of the 


side of a triangle. 


This results in Figure 24(c). 


EXAMPLE 6 Finding the Exact Values of the Trigonometric 


Functions of 5 = 60° 


: Syed : : 7 
Find the exact values of the six trigonometric functions of a 60°. 


Solution Position the triangle in Figure 24(c) so that the 60° angle is in standard position. 


See Figure 25. The point on the unit circle that corresponds to 0 = = = 60° is 


1475 
Figure 25 e (5.%2).men 
3 1 
sin > = sin 60° = Ne ue = cos 60° = 3 
1 2 2V3 1 
csc 3 = e060" = = n= xe sec g = see60" = 7 =2 
> 2 
v3 1 
2 2 1 
tan tan 60° = —- = V3 cot = eetoo" = —— _N3 
3 i 3 Va v3 3 
2 oS 
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EXAMPLE 7 Finding the Exact Values of the Trigonometric 


Functions of = = 30° 


: ‘ ; i 7 
Find the exact values of the trigonometric functions of - 30°, 


Solution Position the triangle in Figure 24(c) so that the 30° angle is in standard position. 


See Figure 26. The point on the unit circle that corresponds to @ = = = 30° is 
Figure 26 & 1 6 


eo nay, T 5 V3 
sin 5 = sin 30° = 5 cos = cos 30° = 5 
1 1 2 2V3 
ce 5 = ese 30" = T= 2 seo-F = sec30? = Te = ME 
2 e- 
1 V3 
2 il! 3 2 
tan = tan 30° = —— = _N3 cot = = cot 30° = —— = V3 
6 V3 43 3 6 ua 
20 2 


Table 3 summarizes the information just derived for a = a0 = 45°, and 


= 60°. Until you memorize the entries in Table 3, you should draw an appropriate 


w]a 


Qa 


iagram to determine the values given in the table. 


Table 3 | @(Radians) 0 (Degrees) sind cos 0 tan 0 csc 0 sec 


oom===-fow Work proBLeEM 41 


EXAMPLE 8 Constructing a Rain Gutter 


Figure 27 A rain gutter is to be constructed of aluminum sheets 12 inches wide. After marking 
off a length of 4 inches from each edge, this length is bent up at an angle 0. See 
Figure 27. The area A of the opening may be expressed as a function of 6 as 


A(@) = 16 sin 6(cos 6 + 1) 


>, an Find the area A of the opening for 6 = 30°, 6 = 45°, and @ = 60°. 
I 1 
[a Gf 


Solution For 6 = 30°: A(30°) = 16 sin 30°(cos 30° + 1) 


= 16(3)(%2 1) =4V3+8 149 


The area of the opening for 9 = 30° is about 14.9 square inches. 
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Figure 28 


EXAMPLE 9 


For 6 = 45°: A(45°) = 16 sin 45°(cos 45° + 1) 


= (2)(2 1) =8+8V2 ~ 193 


2 2 


The area of the opening for 6 = 45° is about 19.3 square inches. 
For 0 = 60°: A(60°) = 16 sin 60°(cos 60° + 1) 


= 16f 3 1 1) =1V3~ 208 
(F)+2) 


2 2 


The area of the opening for 6 = 60° is about 20.8 square inches. 


5 Find the Exact Values of the Trigonometric Functions 


for Integer Multiples of = = 30°, 7 = 45°, and — = 60° 


: : : 7 : 
We know the exact values of the trigonometric functions of Te 45°. Using 
symmetry, we can find the exact values of the trigonometric functions of 


377 sx Oh 5 V7 5 
i = BS, 7 = 225°, and ~] = 315°. 


See Figure 28. Using symmetry with respect to the y-axis, the point 


(ay 


3 
) is the point on the unit circle that corresponds to the angle = = 135°. 


2° 2 
Similarly, using symmetry with respect to the origin, the point ae ge is 


225°. Finally, using 


Sm _ 


the point on the unit circle that corresponds to the angle q 


symmetry with respect to the x-axis, the point pr age is the point on the unit 


circle that corresponds to the angle va = 315°. 


Finding Exact Values for Multiples of 7 = 45° 


Find the exact value of each expression. 


5 11 
(a) cos (b) sin 135° (c) tan315° — (d) sin( - =) (e) cos" 


2 2 5 
(a) From Figure 28, we see the point (- — corresponds to = so 
2 2 4 
cos ot = yp = - V2 
4 a 
3 2 V2 
(b) Since 135° = oe the point (- Me v2) corresponds to 135°, so 
2 
sin 135° = ce 
7 2 2 
(c) Since 315° = me the point (2-2) corresponds to 315°, so 
_v2 
2 
tan 315° = =-1. 
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if Ve 2 a7 (4 V2 
(d) The point (2 = | corresponds to — 4 8° sin( - = et a. 

_ ( V2 V2 iota Un V2 
(e) The point | — ot Se corresponds to fe Se 


«J 


omm=====-Now Work proBLEMS 51 AND 55 


The use of symmetry also provides information about certain integer multiples 
of the angles = = 30° and = = 60°. See Figures 29 and 30. 


Figure 29 Figure 30 


EME Finding Exact Values for Multiples of = = 30° or = = 60° 


Based on Figures 29 and 30, we see that 


; In V3 a fot). V3 
(a) cos 210° = cos 7 5 (b) sin(—60°) sin( =) 5 
ON tig 4s 
_N3 5 
5 2 2 1 
(c) tan =~ = -V3 (d) cos = cos — = — 
3 1 3 
2 
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6 Usea Calculator to Approximate the Value 
of a Trigonometric Function 


Before getting started, you must first decide whether to enter the angle in the 
calculator using radians or degrees and then set the calculator to the correct MODE. 
Check your instruction manual to find out how your calculator handles degrees and 
radians. Your calculator has keys marked [ sin }, [ cos ], and [ tan |, To find the values of 
the remaining three trigonometric functions, secant, cosecant, and cotangent, we use 
WARNING On your calculator the the fact that, if P = (x, y) is a point on the unit circle on the terminal side of 6, then 


second functions ain’, cos", and tan! 
. 1 1 1 ul x 1 il 
do not represent the reciprocal of sin, secd=— = csc# =— = cot@=—=—= 
cos, and tan. 7 x cos 6 y sin 0 y tan 6 
x 


EXAMPLE 11 Using a Calculator to Approximate the Value 
of a Trigonometric Function 


Use a calculator to find the approximate value of: 
(a) cos 48° (b) ese 21° ie (c) tan a) 


Express your answer rounded to two decimal places. 
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Solution (a) First, we set the MODE to receive degrees. Rounded to two decimal places, 
cos 48° = 0.6691306 ~ 0.67 
(b) Most calculators do not have a csc key. The manufacturers assume that the 
user knows some trigonometry. To find the value of csc 21°, use the fact that 


1 
csc 21° = ———~. Rounded to two decimal places, 
sin 21° 


csc 21° & 2.79 


Figure 31 (c) Set the MODE to receive radians. Figure 31 shows the solution using a TI-84 
Plus graphing calculator. Rounded to two decimal places, 


aT 
tan — & 0.27 
ome J 
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7 Usea Circle of Radius r to Evaluate the Trigonometric Functions 


Until now, finding the exact value of a trigonometric function of an angle @ required 
that we locate the corresponding point P = (x, y) on the unit circle. In fact, though, 
any circle whose center is at the origin can be used. 

Let 6 be any nonquadrantal angle placed in standard position. Let P = (x, y) 
be the point on the circle x? + y* = r’ that corresponds to 6, and let P* = (x*, y*) 
be the point on the unit circle that corresponds to 6. See Figure 32, where 6 is shown 
in quadrant IT. 

Notice that the triangles OA*P* and OAP are similar; as a result, the ratios of 
corresponding sides are equal. 


Figure 32 


: a, a ae Ae | 
1 r 1 r x* ba 
1 r 1 r x* x 


yey xe xe yey 
These results lead us to formulate the following theorem: 


THEOREM For an angle 0 in standard position, let P = (x, y) be the point on the terminal 
side of 6 that is also on the circle x* + y? = r*. Then 


EXAMPLE 12 Finding the Exact Values of the Six Trigonometric Functions 


Find the exact values of each of the six trigonometric functions of an angle 6@ if 
(4, —3) is a point on its terminal side in standard position. 


Figure 33 Solution See Figure 33. The point (4,—3) is on a circle of radius r = \/4? + (-3)*= 


V16 + 9 = V/25 = 5 with the center at the origin. 
For the point (x, y) = (4, -3), we have x = 4and y = —3. Since r = 5, we find 


singel = =2 asta mes? ese 
; r 5 r 5 x 4 
ee ee Cr ea eT 

y 3 x 4 y 3 
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Historical Feature 


he name sine for the sine function is due to a medieval 
"| “ents The name comes from the Sanskrit word jiva 

(meaning chord), first used in India by Araybhata the Elder 
(ad 510). He really meant half-chord, but abbreviated it. This was 
brought into Arabic as jiba, which was meaningless. Because the 
proper Arabic word jaib would be written the same way (short vowels 
are not written out in Arabic), jiba was pronounced as jaib, which 
meant bosom or hollow, and jiba remains as the Arabic word for sine 
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The names of the remaining functions came about as follows. If a 
and B are complementary angles, then cosa = sin B. Because B is 
the complement of a, it was natural to write the cosine of a as 
sin co a. Probably for reasons involving ease of pronunciation, the co 
migrated to the front, and then cosine received a three-letter 
abbreviation to match sin, sec, and tan. The two other cofunctions 
were similarly treated, except that the long forms cotan and cosec 
survive to this day in some countries. 


to this day. Scholars translating the Arabic works into Latin found that 
the word sinus also meant bosom or hollow, and from sinus we get 
the word sine. 

The name tangent, due to Thomas Finck (1583),can be understood 
by looking at Figure 34. The line segment DC is tangent to the circle at 
C.If d(O, B) = d(O,Q = 1, then the length of the line segment DC is 


a(D,C) _ d(D,C) 
1 d(O, ©) 
The old name for the tangent is umbra versa (meaning turned 


shadow), referring to the use of the tangent in solving height 
problems with shadows. 


Figure 34 


AN, 


d(D, C) 


tana 


2.2 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. In a right triangle, with legs a and b and hypotenuse c, the 
Pythagorean Theorem states that . (p. Al4) 


2. The value of the function f(x) = 3x — 7 at 5 is 
(pp. 24-35) 


3. True or False For a function y = f(x), for each x in 
the domain, there is exactly one element y in the range. V3 
(pp. 24-35) t= what is y? (p. 17) 
4. If two triangles are similar, then corresponding angles are 
and the lengths of corresponding sides are 
. (pp. A14-A19) 


5. What point is symmetric with respect to the y-axis to the 
1 V3 
point (3. %3), (pp. 12-14) 


6. If (x, y) is a point on the unit circle in quadrant IV and if 


Concepts and Vocabulary 


: : : ee ce TT. 
7. The function takes as input a real number rf that 10. The point on the unit circle that corresponds to 6 = 3 is 
corresponds to a point P = (x, y) on the unit circle and 
outputs the x-coordinate. p= 


: as cae 
8. The point on the unit circle that corresponds to 6 = — is : es 
2 11. For any angle @ in standard position, let P = (x, y) be the 


os point on the terminal side of 6 that is also on the circle 
; ees T 
9. The point on the unit circle that corresponds to 6 = a3 + y=/.Then,sin 0 =  andcos0=___ 
P= , 12. True or False Exact values can be found for the sine of any 
angle. 


Skill Building 


In Problems 13-20, P = (x,y) is the point on the unit circle that corresponds to a real number t. Find the exact values of the six 


trigonometric functions of t. 
\n (4) 14. (4, -¥3) 1s, (-2, 21) 1s. (-1,2¥5) 


2? 2 
aC ae) 
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In Problems 21-30, find the exact value. Do not use a calculator. 


V1 
24. cot — 
co 5 


\ 21. sin 22. cos(77) 23. tan(677) 25. ose 


26. sec(87) 28. sin(—37r) 29. sec(—7r) 30. tan(—377) 


In Problems 31-46, find the exact value of each expression. Do not use a calculator. 


31. sin 45° + cos 60° 32. sin 30° — cos 45° 33. sin 90° + tan 45° 34. cos 180° — sin 180° 


\ 35. sin 45° cos 45° 36. tan 45° cos 30° 37. csc 45° tan 60° 38. sec 30° cot 45° 


39. 4 sin 90° — 3 tan 180° 40. 5cos 90° — 8sin270° = \ 41. 2 sin > = Aan 


42. 
6 


7 T 
2 sin— + 3 tan— 
a an 


7 
sec 77 — CSC — 


43. 2sec 7 + 4 cot & 44, 3csc + cot 5 


45. csc + cot — 
3 3 4 . 2 


46. 
5) 6 


In Problems 47-64, find the exact values of the six trigonometric functions of the given angle. If any are not defined, say “not defined.” 
Do not use a calculator. 


‘ 2 5 ‘ 3 11 
Nan = 48, — 49, 210° 50. 240° \ 51. 52, —— 
3 6 4 4 
8 13 ‘ 
53, — 54, —" \ 55. 405° 56. 390° 57, —— 58, —— 
3 6 6 3 
‘ 5 14 13 
59, 135° 60. —240° \ 61. = 62. Sar a 64, 
In Problems 65-76, use a calculator to find the approximate value of each expression rounded to two decimal places. 
\ 65. sin 28° 66. cos 14° 67. sec 21° 68. cot 70° 
7 <7 T > 
69. tan 0 70. sin 8 71. cot D 72. csc a 
73. sin 1 74, tan 1 75. sin 1° 76. tan 1° 


In Problems 77-84, a point on the terminal side of an angle @ in standard position is given. Find the exact value of each of the six 
trigonometric functions of 0. 


\ 77 (34) 78. (5, —12) 79. (2, -3) 80. (—1, —2) 
81. (—2, —2) 82. (—1, 1) 83. (3.3) 84. (0.3, 0.4) 
85. Find the exact value of: 89. If f(@) = siné@ = 0.1, find f(@ + 7). 

sin 45° + sin 135° + sin 225° + sin 315° 90. If f (0) = cos 6 = 0.3. find f(0 ay TT). 
86. Find the exact value of: . 
91. If f(@) = tan@ = 3, find f(6 + 7). 
tan 60° + tan 150° 
ca — 92. If f(@) = cot = —2, find f(@ + 7). 
87. Find the exact value of: 1 
sin 40° + sin 130° + sin 220° + sin 310° 2 oe SESE = eet, 
88. Find the exact value of: ee 2 fad 
tan 40° + tan 140° a = apenas 


In Problems 95-106, f(@) = sin @ and g(@) = cos 0. Find the exact value of each function below if 9 = 60°. Do not use a calculator. 


95. f(0) 96. (0) 97. (2) 
08. (2) 99. [£(0) ? 100. [g(0) 
101. (26) 102. ¢(26) 103. 2f(0) 
104. 2¢(0) 105. f(—6) 106. g(—0) 


SECTION 2.2  Trigonometric Functions: Unit Circle Approach 123 


Mixed Practice 
In Problems 107-112, f(x) = sin x, g(x) = cos x, h(x) = 2x, and p(x) = = Find the value of each of the following: 


107. s(u(Z)) 108. g(p(60°)) 


109. p(g(315°)) ue Hs (=) 


. (a) Fin — }. What point is on the graph of f? - (a) Find g{ — }. What point is on the graph of g’ 
111 ind f( 7 hat point is on the graph of 112 ind g{ 7 hat point is on the graph of g? 


(b) Assuming f is one-to-one*, use the result of part (a) to (b) Assuming g is one-to-one*, use the result of part (a) to 
find a point on the graph of f~'. find a point on the graph of g™!. 


(c) What point is on the graph of y= i(s + =) = 3 (c) What point is on the graph of y = 24(x ) if x 


7 
ifx = —? 
wx 4 


Applications and Extensions 


113. Find two negative and three positive angles, expressed in 114. Find two negative and three positive angles, expressed in 


radians, for which the point on the unit circle that radians, for which the point on the unit circle that 
afl Wa 72 
corresponds to each angle is G. 2), corresponds to each angle is (- ~ v2). 


4 115. Use a calculator in radian mode to complete the following table. 


in 0 
What can you conclude about the value of f(0) = a as 6 approaches 0? 


0.0001 0.00001 


4X 116. Use a calculator in radian mode to complete the following table. 


g-1 
What can you conclude about the value of g(@) = —a— as 6 approaches 0? 


0.0001 0.00001 


For Problems 117-120, use the following discussion. 


Projectile Motion The path of a projectile fired at an inclination @ The range R of the projectile, that is, the horizontal distance that 


to the horizontal with initial speed Vo is a parabola (see the figure). the projectile travels, is found by using the function 
D8 
Uo sin(20) 
R(0) = —— 
Vo = Initial speed & 
peer tesa. where g © 32.2 feet per second per second ~ 9.8 meters per 
wee { ae second per second is the acceleration due to gravity. The maximum 
j ~ 
: ee Height, H hie. height H of the projectile is given by the function 
_@ Pu (0) vp (sin 6)” 
H(@) = ——— 
kK Range, R >| 2¢ 


*In Section 3.1, we discuss the necessary domain restriction so that the function is one-to-one. 
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In Problems 117-120, find the range R and maximum height H. 


117. The projectile is fired at an angle of 45° to the horizontal 
with an initial speed of 100 feet per second. 


118. The projectile is fired at an angle of 30° to the horizontal 
with an initial speed of 150 meters per second. 


119. The projectile is fired at an angle of 25° to the horizontal 
with an initial speed of 500 meters per second. 


120. The projectile is fired at an angle of 50° to the horizontal 
with an initial speed of 200 feet per second. 


121. Inclined Plane See the figure. 


If friction is ignored, the time ¢ (in seconds) required for a 
block to slide down an inclined plane is given by the function 


\ g sin @ cos 0 


where ais the length (in feet) of the base and g ~ 32 feet per 
second per second is the acceleration due to gravity. How 
long does it take a block to slide down an inclined plane with 
base a = 10 feet when: 


(a) 0 = 30°? 
(b) 0 = 45°? 
(c) 6 = 60°? 


122. Piston Engines Ina certain piston engine, the distance x (in 
centimeters) from the center of the drive shaft to the head of 
the piston is given by the function 


x(0) = cos@ + \/16 + 0.5 cos(26) 


where @ is the angle between the crank and the path of the 
piston head. See the figure. Find x when @ = 30° and when 
6 = 45°. 


123. Calculating the Time of a Trip Two oceanfront homes are 
located 8 miles apart on a straight stretch of beach, each a 


124. 


125 


distance of 1 mile from a paved road that parallels the ocean. 
See the figure. 


Sally can jog 8 miles per hour along the paved road, but only 
3 miles per hour in the sand on the beach. Because of a river 
directly between the two houses, it is necessary to jog in the 
sand to the road, continue on the road, and then jog directly 
back in the sand to get from one house to the other. The time 
T to get from one house to the other as a function of the 
angle @ shown in the illustration is 


2 1 


T 14 0° < @< 90° 
Ma) 3sin@ 4tan@’ oe 


(a) Calculate the time T for 6 = 30°. How long is Sally on 
the paved road? 

(b) Calculate the time T for 6 = 45°. How long is Sally on 
the paved road? 

(c) Calculate the time T for 6 = 60°. How long is Sally on 
the paved road? 

(d) Calculate the time T for 6 = 90°. Describe the path 
taken. Why can’t the formula for T be used? 


Designing Fine Decorative Pieces A designer of decorative 
art plans to market solid gold spheres encased in clear crystal 
cones. Each sphere is of fixed radius R and will be enclosed 
in a cone of height / and radius r. See the illustration. Many 
cones can be used to enclose the sphere, each having a 
different slant angle 6. The volume V of the cone can be 
expressed as a function of the slant angle 6 of the cone as 


1__,(1 + sec 6)> 
7. 
3 (tan 6)? 


V(0) , 0 <8< 90° 


What volume V is required to enclose a sphere of radius 
2 centimeters in a cone whose slant angle 6 is 30°? 45°? 60°? 


+ 


Projectile Motion An object is propelled upward at an 
angle 6,45° < @ < 90°, to the horizontal with an initial 


velocity of vp feet per second from the base of an inclined 
plane that makes an angle of 45° with the horizontal. See the 
illustration. If air resistance is ignored, the distance R that it 
travels up the inclined plane as a function of 6 is given by 

2 


Vo 


R(@) = ? sin(26) — cos(26) — 1] 


(a) Find the distance R that the object travels along the 
inclined plane if the initial velocity is 32 feet per second 
and 6 = 60°. 

& (b) Graph R = R(@) if the initial velocity is 32 feet per 
~ second. 

(c) What value of @ makes R largest? 


126. If 6,0 < 6 < 7, is the angle between the positive x-axis and 
a nonhorizontal, nonvertical line L, show that the slope m of 
L equals tan 6. The angle @ is called the inclination of L. 
[Hint: See the illustration, where we have drawn the line M 
parallel to L and passing through the origin. Use the fact that 
M intersects the unit circle at the point (cos 6, sin @).] 


Explaining Concepts: Discussion and Writing 


129. Write a brief paragraph that explains how to quickly 
compute the trigonometric functions of 30°, 45°, and 60°. 


130. Write a brief paragraph that explains how to quickly compute 
the trigonometric functions of 0°, 90°, 180°, and 270°. 


‘Are You Prepared?’ Answers 


Le=a?vt+P 2. 8 3. True 


2.3 Properties of the Trigonometric Functions 


4. equal; proportional 
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Ya 


(cos 0, sin 6) 


In Problems 131 and 132, use the figure to approximate the value of 
the six trigonometric functions at t to the nearest tenth. Then use a 
calculator to approximate each of the six trigonometric functions at t. 


DA 
2 yt, 
d+ he 
Unit Circle 
0.5 
34 
; 05 05 a 
4 6 
: Tamed 
5 
127. (a) t=1 (b) ¢=5.1 
128. (a) t =2 (b) t=4 


131. How would you explain the meaning of the sine function to a 
fellow student who has just completed college algebra? 


(34) 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Functions (Section 1.3, pp. 24-35) 
e Identity (Appendix A, Section A.4, p. A28) 


e Even and Odd Functions (Section 1.4, pp. 42-44) 


Now Work the ‘Are You Prepared?’ problems on page 136. 


OBJECTIVES 1 


Determine the Domain and the Range of the Trigonometric Functions (p.126) 


2 Determine the Period of the Trigonometric Functions (p.127) 


3 Determine the Signs of the Trigonometric Functions in a Given 
Quadrant (p.129) 
Find the Values of the Trigonometric Functions Using Fundamental 
Identities (p. 130) 
Find the Exact Values of the Trigonometric Functions of an Angle Given 
One of the Functions and the Quadrant of the Angle (p. 132) 


Use Even-Odd Properties to Find the Exact Values of the Trigonometric 
Functions (p.135) 
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Figure 35 


1 Determine the Domain and the Range 


of the Trigonometric Functions 


Let @ be an angle in standard position, and let P = (x, y) be the point on the unit 
circle that corresponds to 6. See Figure 35. Then, by the definition given earlier, 


cosdé= x tan @ = 


1 
secO=— x#O0 cot @ = 
x 


y 
a 
i 
y 


For sin 6 and cos @, there is no concern about dividing by 0, so 6 can be any 
angle. It follows that the domain of the sine function and cosine function is the set of 
all real numbers. 


The domain of the sine function is the set of all real numbers. 
The domain of the cosine function is the set of all real numbers. 


For the tangent function and secant function, the x-coordinate of P = (x, y) 
cannot be 0 since this results in division by 0. See Figure 35. On the unit circle, there 
are two such points, (0, 1) and (0, —1). These two points correspond to the angles 


3 
5 (90°) and - (270°) or, more generally, to any angle that is an odd integer multiple 


7 3a 5a 


of 5 (90°), such as 5 | 90°), 5 (270°), 5 (+450°), and so on. Such angles 


must therefore be excluded from the domain of the tangent function and secant 
function. 


The domain of the tangent function is the set of all real numbers, except 
odd integer multiples of A 
The domain of the secant function is the set of all real numbers, except 


odd integer multiples of Atle: 


For the cotangent function and cosecant function, the y-coordinate of P = (x, y) 
cannot be 0 since this results in division by 0. See Figure 35. On the unit circle, there 
are two such points, (1,0) and (—1, 0). These two points correspond to the angles 
0(0°) and (180°) or, more generally, to any angle that is an integer multiple of 
(180°), such as 0(0°), +2r(+180°), +27(+360°), +377(+540°), and so on. Such 
angles must therefore be excluded from the domain of the cotangent function and 
cosecant function. 


The domain of the cotangent function is the set of all real numbers, 
except integer multiples of 7(180°). 


The domain of the cosecant function is the set of all real numbers, except 
integer multiples of 7(180°). 


Next we determine the range of each of the six trigonometric functions. Refer 
again to Figure 35. Let P = (x, y) be the point on the unit circle that corresponds to 
the angle 6. It follows that -1 = x = 1 and -1 = y = 1. Since sin@ = y and 
cos 9 = x, we have 


== sini? = 1 —jl = con?) = Il 


The range of both the sine function and the cosine function consists of all real 
numbers between —1 and 1, inclusive. Using absolute value notation, we have 
|sin 6] < 1 and |cos 6| < 1. 
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1 
If @ is not an integer multiple of 7(180°), then csc 9 = —. Since y = sin @ and 


ay 


ly| = |sin 6] < 1, it follows that |csc 6| = : 2) 35 (2 Sie = ) 
jsin 4] [>| y 


: 1 : : 
Since csc 9 = —, the range of the cosecant function consists of all real numbers less 
y 


than or equal to —1 or greater than or equal to 1. That is, 


els Si wr wy = il 


1 
If 6 is not an odd integer multiple of . (90°), then sec 0 = a Since x = cos @ and 


|x| = |cos 6| < 1, it follows that |sec 6] = es (2 2 tos 1), 
|cos 6] |x| x x 


; 1 : . 
Since sec 0 = —, the range of the secant function consists of all real numbers less 
Ba 


than or equal to —1 or greater than or equal to 1. That is, 


seco = —1) or “sec? = il 


The range of both the tangent function and the cotangent function is the set of 
all real numbers. 


—oo < tan@ < oo 109) << (oj (i) < C9) 


You are asked to prove this in Problems 121 and 122. 


Table 4 summarizes these results. 
Table 4 


Function Symbol Domain 


sine f(@) = sin@ All real numbers All real numbers from —1 to 1, inclusive 


cosine f(0) = cos@ All real numbers All real numbers from —1 to 1, inclusive 


tangent f(#) = tand All real numbers, except odd integer multiples of 5 (90°) All real numbers 


cosecant iA) = ese) All real numbers, except integer multiples of 77(180°) All real numbers greater than or equal to 
1 or less than or equal to —1 


secant f(9) = secé All real numbers, except odd integer multiples of (90°) All real numbers greater than or equal to 
1 or less than or equal to —1 


cotangent f(@) = coté All real numbers, except integer multiples of 77(180°) All real numbers 
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2 Determine the Period of the Trigonometric Functions 


Figure 36 Look at Figure 36. This figure shows that for an angle oft radians the corresponding 


1 3 
point P on the unit circle is G. =), Notice that, for an angle of = + 2 radians, 


1 V3 
the corresponding point P on the unit circle is also ( ) Then 


2° 9 
Si = v3 and sin( 2 2 ) = v3 
a 2 aeons! 5 
7 1 7 1 
cos =F and cos( + 2m) 3 


This example illustrates a more general situation. For a given angle 0, measured 
in radians, suppose that we know the corresponding point P = (x, y) on the unit 
circle. Now add 27 to @. The point on the unit circle corresponding to @ + 27 is 
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Figure 37 identical to the point P on the unit circle corresponding to 6. See Figure 37. The 
Yh values of the trigonometric functions of 6 + 27 are equal to the values of the 
corresponding trigonometric functions of 6. 

If we add (or subtract) integer multiples of 27 to 6, the values of the sine and 
cosine function remain unchanged. That is, for all 6 


sin(@ + 27k) = sind cos(@ + 27k) = cos 0 


where k is any integer. 


Functions that exhibit this kind of behavior are called periodic functions. 


DEFINITION A function f is called periodic if there is a positive number p such that, 
whenever 0 is in the domain of f, so is 6 + p, and 


ep) fe) 


If there is a smallest such number p, this smallest value is called the 
(fundamental) period of f. 7) 


Based on equation (1), the sine and cosine functions are periodic. In fact, the 
sine and cosine functions have period 27. You are asked to prove this fact in 
Problems 123 and 124. The secant and cosecant functions are also periodic with 
period 277, and the tangent and cotangent functions are periodic with period 77. You 
are asked to prove these statements in Problems 125 through 128. 

These facts are summarized as follows: 


C Periodic Properti 

niWonde eriodic Properties 
Tangent and cotangent have ; ; 

_. period mr; the others have period + 277) = sin@ cos(@+ 27) =cosé@ tan(6 4 
au J + 277) = csc@ sec(O + 277) = sec@ cot(d +4 


Because the sine, cosine, secant, and cosecant functions have period 277, once we 
know their values over an interval of length 277, we know all their values; similarly, 
since the tangent and cotangent functions have period 77, once we know their values 
over an interval of length 7, we know all their values. 


EXAMPLE 1 Finding Exact Values Using Periodic Properties 


Find the exact value of: 


(a) sin (b) cos(5z) (c) tan == 


Solution (a) It is best to sketch the angle first, as shown in Figure 38(a). Since the period of 
the sine function is 277, each full revolution can be ignored. This leaves the 


angle 7 Then 


sin 7 = sin( 2 + 4 )=snt-¥2 
4. 4. 2 


(b) See Figure 38(b). Since the period of the cosine function is 27, each full 
revolution can be ignored. This leaves the angle 7. Then 


cos(5a) = cos(7 + 477) = cosm = —-1 


Figure 38 


Figure 39 
VA 
1 


P=(x,y),x>0,y<0 


Table 5 


Figure 40 


SECTION 2.3 Properties of the Trigonometric Functions 129 
(c) See Figure 38(c). Since the period of the tangent function is 77, each half-revolution 


can be ignored. This leaves the angle 7 Then 


tan Lae tan( 2 ) = tan =1 
4 i 4 


(a) (b) (c) 


2 


The periodic properties of the trigonometric functions will be very helpful to us 
when we study their graphs later in the chapter. 
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Determine the Signs of the Trigonometric Functions 
in a Given Quadrant 


Let P = (x, y) be the point on the unit circle that corresponds to the angle 0. If we 
know in which quadrant the point P lies, then we can determine the signs of the 
trigonometric functions of 6. For example, if P = (x, y) lies in quadrant IV, as 
shown in Figure 39, then we know that x > 0 and y < 0. Consequently, 


sind=y <0 cosd=x>0 tang=~<0 
x 
1 1 
csc# =— <0 secO=—>0 cote=~<0 
y x y 


Table 5 lists the signs of the six trigonometric functions for each quadrant. See 
also Figure 40. 


Quadrant of P sin 0, csc 0 cos 0, sec 0 tan 0, cot@ 


Positive Positive Positive 
Positive Negative Negative 
Negative Negative Positive 


Negative Positive Negative 


VA 
+ + 
V4 sine 
ll om +) I te +) - _ x cosecant 
sind >0,csc6>0 All positive 
others negative 
Yh 
= Ps 
cosine 
a See 
% x — secant 
- + 
Ill (-, -) IV (+, -) 
tan @ > 0, cot@ >0 | cos 6 >0, sec 6 > 0 “ot 
others negative others negative tangent 
}—_———_—> 
x cotangent 
- = 


(a) (b) 
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EXAMPLE 2 Finding the Quadrant in Which an Angle @ Lies 
If sin @ < 0 and cos 6 < 0, name the quadrant in which the angle @ lies. 


Solution Let P= (x,y) be the point on the unit circle corresponding to @. Then 
sin @ = y < 0 and cos 0 = x < 0. Because points in quadrant III have x < 0 and 
y < 0,6 lies in quadrant II. J 
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4 Find the Values of the Trigonometric Functions Using 
Fundamental Identities 


If P = (x, y) is the point on the unit circle corresponding to 6, then 


sin@ = y cosé =x tang =~ ifx #0 
x 
iL 1. x. 
cscO=— ify #0 secO=— ifx #0 cotd=— ify#0 
y x x 
Based on these definitions, we have the reciprocal identities: 
Reciprocal Identities 
il 1 1 
CcsCe == sec 9 = —— cot 6 = (2) 
sin 0 cos 6 tan 6 
Two other fundamental identities are the quotient identities. 
Quotient Identities 
sin 0 cos 0 
tan 6 = ot 0 = — (3) 
0 sin 6 


The proofs of identities (2) and (3) follow from the definitions of the 
trigonometric functions. (See Problems 129 and 130.) 

If sin 6 and cos 6 are known, identities (2) and (3) make it easy to find the values 
of the remaining trigonometric functions. 


EXAMPLE 3 Finding Exact Values Using Identities When Sine 
and Cosine Are Given 


Given sin 6 = ei and cos 6 = es find the exact values of the four remaining 


trigonometric functions of @ using identities. 


Solution —_ Based on a quotient identity from (3), we have 
V5 
sin 0 5 1 
cosd 9\/5 2 


> 


tan 0 
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Then we use the reciprocal identities from (2) to get 


1 1 5 1 1 5 V5 1 1 
csc 0 an /e +/5 V5 sec 0 0 ae INS 5 cot 6 tand 1 
5 5 2 
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The equation of the unit circle is x7 + y? = 1 or, equivalently, 
yrxr=l 


If P = (x, y) is the point on the unit circle that corresponds to the angle 6, then 
y = sin 6 and x = cos 0, so we have 


(sin 0)? + (cos @)? = 1 (4) 
It is customary to write sin’ 6 instead of (sin 0)’, cos” @ instead of (cos 0)”, and 
so on. With this notation, we can rewrite equation (4) as 


sin? 6 + cos*@ = 1 (5) 


If cos 8 # 0, we can divide each side of equation (5) by cos 6. 
sin’? , cos’d 1 


T 
cos?@  cos?@ cos’ 


(28) i 1 ) 
cos 8 cos 8 


Now use identities (2) and (3) to get 


tan? 6 + 1 = sec” 0 (6) 


Similarly, if sin 9 # 0, we can divide equation (5) by sin’ 6 and use identities (2) 
and (3) to get 1 + cot? @ = csc? 6, which we write as 


cot? 6 + 1 = csc?6 (7) 


Collectively, the identities in (5), (6), and (7) are referred to as the Pythagorean 
identities. 
Let’s pause here to summarize the fundamental identities. 


Fundamental Identities 


sin 0 
tan @ = cot 0 = 
cos 8 


1 


1 
csc 9 = ——— sec 9 = coté = 
sin 0 cos 6 


sin? 6 + cos?6=1 tan? @ + 1 = sec? 6 co?¢+1= 


EXAMPLE 4 Finding the Exact Value of a Trigonometric Expression 
Using Identities 


Find the exact value of each expression. Do not use a calculator. 
sin 20° 
cos 20° 12 77 


(a) tan 20° — 
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Figure 41 


7 sin 20° 
Solution (a) tan 20° — > = tan 20° — tan 20° = 0 
cos 20 
ain @ er 
cos @ 
7 
b) sin? — + = sin? + cos?-— = 1 
” sec? —— ie 
al 
| ees 2 
cos 0 = sin 0 + cos“ 0 = 1 
sec @ 
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5 Find the Exact Values of the Trigonometric Functions 
of an Angle Given One of the Functions and the Quadrant 
of the Angle 


Many problems require finding the exact values of the remaining trigonometric 
functions when the value of one of them is known and the quadrant in which @ lies 
can be found. There are two approaches to solving such problems. One approach 
uses a circle of radius r; the other uses identities. 

When using identities, sometimes a rearrangement is required. For example, the 
Pythagorean identity 


sin? 9 + cos*@ = 1 
can be solved for sin 6 in terms of cos 6 (or vice versa) as follows: 


sin? 9 = 1 — cos*@ 
sin @ = +\/1 — cos’?6 


where the + sign is used if sin @ > 0 and the — sign is used if sin @ < 0. Similarly, 
in tan’ @ + 1 = sec? 6, we can solve for tan 6 (or sec @), and in cot? 6 + 1 = csc? 9, 
we can solve for cot 6 (or csc 6). 


EXAMPLE 5 Finding Exact Values Given One Value and the Sign of Another 


1 
Given that sin 6 = 3 and cos @ < 0, find the exact value of each of the remaining 


five trigonometric functions. 


Solution 1 Suppose that P = (x,y) is the point on a circle that corresponds to 6. Since 


. : 1 
alng airels sin 6 = . > 0 and cos@ < 0, the point P = (x,y) is in quadrant II. Because 


1 
Ya sin 6 = - . we let y=1 and r=3. The point P = (x,y) = (x,1) that 
corresponds to @ lies on the circle of radius 3 centered at the origin: x7 + y’ = 9. 
See Figure 41. 
To find x, we use the fact that x? + yr = 9, y = 1, and P is in quadrant II 
(sox < 0). 
x2 4 y’ =9 
V+VP=9 y= 
=e 


x= -2V2 =O 


Solution 2 
Using Identities 
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Since x = —2V2, y = 1, andr = 3, we find that 


First, solve the identity sin?@ + cos*@ = 1 for cos 6. 
sin’ 0 + cos’@ = 1 


cos? @ = 1 — sin?6 
cos @ = +\/1 — sin?6 


Because cos 8 < 0, choose the minus sign and use the fact that sin 9 = — 


anal 
5 


Now we know the values of sin 0 and cos 6, so we can use quotient and reciprocal 
identities to get 


1 
tan 6 = a ee v2 cot 9 = : = -2V2 
cos6 _9\/o ~-2V/2 4 tan 6 
3 
sec 9 = : = — = = <a 3V2 csc 98 = ees 
cos6 _9\/2 20/2 4 sin@ 1 
3 3 


Finding the Values of the Trigonometric Functions of 0 When the 
Value of One Function Is Known and the Quadrant of 6 Is Known 


Given the value of one trigonometric function and the quadrant in which 6 lies, 
the exact value of each of the remaining five trigonometric functions can be 
found in either of two ways. 


Method 1 Using a Circle of Radius r 


Step 1: Draw a circle centered at the origin showing the location of the 
angle @ and the point P = (x, y) that corresponds to 0. The radius of 
the circle that contains P = (x, y)isr = \/ x? + y’. 

Step 2: Assign a value to two of the three variables x, y, r based on the value 
of the given trigonometric function and the location of P. 

Step 3: Use the fact that P lies on the circle x* + y* = r’ to find the value of 
the missing variable. 

Step 4; Apply the theorem on page 120 to find the values of the remaining 
trigonometric functions. 


Method 2 Using Identities 


Use appropriately selected identities to find the value of each remaining 
trigonometric function. 
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EXAMPLE 6 Given the Value of One Trigonometric Function and the Sign 
of Another, Find the Values of the Remaining Ones 


1 
Given that tan 6 = 3 and sin @ < 0, find the exact value of each of the remaining 


five trigonometric functions of 0. 


L 
Solution 1 STEP 1: Since tan 9 = 5 > 0 and sin 6 < 0, the point P = (x, y) that corresponds 


Wome 2 Circe to 6 lies in quadrant III. See Figure 42. 
i 1 
pane STEP 2: Since tan 6 = 77 * and @ lies in quadrant III, let x = —2 and y = —1. 


Srep 3: With x =—2and y=—1, then r= \/2x?+ y? =\/(-2)?+ (-1" =V5, 
Plies on the circle x? + y? = 5. 


STEP 4: So apply the theorem on page 120 using x = —2, y = —1,andr = V5. 


Se ee V5 ee ae 2V5 
ro V5 5 PF Ass 5 
L 5 5 —2 
= Oe ee nee sec 0 v5 cot@ =—=——= 
y =] =2 =i 


Solution 2 Because we know the value of tan 6, we use the Pythagorean identity that involves 


° e,e 1 
Using Identities tan 6, that is, tan? @ + 1 = sec’ 6. Since tan 6 = 5 > 0 and sin é@ < 0, then @ lies in 


quadrant III, where sec @ < 0. 


tan? @ + 1 = sec’? 6 Pythagorean identity 
{7 1 
—]}] + 1= sec’é tan @ = — 
2 Z 


1 5) 
sec’ 9 = rr +1= 7 Proceed to solve for sec 0. 


5 
i a sec8 <O 
1 WO ; eee 
Now we know tan 6 = 3 and sec 9 = — hs Using reciprocal identities, we find 
i 2 2V5 
cos 8 = = —_— = = 
sec 0 V5 V5 5 
_ 
1 
ON Ga 
2 
To find sin 6, use the following reasoning: 
sin 0 (3) ( 2V5 ) V5 
tan 6 = so. sin@ = tan @:cos 6 = = 
cos 0 2 5 5 
1 1 5 
= —— ee — 5 
csc 6 aad av ws ays 
5 


om=====-Now Work pros_Lem 43 


io 
In Words 

_. Cosine and secant are even 
functions; the others are odd 
functions. 


Figure 43 


EXAMPLE 7 


Solution 
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6 Use Even-Odd Properties to Find the Exact Values 


of the Trigonometric Functions 


Recall that a function f is even if f(—0@) = f(@) for all 6 in the domain of f; a 
function f is odd if f(—@) = —f(@) for all 6 in the domain of f. We will now show 
that the trigonometric functions sine, tangent, cotangent, and cosecant are odd 
functions and the functions cosine and secant are even functions. 


Even-Odd Properties 


sin(—@) = —sin@ —cos(—8) = cos@ __ tan(—@) = —tan@ 
) 


csc(—@) = —csc@ __ sec(—@) = sec 0 cot(—0) = —coté 


a) 


Proof Let P = (x, y) be the point on the unit circle that corresponds to the angle 
0. See Figure 43. Using symmetry, the point Q on the unit circle that corresponds to 
the angle —6 will have coordinates (x, —y). Using the definition of the trigonometric 
functions, we have 


sind =y sin(—@) = —y cosé = x cos(—0) = x 


so 
sin(—0) = —y = —sin@ cos(—0) = x = cos @ 
Now, using these results and some of the fundamental identities, we have 
n(n) = SS SB tant soe) = tay ig = -sH 
sec(—0) = : pe sec 0 csc(—@) = — : = —csc 6 


cos(—8) cos é sin(—@)  —sin@ 


Finding Exact Values Using Even—Odd Properties 


Find the exact value of: 


(a) sin(-45°)(b) cos(—z)_— (©) coi(-3)—@) tan -2) 


V2 
— a 


(a) sin(—45°) = —sin 45° = (b) cos(—7) = cosa = —1 
' t 
Odd function Even function 
(c) coi( -? ) = = 0 
Ee function 
370 377 7 
(d) tan( i) tan 4 tan( 2 on) tan 4 1 
t t 
Odd function Feriod is 7. 


om=====-Now Work pros_Lem 59 
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2.3 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


ae 
2x + 10 ——_ 


1. The domain of the function f(x) = 
(pp. 24-35) 


2. A function for which f(x) = f(—x) for all x in the domain 
of f is called a(n) function. (pp. 42-44) 


Concepts and Vocabulary 


5. The sine, cosine, cosecant, and secant functions have 
period ; the tangent and cotangent functions have 


period F 
6. The domain of the tangent function is 


7. The range of the sine function is . 


Skill Building 


3. True or False The function f(x) = Vx is even. 
(pp. 42-44) 
2 


4. True or False The equation x? + 2x = (x + 1)” 
identity. (p. A28) 


lis an 


8. True or False The only even trigonometric functions are 
the cosine and secant functions. 


9. sin?@ + cos?@ = 


10. True or False 


sec) = — 
sin 0 


In Problems 11-26, use the fact that the trigonometric functions are periodic to find the exact value of each expression. Do not use a 


calculator. 


~~ 11. sin 405° 12. cos 420° 13. tan 405° 


17. cot 390° 18. sec 420° 19. cos = 
177 177 197 
23. sec - 24. cot a 25. tan a 


In Problems 27-34, name the quadrant in which the angle 6 lies. 


X27. sind >0, cos@<0 28. sind <0, cosdé>0 


31. cosé >0, tang <0 32. cosd <0, tan@éd>0O 


14, sin 390° 15. csc 450° 16. sec 540° 


9 
20. in = 21. tan(217) 22. ese > 
250 
26. —— 
sec 6 
29. sind<0, tand<0O 30. cosd > 0, tan@d>0O 
33. secd <0, sind>0O 34. csc9 > 0, cosd<0 


In Problems 35-42, sin 6 and cos @ are given. Find the exact value of each of the four remaining trigonometric functions. 


‘ 3 4 4 3 
oe ae! aay eri eee 2V5 
\ 35. sin 0 = 5° cos 8 = 5 36. sin é = 5° cos 8 = 5 37. sin 6 se cos 0 = 
. V5 2V5 el V3 re 1 
38. StS ee 39. sin? = 5 GOS 40. me =r cos 0 = 5, 
1 2V2 2V2 1 
41. sind = 73 cos @ = —- 42. sind = 37° cos 8 = 3 
In Problems 43-58, find the exact value of each of the remaining trigonometric functions of 0. 
‘ 12 3 4 
\ 43. sin? = 3B’ @ in quadrant IT 44. cos 0 = 5° 6 in quadrant IV 45. cos 0 = 5 6 in quadrant II 
. 5 ; : 5 4 
46. sind = "73° 6 in quadrant III 47, sin @ = BR’ 90° < @ < 180° 48. cos 6 = 5° 270° < 6 < 360° 
1 a7 , 2 3a ‘ 2 
i ===, —~<¢@< . = =_ <9<— Fi => < 
49. cos 6 37 9 Q<7 50. sin 0 3° T<0 5 51. sin @ 3 tan@ <0 
52. cos = —4, tan@ > 0 53. secd = 2, sind<0 54. csc8 = 3, cota@<0 
3 ; 4 1 ; 
55. tand ="; sin@ < 0 56. cot = 2, cos # < 0 57. tang=~ 7, sin@ > 0 
58. secO = —2, tand>0 
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In Problems 59-76, use the even—odd properties to find the exact value of each expression. Do not use a calculator. 


\ 59. sin(—60°) 60. cos(—30°) 61. tan(—30°) 


64. csc(—30°) 65. sin(—90°) 66. cos(—270°) 


71. tan(—7) 


T 
76. cso( - =) 


In Problems 77-88, use properties of the trigonometric functions to find th 


77. sin’ 40° + cos? 40° 78. sec? 18° — tan? 18° X79. 


62. sin(—135°) 63. sec(—60°) 


67. tan( = =) 68. sin(—7r) 
72. sin( _ =z) 73. ese( = =) 


e exact value of each expression. Do not use a calculator. 


sin 80° csc 80° 80. tan 10° cot 10° 


in 40° 20° 
81. tan 40° — 82. cot 20° — 83. cos 400° sec 40° 84, tan 200° cot 20° 
‘os 40° sin 20° 
7 25a 7 370 sin(—20°) sin 70° 
Ce (aes postal pass = © 5 eit 70° 
85. sin( =) csc 7) 86. seo( =) cos 18 87. ae + tan 200 88 cos(—430°) an( ) 
89. If sin 6 = 0.3, find the value of: 100. For what numbers 6 is f(@) = csc @ not defined? 


sin@ + sin(@ + 27) + sin(@ + 477) 101. What is the range of the sine function? 
90. If cos 6 = 0.2, find the value of: 102. What is the range of the cosine function? 
cos @ + cos(@ + 2a) + cos(@ + 477) 103. What is the range of the tangent function? 
91. If tan @ = 3, find the value of: 104. What is the range of the cotangent function? 
a SM oe SE 2) 105. What is the range of the secant function? 
Per SCOPE = ani Ne NAG Ok 106. What is the range of the cosecant function? 
cot @ + cot(@ — 7) + cot(@ — 277) . . : . 
107. Is the sine function even, odd, or neither? Is its graph 
93. Find the exact value of: symmetric? With respect to what? 
sin 1° + sin 2° + sin 3° + --- + sin 358° + sin 359° 108. Is the cosine function even, odd, or neither? Is its graph 
: symmetric? With respect to what? 
94. Find the exact value of: 
_ a a ; 7 : 109. Is the tangent function even, odd, or neither? Is its graph 
cos 1° + cos 2° + cos 3° +--+ + cos 358° + cos 359 symmetric? With respect to what? 
95. What is the domain of the sine function? 110. Is the cotangent function even, odd, or neither? Is its 
96. What is the domain of the cosine function? graph symmetric? With respect to what? 
\ 97. For what numbers @ is f(0) = tan @ not defined? 111. Is the secant function even, odd, or neither? Is its graph 
, symmetric? With respect to what? 
98. For what numbers 6 is f(@) = cot @ not defined? 
112. Is the cosecant function even, odd, or neither? Is its graph 
99, For what numbers 6 is f(@) = sec @ not defined? symmetric? With respect to what? 
Applications and Extensions 
In Problems 113-118, use the periodic and even—odd properties. 115. If f(@) = tan 6 and f(a) = 2, find the exact value of: 
1 = 
113. If f(@) = sin @ and f(a) = qrund the exact value of: (a) F(a) OPA) eT EE 2m) 
(a) f(-a) (b) f(a) + f(a + 27) + f(a + 4m) 116. If f(@) = cot @ and f(a) = —3, find the exact value of: 
F (a) f(—4) (b) fla) + fla + m) + fla + 4m) 
AME TET) Gos end 1a) 4’ inal the exact welaciok 117. If f(@) = sec @ and f(a) = —4, find the exact value of: 
(a) f(-a) — (b) f(a) + f(a + 2m) + f(a 27) ee) ERG Ee Ee oe SE) 
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118. 


119. 


120. 


If f(@) = csc @ and f(a) = 2, find the exact value of: 
(a) f(~a) (b) f(a) + fla + 2a) + f(a + 4z) 


Calculating the Time of a Trip From a parking lot, you 
want to walk to a house on the beach. The house is located 
1500 feet down a paved path that parallels the ocean, which 
is 500 feet away. See the illustration. Along the path you can 
walk 300 feet per minute, but in the sand on the beach you 
can only walk 100 feet per minute. 

The time T to get from the parking lot to the beach 
house can be expressed as a function of the angle @ shown in 
the illustration and is 

5 5 


T : 
w= 3 3 tan 0 


o<e< = 
sin 0’ 2 


Calculate the time T if you walk directly from the parking 
lot to the house. 


500 
Hint: =. 
[Hint: tan 6 1500 


Calculating the Time of a Trip Two oceanfront homes are 
located 8 miles apart on a straight stretch of beach, each a 
distance of 1 mile from a paved path that parallels the 
ocean. Sally can jog 8 miles per hour on the paved path, but 
only 3 miles per hour in the sand on the beach. Because a 
river flows directly between the two houses, it is necessary 
to jog in the sand to the road, continue on the path, and 
then jog directly back in the sand to get from one house to 
the other. See the illustration. The time T to get from one 
house to the other as a function of the angle @ shown in 
the illustration is 


2 1 
3 sin 0 


(2922 


T. 14 
(9) 4 tan 0 2 


Explaining Concepts: Discussion and Writing 


132. 


133. 


Write down five properties of the tangent function. Explain 
the meaning of each. 

Describe your understanding of the meaning of a periodic 
function. 


134. Explain how to find the value of sin 390° using periodic 


properties. 


‘Are You Prepared?’ Answers 


1. 


even 3. False 


1 
{xls # -3} 2. 


121. 


122. 


123. 


124. 
125. 
126. 
127. 
128. 
129. 
130. 
131. 


135. 


136. 


1 
(a) Calculate the time 7 for tan 6 = ri 
(b) Describe the path taken. 
(c) Explain why 6 must be larger than 14°. 


Show that the range of the tangent function is the set of all 
real numbers. 


Show that the range of the cotangent function is the set of 
all real numbers. 


Show that the period of f(@) = sin @ is 27. 


[Hint: Assume that 0< p<2z7 exists so that 
sin(@ + p) = sin@ for all 9. Let 6 = 0 to find p. Then let 


T 
o= > to obtain a contradiction.] 


Show that the period of f(@) = cos 6 is 27. 

Show that the period of f(@) = sec @ is 27. 

Show that the period of f(@) = csc @ is 27. 

Show that the period of f(@) = tan @ is 7. 

Show that the period of f(@) = cot @ is 7. 

Prove the reciprocal identities given in formula (2). 
Prove the quotient identities given in formula (3). 
Establish the identity: 


(sin 9 cos p)* + (sin @ sin @)* + cos? @ = 1 


Explain how to find the value of cos(—45°) using even—odd 
properties. 


Explain how to find the value of sin 390° and cos (—45°) 
using the unit circle. 


4, True 
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2.4 Graphs of the Sine and Cosine Functions* 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Graphing Techniques: Transformations (Section 1.6, pp. 61-69) 


Now Work the ‘Are You Prepared?’ problems on page 149. 


OBJECTIVES 1 Graph Functions of the Form y = A sin(wx) Using Transformations (p. 140) 
2 Graph Functions of the Form y = A cos(wx) Using Transformations (p. 142) 
3 Determine the Amplitude and Period of Sinusoidal Functions (p. 143) 
4 Graph Sinusoidal Functions Using Key Points (p. 144) 

5 Find an Equation for a Sinusoidal Graph (p. 148) 


Since we want to graph the trigonometric functions in the xy-plane, we shall use the 
traditional symbols x for the independent variable (or argument) and y for the 
dependent variable (or value at x) for each function. So we write the six trigonometric 
functions as 


y = f(x) = sinx y = f(x) = cosx y = f(x) = tanx 


y = f(x) = csex y = f(x) = secx y = f(x) = cot x 


IX Here the independent variable x represents an angle, measured in radians. In calculus, 
x will usually be treated as a real number. As we said earlier, these are equivalent 
ways of viewing x. 


The Graph of the Sine Function y = sinx 


Since the sine function has period 27, we only need to graph y = sin x on the 
interval [0, 27]. The remainder of the graph will consist of repetitions of this portion 
of the graph. 

We begin by constructing Table 6, which lists some points on the graph of 
y = sinx, 0 = x = 27. As the table shows, the graph of y = sinx,0 = x = 27, 


y = sinx (x, y) 


: - : 7 . . 
begins at the origin. As x increases from 0 to > the value of y = sin x increases 
: 7 397 
from 0 to 1; as x increases from > to 7 to 15 the value of y decreases from 1 to 0 


: 3a ; 
to —1; as x increases from oe to 27, the value of y increases from —1 to 0. If we 


plot the points listed in Table 6 and connect them with a smooth curve, we obtain the 
graph shown in Figure 44. 


Figure 44 y 
y=sinx,0 =x S$ 27 


The graph in Figure 44 is one period, or cycle, of the graph of y = sin x.To obtain 
amore complete graph of y = sin x, continue the graph in each direction, as shown 
in Figure 45. 


* For those who wish to include phase shifts here, Section 2.6 can be covered immediately after Section 2.4 
without loss of continuity. 
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Figure 45 
y = sinx,-CO <x < © 


The graph of y = sin x illustrates some of the facts that we already know about 
the sine function. 


Properties of the Sine Function y = sin x 


1. The domain is the set of all real numbers. 
2. The range consists of all real numbers from —1 to 1, inclusive. 


3. The sine function is an odd function, as the symmetry of the graph with 
respect to the origin indicates. 


4. The sine function is periodic, with period 27. 
5. The x-intercepts are..., —27, —7, 0, 7, 277, 377,...; the y-intercept is 0. 


3 Sa 9 
6. The absolute maximum is 1 and occurs at x = ...,— < = ae oe Sans 


3a Ta 11 
the absolute minimum is —1 and occurs atx = ..., = a a aoe 


om======-Now Work prosLem 9 


1 Graph Functions of the Form y = A sin(@x) 
Using Transformations 


EXAMPLE 1 Graphing Functions of the Form y = A sin(@x) 


Using Transformations 


Graph y = 3 sin x using transformations. 


Solution __ Figure 46 illustrates the steps. 


Figure 46 


SELES 

Multiply by 3; 

vertical stretch 
(a) y= sin x by a factor of 3 (b) y=3sinx 
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EXAMPLE 2 Graphing Functions of the Form y = A sin(wx) 
Using Transformations 


Graph y = —sin(2x) using transformations. 


Solution Figure 47 illustrates the steps. 


Figure 47 Va Va 


— 
5 X 
2 


a 


Multiply by —1; |/<«—Period 27——>|_ Replace x by 2x; . 
Reflect about the Horizontal compression /——Period 11 ——>] 
x-axis by a factor of 5 


(a) y= sin x (b) y = —sin x (¢) y= —sin(2x) 
Notice in Figure 47(c) that the period of the function y = —sin(2x) is 7 due to 


1 
the horizontal compression of the original period 27 by a factor of > 


orm Niow Work PROBLEM 37 USING TRANSFORMATIONS 


The Graph of the Cosine Function 


The cosine function also has period 277. We proceed as we did with the sine function 
by constructing Table 7, which lists some points on the graph of y = cos x, 
0 = x = 27. As the table shows, the graph of y = cos x,0 = x = 27, begins at the 


Table 7 


point (0, 1). As x increases from 0 to a to 7, the value of y decreases from 1 to 0 to 


3 
—1;as x increases from 7 to to 277, the value of y increases from —1 to 0 to 1. As 
before, plot the points in Table 7 to get one period or cycle of the graph. See 
Figure 48. 


Figure 48 Va 
y=cosx,0 =x S27 


-1 


A more complete graph of y = cos x is obtained by continuing the graph in 
each direction, as shown in Figure 49. 


Figure 49 
y = cosx,-CO <x< © 


+ 


The graph of y = cos x illustrates some of the facts that we already know about 
the cosine function. 


(1, +1) 


(7, -1) 
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Properties of the Cosine Function 


1. The domain is the set of all real numbers. 
2. The range consists of all real numbers from —1 to 1, inclusive. 


3. The cosine function is an even function, as the symmetry of the graph with 
respect to the y-axis indicates. 


4. The cosine function is periodic, with period 27. 
30 ot ot 3a ST 
Pet VO RP eg) 
6. The absolute maximum is 1 and occurs at x = ..., —277, 0, 277, 477, 67,...; 
the absolute minimum is —1 and occurs at x = ..., —7, 7,377, 57,.... 


5. The x-intercepts are ..., ,...5 the y-intercept is 1. 


2 Graph Functions of the Form y = A cos(a@x) 
Using Transformations 


EXAMPLE 3 Graphing Functions of the Form y = A cos(@x) 
Using Transformations 


Graph y = 2 cos(3x) using transformations. 


Solution — Figure 50 shows the steps. 


Figure 50 


em—2) 7T  (m=2) 
SSS _——aeee = 
= Multiply by 2; = Replace x by 3x; = 
a Vertical stretch eS ary Horizontal fey 2 E0855) 
by a factor of 2 compression by 
a factor of 
E) ‘ee 
2 
Notice in Figure 50(c) that the period of the function y = 2 cos(3x) is a due to 
1 
the compression of the original period 27 by a factor of 3° 
orm -Now Work proBLEM 45 USING TRANSFORMATIONS 
Sinusoidal Graphs 
Shift the graph of y = cos.x to the right a units to obtain the graph of 
y= cos( x = =) See Figure 51(a). Now look at the graph of y = sinx in 
Figure 51(b). We see that the graph of y = sin x is the same as the graph of 
T 
y = cos| x — = J. 
Figure 51 y 


(b) y=sinx 
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Based on Figure 51, we conjecture that 


sin x = cos( 2 = ) 
Seeing the Concept 2 


Graph Y, = sinx and Y, = cos(x- ). 
(We shall prove this fact in Chapter 3.) Because of this relationship, the graphs of 


H hsd ? . : A " 
eae Sa | functions of the form y = Asin(wx) or y = Acos( x) are referred to as sinusoidal 


graphs. 


3 Determine the Amplitude and Period of Sinusoidal Functions 


In Figure 52(b) we show the graph of y=2cos x. Notice that the values of 
y = 2cos x lie between —2 and 2, inclusive. 


Figure 52 
VA 
1 (27, 1) 
| | | = ——E 
—0 75 = 7 Seam BE NX Multiply by 2; 
(—a, -1) = (1, -1) Vertical stretch 
, j by a factor of 2 L 
(—1, —2) (a, —2) 
(a) y = cos x (b) y = 2 cos x 
In general, the values of the functions y = Asin x and y = Acos x, where 
A # 0, will always satisfy the inequalities 
—|A| <= Asinx =|A| and -|A| <= Acosx < |A| 
respectively. The number | A| is called the amplitude of y = A sin x or y = Acos x. 
See Figure 53. 
Figure 53 Va 
—T AP 3T 
i i 
= T on ST x 
WAL 2 2 
y=Asinx,A>0 
Period = 27r 
In Figure 54(b), we show the graph of y = cos(3x). Notice that the period of 
2 
this function is aa due to the horizontal compression of the original period 27 by a 
1 
factor of =. 
3 
Figure 54 


i ee 


———w 
Replace x by 3x; /k—1 period —>| 
(a) y = cos x Horizontal compression (b) y = cos (3x) 


by a factor of z 


In general, if w > 0, the functions y = sin(wx) and y = cos(wx) will have 


2 
period T = =i To see why, recall that the graph of y = sin(wx) is obtained from the 
@ 
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Figure 55 


NOTE Recall that a function fis even if 
f(—x) = f(x); a function f is odd if 
f(—x) = —f(x). Since the gine function 
is odd, sin(—x) = —sinx; since the 
cosine function is even, cos(—x) = cosx . 

| 


THEOREM 


1 
graph of y = sinx by performing a horizontal compression or stretch by a factor —. 
(0) 


This horizontal compression replaces the interval [0,27], which contains one 
2 

period of the graph of y = sin x, by the interval [o, =|, which contains one period 
@ 


of the graph of y = sin(wx). So, the function y = cos(3x), graphed in Figure 54(b), 
2 2 
with w = 3, has period -7 
@ 3 
One period of the graph of y = sin(wx) or y = cos(wx) is called a cycle. 
Figure 55 illustrates the general situation. The blue portion of the graph is one 
cycle. 


Ya 
Ak 
L | | =— 
Tw 27 x 
—Ab LO) (0) 
y= Asin (wx), A> 0,0 >0 


When graphing y = sin(wx) or y = cos(wx), we want to be positive. To graph 
y = sin(—@x), w > Oor y = cos(—wx), w > 0, we use the Even—Odd Properties of 
the sine and cosine functions as follows: 


sin(—wx) = —sin(wx) and cos(—wx) = cos(wx) 


This gives us an equivalent form in which the coefficient of x in the argument is 
positive. For example, 


sin(—2x) = —sin(2x) and cos(—ax) = cos(7x) 


Because of this, we can assume that w > 0. 


If w > 0, the amplitude and period of y = A sin(wx) and y = A cos(@x) are 
given by 


20 


Amplitude = |A| — Period = T = — (1) 
@ 


=) 


EXAMPLE 4 


Solution 


Finding the Amplitude and Period of a Sinusoidal Function 
Determine the amplitude and period of y = 3 sin(4x). 

Comparing y = 3 sin(4x) to y = Asin(wx), we find that A = 3 and w = 4. From 
equation (1), 


27n ww TT 


4 2 


Amplitude = |A| = 3 Period = T 


-! 


om=====-Now Work prosLem 15 


Graph Sinusoidal Functions Using Key Points 


So far, we have graphed functions of the form y = A sin(@x) or y = A cos(wx) 
using transformations. We now introduce another method that can be used to graph 
these functions. 


Figure 56 


EXAMPLE 5 


Step-by-Step Solution 


Step 1: Determine the amplitude 
and period of the sinugoidal function. 
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Figure 56 shows one cycle of the graphs of y = sinx and y = cos x on the 
interval [0,27]. Notice that each graph consists of four parts corresponding to 
the four subintervals: 


ot} (S-} [Fh Grad 


Each subinterval is of length - (the period 27 divided by 4, the number of parts), 


: . 7 30 
and the endpoints of these intervals x = 0, x X= 7,X 


to five key points on each graph: 2 


,X = 27 give rise 


3 
For y = sin x: (0, 0), @ 1), (a, 0), (=. -1), (27, 0) 
7 377 
For y = cos x: (0, 1), @ 0), (-1); (=, 0), (277, 1) 


Look again at Figure 56. 


(a) y= sin x (b) y = cos x 


How to Graph a Sinusoidal Function Using Key Points 


Graph y = 3 sin(4x) using key points. 


Comparing y = 3 sin(4x) to y = A sin(wx), we see that A = 3 and w = 4, so the 
2 2: 

amplitude is |A| = 3 and the period is “7 = 7a = > Because the amplitude is 3, 
@W 


the graph of y = 3 sin(4x) will lie between —3 and 3 on the y-axis. Because the 


period is - one cycle will begin at x = 0 and end at x = a 


Cn 
Step 2: Divide the interval fo =| 


into four subintervals of the same 
length. 


Divide the interval [o, Z| into four subintervals, each of length ; +4= a as 
follows: 


fo Z| zz z|~|2 2 | [= T z|~|2 a [ee 37 z|=|32 z| 
>s| 188 8 84] |4’4° 8 4’ 8 8° 8 8 ea 
us 3 


ae 
8’ 4° 8°2 
x-coordinates of the five key points on the graph. 


The endpoints of the subintervals are 0, . These values represent the 
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Step 3: Use the endpoints of these 


subinterva 


6 to obtain five key points 


on the graph. 


To obtain the y-coordinates of the five key points of y = 3 sin(4x), multiply the 
y-coordinates of the five key points for y = sin x in Figure 56(a) by A = 3.The five 
key points are 


COMMENT We could also obtain the five 7 a ar T 

key points by evaluating y = 3 sin(4x) (0, 0) (Zz 3) (z 0) (= -3) (z 0) 

at each value of x. o 

Step 4: Plot the five key points and _— Plot the five key points obtained in Step 3 and fill in the graph of the sine 


draw a sinusoidal graph to obtain 


the graph 


of one cycle. Extend the 


graph in each direction to make it 


complete. 


Figure 57 


curve as shown in Figure 57(a). Extend the graph in each direction to obtain the 
complete graph shown in Figure 57(b). Notice that additional key points appear 
7 


every 5 radian. 


(b) y = 3sin (4x) 


Acheck: Graph y = 3 sin(4x) using transformations. Which graphing method do 
you prefer? ail 


erm Now Work PROBLEM 37 USING KEY POINTS 


SUMMARY _ Steps for Graphing a Sinusoidal Function of the Form y = A sin(cx) or 
y = Acos(x) Using Key Points 


STEP 1: 
STEP 2: 


Step 3: 
Step 4: 


Determine the amplitude and period of the sinusoidal function. 


2 
Divide the interval [o, =| into four subintervals of the same length. 
@ 


Use the endpoints of these subintervals to obtain five key points on the graph. 


Plot the five key points and draw a sinusoidal graph to obtain the graph of one cycle. Extend the graph in 
each direction to make it complete. 


EXAMPLE 6 


Solution 


Graphing a Sinusoidal Function Using Key Points 


Graph y = 2 sin( - x) using key points. 
Since the sine function is odd, we can use the equivalent form: 


y=-2 sin( 2x) 


STEP 1: Comparing y = —2 sin( $x) to y = Asin(wx), we find that A = —2 and 


2 2 
o= >The amplitude is | A| = |—2| =2, and the period is T = a= = =4 
@ 
y 


lu 


Figure 58 


COMMENT To graph a_ sinusoidal 
function of the form y = A sin(wx) or 
y = Acos(ax) using a graphing utility, 
use the amplitude to set Yimin 
and Ying, and use the period to set Xmin 
and Xrmaxe a 
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_ ( 7 ee : 
The graph of y = —2 sin( 2 x) will lie between —2 and 2 on the y-axis. One 


cycle will begin at x = 0 andend at x = 4. 
STEP 2: Divide the interval [0, 4] into four subintervals, each of length 4 + 4 = 1. 
The x-coordinates of the five key points are 


0 0+ 1=1 1+1=2 2+1=3 3+1=4 


1st x-coordinate 2nd x-coordinate 3rd x-coordinate 4th x-coordinate 5th x-coordinate 


STEP 3: Since y = —2 sin( Sx), multiply the y-coordinates of the five key points in 


Figure 56(a) by A = —2.The five key points on the graph are 


STEP 4: Plot these five points and fill in the graph of the sine function as shown in 
Figure 58(a). Extend the graph in each direction to obtain Figure 58(b). 


(a) (b) y = 2 sin (—2x) 


ACheck: Graph y = 2 sin (- 5 x) using transformations. Which graphing method 
do you prefer? ms 
om -low Work PROBLEM 41 USING KEY POINTS 


If the function to be graphed is of the form y = Asin(wx) + B [or 
y = Acos(wx) + BI, first graph y = A sin(wx) [or y = A cos(wx)] and then use a 
vertical shift. 


EXAMPLE 7 


Solution 


Graphing a Sinusoidal Function Using Key Points 


Graph y = —4cos(7x) — 2 using key points. Use the graph to determine the 
domain and the range of y = —4 cos(7x) — 2. 


Begin by graphing the function y = —4 cos(7x). Comparing y = —4 cos(7x) with 


y = Acos(wx), we find that A = —4 and w = 7. The amplitude is |A] = |—4| = 4, 
2 2 

and the period is T = om = ST a 
(0) T 


The graph of y = —4 cos(7rx) will lie between —4 and 4 on the y-axis. One cycle 
will begin at x = 0 and end at x = 2. 1 

Divide the interval [0,2] into four subintervals, each of length 2 + 4 = > The 
x-coordinates of the five key points are 


1 1 1 1 1 3 3. 1 
0 OSs i ae LG ee ek 


1st x-coordinate 2nd x-coordinate 3rd x-coordinate 4th x-coordinate 5th x-coordinate 


Since y = —4cos(7x), multiply the y-coordinates of the five key points of 
y = cos x shown in Figure 56(b) by A = —4 to obtain the five key points on the 
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graph of y = —4 cos(7x): 
(0, —4) (=. 0) (1, 4) (3. 0) (2, -4) 


Plot these five points and fill in the graph of the cosine function as shown in 
Figure 59(a). Extending the graph in each direction, we obtain Figure 59(b), the 
graph of y = —4 cos(7x). 

A vertical shift down 2 units gives the graph of y = —4 cos(a7x) — 2, as shown 
in Figure 59(c). 


Figure 59 
YA 
1,4 
4 (1, 4) 
ae 0) 
- aaa 
(2, —4) —s 
Subtract 2; 
vertical shift 
down 2 units 
(a) (b) y = —4 cos (rx) (c) y= —4 cos (1x) — 2 
The domain of y = —4 cos(7zx) — 2 is the set of all real numbers or (—©9, 00). 
The range of y = —4 cos(ax) — 2is{y|—-6 = y S 2} or [—6, 2]. J 


om -Now Work prosLem 51 
5 Find an Equation for a Sinusoidal Graph 


EXAMPLE 8 Finding an Equation for a Sinusoidal Graph 


Find an equation for the graph shown in Figure 60. 


Figure 60 


Ix Period >| 


Solution — The graph has the characteristics of a cosine function. Do you see why? The maximum 
value, 3, occurs at x = 0.So we view the equation as a cosine function y = A cos(@x) 


2 
with A = 3 and period T = 1. Then <7 = 1, so w = 27. The cosine function whose 
graph is given in Figure 60 is . 


y = Acos(wx) = 3 cos(27x) 


eI check: Graph Y, = 3 cos(27x) and compare the result with Figure 60. - 


EXAMPLE 9 
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Finding an Equation for a Sinusoidal Graph 


Find an equation for the graph shown in Figure 61. 


Figure 61 


Solution 


Period >| 


2 
The graph is sinusoidal, with amplitude |A| = 2. The period is 4, so "= 4 or 
@ 


Ss Since the graph passes through the origin, it is easier to view the equation 


as a sine function,’ but notice that the graph is actually the reflection of a sine 
function about the x-axis (since the graph is decreasing near the origin). This 
requires that A = —2.The sine function whose graph is given in Figure 61 is 


ommmm===-N\ow Work 


y = Asin(wx) = —2 sin( 7x) 
SCheck: Graph Y; = —2 sin( 2 x) and compare the result with Figure 61. 


PROBLEMS 59 AND 63 


2.4 Assess Your Understanding 


‘Are You Prepa red?’ = Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Use transformations to graph y = 3x. (pp. 61-69) 


2. Use transformations to graph y = V 2x. (pp. 61-69) 


Concepts and Vocabulary 


3. The maximum value of y=sinx,0 =x = 27, is 


and occurs at x = . 


4. The function y = Asin(wx), A > 0, has amplitude 3 and 


period 2; then A = and w 
5. The function y = 3 cos(6x) has amplitude and 
period 


6. True or False The graphs of y = sin x and y = cos x are 
identical except for a horizontal shift. 


7. True or False For y = 2 sin(7x), the amplitude is 2 and 
the period is - 


8. True or False ‘The graph of the sine function has infinitely 
many x-intercepts. 


Skill Building 


\C 9. f(x) = sin x 
(a) What is the y-intercept of the graph of f? 
(b) For what numbers x, -7 = x = 7, is the graph of f 
increasing? 
(c) What is the absolute maximum of f? 
(d) For what numbers x, 0 = x = 27, does f(x) = 0? 


(e) For what numbers x, —27 = x = 277, does f(x) = 1? 
Where does f(x) = —1? 
1 
(f) For what numbers x, -27 =< x = 27,does f(x) = ~5? 
(g) What are the x-intercepts of f? 


"The equation could also be viewed as a cosine function with a horizontal shift, but viewing it as a sine function is easier. 
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10. g(x) = cos x (e) For what numbers x, —27 = x = 277, does g(x) = 1? 
(a) What is the y-intercept of the graph of g? Where does g(x) = —1? ie 
b) For what bers x, -7 < x <7, is th h of 3 
(b) bases reas a A Mace A a co (f) For what numbers x, —27 =< x = 27, does g(x) = ——? 
ecreasing? 2 
(c) What is the absolute minimum of g? (g) What are the x-intercepts of g? 


(d) For what numbers x,0 = x < 27, does g(x) = 0? 


In Problems 11-20, determine the amplitude and period of each function without graphing. 


i 1 
11. y = 2sinx 12. y = 3cosx 13. y = —4cos(2x) 14, y= -sin() 
‘ 1 3 4 2 
N15. y = 6 sin(ax) 16. y = —3 cos(3x) 17. y = ~deos( $x) 18. y = <sin(2.) 
5. Qa _ 9 3a 
19% y= > sin( 3 x) 20. y= Zeos( 5 x) 


1 
21. y = 2sin( Zr) 22. y=2 cos( 2x) 23. y= 2 os( 3) 
2 2 2 
: oa ai 
24. y = 3 cos(2x) 25. y = —3 sin(2x) 26. y= 2sin($) 
at 7 : 
27. y = —2 cos a 28. y = —2 cos * 29. y = 3 sin(2x) 


) sdf oh 
30. y = —2 sin( $x) 
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') In Problems 31-34, match the given function to one of the graphs (A)—-(D). 


3 3 3 3 
MA : RA : | aA : | : 
—3 —3 —3 -3 
(A) (B) (C) (D) 
1 1 
31. y=3 sin( 5) 32. y = —3 sin(2x) 33. y = 3 sin(2x) 34. y = -3 sin( 3) 


In Problems 35-58, graph each function. Be sure to label key points and show at least two cycles. Use the graph to determine the domain 
and the range of each function. 


35. y = 4cos x 36. y = 3sinx \ 37. y = -4 sin x 38. y = —3cos x 
39. y = cos(4x) 40. y = sin(3x) N41. y = sin(—2x) 42. y = cos(—2x) 
1 1 1 1 
4. y=2 sin( $ x) 44, y=2 cos( 4 x) N45. y = 5 cos(2x) 46. y= —-4 sin( Z x) 
47. y = 2sinx +3 48. y = 3cosx +2 49. y = 5cos(wx) — 3 50. y = 4sin( Sx) ~2 
\ 51. y = -6 sin( x) +4 52. y = -3 cos( x) +2 53. y = 5 — 3sin(2x) 54. y = 2 — 4cos(3x) 
55 = 3 sin(-2 x) 56. y == (-=:) 57 : (Fx) +3 58 ssin(Zx) +3 
y= zsinl-= x y= Zcos| — x .y 7 OOS Gx) +5 .y 5 Sint x) +5 
In Problems 59-62, write the equation of a sine function that has the given characteristics. 
X59. Amplitude: 3 60. Amplitude: 2 61. Amplitude: 3 62. Amplitude: 4 
Period: 7 Period: 4a Period: 2 Period: 1 


In Problems 63-76, find an equation for each graph. 


X\ 63. 


64. 
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69. 


71. 


In Problems 77-80, find the average rate of change of f from 0 to a 


77. f(x) = sinx 


Mixed Practice 


78. f(x) = cos x 


79. f(x) = sin(2) 


VA 
OL 
{LE 
3 
2) 
! = 
3 3 3 x 
4 4 2 
3 74. 5 aDs 4 76. 4 
: | : AK | TARY - 
3 3 
“3 ~2 -4 —4 


80. f(x) = cos(2x) 


In Problems 81-84, find f(g(x)) and g(f(x)) and graph each of these functions. 


81. f(x) = sinx 


82. f(x) = cos x 


g(x) = 4x 1 


g(x) = a 


In Problems 85 and 86, graph each function. 


5a 
Osx <— 
ia” 


sin x 


85. f(x) = 


Applications and Extensions 


87. 


88. 


89. 


Alternating Current (ac) Circuits The current /,in amperes, 
flowing through an ac (alternating current) circuit at time fin 
seconds, is 


I(t) = 220sin(607t) 120 


What is the period? What is the amplitude? Graph this 
function over two periods. 


Alternating Current (ac) Circuits The current /,in amperes, 
flowing through an ac (alternating current) circuit at time fin 
seconds, is 

I(t) = 120 sin(3077) t=0 
What is the period? What is the amplitude? Graph this 
function over two periods. 


Alternating Current (ac) Generators The voltage V, in volts, 
produced by an ac generator at time f, in seconds, is 


V(t) = 220 sin(120zr) 


83. f(x) = —2x 


g(x) = cos x 


90. 


84. f(x) = —3x 


g(x) = sinx 


(a) What is the amplitude? What is the period? 
(b) Graph V over two periods, beginning at t = 0. 
(c) If a resistance of R = 10 ohms is present, what is the 
current J? 
[Hint: Use Ohm’s Law, V = JR.] 
(d) What is the amplitude and period of the current /? 
(e) Graph J over two periods, beginning at t = 0. 
Alternating Current (ac) Generators The voltage V, in volts, 
produced by an ac generator at time f, in seconds, is 


V(t) = 120 sin(120zr) 


(a) What is the amplitude? What is the period? 

(b) Graph V over two periods, beginning at t = 0. 

(c) If a resistance of R = 20 ohms is present, what is the 
current J? 
[Hint: Use Ohm’s Law, V = JR.] 

(d) What is the amplitude and period of the current /? 

(e) Graph J over two periods, beginning at t = 0. 


91. Alternating Current (ac) Generators The voltage V 
produced by an ac generator is sinusoidal. As a function of 
time, the voltage V is 

V(t) = Vo sin(27ft) 
where f is the frequency, the number of complete oscilla- 
tions (cycles) per second. [In the United States and Canada, 
f is 60 hertz (Hz).] The power P delivered to a resistance R 
at any time ¢ is defined as 


[V(e)P 
R 


PG) = 
Views 
(a) Show that P(t) = RZ sin (27ft). 


(b) The graph of P is shown in the figure. Express P as a 
sinusoidal function. 
Ph 


Yo 
F 


ey 


Power in an ac generator 
(c) Deduce that 
1 
sin’(27ft) = ie — cos(47rft) ] 


92. Bridge Clearance A one-lane highway runs through a 
tunnel in the shape of one-half a sine curve cycle. The opening 
is 28 feet wide at road level and is 15 feet tall at its highest 
point. 
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(a) Find an equation for the sine curve that fits the opening. 
Place the origin at the left end of the sine curve. 

(b) If the road is 14 feet wide with 7-foot shoulders on each 
side, what is the height of the tunnel at the edge of the 
road? 

Source: en.wikipedia.org/wiki/Interstate_Highway_standards 

and Ohio Revised Code 


93. Biorhythms 
the form 


In the theory of biorhythms, a sine function of 


P(t) = 50sin(@t) + 50 
is used to measure the percent P of a person’s potential at 
time ¢, where ¢ is measured in days and t = 0 is the person’s 
birthday. Three characteristics are commonly measured: 
Physical potential: period of 23 days 
Emotional potential: period of 28 days 
Intellectual potential: period of 33 days 


(a) Find w for each characteristic. 

(b) Using a graphing utility, graph all three functions on the 
same screen. 

(c) Is there a time ¢ when all three characteristics have 100% 
potential? When is it? 

(d) Suppose that you are 20 years old today (t = 7305 days). 
Describe your physical, emotional, and intellectual poten- 
tial for the next 30 days. 


ig 


,-27 = x = 2. 


94. Graph y = |cos x 
95. Graph y = |sin x|,-2a7 < x < 27. 


In Problems 96-99, the graphs of the given pairs of functions intersect infinitely many times. Find four of these points of intersection. 


96. y = sinx 97. y = cos x 
_i ae 
ae —_ 


Explaining Concepts: Discussion and Writing 


100. Explain how you would scale the x-axis and y-axis before 
graphing y = 3 cos(7x). 

101. Explain the term amplitude as it relates to the graph of a 
sinusoidal function. 


102. Explain the term period as it relates to the graph of a 
sinusoidal function. 


Interactive Exercises 


Ask your instructor if the applet exercises below are of interest to you. 


105. Open the Trace Sine Curve applet. On the screen you will see 
the graph of the unit circle with a point C labeled. Use your 
mouse and move point C around the unit circle in the counter- 
clockwise direction. What do you notice? In particular, what is 
the relation between the angle and the y-coordinate of point C? 


98. y = 2sinx 
y=-2 


99. y = tanx 
y=1 


103. Explain how the amplitude and period of a sinusoidal graph 
are used to establish the scale on each coordinate axis. 


104. Find an application in your major field that leads to a 


sinusoidal graph. Write a paper about your findings. 


106. Open the Trace Cosine Curve applet. On the screen you will see 
the graph of the unit circle with a point C labeled. Use your 
mouse and move point C around the unit circle in the counter- 
clockwise direction. What do you notice? In particular, what is 


the relation between the angle and the x-coordinate of point C? 
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107. Open the Amplitude applet. On the screen you will see a graph of f(x) = sin(wx). Pay particular attention to the 
slider. Move the point along the slider to see the role a plays key points matched by color on each graph. For conven- 
in the graph of f(x) = asin x. ience the graph of g(x) = sinx is shown as a dashed, 

108. Open the Period applet. On the screen you will see a slider. gray curve. 


Move the point along the slider to see the role w plays in the 
‘Are You Prepared?’ Answers 


1 
1. Vertical stretch by a factor of 3 2. Horizontal compression by a factor of 3 


2.5 Graphs of the Tangent, Cotangent, 
Cosecant, and Secant Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Vertical Asymptotes (Section 1.6, pp. 69-70) 


\ Now Work the ‘Are You Prepared?’ problems on page 159. 


OBJECTIVES 1 Graph Functions of the Form y = A tan(@x) + B 
and y = Acot(wx) + B (p.156) 

2 Graph Functions of the Form y = A csc(wx) + B 

and y = Asec(wx) + B (p.158) 


The Graph of the Tangent Function 


Because the tangent function has period 7, we only need to determine the 
graph over some interval of length 7. The rest of the graph will consist of 
repetitions of that graph. Because the tangent function is not defined at 

37 ot ot BT 


ee ae ,-.., We will concentrate on the interval (-5.2).01 length 7, 
and construct Table 8, which lists some points on the graph of y = tan x, 
a <x< a We plot the points in the table and connect them with a smooth 
curve. See Figure 62 for a partial graph of y = tan x, where =5 =x..5 a 


To complete one period of the graph of y = tan x, we need to investigate the 
T 
2 
because y = tan x is not defined at these numbers. To determine this behavior, we 
use the identity 


behavior of the function as x approaches — — and BF We must be careful, though, 


See Table 9. If x is close to - =~ 1.5708, but remains less than = then sin x will 
be close to 1 and cos x will be positive and close to 0. (To see this, refer back to the 


. : ; : . sinx =, 
graphs of the sine function and the cosine function.) So the ratio ae will be 
x 


3 
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Table 8 Figure 62 


TT 
y = tanx, ia 


oe 7 : 
positive and large. In fact, the closer x gets to > the closer sin x gets to 1 and cos x 


gets to 0,so tan. x approaches co (sim tan x = c). In other words, the vertical line 
XZ 


TT. : 
x= a is a vertical asymptote to the graph of y = tan x. 


Table 9 
V3 = 1.73 
0.0707 14.1 
7.96 x 10+ 1255.8 
9.6 X 10° 10,381 
0 Undefined 
; 7 : 7 : : 
If x is close to — > but remains greater than ——, then sin x will be close to 
—1 and cosx will be positive and close to 0. The ratio approaches —oco 
. : . T : 
( lim tanx = -0°), In other words, the vertical line x = =o is also a vertical 
x2 —3t 
asymptote to the graph. 
With these observations, we can complete one period of the graph. We obtain 
the complete graph of y = tan x by repeating this period, as shown in Figure 63. 
Figure 63 x= x= x= x= 
y = tanx,—©o < x < ©,xnot equal 
to odd multiples oft -co<y<o 
J Check: Graph Y, = tan x and > 
—2T —7 7 QT x 


compare the result with Figure 63. 
Use TRACE to see what happens 


7 ‘ 
as x gets close to > but is less 


7 
than —. 
an 5 
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The graph of y = tan x in Figure 63 on page 155 illustrates the following properties. 


Properties of the Tangent Function 


1. The domain is the set of all real numbers, except odd multiples of a 

2. The range is the set of all real numbers. 

3. The tangent function is an odd function, as the symmetry of the graph 
with respect to the origin indicates. 

4. The tangent function is periodic, with period 7. 

5: The x-mtercepts are... , —27, —m, 0: m7, 277, 377... ; the y-intercept is’ 0) 

’ ST de OT 
6. Vertical asymptotes occur atx = ..., 


Tan oe 


-Now Work prosLemMs 7 AND 15 


1 Graph Functions of the Form y = Atan(a@x) + B 
and y = Acot(@x) + B 
For tangent functions, there is no concept of amplitude since the range of the 


tangent function is (—00, co). The role of A in y = Atan(wx) + Bis to provide the 
magnitude of the vertical stretch. The period of y = tan x is 7, so the period of 


y = Atan(ox) + B is ue caused by the horizontal compression of the graph by 
(0) 


1 
a factor of —. Finally, the presence of B indicates that a vertical shift is required. 
@ 


EXAMPLE 1 Graphing Functions of the Form y = A tan(@x) + B 


Graph: y = 2tan x — 1. Use the graph to determine the domain and the range 
y =2tanx — 1. 


Solution _ Figure 64 shows the steps using transformations. 


Figure 64 


of 


(a) y = tan x 


Vi Check: Graph Y; = 2 tan x — 1 
to verify the graph shown in 


Figure 64(c). range is the set of all real numbers, or (—©°, co). 


The domain of y = 2tanx — 1 is {x 


7 37 
= 3 = OTT. s 2 * 2 
x= x x= 9 
| 
I I I I I 
| 
I I I I 
I I Ci. ) I 
I 
| 
_— | ; x 
.* ! y? (0-1) Star, +1) 
| mn | ! ! 
/ (-ar= I | | 
I T 
I | I (-7, \ | 
—_—_—__" —_ 
Multiply by 2; - Subtract 1; , 
Vertical stretch (b) y = 2 tan x vertically shirt  (¢)y¥= 2tanx—1 
by a factor of 2 down one unit 


EXAMPLE 2 Graphing Functions of the Form y = A tan(wx) + B 


Graph y = 3 tan(2x). Use the graph to determine the domain and the range of 
y = 3 tan(2x). 


Solution Figure 65 shows the steps using transformations. 


k 
x# me k is an odd integer}. and the 


ol 


Figure 65 
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VA 
rT ia pee" x= an 
I 3h t 
] ! (3.9) 
Ke 
I ] 
oT y | | 
= ___{(0.9) 
> - > 
x | Xx 
I I 
| I 
I 
] 
/ (7 (-3, -3) -3)! 
——s aaa 
(a) y = tan x Multiply by 3; (b) y = 3tan x Replace x by 2x; (c) y = 3 tan (2x) 
Vertical stretch by Horizontal compression 


Table 10 


Figure 66 

y = cotx,-—0O < x < 00, xnot equal 
to integer multiples of 7, 

—coo < y < 0O 


a factor of 3 by a factor of + 


k 
The domain of y = 3 tan (2x) is {x x# oe k is an odd integer and the 


range is the set of all real numbers or (—©9, 00). 


ie YK Check: Graph Y, = 3 tan(2x) to verify the graph in Figure 65(c). ‘a 


Notice in Figure 65(c) that the period of y = 3tan(2x) is 5 due to the 


1 
compression of the original period 7 by a factor of > Notice that the asymptotes 


T z 
, and so on, also due to the compression. 


are x = x= ri 
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The Graph of the Cotangent Function 


We obtain the graph of y = cot x as we did the graph of y = tan x. The period of 
y = cot x is 7. Because the cotangent function is not defined for integer multiples 
of 7, we will concentrate on the interval (0, 77). Table 10 lists some points on the 
graph of y = cot x,0 < x < 7. As x approaches 0, but remains greater than 0, the 
value of cos x will be close to 1 and the value of sin x will be positive and close to 0. 


. COS 
Hence, the ratio 


x . ss : 
= cot x will be positive and large; so as x approaches 0, with 
x 
x > 0, cot x approaches co( lim cot x = 00). Similarly, as x approaches 7, but 
—_ 


remains less than 77, the value of cos x will be close to —1, and the value of sin x will 


op . COSX : : ‘ 
be positive and close to 0. So the ratio = cot x will be negative and will 
sin x 


approach —©o as x approaches (lim _cot x = —°o). Figure 66 shows the graph. 


oo 
r|3 
a 
3 
xY 
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Figure 67 
y = cscx, —0O < x < ©&O,x not equal 
to integer multiples of z, |y| = 1 


Figure 68 
y = secx, —Cco < x < 00,x not equal 


to odd multiples off, ly| = 1 


The graph of y = Acot(wx) + B has similar characteristics to those of the 

tangent function. The cotangent function y = A cot(wx) + B has period * The 
@ 

cotangent function has no amplitude. The role of A is to provide the magnitude of 


the vertical stretch; the presence of B indicates a vertical shift is required. 
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The Graphs of the Cosecant Function and the Secant Function 


The cosecant and secant functions, sometimes referred to as reciprocal functions, 
are graphed by making use of the reciprocal identities 


1 
csc x =—— and secx = 
sin x cos x 


For example, the value of the cosecant function y = csc x at a given number x 
equals the reciprocal of the corresponding value of the sine function, provided that 
the value of the sine function is not 0. If the value of sin x is 0, then x is an integer 
multiple of 7. At such numbers, the cosecant function is not defined. In fact, the 
graph of the cosecant function has vertical asymptotes at integer multiples of 7. 
Figure 67 shows the graph. 


Using the idea of reciprocals, we can similarly obtain the graph of y = sec x. 
See Figure 68. 


yx 


2 Graph Functions of the Form y = Acsc(wx) + B 


and y = Asec(wx) + B 


The role of A in these functions is to set the range. The range of y = csc x is 
{yly = -1lor y = 1} or {y| |y| = 1}; the range of y = Acsc xis {y| |y| = |A|}, due 
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to the vertical stretch of the graph by a factor of | A]. Just as with the sine and cosine 
2 

functions, the period of y = csc(wx) and y = sec(wx) becomes al due to the 
@ 


1 
horizontal compression of the graph by a factor of —. The presence of B indicates 
that a vertical shift is required. . 


EXAMPLE 3 Graphing Functions of the Form y = A csc(@x) + B 


Graph y = 2csc x — 1. Use the graph to determine the domain and the range of 
y=2cscx — 1. 


Solution —_ We use transformations. Figure 69 shows the required steps. 


Figure 69 x=0 x=0 
x=-T7 Y X= X= 27 X=—-T7 VA X= X=2T7 
' | 4 | 
X= X=20 | | 
\ l | 
2c | 2i | 
(3.2) ! 
1P | 1p 
! (F1) ! 
> ! = | | > 
x | x ! | Xx 
| 
oe Cor leew iia 2 
2 ler ; | 
‘ eh I / ~2- | 
f\ [\ (o7-) | CP. 8) 
| L ‘ —3L | | 
rr | | ! a a 
Multiply by 2; Subtract 1; | L | | 
Vertical stretch Vertical shift 
by a factor of 2 down 1 unit 
(a) y = csc x (b) y = 2 csc x (c) y= 2csc x—-1 


The domain of y = 2 csc x — 1 is {x|x # ka, kis an integer} and the range is 
{y|y = —3 or y = 1} or, using interval notation, (—0o°o, —3] U [1, 0). 


Ks J Check: Graph Y,; = 2cscx — 1 to verify the graph shown in Figure 69. 


n 
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2.5 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


| 
1. The graph of y = # 


=a has a vertical asymptote. What 2. True or False If x = 3 is a vertical asymptote of a rational 
is it? (pp. 69-70) 


function R, then lim| R(x)| = 00. (pp. 69-70) 


Concepts and Vocabulary 


3. The graph of y = tan x is symmetric with respect to the 5. It is easiest to graph y = sec x by first sketching the graph 


: of 
and has vertical asymptotes at 


6. True or False The graphs of y = tanx,y = cot x, 


ay EEE OE yom aeS em He Symi ime: Nylil mespech to: THe y = sec x, and y = csc x each have infinitely many vertical 


and has vertical asymptotes at : asymptotes. 
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Skill Building 


In Problems 7-16, if necessary, refer to the graphs to answer each question. 


7. What is the y-intercept of y = tanx? 13. For what numbers x,—-27 = x = 27, does the graph of 


&, Whats the yauleree poet y See y = sec x have vertical asymptotes? 


14. For what numbers x,—27 = x = 27, does the graph of 


i i = ? 
9, What is the y-intercept of y = sec x? y = csc x have vertical asymptotes? 


. e _ ' ; 
Ay MBAS TRE Yona ROT yee! \ 15. For what numbers x, —27 = x = 27, does the graph of 
11. For what numbers x, —27 = x < 27, does sec x = 1? For y = tan x have vertical asymptotes? 
= 79 
WASP REED StS a dORS SEG 16. For what numbers x, —27 = x = 27, does the graph of 
12. For what numbers x, —27 = x = 27, does csc x = 1? For y = cot x have vertical asymptotes? 
what numbers x does csc x = —1? 


In Problems 17-40, graph each function. Be sure to label key points and show at least two cycles. Use the graph to determine the domain 
and the range of each function. 


17. y = 3tanx 18. y = —2 tan x 19. y = 4cotx 
, T 1 
20. y = —3 cot x XL y= tan( x) 22. y= tan( $x) 
‘ 1 T 
\ 23. y = cot ra 24. y = cot a 25. y = 2sec x 
1 
Bh Fm eee 27. y = —3esex 28. y = —4sec x 
' : a0, p= ED) 2 eee 
\ 29. y = 4sec at 25 y= csc(7x) 
32. y= -3 a) 33 = tan(Fx) +1 
y= SEe\ 5 - y ri 34. y= 2cotx —1 
2 3 1 1 
35. y= seo( x) +2 36. y= ese( =x} 37. y= + tan( +) -—2 
1 1 1 
38. y = 3 cot a =2 39. y = 2 csc 4* = 40. y = 3 sec we aii 


Mixed Practice 


In Problems 41-44, find the average rate of change of f from 0 to za 


41. f(x) = tanx 42. f(x) = secx 43. f(x) = tan(2x) 44, f(x) = sec(2x) 


In Problems 45-48, find f (g(x)) and g(f(x)) and graph each of these functions. ; 
45. f(x) = tanx 46. f(x) = 2secx 47. f(x) = —2x 48. f(x) = a 


g(x) = 4x g(x) = cot x 


g(x) = a g(x) = 2cscex 


In Problems 49 and 50, graph each function. 


cscx O<x<7 
50. g(x) = 4 0 x= 
cotx aw<x<27 
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Applications and Extensions 


51. Carrying a Ladder around a Corner Two hallways, one of The beacon light on top of the fire truck is located 10 feet 
width 3 feet, the other of width 4 feet, meet at a right angle. from the wall and has a light on each side. If the beacon light 
See the illustration. rotates 1 revolution every 2 seconds, then a model for 


determining the distance d, in feet, that the beacon of light is 
from point A on the wall after ¢ seconds is given by 


d(t) = |10 tan(zr)| 


(a) Graph d(t) = |10 tan(art)| for 0 < t < 2. 

(b) For what values of ¢ is the function undefined? Explain 
what this means in terms of the beam of light on the 
wall. 

(c) Fill in the following table. 


(a) Show that the length L of the line segment shown as a 
function of the angle 6 is 


L(@) = 3sec@ + 4csc@ 


| (b) Graph L = L(6),0 < @< > 


(c) For what value of 6 is L the least? ae a‘ d(0.1) — d(0) d(0.2) — d(0.1) : 
(d) What is the length of the longest ladder that can be carried ka) Conpite =p * os=oon °° ere 
around the corner? Why is this also the least value of L? for each consecutive value of ¢. These are called first 


52. A Rotating Beacon Suppose that a fire truck is parked in differences. 


front of a buildi h in the fi : 
Sieh aS A at (e) Interpret the first differences found in part (d). What 


is happening to the speed of the beam of light as d 
increases? 


53. Exploration Graph 


y=tanx and y= -cot( « + =) 


Do you think that tan x = -cot( « + my 


‘Are You Prepared?’ Answers 


1x =4 2. True 


2.6 Phase Shift; Sinusoidal Curve Fitting 


OBJECTIVES 1 Graph Sinusoidal Functions of the Form y = A sin(wx — d) + B (p.161) 
2 Build Sinusoidal Models from Data (p. 165) 


ie hs ; 1 Graph Sinusoidal Functions of the Form 
ne cycle o = ; = 
y = Asin(wx),A > 0,w@ > 0 y= A sin(wx d) +B 

Va We have seen that the graph of y = A sin(wx),@ > 0,has amplitude |A| and period 

2 2 
Ar ; T= a One cycle can be drawn as x varies from 0 to al or, equivalently, as wx 
on X @ @ 
—AK | . 7 
P Period = 2 J” varies from 0 to 27. See Figure 70. 
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NOTE We can also find the beginning 
and end of the period by solving the 
inequality: 

Os ax-odS27 


ds=oxs2r+d 


£ =x cai a i 
(a) @ oO | 
Figure 71 One cycle of 
y = Asin(wx — $),A> 0, 
o>0,¢>0 
Ya 
Ak 
| | 
aL Lak 
@ ib 4 27 
1 |@ Ww 
Phase! | 
shift |, Period = 2" __, 
@ 


EXAMPLE 1 


We now want to discuss the graph of 


y = Asin(wx — ¢) 


posse 2) 


where w > 0 and ¢ (the Greek letter phi) are real numbers. The graph will be a 
sine curve with amplitude |A|. As wx — ¢ varies from 0 to 277, one period will be 
traced out. This period will begin when 


which may also be written as 


hi 


ox—-d=0 or x= 


and will end when 


bon 
@ 


(2) 


ox —b=27 or x= 


See Figure 71. 
We see that the graph of y = Asin(wx — ¢) =A sin|o( x = *)| is the same 
(0) 


units (to the right 


as the graph of y = A sin(wx), except that it has been shifted |e 
@ 


if @ > 0 and to the left if @ < 0). This number sa is called the phase shift of the 
graph of y = Asin(wx — ¢). 2 


For the graphs of y = A sin(wx — ¢) or y = Acos(wx — #),w > 0, 


The phase shift is to the left if 6 < 0 and to the right if @ > 0. 


Solution 


Finding the Amplitude, Period, and Phase Shift of a Sinusoidal 
Function and Graphing It 


Find the amplitude, period, and phase shift of y = 3 sin(2x — 7) and graph the 
function. 


We use the same four steps used to graph sinusoidal functions of the form 
y = Asin (wx) or y = Acos (wx) given on page 146. 


STEP 1; Comparing 


y = 3sin(2x — 7) =3 sin| a(x 7 4] 


y = Asin(wx — ¢) = A sin|o( x 7 *) 


(2) 


we find that A = 3,w = 2, and ¢ = a. The graph is a sine curve with 


2 2 
amplitude |A| = 3, period T = = = - = 7, and phase shift = é -7 
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COMMENT We can also find the interval  §rEP2: The graph of y = 3 sin(2x — 77) will lie between —3 and 3 on the y-axis. One 


defining one cycle by solving the inequality ; : o oa o Qn ma 3ar 
6 Ste =o =e oe cycle will begin at x =~" =, and end at x “_ a 777 2 
Then : : = : a 37 |. 
Peon <= 57 To find the five key points, divide the interval Le into four subintervals, 
c eee = = each of length 7 + 4 = me by finding the following values of x: 
7 Tot 3. We a St Sa 3 
2 2°4 4 4°4 " "gu q 474 2 
Ist x-coordinate 2nd x-coordinate 3rd x-coordinate 4th x-coordinate Sth x-coordinate 
STEP 3: Use these values of x to determine the five key points on the graph: 
7 37 Sa 37 
= 1.0 = 5.3 0 — a8 == 0 
(F (7. a (7. (F. 
STEP 4: Plot these five points and fill in the graph of the sine function as shown 
in Figure 72(a). Extending the graph in each direction, we obtain 
Figure 72(b). 
Figure 72 YA 
3 = 
2 J 
1 = 
-—1e 
-2 = 
—3 = 
The graph of y = 3sin(2x — 7) = 3 sin|2( 2 = =) may also be obtained 
using transformations. See Figure 73. 
Figure 73 


(F,1) 


Multiply by 3; Replace x by 2x; Replace x by x— 5; 
Vertical stretch Horizontal compression Shift right 
by a factor of 3 by a factor of 4 F units 
(a) y= sin x (b) y = 3 sin x (c) y = 3 sin (2x) (d) y= 3sin [2 (x -3) 


= 3sin (2x — 7) 


- 


To graph a sinusoidal function of the form y = Asin(wx — ¢) + B, first graph 
the function y = Asin(wx — @) and then apply a vertical shift. 
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EXAMPLE 2 Finding the Amplitude, Period, and Phase Shift of a Sinusoidal 
Function and Graphing It 


Find the amplitude, period, and phase shift of y = 2 cos(4x + 37) + 1 and graph 
the function. 


Solution Step 1: Begin by graphing y = 2 cos(4x + 37). Comparing 


3 
y = 2cos(4x + 37) = 2 cos, 4( 2 + =) 


to 
- - p 
y = Acos(wx — d) = Acos|a| x — — 
(0) 
we see that A = 2,w = 4, and ¢ = —37. The graph is a cosine curve with 
2 2 3 
amplitude |A| = 2, period T = _ = 7a = oi and phase shift = . = ae 


COMMENT We can algo find the interval STEP 2: The graph of y = 2cos(4x + 3zr) will lie between —2 and 2 on the y-axis. 


defini le by solving the i lit 3 2 3 
ee One cycle will begin at x = ka = —=" and end at x = a LSet 
O=4x+ 37 = 20 - @ 4 @ (a) 4 
Then oan To find the five key points, divide the interval 
—3n7 = 4x Ss -7 3 
T T T T 
37 - = into four subintervals, each of the length a +4= 3° by 
4 * "4 
finding the following values. 
37 3a ST 5a TT aT Ww 30 30 TT 
4 4° 8 8 8 8 2 2° 8 8 8 8 4 
Ist x-coordinate 2nd x-coordinate 3rd x-coordinate Ath x-coordinate Sth x-coordinate 
STEP 3: The five key points on the graph of y = 2 cos(4x + 37) are 
37 Sa 7 3a 7 
CT) C9) Ce) CF Ca) 
STEP 4: Plot these five points and fill in the graph of the cosine function as shown 
in Figure 74(a). Extending the graph in each direction, we obtain 
Figure 74(b), the graph of y = 2 cos(4x + 37). 
STeEp 5: A vertical shift up 1 unit gives the final graph. See Figure 74(c). 
Figure 74 
(—F. 2) (-%, 2) ‘i 
4 
2 f 
| | | | — 
387 _5 T 7 T TT x 
4 8 2 8 4 8 z 8 
<2 
(Fee) 
Add 1; 
Vertical shift 
(a) (b) y = 2 cos (4x + 37) up 1 unit (c) y = 2.cos (4x + 3m) +1 
30 
The graph of y = 2 cos(4x + 37) + 1 = 2cos| 4{ x + rey lag 1 may also be 


obtained using transformations. See Figure 75. 
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Figure 75 
Ya Va 
9 (2m, 2) (—"f 2) (—4, 2) (7. 2) 


(m, —2) (7, -2) 
—_—_—_—_—_—_—_—_— —_—_—Re_—_—_—_—- 
3a 
(a)y=2cosx Replace xby 4x: (b) y=2cos (4x) Replace x by x + 32; (c) y= 2cos [4 (x +7)] 
Horizontal compression Shift left an units = 2cos (4x + 3m) 
1 

by a factor of 7 Add 1: 
Vertical shift 
up 1 unit 


—2? z 
(d) y = 2 cos (4x + 3m) +1 4) 


om=====-Now Work pros_Lem 3 


SUMMARY _ Steps for Graphing Sinusoidal Functions y = Asin(wx — ) + Bor 
y = Acos(wx — d) + B 


2 
Step 1: Determine the amplitude |A], period T = al and phase shift e 
wW (0) 


Step 2: Determine the starting point of one cycle of the graph, —. Determine the ending point of one cycle of 


- o 


2 2 2 
the graph, we + < Divide the interval 2. oe ad into four subintervals, each of length ae 
@W (o) @ WwW @ @ 


: Use the endpoints of the subintervals to find the five key points on the graph. 


: Plot the five key points and connect them with a sinusoidal graph to obtain one cycle of the graph. Extend 
the graph in each direction to make it complete. 


: If B # 0, apply a vertical shift. 


2 Build Sinusoidal Models from Data 


fo Scatter diagrams of data sometimes take the form of a sinusoidal function. Let’s 
ee look at an example. 
The data given in Table 11 on page 166 represent the average monthly 
temperatures in Denver, Colorado. Since the data represent average monthly 
temperatures collected over many years, the data will not vary much from year to 
year and so will essentially repeat each year. In other words, the data are periodic. 
Figure 76 shows the scatter diagram of these data repeated over 2 years, where 
x = 1 represents January, x = 2 represents February, and so on. 

Notice that the scatter diagram looks like the graph of a sinusoidal function. We 

choose to fit the data to a sine function of the form 


y= Asin(wx — ¢) + B 
where A, B, w, and ¢ are constants. 
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Table 11 Figure 76 
Va 
Average Monthly 5b 
Month, x Temperature, °F L °e a) 
| e e 
January, 1 r A . . ° 
February, 2 re . ‘ ° 
March, 3 ce e he e 
e e 

April, 4 30/° “8 : 
May, 5 Zz 

0 L I ! l ! ie 
June, 6 25 x 


July, 7 
August, 8 
September, 9 
October, 10 
November, 11 


December, 12 


Source: U.S. National Oceanic and Atmospheric 
Administration 


EXAMPLE 3 Finding a Sinusoidal Function from Temperature Data 


Fit a sine function to the data in Table 11. 


Solution —_ Begin with a scatter diagram of the data for one year. See Figure 77. The data will be 


Figure 77 . : ; 
fitted to a sine function of the form 
Va 
gale y= Asin(wx — ¢) + B 
.* STEP 1: To find the amplitude A, we compute 
° ‘ largest data value — smallest data value 
7 ° . Amplitude = 5 
a a 8S 2297 | 
sel. a age = 21.9 
To see the remaining steps in this process, superimpose the graph of the 
OLrrtirirrrriiiiit 5 function y = 21.9 sin x, where x represents months, on the scatter diagram. 
6 120% Figure 78 shows the two graphs. To fit the data, the graph needs to be 
shifted vertically, shifted horizontally, and stretched horizontally. 
Step 2: Determine the vertical shift by finding the average of the highest and 
lowest data values. 
73.5 + 29.7 
. Vertical shift = —————— = 51.6 
Figure 78 2 
YA Now superimpose the graph of y = 21.9sinx + 51.6 on the scatter 
75 #< diagram. See Figure 79. 
‘ ° Figure79— sy, 
x 
QuUitttitittttit | 
6 12 x 


Figure 80 


Va 


75 


25 


Figu 


eer Ee ss 
12 x 


re 81 


Va 


15 


25 


> 
6 12 x 


STEP 3: 


STEP 4: 
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We see that the graph needs to be shifted horizontally and stretched 
horizontally. 
It is easier to find the horizontal stretch factor first. Since the temperatures 
repeat every 12 months, the period of the function is T = 12. Since 


T= cad = 12, we find 
@W 


27 7 
or = 


12 6 
Now superimpose the graph of y = 21.9 sin( 2x) + 51.6 on the 


scatter diagram. See Figure 80. We see that the graph still needs to be 
shifted horizontally. 

To determine the horizontal shift, use the period T = 12 and divide the 
interval [0, 12] into four subintervals of length 12 + 4 = 3: 


[0,3], [3,6], [6,9], [9,12] 


The sine curve is increasing on the interval (0,3) and is decreasing on the 
interval (3, 9),so a local maximum occurs at x = 3. The data indicate that a 
maximum occurs at x = 7 (corresponding to July’s temperature), so we 
must shift the graph of the function 4 units to the right by replacing x by 
x — 4. Doing this, we obtain 


y =219 sin( 2 = 4) + 51.6 


Multiplying out, we find that a sine function of the form 
y = Asin(wx — ¢) + B that fits the data is 


7 27 
= 21.9 sin| ~x — — ] + 51.6 
y 9 sin( 6 x 3 ) 
af at 20 . 
The graph of y = 21.9 sin( 7x = =) + 51.6 and the scatter diagram 
of the data are shown in Figure 81. 


The steps to fit a sine function 


y = Asin(wax — ¢) + B 


to sinusoidal data follow: 


Steps for Fitting a Sine Function y = Asin(@x — d) + Bto Data 


Step 1: Determine A, the amplitude of the function. 


largest data value — smallest data value 
2 


Amplitude = 


Step 2: Determine B, the vertical shift of the function. 


largest data value + smallest data value 
2 


Vertical shift = 


Step 3: Determine w. Since the period 7, the time it takes for the data to 


’ as 
repeat, is T = —,, we have 
wW 
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EXAMPLE 4 


Step 4; Determine the horizontal shift of the function by using the period 
of the data. Divide the period into four subintervals of equal length. 
Determine the x-coordinate for the maximum of the sine function 
and the x-coordinate for the maximum value of the data. Use this 


information to determine the value of the phase shift, 2 
@ 


ermm===s-Now Work proB_Lems 29(a)-(c) 


Let’s look at another example. Since the number of hours of sunlight in a day 
cycles annually, the number of hours of sunlight in a day for a given location can be 
modeled by a sinusoidal function. 

The longest day of the year (in terms of hours of sunlight) occurs on the day of 
the summer solstice. For locations in the northern hemisphere, the summer solstice 
is the time when the sun is farthest north. In 2010, the summer solstice occurred on 
June 21 (the 172nd day of the year) at 6:28 Am EDT. The shortest day of the year 
occurs on the day of the winter solstice. The winter solstice is the time when the Sun 
is farthest south (again, for locations in the northern hemisphere). In 2010, the winter 
solstice occurred on December 21 (the 355th day of the year) at 6:38 pm (EST). 


Solution 


Finding a Sinusoidal Function for Hours of Daylight 


According to the Old Farmer's Almanac, the number of hours of sunlight in Boston 
on the summer solstice is 15.30 and the number of hours of sunlight on the winter 
solstice is 9.08. 


(a) Find a sinusoidal function of the form y = A sin(wx — @) + B that fits the data. 


(b) Use the function found in part (a) to predict the number of hours of sunlight on 
April 1, the 91st day of the year. 


(c) Draw a graph of the function found in part (a). 


(d) Look up the number of hours of sunlight for April 1 in the Old Farmer's 
Almanac and compare it to the results found in part (b). 


Source: The Old Farmer’s Almanac, www.almanac.com/rise 


largest data value — smallest data value 
2 


= 3.11 


(a) Step 1: Amplitude = 


— 15.30 — 9.08 
2 


largest data value + smallest data value 
2 


= 12.19 


STEP 2: Vertical shift = 


15.30 + 9.08 
7 2 


2 
STEP 3: The data repeat every 365 days. Since T = <7 = 365, we find 
@ 


_ on 
© 365 
(2a 
So far, we have y = 3.11 sin( 23 = ‘) + 12.19. 


STEP 4: To determine the horizontal shift, we use the period T = 365 and divide 
the interval [0,365] into four subintervals of length 365 + 4 = 91.25: 


[0, 91.25], [91.25, 182.5], [182.5, 273.75], [273.75, 365] 


The sine curve is increasing on the interval (0, 91.25) and is decreasing 
on the interval (91.25, 273.75), so a local maximum occurs at x = 91.25. 
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Since the maximum occurs on the summer solstice at x = 172, we must 
shift the graph of the function 172 — 91.25 = 80.75 units to the right by 
replacing x by x — 80.75. Doing this, we obtain 


2a 
= 3.11 sin| —~(x — 80.75) } + 12.1 
y sin( 365 (x )) 9 
Multiplying out, we find that a sine function of the form 
y = Asin(wx — ¢) + B that fits the data is 
_ (20 3237 
y = 3.11 sin( 2 730 ) 


(b) To predict the number of hours of daylight on April 1, we let x = 91 in the 
function found in part (a) and obtain 


_ (20 323 
y =3.11 sin( 2 91 aa | 
~ 12.74 


+ 12.19 


+ 12.19 


Figure 82 
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So we predict that there will be about 12.74 hours = 12 hours, 44 minutes of 
sunlight on April 1 in Boston. 


(c) The graph of the function found in part (a) is given in Figure 82. 


(d) According to the Old Farmer's Almanac, there will be 12 hours 45 minutes of 
sunlight on April 1 in Boston. J 


om=====-Now Work pros_Lem 35 


Certain graphing utilities (such as a TI-83, TI-84 Plus, and TI-86) have the 
capability of finding the sine function of best fit for sinusoidal data. At least four 
data points are required for this process. 


ke EXAMPLE 5 Finding the Sine Function of Best Fit 


Use a graphing utility to find the sine function of best fit for the data in Table 11. 
Graph this function with the scatter diagram of the data. 


Solution — Enter the data from Table 11 and execute the SINe REGression program. The result 
is shown in Figure 83. 
The output that the utility provides shows the equation 


y = asin(bx +c) +d 
The sinusoidal function of best fit is 
y = 21.15 sin(0.55x — 2.35) + 51.19 


where x represents the month and y represents the average temperature. 
Figure 84 shows the graph of the sinusoidal function of best fit on the scatter 
diagram. 


Figure 84 
75 


Figure 83 
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orm -Now Work proBL—ems 29(d) AND (e) 
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2.6 Assess Your Understanding 
Concepts and Vocabulary 


1. For the graph of y = Asin(wx — ¢), the number ka is © 2. True or False Only two data points are required by a 
called the ; = - graphing utility to find the sine function of best fit. 


Skill Building 


In Problems 3-14, find the amplitude, period, and phase shift of each function. Graph each function. Be sure to label key points. Show at 
least two periods. 


\O 3. y = 4sin(2x — 77) 4, y = 3sin(3x — 7) 5. y= 2 cos( 3x - =) 
: 7 7 
6. y = 3cos(2x + 7) 7y=—-3 sin( 2x + =) 8. y = —2 cos( 28 - =) 
9. y = 4sin(a7x + 2) — 5 10. y = 2cos(27x + 4) + 4 11. y = 3cos(wx — 2) + 5 
i, 7 7 
12. y = 2cos(27x — 4) — 1 13. y 3 sin( 2x 4 =) 14. y 3 cos( 2x +4 =) 


In Problems 15-18, write the equation of a sine function that has the given characteristics. 


15. Amplitude: 2 16. Amplitude: 3 17. Amplitude: 3 18. Amplitude: 2 
Period: 7 ; Period: * Period: 37 ; Period: 7 
Phase shift: a Phase chit: 2 Phase shift: — ni Phase shift: —2 


Mixed Practice 


In Problems 19-26, apply the methods of this and the previous section to graph each function. Be sure to label key points and show at 
least two periods. 


19. y = 2 tan(4x — 7) 20. y = 5 cot(2x =r) 21. y= 3ese( 20 a =) 22. y= 5 sec(3x — 77) 


23. y= ~cot( 2x + =) 24, y = -tan( 3x + =) 25. y = —sec(2ax + 77) 


Applications and Extensions 


27. Alternating Current (ac) Circuits The current /, in 


amperes, flowing through an ac (alternating current) circuit r sl i 
at time f, in seconds, is ‘ a i P i 
: 7 ” 
I(t) = 120 sin( 307 = =) t=0 es February, 2 
March, 3 
What is the period? What is the amplitude? What is the April, 4 
phase shift? Graph this function over two periods. May, 5 
28. Alternating Current (ac) Circuits The current /,in amperes, sunece 
flowing through an ac (alternating current) circuit at time f, - 
in seconds, is July, 7 
August, 8 
T 
I(t) = 220 sin( 607 - =) t=0 September, 9 
October, 10 
What is the period? What is the amplitude? What is the November, 11 
phase shift? Graph this function over two periods. December, 12 
% 29. Monthly Temperature The following data represent the Source: U.S. National Oceanic and 


w average monthly temperatures for Juneau, Alaska. Atmospheric Administration 


30. Monthly Temperature 


31. Monthly Temperature 


(a) Draw a scatter diagram of the data for one period. 

(b) Find a sinusoidal function of the form 
y = Asin(wx — $) + B that models the data. 

(c) Draw the sinusoidal function found in part (b) on the 
scatter diagram. 

% (d) Use a graphing utility to find the sinusoidal function of 
best fit. 

(e) Draw the sinusoidal function of best fit on a scatter 
diagram of the data. 


The following data represent the 

average monthly temperatures for Washington, D.C. 

(a) Draw a scatter diagram of the data for one period. 

(b) Find a sinusoidal function of the form 
y = Asin(wx — $) + B that models the data. 

(c) Draw the sinusoidal function found in part (b) on the 
scatter diagram. 

* (d) Use a graphing utility to find the sinusoidal function of 

best fit. 

(ec) Graph the sinusoidal function of best fit on a scatter 
diagram of the data. 


| Month, x 


January, 1 34.6 
February, 2 Suk) 
March, 3 47.2 
April, 4 56.5 
May, 5 66.4 
June, 6 75.6 
July, 7 80.0 


Average Monthly 
Temperature, °F 


August, 8 78.5 
September, 9 T13 
October, 10 59.7 
November, 11 49.8 
December, 12 39.4 


Source: U.S. National Oceanic and 
Atmospheric Administration 


The following data represent the 
average monthly temperatures for Indianapolis, Indiana. 


Average Monthly 
Temperature, °F 


Month, x 


January, 1 
February, 2 
March, 3 
April, 4 

May, 5 

June, 6 

July, 7 
August, 8 
September, 9 
October, 10 
November, 11 
December, 12 


Source: U.S. National Oceanic and 
Atmospheric Administration 
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(a) Draw a scatter diagram of the data for one period. 

(b) Find a sinusoidal function of the form 
y = Asin(wx — d) + B that models the data. 

(c) Draw the sinusoidal function found in part (b) on the 
scatter diagram. 


© (d) Use a graphing utility to find the sinusoidal function of 


best fit. 
(ec) Graph the sinusoidal function of best fit on a scatter 
diagram of the data. 


32. Monthly Temperature The following data represent the 


2 


33. 


34. 


average monthly temperatures for Baltimore, Maryland. 

(a) Draw a scatter diagram of the data for one period. 

(b) Find a sinusoidal function of the form 
y = Asin(wx — d) + B that models the data. 

(c) Draw the sinusoidal function found in part (b) on the 
scatter diagram. 

(d) Use a graphing utility to find the sinusoidal function of 
best fit. 

(ec) Graph the sinusoidal function of best fit on a scatter 
diagram of the data. 


— 


he 


a Month, x 


January, 1 


Average Monthly 
Temperature, °F 


February, 2 
March, 3 
April, 4 

May, 5 

June, 6 

July, 7 
August, 8 
September, 9 
October, 10 
November, 11 
December, 12 


Source: U.S. National Oceanic and 
Atmospheric Administration 


Tides The length of time between consecutive high tides is 
12 hours and 25 minutes. According to the National Oceanic 
and Atmospheric Administration, on Saturday, July 25, 
2009, in Charleston, South Carolina, high tide occurred at 
11:30 AM (11.5 hours) and low tide occurred at 5:31 PM 
(17.5167 hours). Water heights are measured as the amounts 
above or below the mean lower low water. The height of the 
water at high tide was 5.84 feet, and the height of the water 
at low tide was —0.37 foot. 
(a) Approximately when will the next high tide occur? 
(b) Find a sinusoidal function of the form 
y = Asin(wx — d) + B that models the data. 
(c) Use the function found in part (b) to predict the height 
of the water at 3 pM on July 25, 2009. 


Tides The length of time between consecutive high tides is 
12 hours and 25 minutes. According to the National Oceanic 
and Atmospheric Administration, on Saturday, July 25, 
2009, in Sitka Sound, Alaska, high tide occurred at 2:37 AM 
(2.6167 hours) and low tide occurred at 9:12 Pm (9.2 hours). 
Water heights are measured as the amounts above or below 
the mean lower low water. The height of the water at high 
tide was 11.09 feet, and the height of the water at low tide 
was —2.49 feet. 
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(a) Approximately when will the next high tide occur? 

(b) Find a sinusoidal function of the form 
y = Asin(wx — d) + B that models the data. 

(c) Use the function found in part (b) to predict the height 
of the water at 6 PM. 


\ 35. Hours of Daylight According to the Old Farmer's Almanac, 
GS in Miami, Florida, the number of hours of sunlight on the 
summer solstice of 2010 was 13.75, and the number of hours 
of sunlight on the winter solstice was 10.55. 
(a) Find a sinusoidal function of the form 
y = Asin(wx — d) + B that models the data. 
(b) Use the function found in part (a) to predict the number 
of hours of sunlight on April 1, the 91st day of the year. 
(c) Draw a graph of the function found in part (a). 
(d) Look up the number of hours of sunlight for April 1 in 
the Old Farmer's Almanac, and compare the actual hours 
of daylight to the results found in part (c). 


36. Hours of Daylight According to the Old Farmer's Almanac, 
in Detroit, Michigan, the number of hours of sunlight on the 
summer solstice of 2010 was 15.30, and the number of hours 
of sunlight on the winter solstice was 9.10. 

(a) Find a sinusoidal function of the form 
y = Asin(wx — ¢) + B that models the data. 
(b) Use the function found in part (a) to predict the number 
of hours of sunlight on April 1, the 91st day of the year. 
(c) Draw a graph of the function found in part (a). 


Explaining Concepts: Discussion and Writing 


39. Explain how the amplitude and period of a sinusoidal graph 
are used to establish the scale on each coordinate axis. 


CHAPTER REVIEW 


Things to Know 


(d) Look up the number of hours of sunlight for April 1 in 
the Old Farmer's Almanac, and compare the actual hours 
of daylight to the results found in part (c). 


37. Hours of Daylight According to the Old Farmer's Almanac, 


in Anchorage, Alaska, the number of hours of sunlight on 

the summer solstice of 2010 was 19.42 and the number of 

hours of sunlight on the winter solstice was 5.48. 

(a) Find a sinusoidal function of the form 
y = Asin(wx — ¢) + B that models the data. 

(b) Use the function found in part (a) to predict the number 
of hours of sunlight on April 1, the 91st day of the year. 

(c) Draw a graph of the function found in part (a). 

*(d) Look up the number of hours of sunlight for April 1 in 

the Old Farmer's Almanac, and compare the actual hours 
of daylight to the results found in part (c). 


38. Hours of Daylight According to the Old Farmer's Almanac, 


in Honolulu, Hawaii, the number of hours of sunlight on the 

summer solstice of 2010 was 13.43 and the number of hours 

of sunlight on the winter solstice was 10.85. 

(a) Find a sinusoidal function of the form 
y = Asin(wx — ¢) + B that models the data. 

(b) Use the function found in part (a) to predict the number 
of hours of sunlight on April 1, the 91st day of the year. 

(c) Draw a graph of the function found in part (a). 

(d) Look up the number of hours of sunlight for April 1 in 
the Old Farmer's Almanac, and compare the actual hours 
of daylight to the results found in part (c). 


40. Find an application in your major field that leads to a 


sinusoidal graph. Write a paper about your findings. 


Definitions 
Angle in standard position (p. 96) Vertex is at the origin; initial side is along the positive x-axis. 
oO o 1 4 
1 Degree (1°) (p. 97) r= 360 revolution 
1 Radian (p. 99) The measure of a central angle of a circle whose rays subtend an arc whose length is 


the radius of the circle 


Trigonometric functions (pp. 110-111,112) | P = (x, y) is the point on the unit circle corresponding to @ = ¢ radians. 


sint = sin@d=y 


1 
csc t = csc 9 = — 
y 


1 
y#0O sect=secO=— x#0_ cott 
x 


y 
cost = cos? = x tant =tand=— x#0 
x 


cot@ == y#0 
y 


Trigonometric functions using a circle For an angle @ in standard position, P = (x, y) is the point on the terminal side of 6 
of radius r (p. 120) that is also on the circle x7 + y* = r’. 
sin 9 = cos @ == tang =~ x #0 
r x 
r x 
csc 0 = y#0 secO = — x #0 ale y#0 
Periodic function (p. 128) f(@ + p) = f(@), for all 0, p > 0, where the smallest such p is the fundamental 


period. 


Formulas 
1 revolution = 360° (p. 98) 
= 27 radians (p. 101) 
s = r6 (p. 100) 


A= a (p. 103) 


v = ro (p. 104) 


Table of Values (pp. 114 and 117) 


6 (Radians) 6 (Degrees) 


n]¥ J N/X wily 


The Unit Circle (pp. 118-119) 
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oo 
~ 180 


9 is measured in radians; s is the length of the arc subtended by the central angle 0 of 
the circle of radius r. 


180 
1° radian (p.98) 1 radian = —- degrees (p. 98) 


A is the area of the sector of a circle of radius r formed by a central angle of 6 
radians. 


v is the linear speed along the circle of radius r; w is the angular speed (measured in 
radians per unit time). 


sin 0 


Not defined Not defined 


Not defined Not defined 
0 Not defined = Not defined 


Not defined =‘ Not defined 0 


0°, 360° 0, 2m 
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Fundamental identities (p. 131) 


sin 0 cos @ 
tan @ = cot? = — 
cos 0 sin 0 
0 : sec 0 : cot 0 
sc @ = —— = = 
ee sin 6 cos 8 tan 0 


sin?@+cos*6=1 tan2?@+1=sec?6 cot?6+1=csc*6 


Properties of the trigonometric functions 
y = sin x (p. 140) Domain: —co < x < 00 
Range:-1=y=1 ib 
Periodic: period = 277(360°) = 7 om oT xX 
Odd function ? 


y = cos x (p. 142) Domain: —co < x < VA 
Range:-1=y=1 1 
Periodic: period = 277(360°) 


Even function 


y = tan x (pp. 154-156) Domain: —co < x < ©, except odd integer multiples of 5 (90°) 
Range: —co < y < co 
Periodic: period = (180°) 
Odd function 


Seni) |e 
wo 

2 

== rg (2 en 
<V 


Vertical asymptotes at odd integer multiples ae 


y = cot x (p. 157) Domain: —co < x < 00, except integer multiples of 7(180°) 
Range: —co < y < © 
Periodic: period = 7(180°) 


a 
3 
<V 


Odd function _ 3a 
2 
Vertical asymptotes at integer multiples of 7 


y = ese x (p. 158) Domain: —co < x < ©, except integer multiples of 7 (180°) y=Csc x 


Range: |y| = 1(y = —lory = 1) ‘a \ 
| 
I 


y=sinx 
Periodic: period = 277(360°) x 


Odd function 


Vertical asymptotes at integer multiples of 7 


7 


y = sec x (p. 158) Domain: —co < x < ©, except odd integer multiples of 5) (90°) 
Range: |y| = 1 (y = -lor y = 1) 
Periodic: period = 27r(360°) 
Even function 
Vertical asymptotes at odd integer multiples Sa 
Sinusoidal graphs ? 
y = Asin(wx) + B, w>0 Period = ~" (pp. 144, 162) 
@ 
y = Acos(wx) + B, w>0 Amplitude = |A| (pp. 144, 162) 
y = Asin(ox — ¢d) + B= A sin| of » = 2) +B Phase shift = 2 (p. 162) 
@ @ 


y = Acos(wx — 6) + B= A.cos| of « -*)| ie 


Objectives 


Section 
2.1 


2.2 


2.3 


2.4 


2.5 


2.6 


You should be able to: 

Convert between decimals and degrees, minutes, seconds 
measures for angles (p. 98) 

Find the length of an arc of a circle (p. 100) 

Convert from degrees to radians and from radians to 
degrees (p. 100) 

Find the area of a sector of a circle (p. 103) 


Find the linear speed of an object traveling in circular 
motion (p. 104) 


Find the exact values of the trigonometric functions using 
a point on the unit circle (p. 111) 


Find the exact values of the trigonometric functions 
of quadrantal angles (p. 112) 


Find the exact values of the trigonometric functions 

of f = 45° (p. 114) 

Find the exact values of the trigonometric functions of = 30° 
and > = 60° (p. 115) 


Find the exact values of the trigonometric functions for 
T 


integer multiples of a = 30°, ee 45°, and 7 = 60° (p. 118) 


Use a calculator to approximate the value of a trigonometric 
function (p. 119) 


Use a circle of radius r to evaluate the trigonometric 
functions (p. 120) 


Determine the domain and the range of the trigonometric 
functions (p. 126) 


Determine the period of the trigonometric functions (p. 127) 


Determine the signs of the trigonometric functions in a given 
quadrant (p. 129) 


Find the values of the trigonometric functions using 
fundamental identities (p. 130) 


Find the exact values of the trigonometric functions of an angle 
given one of the functions and the quadrant of the angle (p. 132) 


Use even-—odd properties to find the exact values of the 
trigonometric functions (p. 135) 


Graph functions of the form y = A sin(wx) using 
transformations (p. 140) 


Graph functions of the form y = A cos(wx) using 
transformations (p. 142) 


Determine the amplitude and period of sinusoidal 
functions (p. 143) 


Graph sinusoidal functions using key points (p. 144) 
Find an equation for a sinusoidal graph (p. 148) 
Graph functions of the form y = A tan(wx) + B 
and y = Acot(wx) + B (p.156) 

Graph functions of the form y = A csc(wx) + B 
and y = Asec(wx) + B (p. 158) 

Graph sinusoidal functions of the form 

y = Asin(wx — d) + B (p.161) 

Build sinusoidal models from data (p. 165) 


Example(s) 


4,5 


6-8 


9,10 


11 


12 


pp. 126-127 


Chapter Review 


Review Exercises 


86 
87, 88 


1-8 
87 


89-92 


83, 97 


10, 17, 18, 20, 97 


9,11, 13, 15, 16 


9-15 


13-16, 19, 97 


79, 80 


84 


85 
85 


81, 82 
21-30 
31-46 


27-30 


47 
48 
63-68 


47, 48, 67, 68, 93 
75-78 


53,54, 56 


57 


175 


49, 50, 59, 60, 69-74, 94 


95, 96 


176 CHAPTER 2 Trigonometric Functions 


Review Exercises 


In Problems 1-4, convert each angle in degrees to radians. Express your answer as a multiple of 7. 


1. 135° 


2. 210° 


In Problems 5-8, convert each angle in radians to degrees. 


307 
5. a 


QT 
6. a. 


3. 18° 
Sa 
7. es 


In Problems 9-30, find the exact value of each expression. Do not use a calculator. 


9 tan - sin — 
. 4 6 


- 4cos 60° + 3tan 7 
15. 


18. 


1 
sec? 20° 


21. sin? 20° + 


24. tan 10° cot 10° 


sin(—40°) 


27. 
cos 50° 


T 7 
10. — + sin — 
cos + Si, 


13. 


16. 4 csc “= = coi(-7 
19. cos 540° — tan(—405°) 
TT ao 
25. ora 


28. tan(—20°) cot 20° 


6 cos am +2 tan( - =) 


) 


11. 


23. 


26. 


29. sin 400° sec(—50°) 


In Problems 31-46, find the exact value of each of the remaining trigonometric functions. 


4 
31. sinéd = 5° 0 is acute 
12 
34, cod =, cosé <0 
‘ 12 ; 
37. sin @ = 3° @ in quadrant II 
12 37 
le => = 
40. cos 0 BRB 2 0< 27 
43. sec @ = 3, aT <9 < 2m 
3a 
46. tan @ = —2, a eS ae 


2 
F 3 sin — 4cos — 


20. 


4, 15° 
3a 
8. =e 


3 sin 45° — 4 tan 


Sa 
3 2 


. tan 7 + sin 7 


sin 270° + cos(—180°) 


sec 50° cos 50° 


tan 20° 
cot 70° 


30. cot 200° cot(—70°) 


1 
32. tan é = 7 0 is acute 33. tand =—, sind<0O 
5 
35. secO = —7, tanéd < 0 36. csccO =—=, cotd<0 
38. cos 6 = — 8 in quadrant II 39. sin @ = a, ul <@0<27 
5 13 2 
1 
41. tan@ = 3 180° < @ < 270° 42. tand=—-=, 90° <6 < 180° 
44. csc 6 = —4, <9 45. cot? = —2, ee 


In Problems 47-62, graph each function. Each graph should contain at least two periods. Use the graph to determine the domain and the 


range of each function. 


47. y = 2 sin(4x) 
51. y = tan(x + 77) 


7 
. y =cotl x +— 
55. y = co (: =) 


59. y = 4sin(2x + 4) — 2 


48. y = —3 cos(2x) 


7 
2.y=-t a 
52. y an( « =) 


56. y = —4 cot(2x) 


60. y = 3cos(4x +2) +1 


49. y= -2 cos( 2 + =) 


53. y = —2 tan(3x) 


57. y = 4sec(2x) 


4 


61. y= 4tan(3 + 


50. y = 3 sin(x — 7) 


54. y = 4 tan(2x) 


7 
y= + — 
58. y ese x =) 


x T 


62. y = scot( 2 =) 
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In Problems 63-66, determine the amplitude and period of each function without graphing. 


63. 


y = 4cosx 64. y = sin(2x) 


65. y = -8 sin( 7x) 


66. y = —2 cos(37rx) 


In Problems 67-74, find the amplitude, period, and phase shift of each function. Graph each function. Show at least two periods. 


67. 


71. 


y = 4sin(3x) 


= hsin( 3x - ) 
ae aes aa 


68. y = 2 cos( +) 


72. y= 5 cos(6x + 377) 


In Problems 75-78, find a function whose graph is given. 


75. 


76. 


69. y = 2sin(2x — 7) 


2 
73. y= — 3 cos(arx — 6) 


77. 


1 T 
. y = —cos{ —x + — 
70. y cos( $x =) 


7 4 
74. y = —7sin| —x — > 
y 7 sin( Zs *) 


78. 


79. 


80. 


81. 


82. 
83. 


84. 


85. 


86. 


87. 


88. 


89. 


: _ 7 
Use a calculator to approximate sin 3° Round the answer to 
two decimal places. 


Use a calculator to approximate sec 10°. Round the answer 
to two decimal places. 


Determine the signs of the six trigonometric functions of an 
angle 6 whose terminal side is in quadrant III. 


Name the quadrant @ lies in if cos @ > 0 and tan 6 < 0. 


Find the exact values of the six trigonometric functions of ¢ 
1 2V2 
if P= (-+,2%) is the point on the unit circle that 


corresponds to ¢. 


Find the exact value of sin t, cos ¢, and tan tif P = (—2,5) is 

the point on the circle that corresponds to f. 

What is the domain and the range of the secant function? 

What is the period? 

(a) Convert the angle 32°20'35" to a decimal in degrees. 
Round the answer to two decimal places. 

(b) Convert the angle 63.18° to D°M’S” form. Express the 
answer to the nearest second. 

Find the length of the arc subtended by a central angle of 30° 

on a circle of radius 2 feet. What is the area of the sector? 

The minute hand of a clock is 8 inches long. How far does 

the tip of the minute hand move in 30 minutes? How far 

does it move in 20 minutes? 


Angular Speed of a Race Car A race car is driven around 
a circular track at a constant speed of 180 miles per hour. 


1 
If the diameter of the track is 2 mile, what is the angular 


90. 


91. 


92. 


93. 


94. 


speed of the car? Express your answer in revolutions per 
hour (which is equivalent to laps per hour). 


Merry-Go-Rounds A neighborhood carnival has a merry- 
go-round whose radius is 25 feet. If the time for one revolution 
is 30 seconds, how fast is the merry-go-round going? 


Lighthouse Beacons The Montauk Point Lighthouse on 
Long Island has dual beams (two light sources opposite 
each other). Ships at sea observe a blinking light every 
5 seconds. What rotation speed is required to do this? 


Spin Balancing Tires The radius of each wheel of a car is 

16 inches. At how many revolutions per minute should a 

spin balancer be set to balance the tires at a speed of 

90 miles per hour? Is the setting different for a wheel of 

radius 14 inches? If so, what is this setting? 

Alternating Voltage The electromotive force E, in volts, in 

a certain ac (alternating circuit) circuit obeys the function 
E(t) = 120sin(120z71), t=0 

where f is measured in seconds. 

(a) What is the maximum value of E? 

(b) What is the period? 

(c) Graph this function over two periods. 

Alternating Current The current /, in amperes, flowing 

through an ac (alternating current) circuit at time ¢ is 


I(t) = 220 sin( 307 rs 2), t=0 


(a) What is the period? 

(b) What is the amplitude? 

(c) What is the phase shift? 

(d) Graph this function over two periods. 
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95. Monthly Temperature The following data represent the hours of sunlight on the winter solstice is 9.72. 
average monthly temperatures for Phoenix, Arizona. (a) Find a sinusoidal function of the form 
(a) Draw a scatter diagram of the data for one period. y = Asin(wx — ¢) + B that fits the data. 
(b) Find a sinusoidal function of the form (b) Use the function found in part (a) to predict the 
y = Asin(wx — ¢) + B that fits the data. number of hours of sunlight on April 1, the 91st day of 
(c) Draw the sinusoidal function found in part (b) on the the year. 
scatter diagram. (c) Draw a graph of the function found in part (a). 
= (d) Use a graphing utility to find the sinusoidal function of (d) Look up the number of hours of sunlight for April 1 in 
best fit. the Old Farmer's Almanac and compare the actual 
(ec) Graph the sinusoidal function of best fit on the scatter hours of daylight to the results found in part (c). 
diagram. 97. Unit Circle On the given unit circle, fill in the missing 
angles (in radians) and the corresponding points P of each 
Average Monthly angle: 
Month, m Temperature, T 
January, 1 Angle: 7 eal: Angle: 


February, 2 


March, 3 
April, 4 
May, 5 
June, 6 
July, 7 
August, 8 


September, 9 
October, 10 

November, 11 
December, 12 


Source: U.S. National Oceanic and Atmospheric 
Administration 


96. Hours of Daylight According to the Old Farmer's 
Almanac, in Las Vegas, Nevada, the number of hours of 
sunlight on the summer solstice is 14.63 and the number of 


Angle: 


The Chapter Test Prep Videos are step-by-step test solutions available in the 
CHAPTER Video Resources DVD, in MyMathiab\j, or on this text's You{fliy° Channel. Flip 
Test Prep back to the Student Resources page to see the exact web address for this 


CHAPTER TEST VIDEOS text's YouTube channel. 


In Problems 1-3, convert each angle in degrees to radians. Express 
your answer as a multiple of 7. 


In Problems 13-16, use a calculator to evaluate each expression. 
Round your answer to three decimal places. 


° _ ° ° 2 
1. 260 2. —400 3; 13) 13. sin17° V4scos ae 
28a 
15. 2295 l6xcol 
In Problems 4-6 convert each angle in radians to degrees. ing e 9 
a On on 17. Fill in each table entry with the sign of each function. 
Ae ry Solow: Ociecn: 
8 2 4 csc@ cot 
In Problems 7-12, find the exact value of each expression. dinQl 
ee Sar ar 6 in Qll 
Te aaa 8. cos wah i= aa 6 in Qlll 
9. cos(—120°) 10. tan 330° NS 


3 
11. sin > = tan =" 12. 2 sin? 60° — 3 cos 45° 18. If f(x) = sin x and f(a) = 3 find f(—a). 


In Problems 19-21 find the value of the remaining five 
trigonometric functions of 0. 


2 
19. sin é = 2, @in quadrant II 20. cosé@ = 3 = <0<27 


2 err, 
21. = =< = 
tan 0 5° 2 0< 7 


In Problems 22-24, the point (x, y) is on the terminal side of angle 6 
in standard position. Find the exact value of the given trigonometric 
function. 


22. (2,7), sin'é 
232 (Goull)\cosié 


24. (6, —3), tan 0 


In Problems 25 and 26, graph the function. 


x 7 
25. y= 2sin| = — 
5. y sin( 2 =) 


CUMULATIVE REVIEW 


1. Find the real 
Die ah 10) 

2. Find an equation for the line with slope —3 containing the 
point (—2, 5). 

3. Find an equation for a circle of radius 4 and center at the 
point (0, —2). 

4. Discuss the equation 2x — 3y = 12. Graph it. 


5. Discuss the equation x7 + y? — 2x + 4y — 4 


solutions, if any, of the equation 


0. Graph it. 
6. Use transformations to graph the function 
y= (x — 3)? +2, 
7. Sketch a graph of each of the following functions. Label at 
least three points on each graph. 
@)yax (b) y= x? 
(c) y= sinx (d) y = tanx 
8. Find the inverse function of f(x) = 3x — 2. 
9. Find the exact value of (sin 14°)? + (cos 1 =) 
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Cumulative Review 


27. Write an equation for a sinusoidal graph with the following 

properties: 
2 
A=-3 period = oa phase shift = ar 

28. Logan has a garden in the shape of a sector of a circle; the 
outer rim of the garden is 25 feet long and the central angle 
of the sector is 50°. She wants to add a 3-foot-wide walk to 
the outer rim; how many square feet of paving blocks will 
she need to build the walk? 


29. Hungarian Adrian Annus won the gold medal for the 
hammer throw at the 2004 Olympics in Athens with a 
winning distance of 83.19 meters.* The event consists of 
swinging a 16-pound weight attached to a wire 190 centimeters 
long in a circle and then releasing it. Assuming his release is 


at a 45° angle to the ground, the hammer will travel a 
2 


v 
distance of meters, where g = 9.8 meters/second? and vp 
& 


is the linear speed of the hammer when released. At what 
rate (rpm) was he swinging the hammer upon release? 


*Annus was stripped of his medal after refusing to cooperate with 
postmedal drug testing. 


10. Graph y = 3 sin(2x). 


3 Tey, 7 
eer a 


12. Find a sinusoidal function for the following graph. 


11. Find the exact value of tan a 


Vey 
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CHAPTER PROJECTS 


@) Internet-based Project 
I. Length of Day Go to hitp-//en.wikipedia.org/wiki/latitude and 
read about latitude through the subhead “Effect of Latitude”. 
Now go to http://www.orchidculture.com/CO D/daviengtn.nt. 

1. For a particular latitude, record in a table the length of 
day for the various days of the year. For January 1, use 1 
as the day, for January 16, use 16 as the day, for 
February 1, use 32 as the day, and so on. Enter the data 
into an Excel spreadsheet using column B for the day of 
the year and column C for the length of day. 

2. Draw a scatter diagram of the data with day of the year 
as the independent variable and length of day as the 
dependent variable using Excel. 

3. Determine the sinusoidal function of best fit, 
y = Asin(Bx + C) + Das follows: 

(a) Enter initial guesses as to the values of A, B, C, and 
D into column A with the value of A in cell Al, B in 
cell A2, C in cell A3, and D in cell A4. 

(b) In cell D1 enter “=A$1*sin(A$2*B1 + A$3) + A$4”. 
Copy this cell entry into the cells below D1 to as many 
rows as there are data. For example, if column C goes to 
row 23, then column D should also go to row 23. 

(c) Enter “=(D1 — C1)*2” into cell El. Copy this entry 
below as described in part 3b. 

(d) The idea behind curve fitting is to make the sum of the 
squared differences between what is predicted and 
actual observations as small as possible. Enter 
“=sum(E1..E#)” into cell A6, where # represents the 
row number of the last data point. For example, if you 
have 23 rows of data, enter “=sum(E1..E23)” in cell A6. 

(e) Now, we need to install the Solver feature of Excel. 
To do this, click the Office Button (top-left portion 
of screen), and then select Excel Options. Select 
Add-Ins. In the drop-down menu entitled “Manage,” 
choose Excel Add-ins, then click Go ... Check the 


The following projects are available on the Instructor’s Resource Center (IRC): 


box entitled “Solver Add-in” and click OK. The 
Solver add-in is now available in the Data tab. Choose 
Solver. Fill in the screen as shown below: 


Solver Parameters | 
Set Target Cel: sass (Ee) [seve] 
Equal To: Max @OMn Value of: ) 
By Changing Ces: |_Sese 

SASL:SAS4 (x Guess 
Subject to the Constraints: (options...) 
] | a 
(_ghange | 
| : | Reset al | 
- Qelete * : 
—_—_— ~ Heb 


The values for A, B, C, and D are located in cells 
A1—A4. What is the sinusoidal function of best fit? 


. Determine the longest day of the year according to your 


model. What is the day length on the longest day of the 
year? Determine the shortest day of the year according 
to your model. What is the day length on the shortest 
day of the year? 


- On which days is the day length exactly 12 hours 


according to your model? 


. Look up the day on which the Vernal Equinox and 


Autumnal Equinox occur. How do they match up with 
the results obtained in part 5? 


- Do you think your model accurately describes the 


relation between day of the year and length of the day? 


. Use your model to predict the hours of daylight for 


the latitude you selected for various days of the year. 
Go to the Old Farmer's Almanac or other website (such 
as http.//astro.unl.edu/classaction/animations/coordsmotion 
/daylighthoursexplorer.html) to determine the hours of 
daylight for the latitude you selected. How do the two 
compare? 


II. Tides Data from a tide table are used to build a sine function that models tides. 
III. Project at Motorola Digital Transmission over the Air Learn how Motorola Corporation transmits digital sequences by 


modulating the phase of the carrier waves. 


IV. Identifying Mountain Peaks in Hawaii The visibility of a mountain is affected by its altitude, distance from the viewer, and the 
curvature of Earth’s surface. Trigonometry can be used to determine whether a distant object can be seen. 
V. CBL Experiment Technology is used to model and study the effects of damping on sound waves. 


Citation: Excel © 2010 Microsoft Corporation. Used with permission from Microsoft. 
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Outline 


3.1 The Inverse Sine, Cosine, and Tangent 3.4 Trigonometric Identities e Chapter Review 
Functions 3.5 Sum and Difference Formulas © Chapter Test 

3.2 The Inverse Trigonometric Functions 3.6 Double-angle and Half-angle Formulas © Cumulative Review 
(Continued) 3.7 Product-to-Sum and e Chapter Projects 

3.3 Trigonometric Equations Sum-to-Product Formulas 

Mapping Your Mind 


The ability to organize material in your mind is key to understanding. You 
have been exposed to a lot of concepts at this point in the course, and it is a 
worthwhile exercise to organize the material. In the past, we might 
organize material using index cards or an outline. But in today’s digital 
world, we can use interesting software that allows us to digitally organize 
the material that is in our mind and share it with anyone on the Web. 


@) —See the Internet-based Chapter Project I— 


<J A Look Back In Chapter 1, we defined inverse functions and 


developed their properties, particularly the relationship between the domain and range 
of a function and its inverse. We learned that the graphs of a function and its inverse 
are symmetric with respect to the line y = x. 

In Chapter 2, we defined the six trigonometric functions and looked at their 
properties. 


A Look Ahead > In the first two sections of this chapter, we 
define the six inverse trigonometric functions and investigate their properties. In 
Section 3.3, we discuss equations that contain trigonometric functions. 

In Sections 3.4 through 3.7, we continue the derivation of identities. These 
identities play an important role in calculus, the physical and life sciences, and 
economics, where they are used to simplify complicated expressions. 
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3.1 The Inverse Sine, Cosine, and Tangent Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Inverse Functions (Section 1.7, pp. 75-83) e Properties of the Sine, Cosine, and Tangent 


e Values of the Trigonometric Functions (Section 2.2, Functions (Section 2.3, pp. 125-135) 
pp. 111-120) e Graphs of the Sine, Cosine, and Tangent Functions 
(Sections 2.4, pp. 139-143 and 2.5, pp. 154-157) 


hy Now Work the ‘Are You Prepared?’ problems on page 191. 


OBJECTIVES 1 Find the Exact Value of an Inverse Sine Function (p. 183) 
2 Find an Approximate Value of an Inverse Sine Function (p. 184) 


3 Use Properties of Inverse Functions to Find Exact Values of Certain 
Composite Functions (p.185) 


4 Find the Inverse Function of a Trigonometric Function (p. 190) 


5 Solve Equations Involving Inverse Trigonometric Functions (p.191) 


In Section 1.7 we discussed inverse functions, and we concluded that if a function is 
one-to-one it will have an inverse function. We also observed that if a function is not 
one-to-one it may be possible to restrict its domain in some suitable manner so that 
the restricted function is one-to-one. For example, the function y = x” is not one-to- 
one; however, if we restrict the domain to x = O, the function is one-to-one. 

Other properties of a one-to-one function f and its inverse function f~ that we 
discussed in Section 1.7 are summarized next. 


1. f '(f(x)) = x for every x in the domain of f and f(f~'(x)) = x for every x in 
the domain of ft. 

2. Domain of f = range of f' and range of f = domain of f'. 

3. The graph of f and the graph of f! are reflections of one another about the 
line y = x. 

4. If a function y = f(x) has an inverse function, the implicit equation of the 
inverse function is x = f(y). If we solve this equation for y, we obtain the 
explicit equation y = f (x). 


The Inverse Sine Function 


In Figure 1, we show the graph of y = sin x. Because every horizontal line y = 5, 
where b is between —1 and 1, inclusive, intersects the graph of y = sin x infinitely 
many times, it follows from the horizontal-line test that the function y = sin x is not 


one-to-one. 
Figure 1 
Figure 2 y=sinx,-co0<x<o,-1sy<1 


. T T 
y=sinx, a 1=y=1 


. é , , : 7 17 
However, if we restrict the domain of y = sin x to the interval 5. =| the 
restricted function 


j ee 2 
= sin x eee Gat A ee 
y 2 2 


is one-to-one and so will have an inverse function.* See Figure 2. 


* Although there are many other ways to restrict the domain and obtain a one-to-one function, 


ee . 7 7 : : é 
mathematicians have agreed to use the interval - > z| to define the inverse of y = sin x. 


REMEMBER The = domain of a 
function Fequals the range of its inverse, 
f', and the range of a function f equals 
the domain of its inverse, f '. Because 
the restricted domain of the sine 


7 1 
function is |-22| the range of the 


; ; Paras 7 7 
inverse gine function is “35 and 


because the range of the sine function 
is [—1, 1], the domain of the inverse gine 
function is [—1, 1]. a 


Figure 3 


y=sin'!x,-1<x=< i-2 ay=2 
2 2 


EXAMPLE 1 


Solution 


Table 1 
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An equation for the inverse of y = f(x) = sin x is obtained by interchanging x 


and y. The implicit form of the inverse function is x = sin ae sys a The 
1 


explicit form is called the inverse sine of x and is symbolized by y = f-!(x) = sin! x. 


y=sme x means, 7 — siny 


where -1=x<=1 and =5 


== 


J 


Because y = sin x means x = sin y, we read y = sin “ x as “y is the angle or 
real number whose sine equals x.” Alternatively, we can say that “y is the inverse 
sine of x.” Be careful about the notation used. The superscript —1 that appears in 
y = sin! x is not an exponent, but is the symbolism used to denote the inverse 
function f ! of f. (To avoid this notation, some books use the notation y = Arcsin x 
instead of y = sin! x.) 

The inverse of a function f receives as input an element from the range of f and 
returns as output an element in the domain of f. The restricted sine function, 
y = f(x) = sin x, receives as input an angle or real number x in the interval 


1 


1 


——,—| and outputs a real number in the interval [—1, 1]. Therefore, the inverse 


sine function y = sin”! x receives as input a real number in the interval [—1, 1] or 


—1 = x = 1, its domain, and outputs an angle or real number in the interval 
ute or a sys =. its range. 

2° 2.1 2 2 

The graph of the inverse sine function can be obtained by reflecting the restricted 
portion of the graph of y = f(x) = sin x about the line y = x, as shown in Figure 3. 


ie Wh Check: Graph Y; = sin x and Y = sin-!x. Compare the result with Figure 3. 


1 Find the Exact Value of an Inverse Sine Function 
1 


For some numbers x, it is possible to find the exact value of y = sin ~ x. 


Finding the Exact Value of an Inverse Sine Function 


Find the exact value of: sin7! 1 


Let 6 = sin! 1. We seek the angle 6, oS a = whose sine equals 1. 
7 7 
é=sin'1 -—<sg05— 
: 3 2 
: 7 T a — 
sing = 1 = =0s a By definition of y = gin’ x 


Now look at Table 1 below and Figure 4 on page 184. 


Z| whose sine is | is a 


We see that the only angle 6 within the interval | _ 


5 5 
(Note that sin a also equals 1, but lies outside the interval | a 2 and hence 
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is not admissible.) So, 


ied ae 
sin 5 


Figure 4 A 


om=====-Now Work prosLem 13 


EXAMPLE 2 Finding the Exact Value of an Inverse Sine Function 


1 
Find the exact value of: sin - x) 


‘ . 1 : 1 
Solution Let 6 = sin“ - a) We seek the angle 6, = a a whose sine equals — 5° 


a= sin*( >) eT 
2 2 ~~ 2 
ina ee eo 
2 2-2 
(Refer to Table 1 and Figure 4, if necessary.) The only angle within the interval 
| 2 x hose sine is — 2 is—=.So 
|" a eS 


sn(-7) =-§ J 


om=====-Now Work pros_Lem 19 


2 Find an Approximate Value of an Inverse Sine Function 


il 


For most numbers x, the value y = sin” x must be approximated. 


EXAMPLE 3 Finding an Approximate Value of an Inverse Sine Function 
Find an approximate value of: 
1 1 
(a) sin! 3 (b) sin" = i) 


Express the answer in radians rounded to two decimal places. 


Solution (a) Because we want the angle measured in radians, first set the mode of the 
calculator to radians.* Rounded to two decimal places, we have 


1 
in’! — = 0.34 
sin’ 3 


*On most calculators, the inverse sine is obtained by pressing | SHIFT] or Ea followed by [ sin} On 


some calculators, | sin] is pressed first, then 1/3 is entered; on others, this sequence is reversed. Consult 
your owner’s manual for the correct sequence. 


SECTION 3.1 The Inverse Sine, Cosine, and Tangent Functions 185 


Figure 5 (b) Figure 5 shows the solution using a TI-84 Plus graphing calculator in radian 


: 1 
sin -1-45 in?{-—}] = — i 
. S5S6882551 mode. sin ( ;) 0.25, rounded to two decimal places. 


aa 
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3 Use Properties of Inverse Functions to Find Exact Values 
of Certain Composite Functions 


When we discussed functions and their inverses in Section 1.7, we found that 
f"(f(x)) = x for all x in the domain of f and f(f~!(x)) = x for all x in the domain 
of f—'. In terms of the sine function and its inverse, these properties are of the form 


fF) = sin“'(sin x) =x where-F = x 


f(f-\(x)) = sin(sin™ x) = x where -1 <x < 


EXAMPLE 4 Finding the Exact Value of Certain Composite Functions 


Find the exact value of each of the following composite functions: 
5 
(a) sin-"(sin =) (b) sin-(sin =) 
8 8 
Solution (a) The composite function sin-1(sin =) follows the form of equation (2a). 


Because - is in the interval | = =) we can use (2a). Then 


sin” "(sin =) = A 


5 
(b) The composite function sin-1(sin =) follows the form of equation (2a), but 


wm 


T 


5) |-t0 use (2a), we need to find an angle 6 in the 


57. . . 7 
3 is not in the interval | — > 


5 5 
interval |- = z) for which sin 6 = sin a Then, using (2a), sin-"(sin =) = 


sin '(sin 0) = 6, and we are finished. 


Figure 6 


5 
Look at Figure 6. We see that sin us 


8 
T WT 
| > = | we have 


3 3 
= y=sin 7 Since = is in the interval 


Apply (2a). 


om=====-Now Work prosLem 41 


EXAMPLE 5 Finding the Exact Value of Certain Composite Functions 
Find the exact value, if any, of each composite function. 
(a) sin(sin™! 0.5) (b) sin(sin™! 1.8) 
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Solution 
Figure 7 
y= cosx,-~O <x< oO, 
-lsy=e!l 


Figure 8 
y=cosx,0=x=7,-1=y=1 
Va 
(0, 1) 
! > 
7 7 xX 
2 
a (7-1) 
DEFINITION 
Figure 9 


y=cos'x,-1=x<105y<qa 


Va 
Ua} 


(a) The composite function sin(sin~! 0.5) follows the form of equation (2b) and 0.5 
is in the interval [—1, 1]. So we use (2b): 


sin(sin 0.5) = 0.5 


(b) The composite function sin(sin™! 1.8) follows the form of equation (2b), but 1.8 
is not in the domain of the inverse sine function. This composite function is not 


defined. 
-! 


om======-Now Work prosiem 45 


The Inverse Cosine Function 


Figure 7 shows the graph of y = cos x. Because every horizontal line y = b, where 
b is between —1 and 1, inclusive, intersects the graph of y = cos x infinitely many 
times, it follows that the cosine function is not one-to-one. 


However, if we restrict the domain of y = cos x to the interval [0,7], the 
restricted function 


y = cos x Osxs57 


is one-to-one and hence will have an inverse function.* See Figure 8. 

An equation for the inverse of y = f(x) = cos x is obtained by interchanging x 
and y. The implicit form of the inverse function is x = cos y,0 = y = zw. The 
explicit form is called the inverse cosine of x and is symbolized by y = f~!(x) = cos! x 
(or by y = Arccos x). 


VS cos!x means x = cos y 


where -1Sx=1 and OS ys 


=) 


Here y is the angle whose cosine is x. Because the range of the cosine function, 
y = cosx, is -1 = y <1, the domain of the inverse function y = cos !x is 
—1 =x <1. Because the restricted domain of the cosine function, y = cosx, is 
0 < x S 7, the range of the inverse function y = cos !xis0 = y = 7. 

The graph of y = cos! x can be obtained by reflecting the restricted portion of 
the graph of y = cosx about the line y = x, as shown in Figure 9. 


ie WA Check: Graph Y, = cosx and Y, = cos!x. Compare the result with 
Figure 9. 


* This is the generally accepted restriction to define the inverse cosine function. 
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EXAMPLE 6 Finding the Exact Value of an Inverse Cosine Function 


Find the exact value of: cos! 0 


Solution Let 6 = cos! 0. We seek the angle 6, 0 = @ < a, whose cosine equals 0. 


a|3 
Yo 


7 
qa 
7 
s 
7 
D 
27 
Sy 


We see that the only angle 6 within the interval [0, 7] whose cosine is 0 is = 


3 
[Note that cos - and cos (- ) also equal 0, but they lie outside the interval [0, 7] 


and hence are not admissible.] We conclude that 


° a 


EXAMPLE 7 Finding the Exact Value of an Inverse Cosine Function 
v2 


Find the exact value of: cos (= 2) 


. 2 . 
Solution Let 6 = cos'(—¥2), We seek the angle 6, 067, whose cosine 


uals — aia 
eq a 


is 


cos 0 = — 


Look at Table 2 and Figure 11. 


Figure 11 A 


Yo 
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EXAMPLE 8 
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We see that the only angle 6 within the interval [0, 7] whose cosine is - —— 


om=====-Now Work prosLem 23 


2 


For the cosine function and its inverse, the following properties hold: 


7 hey = cose (cosa) — x whereOQS x57 


Ff (a) = cos(cos =x) =x where—l =a = 1 


of Certain Composite Functions 


Find the exact value of: 


Using Properties of Inverse Functions to Find the Exact Value 


(a) cos "(cos =) (b) cos[cos!(—0.4)] (c) cos"! cos(- 2) (d) cos(cos! 7) 


3 


Solution (a) cos-"( cos =) = 7 = is in the interval [O, a]; use Property (4a). 


(b) cos[cos™!(—0.4)] = —0.4 O.4 is in the interval [—1, 1]; use Property (4b). 


2 
(c) The angle — ot is not in the interval [0, 7] so we cannot use (4a). However, 


. on 20 27 .. 27. 
because the cosine function is even, cos| — a = cos 3" Since = is in the 


interval [0, 7], we have 


4 27 4 27 2a 2a 
cos "| cos | ——— } | = cos “| cos—— } = —- is in the interval [O, a]; apply (4a). 


3 3 


3 i) 


(d) Because 7 is not in the interval [—1,1], the domain of the inverse cosine 


function, cos | 


is also not defined. 


om -Now Work pRoBLEMS 37 AND 49 


The Inverse Tangent Function 


a is not defined. This means the composite function cos(cos~ 


lr) 


«! 


Figure 12 shows the graph of y = tan x. Because every horizontal line intersects 
the graph infinitely many times, it follows that the tangent function is not 


one-to-one. oes 
However, if we restrict the domain of y = tan x to the interval (- =, =) the 
restricted function 22 
= 7 qt 
y = tan x ~ > <x< > 


is one-to-one and hence has an inverse function.* See Figure 13. 


* This is the generally accepted restriction. 
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Figure 12 ee Figure 13 
y = tanx,-—co < x < ©o,x not equal to odd multiples ofS: —o0 <y<o 


7 7 
y = tanx, eae | co <y< oo 


x<Y 
nid 
x<V 


An equation for the inverse of y = f(x) = tan x is obtained by interchanging x 
and y. The implicit form of the inverse function is x = tan y, = <y< a The 


explicit form is called the inverse tangent of x and is symbolized by 
y = f(x) = tan! x (or by y = Arctanx). 


DEFINITION 


y= tan'x means x = tany 


7 


2 


ah 
where —cCO<x< o and — 


J 


Here y is the angle whose tangent is x. The domain of the function y = tan"! x 


. F _ 7 7 
is -CO<x< oo, and its range is —~ < y< ry 
obtained by reflecting the restricted portion of the graph of y = tanx about the line 


y = x, as shown in Figure 14. 


. The graph of y = tan’! x can be 


Figure 14 


= 1 T 
y = tan | x,—00 BES OS Se 


ia WV check: Graph Y, = tan x and 
Y, = tan | x. Compare the result 
with Figure 14. 


EXAMPLE 9 Finding the Exact Value of an Inverse Tangent Function 


Find the exact value of: 


(a) tan! 1 (b) tan !(-V/3) 
Solution (a) Let 9 = tan! 1. We seek the angle 8, a <0< whose tangent equals 1. 
T T 
@=tan'1 -~—<@< = 
an 5 5 
tané = 1 a2 2ge 
2 2 
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Table 3 


(S} 


Nia wlA AIA ala 
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Undefined 


T 


Look at Table 3. The only angle 6 within the interval (-5. =) whose 
tangent is 1 is a So, 


T 
t = 1 =—_— 
an 4 


(b) Let 0 = tan !(—V/3). We seek the angle ar <0< oe whose tangent 


equals — ve 


7 7 

=f | pee 3 eS <— 

6 = tan ( V3) ; 6 5 
tan@ = —-V3 =a, 


Look at Table 3. The only angle within the interval (- 2) whose 
tangent is — V3 is — - So, 
7 
tan 1( — Bese 
an ( V3) 3 


om=======-Now Work prosLem 17 


For the tangent function and its inverse, the following properties hold: 


f (f(x)) = tan (tanx) =x ~~ where == yee 


2; 
f(f *(x)) = tan(tan™ x) = x where —C < x < © 
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Find the Inverse Function of a Trigonometric Function 


EXAMPLE 10 


Solution 


Finding the Inverse Function of a Trigonometric Function 


Find the inverse function f! of f(x) = 2sin x — 1, as =xs . Find the range 
of f and the domain and range of f 1. 


The function f is one-to-one and so has an inverse function. Follow the steps on 
page 81 for finding the inverse function. 


y=2sinx—1 
x =2sin y — 1 Interchange x and y. 
x+1+=2siny Proceed to solve for y. 
: xt) 
sin y = ee 


arggster at ie 
y = sin 5) Apply the definition (1). 


The inverse function is f-!(x) = sin”! a 
To find the range of f, solve y = 2 sin x — 1 for sin x and use the fact that 
—-1ssinx <1. 
2sinx — 1 
yt 
7 


< 
ll 


sin x = 
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yr 
=e = 1 
2 
—2sy+1s82 
—-3s ysl 


The range of fis {y|—3 < y < 1} or [—3, 1] using interval notation. 


The domain of f~! equals the range of f, [—3, 1]. 


The range of f~' equals the domain of f, | a Z| 


ao 
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5 Solve Equations Involving Inverse Trigonometric Functions 


Equations that contain inverse trigonometric functions are called inverse 


trigonometric equations. 


EXAMPLE 11 


Solve the equation: 


Solution 


Solving an Equation Involving an Inverse Trigonometric Function 
3sin'x = 7 


To solve an equation involving a single inverse trigonometric function, first isolate 


the inverse trigonometric function. 


3 
The solution set is {vat 


3sin! x = 


7 
1 te 
3 


ll 


sin” x Divide both sides by 3. 


1 


RECS a 
o> SS y=sin xmeans x = giny. 
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3.1 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. What is the domain and the range of y = sin x? 
(pp. 125-135) 


2. A suitable restriction on the domain of the function 
f(x) = (x — 1) to make it one-to-one would be 
(pp. 75-83) 


3. If the domain of a one-to-one function is [3, 00), the range 
of its inverse is . (pp. 75-83) 


Concepts and Vocabulary 


1 


7. y = sin x means , Where —1 = x =1 and 


8. cos”! (cos x) = x where 


9. tan(tan”! x) = x where 


4. True or False The graph of y = cos x is decreasing on the 
interval [0, 7]. (pp. 139-143) 


5. tan = :sin— = (pp. 111-120) 


4. —— 3 


5COS 7 = . (pp. 111-120) 


10. True or False The domain of y = sin! x is 
T 


mls =x=-— 
2 ~ 2 
11. True or False sin(sin™! 0) = 0 and cos(cos! 0) = 0. 
12. True or False y=tan'x means x = tany, where 


oo <x < oo and Eee 
— x = ie 
Ze 
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Skill Building 
In Problems 13-24, find the exact value of each expression. 
\c13. sino 14. cos! 1 15. sin"!(-1) 16. cos"!(—1) 
\Q17. tan 18. tan”'(—1) \ 19. sin Ae 20. tan ¥3 
21. tan! V3 22. sin = \3) \ 23. cos'(- \3) 24, sin" - v2) 
In Problems 25-36, use a calculator to find the value of each expression rounded to two decimal places. 
\ 2s. sin 0.1 26. cos | 0.6 27. tan! 5 28. tan! 0.2 
mi ee -1 -1 
29. cos re 30. sin . 31. tan ‘(—0.4) 32. tan’ '(—3) 
v3 


2 
33. sin“!(—0.12) 34, cos"!(—0.44) 35. cos V2 36. sin 


In Problems 37-44, find the exact value of each expression. Do not use a calculator. 


4a 7 3a 30 
-1 eres . —-1 . eeu —1 a . —1 . Raipnaitit 
\ 37. cos (cos 5 ) 38. sin sin ( =) 39. tan tan( 8 )| 40. sin sin( 7 ) 


5 4 2 
\ 41. sin""(sin 2) 42. c0s"'|cos( — ==)| AN 43. tan”*( tan =) 44, tan" tan(- =)| 


3 3 


In Problems 45-52, find the exact value, if any, of each composite function. If there is no value, say it is “not defined.” Do not use a calculator. 


\ 45. sin( sin +) 46. cos cos""( = =) 47. tan(tan”!4) 48. tan|tan~1(—2)| 
\ 49. cos(cos 11.2) 50. sin[sin-'(—2) | 51. tan(tan'7r) 52. sin[sin-'(—1.5)] 
In Problems 53-60, find the inverse function f ' of each function f. Find the range of f and the domain and range of f *. 
53. f(x) = Ssinx + 2: eee 54, f(x) = 2tanx — 3,-F <x <7 
\55. f(x) = -2 cos(3x);0 < x < 7 56. f(x) =3 sin(2x);— 7 <x< 7 
57. f(x) = —tan(x + 1) — 3;-1 a 1 58. f(x) = cos(x +2) +1;-2<x<7-2 
59, f(x) = 3sin(2x + 1); . pore : a 60. f(x) = 2.cos(3x + 2); + x< : : 
In Problems 61-68, find the exact solution of each equation. 
\ ol. 4sintx = 7 62. 2costx = 7 63. 3. cos“'(2x) = 20 
64. —6 sin (3x) = 7 65. 3tan!x =a 66. —4tan!x =a 
67. 4cos 'x — 2m = 2cos'x 68. 5sin’x — 27 = 2sin'!x — 37 
Applications and Extensions 
In Problems 69-74, use the following discussion. The formula N N 
a a cos /(tan i tan | Sun 
w 1?) 6° North latitude 


can be used to approximate the number of hours of daylight D when 
the declination of the Sun is i° at a location 0° north latitude for any 
date between the vernal equinox and autumnal equinox. The 
declination of the Sun is defined as the angle i between the equatorial 
plane and any ray of light from the Sun. The latitude of a location 


Equator Equator 


is the angle 6 between the Equator and the location on the surface 
of Earth, with the vertex of the angle located at the center of Earth. 


See 


the figure. To use the formula, cos \(tanitan @) must be 


expressed in radians. 


69. Approximate the number of hours of daylight in Houston, 


70. 


71. 


72. 


73. 


74, 


75. 


Texas (29°45’ north latitude), for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (i = 0°) 

(c) July 4 (i = 22°48’) 

Approximate the number of hours of daylight in New York, 

New York (40°45’ north latitude), for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (i = 0°) 

(c) July 4 (i = 22°48’) 

Approximate the number of hours of daylight in Honolulu, 

Hawaii (21°18’ north latitude), for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (i = 0°) 

(c) July 4 (i = 22°48’) 

Approximate the number of hours of daylight in Anchorage, 

Alaska (61°10’ north latitude), for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (i = 0°) 

(c) July 4 (i = 22°48’) 

Approximate the number of hours of daylight at the Equator 

(0° north latitude) for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (i = 0°) 

(c) July 4 (i = 22°48’) 

(d) What do you conclude about the number of hours of 
daylight throughout the year for a location at the 
Equator? 

Approximate the number of hours of daylight for any location 

that is 66°30’ north latitude for the following dates: 

(a) Summer solstice (i = 23.5°) 

(b) Vernal equinox (i = 0°) 

(c) July 4 (i = 22°48’) 

(d) The number of hours of daylight on the winter solstice 
may be found by computing the number of hours of 
daylight on the summer solstice and subtracting this 
result from 24 hours, due to the symmetry of the orbital 
path of Earth around the Sun. Compute the number of 
hours of daylight for this location on the winter solstice. 
What do you conclude about daylight for a location at 
66°30’ north latitude? 


Being the First to See the Rising Sun Cadillac Mountain, 
elevation 1530 feet, is located in Acadia National Park, 
Maine, and is the highest peak on the east coast of the 
United States. It is said that a person standing on the summit 
will be the first person in the United States to see the rays of 
the rising Sun. How much sooner would a person atop 


p. D 


Rotation 
of Earth 


Sun 
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Cadillac Mountain see the first rays than a person standing 
below, at sea level? 

[Hint: Consult the figure. When the person at D sees the 
first rays of the Sun, the person at P does not. The person at 
P sees the first rays of the Sun only after Earth has rotated 
so that P is at location Q. Compute the length of the arc 
subtended by the central angle 6. Then use the fact that, at 
the latitude of Cadillac Mountain, in 24 hours a length of 
27(2710) ~ 17027.4 miles is subtended, and find the time 
that it takes to subtend this length. ] 


Movie Theater Screens Suppose that a movie theater has 
a screen that is 28 feet tall. When you sit down, the bottom 
of the screen is 6 feet above your eye level. The angle 
formed by drawing a line from your eye to the bottom of the 
screen and your eye and the top of the screen is called 
the viewing angle. In the figure, @ is the viewing angle. Suppose 
that you sit x feet from the screen. The viewing angle 6 is 
given by the function 


0(x) tan-'( **) tan(*) 


wi 28 feet 


(a) What is your viewing angle if you sit 10 feet from the 
screen? 15 feet? 20 feet? 

(b) If there is 5 feet between the screen and the first row of 
seats and there is 3 feet between each row, which row 
results in the largest viewing angle? 


= (c) Using a graphing utility, graph 


0(x) tan(*) tan($) 


What value of x results in the largest viewing angle? 


4X77. Area under a Curve The area under the graph of 


y= 1432 and above the x-axis between x = aand x = b 
x 


is given by 
tan! b — tan la 
See the figure. 
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(a) Find the exact area under the graph of y = ae 
% 


above the x-axis between x = 0 and x = V3. 


(b) Find the exact area under the graph of y = 7 and 


be 


above the x-axis between x = — 3" and x = 1. 
4S 78. Area under a Curve The area under the graph of 


1 
ae ae 


x = bis given by 


and above the x-axis between x = a and 


sin! b — sina 
See the figure. I 
(a) Find the exact area under the graph of y = Vi-# 
1 - x 
nes 
7 


and above the x-axis between x = 0 and x = 


Problems 79 and 80 require the following discussion: 


The shortest distance between two points on Earth’s surface can be determined from the latitude and 
longitude of the two locations. For example, if location 1 has (lat, lon) = (a1, B,) and location 2 
has (lat, lon) = (a, B2), the shortest distance between the two locations is approximately 
d = rcos '[(cos a, cos 81 cos a7 cos Bz) + (cos a; sin B; cos a7 sin By) + (sin a, sin a2)] 

where r = radius of Earth ~ 3960 miles and the inverse cosine function is expressed in radians. Also 
N latitude and E longitude are positive angles while S latitude and W longitude are negative angles. 


Source: www.infoplease.com 


79. Shortest Distance from Chicago to Honolulu Find the 
shortest distance from Chicago, latitude 41°50’N, longitude 
87°37'W to Honolulu, latitude 21°18'N, longitude 157°50'W. 
Round your answer to the nearest mile. 


‘Are You Prepared?’ Answers 


1. domain: the set of all real numbers; range:—1 < y = 1 


3. [3, 00) 4. True 
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(b) Find the exact area under the graph of y = 5 
eee 4 
. 1 1 
and above the x-axis between x = — 5 and x = 7 


87°37'W 
157°50'W 
144°58’'E 


Chicago, IL 41°50'N 


Honolulu,HI —21°18’N 
37°47'S 


Melbourne, 
Australia 


80. Shortest Distance from Honolulu to Melbourne, Australia 
Find the shortest distance from Honolulu to Melbourne, 
Australia, latitude 37°47'S, longitude 144°58’E. Round your 
answer to the nearest mile. 


2. Two answers are possible: x < lorx = 1 


PREPARING FOR THIS SECTION Before getting started, review the following concepts: 


e Finding Exact Values Given the Value of a 
Trigonometric Function and the Quadrant of the 
Angle (Section 2.3, pp. 132-134) 

Graphs of the Secant, Cosecant, and Cotangent 
Functions (Section 2.5, pp. 158-159) 


e Domain and Range of the Secant, Cosecant, and 
Cotangent Functions (Section 2.3, pp. 126-127) 


\ Now Work the ‘Are You Prepared?’ problems on page 198. 


OBJECTIVES 1 Find the Exact Value of Expressions Involving the Inverse Sine, Cosine, 
and Tangent Functions (p.195) 


2 Define the Inverse Secant, Cosecant, and Cotangent Functions (p. 196) 


3 Use a Calculator to Evaluate sec! x, csc"! x, and cot 'x (p.196) 
4 Write a Trigonometric Expression as an Algebraic Expression (p. 197) 
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1 Find the Exact Value of Expressions Involving the Inverse 
Sine, Cosine, and Tangent Functions 


EXAMPLE 1 Finding the Exact Value of Expressions Involving Inverse 
Trigonometric Functions 


Figure 15 : ; 11 
1 Find the exact value of: sin| tan” > 
tan @ = = 2 
2 
. 1 al 7 7 ; 
Yh Solution Let 6 = tan > Then tan 6 = y where =a <@0< 3" We seek sin 6. Because 
1 
tan 6 > 0, it follows that 0 < 6 < _ so @ lies in quadrant I. Since tan 9 = ~ = a 
P= (2,1) 2 2 x 


let x=2 and y=1. Since r=d(O,P) = V2?+1°= V5, the point 


A 18 . P = (x, y) = (2,1) is on the circle x* + y* = 5. See Figure 15. Then, with 
x = 2,y = 1,andr = V5, we have 
24 y2 sin( tan! 5) eT ve 
e+ yr= = = = 
; 2 : 
ig 


EXAMPLE 2 Finding the Exact Value of Expressions Involving Inverse 
Trigonometric Functions 


ul 
Find the exact value of: cos sin "(- ) 


3 
: . if 1 . Hl 7 a 
Solution Let 6 = sin .". Then sin 6 = 3 and 5 a 2 We seek cos 6. Because 
—1 
sin 6 < 0, it follows that — . = 6 <0, so 6 lies in quadrant IV. Since sin 0 = = = . 
Figure 16 let y = —1 and r = 3. The point P = (x, y) = (x,—-1),x > 0, is on a circle of 
er ares radius 3, x” + y’ = 9. See Figure 16. Then 
3 2 2 
i x+y =9 
x? + (-1) = y= -1 
x + yr =9 v= 8 
. V2 x =O 
; = Then x = 2V2, y = —1, andr = 3,so 
° 3 , os sin“ 5) cos 8 2 
P= (x, -1) cos| si =a ll hey aa 
Tess == J 


EXAMPLE 3 Finding the Exact Value of Expressions Involving Inverse 
Trigonometric Functions 


Figure 17 1 
1 Find the exact value of: tan|cos"'(- ) 
cos 0 = — 3 
5 1 1 
Yh Solution Let 0 = cos'(- *). Then cos 6 = -3 and 0 = 6 <7. We seek tan 6. Because 
2s : oe : =A 
P=(-1,y) cos 6 < 0, it follows that > < 6 = 7, so 6 lies in quadrant II. Since cos 6 = 3 = at 
r 


let x = —1 and r = 3. The point P = (x, y) = (-1, y), y > 0, is on a circle of 
radius r = 3, x’ + y’ = 9. See Figure 17. Then 


x2 zi yas 
xe + y2 = lyre = pea 
y =8 


y=H=2V2 y>o 


196 CHAPTER3 Analytic Trigonometry 


Then, x = —1, y = 2V2, andr = 3,so 
tan| cos" *)| tan 6 22 2V2 


—1 
ami oe 
orm======-low Work PROBLEMS 9 AND 27 


2 Define the Inverse Secant, Cosecant, 
and Cotangent Functions 


The inverse secant, inverse cosecant, and inverse cotangent functions are defined as 
follows: 


DEFINITION 


sec!x means x 


(21 “and 0= ys 


csc! x means x 


qt 
where |x| =1 and 7 SSG 


y=cot'x means x =coty 
where -—CO<x<c and O<y<7 


You are encouraged to review the graphs of the cotangent, cosecant, and secant 
functions in Figures 66, 67, and 68 in Section 2.5 to help you to see the basis for these 
definitions. 


EXAMPLE 4 Finding the Exact Value of an Inverse Cosecant Function 


Find the exact value of: csc! 2 


Solution Let 6 = csc ! 2. We seek the angle 6, 5 a > 0 # 0, whose cosecant equals 2 
1 
(or, equivalently, whose sine equals >). 
=! T 7 
= 2 -~s6é0s> #0 
6 = csc > 0 >” 0 
csc 9 = 2 = peas 640 sino=— 
2 2 re 
. . 7 7 . 
The only angle 6 in the interval mS, a > 0 # 0, whose cosecant is 2 
sino = | is — so csc 12 = = 
i 5 i 6° a 
om=====-Now Work prosBLEM 39 
3 Use a Calculator to Evaluate sec” ' x, csc” ' x, and cot” ' x 


Most calculators do not have keys for evaluating the inverse cotangent, cosecant, 
and secant functions. The easiest way to evaluate them is to convert to an inverse 
REMEMBER The range of y= sin 'xis trigonometric function whose range is the same as the one to be evaluated. In this 
regard, notice that y = cot! x and y= sec! x, except where undefined, each have 
the same range as y = cos! x; y= csc! x, except where undefined, has the same 


[O, 7]. a range as y = sin! x. 


T 7 —10; 
ry ; the range of y = cos ‘x is 


: ere is T 3a 
*Most books use this definition. A few use the restriction 0 = y < 37 sy< a 
< 


: setae ae 7 7 
*Most books use this definition. A few use the restriction —7 < y = — > O0<y 2 
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EXAMPLE 5 Approximating the Value of Inverse Trigonometric Functions 


Use a calculator to approximate each expression in radians rounded to two decimal 
places. 


(a) sec! 3 (b) csc 1(—4) (c) cot 5 (d) cot'(—2) 


Solution First, set your calculator to radian mode. 
T 
(a) Let @ = sec! 3. Then sec? =3and0=0=7,04 3 We seek cos 6 because 


y = cos !x has the same range as y = sec !x, except where undefined. Since 


1 1 1 
sec 6 = —— = 3, we have cos @ = —. Then 6 = cos! = and 
cos 0 3 3 
12_9— 41 
sec 3=6@= cos = ® 1.23 
a 


Use a calculator. 


. <0s - §#0. We seek sin 6 because 


y = sin 'x has the same range as y = csc!x, except where undefined. Since 


(b) Let @= csc !(—4). Then csc 6 = —4, 


wma 


1 1 1 
csc 0 = — = —4, we have sin 6 = ——. Then 6 = sin" - i} and 
sin 0 4 4 


1 
-l ee e 
Figure 18 csc '(—4) = 6 = sin ( s) ~ —0.25 


re ee ee ae 

: i 1 
Va (c) Proceed as before. Let 6 = cot! 3 Then cot 6 = > 0 <0 < 7. From these 
P= (1,2) facts we know that 6 lies in quadrant I. We seek cos @ because y = cos x 


\5y has the same range as y = cot ‘x, except where undefined. To find cos @ use 


1 1 
\? Figure 18. Then cos 06 = —=,0<60< = sod = cos ( +).Ten 


V5 2 V5 


e+ yh = 5 cot! 3 = 0 = cos( y jen 
2 V5 


(d) Let 6 = cot !(—2). Then cot @ = —2,0 < @ < 7. From these facts we know 
that @ lies in quadrant II. We seek cos 6. To find it we use Figure 19. Then 


2 2 
cos 9 = —— z= = <@60< 7, S00 = cos'(-2=). Ten 


Yh ‘fs 2 V5 


Figure 19 
cot@é = —2,0<0<a7 


2 
P=(=2)1) cot !(-2) =9 = cos ( ) ~ 2.68 
V5 


i 
[7s 


je) 
x 
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x24 y2= 


4 Write a Trigonometric Expression as an Algebraic Expression 


EXAMPLE 6 Writing a Trigonometric Expression as an Algebraic Expression 


Write sin(tan~!w) as an algebraic expression containing uw. 
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° = 7 T 
Solution Let 6 = tan ‘wu so that tan @ = ts <@0< > —oo <u < ©. As a result, we 
know that sec 6 > 0.Then 


. 4 . : cos 6 tan 0 tan 6 u 
sin(tan “uw) = sin@ = sin@- = tan 6 cos 9 = = = 
cos 4 secO » V1+tan?@ V1+u 
Multiply by 1: 22 : OW tie eeth= Sighs 
cos 8 cos 0 


sec 0 > O a 


om=====-Now Work prosLem 57 


3.2 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. What is the domain and the range of y = sec x? (pp. 126-127) 3. If tand loa <6 <_~ thensing = 
2. True or False The graph of y = sec x is one-to-one on the on a A = 


T 


interval D =) and on the interval ( >? a (pp. 158-159) 


Concepts and Vocabulary 


4. y = sec! x means , where |x| and 6. True or False It is impossible to obtain exact values for the 
7 inverse secant function. 
sys yF-- -1 : . 
2 7. True or False csc 0.5 is not defined. 
5. To find the inverse secant of a real number x such that 8. True or False The domain of the inverse cotangent 
|x| = 1, convert the inverse secant to an inverse F function is the set of real numbers. 
Skill Building 


In Problems 9-36, find the exact value of each expression. 


\ 9. cos{ sin v2) 10. sin( cos" i) 11. tan|cos-"(- v3) 12. tan sin-"(- )| 


13. seo( cos" +) 14. cot sin“!(— +) 15. csc(tan™! 1) 16. sec(tan! V3) 
17. sin[{tan !(-1)] 18. cos sin-"(- ¥3) 19, seo sin"!(— ;) 20. ese cos-'(- ¥3) 


5 2 
21. cos-'(sin =z) 22. tan-"( cot =) 23. sin cos(- mm) | 24, cos" tan( — =) 


1; ad 4 1 2 
25. tan( sin +) 26. tan( cos *) X27. seo( tan *) 28. cos{ sin x2) 


29. cot sin“(— ~)| 30. csc[tan '(—2)] 31. sin[{tan !(—3)] 32. cot cos = 3) 


1 3 7 
33. seo sin“ 25) 34, ese{ tan” x) 35. sin (cos =z) 36. cos-'(sin 7) 


In Problems 37-44, find the exact value of each expression. 


37. cot! V3 38. cot! 1 \ 39. ese !(—1) 40. csc! V2 


41. sec! ae 42. sec !(—2) 43. cot"'(- N3) 44, eso™t(— 2V3) 


3 
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In Problems 45-56, use a calculator to find the value of each expression rounded to two decimal places. 


Nas. 


49. 


53. 


47. cot! 2 


51. cot”!( = V5) 


3 
. cot tf —> 
55. co ( >) 


sec} 4 46. cso! 5 48. sec™!(—3) 


esc 1(—3) 


3 
—l a at 
csc ( >) 


52. cot !(-8.1) 


56. cot '( - V'10) 


In Problems 57-66, write each trigonometric expression as an algebraic expression in u. 


\ 57. 


62. 


Mixed Practice 
In Problems 67-78, f(x) = sin x, 


cos(tan™! ) 58. sin(cos”! w) 59. tan(sin™! w) 60. tan(cos~! w) 61. sin(sec™! w) 


sin(cot~! w) 63. cos(csc™! ut) 64. cos(sec™! w) 65. tan(cot™! w) 66. tan(sec”! w) 


7 7 
5 — * Find the exact value 


of each composite function. 


(3) 


a (e(3) 
milo) 
mel 


Applications and Extensions 


Problems 79 and 80 require the following discussion: When granular materials are allowed to fall freely, they form 
conical (cone-shaped) piles. The naturally occurring angle of slope, measured from the horizontal, at which the 
loose material comes to rest is called the angle of repose and varies for different materials. The angle of repose 0 is 


related to the height h and base radius r of the conical pile by the equation 0 = cot! See the illustration. 


79. 


80. 


81. 


Angle of Repose: Deicing Salt Due to potential transportation issues (for example, frozen waterways) 
deicing salt used by highway departments in the Midwest must be ordered early and stored for future use. 
When deicing salt is stored in a pile 14 feet high, the diameter of the base of the pile is 45 feet. 

(a) Find the angle of repose for deicing salt. 

(b) What is the base diameter of a pile that is 17 feet high? 

(c) What is the height of a pile that has a base diameter of approximately 122 feet? 


Source: Salt Institute, The Salt Storage Handbook, 2006 


Angle of Repose: Bunker Sand The steepness of sand bunkers on a golf course is affected by the angle of repose of the sand 

(a larger angle of repose allows for steeper bunkers). A freestanding pile of loose sand from a United States Golf Association 

(USGA) bunker had a height of 4 feet and a base diameter of approximately 6.68 feet. 

(a) Find the angle of repose for USGA bunker sand. 

(b) What is the height of such a pile if the diameter of the base is 8 feet? 

(c) A 6-foot-high pile of loose Tour Grade 50/50 sand has a base diameter of approximately 8.44 feet. Which type of sand (USGA 
or Tour Grade 50/50) would be better suited for steep bunkers? 


Source: 2004 Annual Report, Purdue University Turfgrass Science Program 


Artillery A projectile fired into the first quadrant from the 
origin of a coordinate system will pass through the point (x, y) 
2x 
2y + gt” 
where @ = the angle of elevation of the launcher and g = 
the acceleration due to gravity = 32.2 feet/second’. An 
artilleryman is firing at an enemy bunker located 2450 feet 


at time f according to the relationship cot 6 = 


(a) What angle of elevation did he use? 

(b) If the angle of elevation is also given by sec 0 = me 
where vp is the muzzle velocity of the weapon, find the 
muzzle velocity of the artillery piece he used. 

Source: www.egwald.com/geometry/projectile3d.php 

1 


i 82. Using a graphing utility, graph y = cot ‘x. 


83. Using a graphing utility, graph y = sec” ty. 


84. Using a graphing utility, graph y = csc” ly. 


up the side of a hill that is 6175 feet away. He fires a round, 
and exactly 2.27 seconds later he scores a direct hit. 
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Explaining Concepts: Discussion and Writing 


85. Explain in your own words how you would use your 86. Consult three books on calculus and write down the 
calculator to find the value of cot”! 10. definition in each of y = sec! x and y = csc! x. Compare 
these with the definitions given in this book. 


‘Are You Prepared?’ Answers 


7 


1.D in: 
omain {x 5) 


x # odd integer multiples of \ range: {y = —lory = 1} 2. True 3. 


3.3 Trigonometric Equations 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Solving Equations (Appendix A, Section A.4, e Using a Graphing Utility to Solve Equations 
pp. A28-A35) (Appendix B, Section B.4, pp. B6-B7) 


Values of the Trigonometric Functions (Section 2.2, 
pp. 111-120) 
\ Now Work the ‘Are You Prepared?’ problems on page 206. 


OBJECTIVES 1 Solve Equations Involving a Single Trigonometric Function (p.200) 
2 Solve Trigonometric Equations Using a Calculator (p.203) 
3 Solve Trigonometric Equations Quadratic in Form (p.204) 


fe 4 Solve Trigonometric Equations Using Fundamental Identities (p. 204) 


5 Solve Trigonometric Equations Using a Graphing Utility (p.205) 


1 Solve Equations Involving a Single 
Trigonometric Function 


In this section, we discuss trigonometric equations, that is, equations involving 
trigonometric functions that are satisfied only by some values of the variable (or, 
possibly, are not satisfied by any values of the variable). The values that satisfy the 
equation are called solutions of the equation. 


EXAMPLE 1 Checking Whether a Given Number Is a Solution 
of a Trigonometric Equation 


Determine whether 6 = Zi is a solution of the equation 2sin@ — 1 = 0. Is@= a 
a solution? 


Solution Replace 6 by 7 in the given equation. The result is 


rin — p29. 2 124/72 =1 6 


7. : 
We conclude that ri is not a solution. 


Next replace @ by 2 in the equation. The result is 


T 1 
2 si —-1=2-~=-1=0 
6 ) 


TT. : . : 
We conclude that 688 solution of the given equation. 


[ieee 


EXAMPLE 2 
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The equation given in Example 1 has other solutions besides 6 = = For example, 


5 13 
0= 7 is also a solution, as is 0 = - (You should check this for yourself.) 


In fact, the equation has an infinite number of solutions due to the periodicity of 
the sine function, as can be seen in Figure 20 where we graph y = 2 sin x — 1. Each 
x-intercept of the graph represents a solution to the equation 2 sin x — 1 = 0. 


Figure 20 ma 


Unless the domain of the variable is restricted, we need to find al/ the solutions 
of a trigonometric equation. As the next example illustrates, finding all the 
solutions can be accomplished by first finding solutions over an interval whose 
length equals the period of the function and then adding multiples of that period to 
the solutions found. 


In Words 


| 
- The equation cos 0 = a means 


find all the angles 0 whose cosine 
1 


~ a 
Figure 21 
VA 
0,1) .y) 
(-1, 0) (1,0) 
x 
e+yr=1 
(0. -1) (, -y) 
Figure 22 
1 Y, = cos x 
Yy=4 
0 4a 


Finding All the Solutions of a Trigonometric Equation 


1 
Solve the equation: cos 6 = 3 


Give a general formula for all the solutions. List eight of the solutions. 


Solution The period of the cosine function is 27. In the interval [0, 27), there 


1 5 
are two angles 6 for which cos 6 = 5° d= and 6 = - See Figure 21. Because 


the cosine function has period 27,, all the solutions of cos 6 = 3 may be given by the 
general formula 


5 
0= a +2k7 or 0= = + 2ka  kany integer 


Eight of the solutions are 


1 
Scheck: We can verify the solutions by graphing Y; = cosx and Y, = 3 to 


determine where the graphs intersect. (Be sure to graph in radian 
mode.) See Figure 22. The graph of Y, intersects the graph of Y> at 


x = 1.05 (~2), 5.24 (~=), 733 (~=), and 11.52 (="), rounded 


to two decimal places. 
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In most of our work, we shall be interested only in finding solutions of 
trigonometric equations for 0 = 6 < 27. 
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EXAMPLE 3 


Solving a Linear Trigonometric Equation 
Solve the equation: 2 sin @ + V3= 0, OS 0<27 


Solution — Solve the equation for sin 0. 


2sind + V3=0 
2sin@ = V3 Subtract V3 from both sides. 


3 
sin @ = — ee Divide both sides by 2. 
3 4 
In the interval [0, 277), there are two angles 6 for which sin 6 ses 6 = = and 
Sa . . [4a 5a 
= “3 The solution set is{ 474 \ 


om=m=====-llow Work problem 11 


When the argument of the trigonometric function in an equation is a multiple of 0, 
the general formula must be used to solve the equation. 


EXAMPLE 4 


Solving a Trigonometric Equation 


1 
Solve the equation: sin(20) = > 0=60<27 


‘ . : : 1 5 . 
Solution _ In the interval [0, 277), the sine function equals zl at > and a See Figure 23(a). So, we 


Figure 23 


5 
know that 26 must equal Z and a Here’s the problem, however. The period of 
2 
y = sin(20) is = 7. So, in the interval [0,27), the graph of y = sin(26) will 
complete two cycles, and the graph of y = sin(26) will intersect the graph of 


1 
aad) four times. See Figure 23(b). There are four solutions to the equation 


1 
sin(20) = 3 in [0, 277). To find these solutions, write the general formula that gives 


all the solutions. 


20 = - +2k7 or 20= om + 2kar  kany integer 
7 Sa > 
6= D +ka or 0= 79°" kar Divide by 2. 
Then 
7 -1la7 Sa —T0 
_ _ eyet _ _ 
6=7 + Clr = 5 : 6=37 + CUT = 45 
7 T Sa Sa 
= = ee _ = 
9= 75 + Oma a5 8= 45 + Om = 35 
7 137 Sa 177 
_ _ =4 _ _ 
6= + Dr= 5 ; §= 37+ Or = 5 
7 257 Sa 29a 
= ait _ _ 
§= + Om = . 9= 75 + A)" = 
; ; . 1 7 Sa 137 
In the interval [0, 277), the solutions of sin(20) = 5 are 7) 12” 0 12’ 0 DQ? 
177 : ; w Sar 1307 177 
and @ = Th The solution set is i> DD?’ LD \ We now know the graph of 


F . 1 aT 1 Sa 1 137 1 177 1)\. 
y = sin(26) intersects y = > at wo) \qa)\ w°2 , and cCEn) in the 


interval [0, 27r). e 
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il 
af Scheck: Verify these solutions by graphing Y, = sin(2x) and Y> = 5 for 


Osx S2r. 


WARNING In solving a trigonometric equation for 8,O = 0 < 2z, in which the argument is not @ 
(as in Example 4), you must write down all the solutions first and then list those that are in the 


i 
interval [O, 27). Otherwise, solutions may be lost. For example, in solving sin(20) = 2 if you merely 


7 51 7 5%r 
write the solutions 20 = - and 20 = e° you will find only 8 = om and@ = 2 and miss the other 


solutions. a 


EXAMPLE 5 Solving a Trigonometric Equation 


Solve the equation: tan(o = =) =1, 050<27 


Solution — The period of the tangent function is 7. In the interval [0, 7), the tangent function 


_ 7 ; 7. ‘ 
has the value 1 when the argument is re Because the argument is 0 — a8 the given 


equation, write the general formula that gives all the solutions. 


9 = vat ke k any integer 
2 4 
0 = + km 
In the interval [0, 27r),@ = a and 6 = 2 +7 = 7 are the only solutions. 
The solution set is = ay 


=) 
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2 Solve Trigonometric Equations Using a Calculator 


The next example illustrates how to solve trigonometric equations using a calculator. 
Remember that the function keys on a calculator will only give values consistent with 
the definition of the function. 


EXAMPLE 6 Solving a Trigonometric Equation with a Calculator 


Use a calculator to solve the equation tan 6 = —2,0 = @ < 277. Express any solutions 
in radians, rounded to two decimal places. 


: Solution To solve tan @ = —2 on a calculator, first set the mode to radians. Then use the 
Figure 24 = : 
fan? = <2 tan “|key to obtain 
6 = tan 1(—2) © —1.1071487 
(+1, 2) 
Rounded to two decimal places, @ = tan”'(—2) = —1.11 radian. Because of the 
a ted _ =] 5 aa 7 7 
definition of y = tan“ x, the angle 6 that we obtain is the angle — %. <0< z for 
which tan 6 = —2. Since we seek solutions for which 0 = 6 < 27, we express the 


angle as 27 — 1.11. 

Another angle for which tan @ = —2 is w — 1.11. See Figure 24. The angle 
a@-—1.11 is the angle in quadrant H, where tan@ = —2. The solutions for 
tan é6 = —2,0 S 6 < 27, are 


6=27-—-1.11 8 5.17 radians and 6 = 7 — 1.11 ® 2.03 radians 
The solution set is {5.17, 2.03}. oe 
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WARNING Example 6 illustrates that caution must be exercised when solving trigonometric 
equations on a calculator. Remember that the calculator supplies an angle only within the 
restrictions of the definition of the inverse trigonometric function. To find the remaining 
solutions, you must identify other quadrants, if any, in which a solution may be located. : 
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Solve Trigonometric Equations Quadratic in Form 


Many trigonometric equations can be solved by applying techniques that we already 
know, such as applying the quadratic formula (if the equation is a second-degree 
polynomial) or factoring. 


EXAMPLE 7 


Solution 


Solving a Trigonometric Equation Quadratic in Form 


Solve the equation: 2sin?@—3sin6+1=0, 0<0<2a 


This equation is a quadratic equation (in sin 6) that can be factored. 


2sin?@ — 3sind+1=0 2x° — Bx +1=0, x=sind 
(2 sin@ — 1)(sin@ — 1) = 0 (2x — 1)(x — 1) =O 


2sn@—-—1=0 or sin@d—1=0 Use the Zero-Product Property. 


1 
sin? = 5 or sin@ = 1 


Solving each equation in the interval [0, 277), we obtain 


' _ fw sar a 
The solution set is iz 6 ah 


i 
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Solve Trigonometric Equations Using Fundamental Identities 


When a trigonometric equation contains more than one trigonometric function, 
identities sometimes can be used to obtain an equivalent equation that contains 
only one trigonometric function. 


EXAMPLE 8 


Solution 


Solving a Trigonometric Equation Using Identities 
Solve the equation: 3cos@ +3 =2sin?@, 056 < 27 


The equation in its present form contains a sine and a cosine. However, a form of the 
Pythagorean Identity, sin?@ + cos?@ = 1, can be used to transform the equation 
into an equivalent one containing only cosines. 


3cos@ + 3 = 2sin’ 0 
3cos@ + 3 = 2(1 —cos*@) sin? =1 — cos? 0 
3.cos @ + 3 = 2 — 2cos*@ 
2cos?0 + 3cos9+1=0 Quadratic in cos 6 
(2 cos @ + 1)(cos@+ 1) = 0 Factor. 
2cosd+1=0 or cosé+1=0 Use the Zero-Product Property. 


1 
COS or cos@ = —-1 
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Solving each equation in the interval [0, 277), we obtain 


: . far 4a 
The solution set is ee : 


rs 


ie Ucheck: Graph Y, = 3cosx + 3 and Y, = 2sin’x,0 < x < 2m, and find the 
points of intersection. How close are your approximate solutions to the 
exact ones found in Example 8? 


EXAMPLE 9 Solving a Trigonometric Equation Using Identities 
Solve the equation: cos*@+ sind =2, 0=50< 2a 


Solution This equation involves two trigonometric functions, sine and cosine. Use a form of the 
Pythagorean Identity, sin? @ + cos @ = 1, to rewrite the equation in terms of sin 0. 


cos? @ + sin@ = 2 
(1 — sin? 6) + sin@ =2 cos?@=1- sin? 


sin? @ — sind+1=0 


This is a quadratic equation in sin 8. The discriminant is b? — 4ac = 1 - 4= 
—3 < 0. Therefore, the equation has no real solution. The solution set is the empty 


set, D. Pe 


ie Scheck: Graph Y, = cos’ x + sin x and Y, = 2 to see that the two graphs never 
intersect, so the equation Y; = Y> has no real solution. 


5 Solve Trigonometric Equations Using a Graphing Utility 


The techniques introduced in this section apply only to certain types of trigonometric 
aS equations. Solutions for other types are usually studied in calculus, using numerical 
methods. 


EXAMPLE 10 Solving a Trigonometric Equation Using a Graphing Utility 


Solve: 5sinx + x =3 


Express the solution(s) rounded to two decimal places. 


Solution This type of trigonometric equation cannot be solved by previous methods. 
A graphing utility, though, can be used here. Each solution of this equation is the 


Figure 25 x-coordinate of a point of intersection of the graphs of Y; = S5sinx + x and 
¥, =5sinx +x Y, = 3. See Figure 25. 
14 There are three points of intersection; the x-coordinates are the solutions that 


we seek. Using INTERSECT, we find 
x = 0.52, x = 3.18, x = 5.71 


—T 4a ; . 
The solution set is {0.52, 3.18, 5.71}. eo 
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3.3 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Solve: 3x — 5 = —x + 1 (pp. A28-A35) 4 


T 
2. sin| — ] = 
sn(") 
(pp. 111-120) 
3. Find the real solutions of 4x7 — x — 5 = 0. (pp. A28-A35) 


et 


Concepts and Vocabulary 


1 
7. Two solutions of the equation sin @ = 3 are 


8. All the solutions of the equation sin 6 = 5 are 


Skill Building 


In Problems 11-34, solve each equation on the interval 0 = 0 < 27. 


Ni 2sing +3=2 12. 1 = cos = 5 


14. tan? 9 = 3 15. 2sin?@ —1=0 
\ 17. sin(30) = -1 18. tan S se 
20. tan(20) = —1 21. sec =-2 
23. 2sn@+1=0 24. cosd+1=0 
26. V3 cot@ + 1=0 27. 4sec@ +6 = -2 
29. 3V/2 cos 6 + 2 = —1 30. 4sin@ + 3V3 = V3 


32. sin( 30 2 =) =4 33. 


18 


00 6T 
tanj-+—]=1 
a(S =) 


and 9. 


. Find the real solutions of x? — x — 1 = 0. (pp. A28-A35) 


: cos( *) = " 
3 3 — 


Find the real solutions of (2x — 1)? 


(pp. A28-A35) 


3(2x — 1) -4=0. 


6. Use a graphing utility to solve 5x* — 2 = x — x*. Round 


answers to two decimal places. (pp. B6—B7) 


True or False 
solutions. 


Most trigonometric equations have unique 


. True or False The equation sin @ = 2 has a real solution 


that can be found using a calculator. 


13. 4cos?6 = 1 


16. 4cos?0-3=0 


1 
19. cos(26) = % 


Pai = 25 


22. 
3 


25. tand+1=0 


28. 5cscO —-3 =2 


T 
20-—)]=-1 
cos( 6 =) 


06067 1 
34, cos( 4 = =) = > 


31. 


In Problems 35-44, solve each equation. Give a general formula for all the solutions. List six solutions. 


1 
\ 35. se 36. tanéd = 1 


3 


37. tan @ = M3 


2 
40. sin @ = — 


41. cos(20) = -, 


42. sin(20) = —1 


38. cos 6 = — 39. cos 6 = 0 
6 V3 0 
43. Sr = 5 44, tan =-1 


In Problems 45-56, use a calculator to solve each equation on the interval 0 = 6 < 27. Round answers to two decimal places. 


\ 45. sing = 0.4 
49. cos 6 = —0.9 50. sin @ = 


53. Stand + 9=0 


46. cos 0 = 0.6 


54. 4cot@ = —5 


—0.2 


47. tand = 5 


51. sec@d = —4 


55. 3sin@ —-2=0 


48. cot @ = 2 


§2. csc 0 = —3 


56. 4cos9+3=0 
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In Problems 57-80, solve each equation on the interval 0 = 0 < 27. 


57. 2cos’@ + cos@ = 0 58. sin? @ — 1 =0 \\59. 2 sin26 - sing — 1=0 
60. 2cos?@ + cosd-1=0 61. (tan @ — 1)(secOé — 1) = 0 62. (cot @ + (ceo = x) =0 
63. sin*@ — cos*@ = 1 + cos@ 64. cos?@ — sin?@ + sin@ = 0 65. sin’?@ = 6(cos(—0) + 1) 

66. 2 sin’ @ = 3(1 — cos(—6)) 67. cos 0 = —sin(—0) 68. cos @ — sin(—@) = 0 

69. tan 6 = 2siné 70. tan @ = coté 71. 1 + sin@ = 2cos’6 

72. sin?@ = 2cos@ + 2 73. 2sin’@ — Ssind +3 =0 74. 2 cos?@ — 7cos8 — 4=0 
75. 3(1 — cos @) = sin’@ 76. 4(1 + sin @) = cos”@ 77. tan’6 = sec 0 

78. csc’ @ = cot@ +1 79. sec’ @ + tan 6 = 0 80. sec @ = tan + coté 


© In Problems 81-92, use a graphing utility to solve each equation. Express the solution(s) rounded to two decimal places. 


\ GL 23 Sere = 0 82. x — 4sinx = 0 83. 22x — 17sinx = 3 84. 19x + 8cosx = 2 
85. sinx + cosx =x 86. sin x — cosx = x 87. x7 — 2cosx = 0 88. x7 + 3sinx = 0 
89. x? — 2 sin(2x) = 3x 90. x? = x + 3cos(2x) 91. 6sinx —e“~=2, x >0 92. 4cos(3x) —e*=1, x >0 


Mixed Practice 


93. What are the x-intercepts of the graph of f(x) = 4 sin? x — 3 (d) Use the graph drawn in part (b) along with the results of 
on the interval [0, 277]? part (c) to_determine the values of x such that 
f(x) < ~\/3 on the interval [—27r, 4a]. 


97. f(x) = 4 tan x 
(a) Solve f(x) = —4. 


94. What are the x-intercepts of the graph of f(x) = 
2 cos (3x) + 1 on the interval [0, 77]? 


95. f(x) = 3sinx (b) For what values of x is f(x) < —4 on the interval 
(a) Find the x-intercepts of the graph of f on the interval Gare 
[—27r, 47]. (- >” =p 
(b) Graph f(x) = 3 sin x on the interval [—27,, 47]. 
3 98. f(x) = cot x 
(c) Solve f(x) = 700 the interval [—27r, 47]. What points (a) Solve f(x) = _-V3. 
are on the graph of f? Label these points on the graph (b) For what values of x is f(x) > —/3 on the interval 
drawn in part (b). (0, 3)? 


(d) Use the graph drawn in part (b) along with the results e q 
3 X 99. (a) Graph f(x) = 3sin(2x) + 2 and g(x) = 700 the same 


Cartesian plane for the interval [0, 7]. 
(b) Solve f(x) = g(x) on the interval [0, 7] and label the 


part (c) to determine the values of x such that f(x) ar 
on the interval [—27,, 477]. 


96. f(x) = 2 cos x points of intersection on the graph drawn in part (b). 
(a) Find the x-intercepts of the graph of f on the interval (c) Solve f(x) > g(x) on the interval [0, 7]. 
[—2a, 477]. (d) Shade the region bounded by f(x) = 3 sin(2x) + 2 and 


(b) Graph f(x) = 2 cos x on the interval [—277, 477]. 


(c) Solve f(x) = ~\/3 on the interval [—27r, 47]. What 
points are on the graph of f? Label these points on the 
graph drawn in part (b). 


7 
g(x) = = between the two points found in part (b) on 


the graph drawn in part (a). 
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Cartesian plane for the interval [0, 477]. 


points of intersection on the graph drawn in part (b). 
(c) Solve f(x) < g(x) on the interval [0, 477]. 


the graph drawn in part (a). 


the same Cartesian plane for the interval [0, 27]. 


points of intersection on the graph drawn in part (b). 


Applications and Extensions 


103. Blood Pressure Blood pressure is a way of measuring the 
amount of force exerted on the walls of blood vessels. It is 
measured using two numbers: systolic (as the heart beats) 
blood pressure and diastolic (as the heart rests) blood 
pressure. Blood pressures vary substantially from person to 
person, but a typical blood pressure is 120/80, which means 
the systolic blood pressure is 120 mmHg and the diastolic 
blood pressure is 80 mmHg. Assuming that a person’s heart 
beats 70 times per minute, the blood pressure P of an 
individual after ¢ seconds can be modeled by the function 


_ { I 
20 sin( 3 i) 


(a) In the interval [0, 1], determine the times at which the 
blood pressure is 100 mmHg. 

(b) In the interval [0, 1], determine the times at which the 
blood pressure is 120 mmHg. 

(c) In the interval [0, 1], determine the times at which the 
blood pressure is between 100 and 105 mmHg. 


The Ferris Wheel In 1893, George Ferris engineered the 
Ferris Wheel. It was 250 feet in diameter. If the wheel makes 
1 revolution every 40 seconds, then the function 


P(t) = 100 + 


104. 


A(t) = 125 sin( 0.157 = =) + 125 


represents the height h, in feet, of a seat on the wheel as a 
function of time t, where ¢ is measured in seconds. The ride 
begins when ¢ = 0. 

(a) During the first 40 seconds of the ride, at what time f is 
an individual on the Ferris Wheel exactly 125 feet above 
the ground? 

(b) During the first 80 seconds of the ride, at what time ¢ is 
an individual on the Ferris Wheel exactly 250 feet above 
the ground? 

(c) During the first 40 seconds of the ride, over what interval 
of time f is an individual on the Ferris Wheel more than 
125 feet above the ground? 


105. Holding Pattern An airplane is asked to stay within a 


holding pattern near Chicago’s O’Hare International 


100. (a) Graph f(x) = 2cos 5 + 3 and g(x) = 4 on the same 


(b) Solve f(x) = g(x) on the interval [0, 477] and label the 


(d) Shade the region bounded by f(x) = 2 cos + + 3 and 


g(x) = 4 between the two points found in part (b) on 


101. (a) Graph f(x) = —4cosx and g(x) =2cosx +3 on 
A 


(b) Solve f(x) = g(x) on the interval [0, 27] and label the 


(c) Solve f(x) > g(x) on the interval [0, 277]. 
(d) Shade the region bounded by f(x) = —4 cos x and 
g(x) = 2cos x + 3 between the two points found in 
part (b) on the graph drawn in part (a). 
4102. (a) Graph f(x) = 2 sin x and g(x) = —2sin x + 2 on the 
same Cartesian plane for the interval [0, 27]. 
(b) Solve f(x) = g(x) on the interval [0, 277] and label the 
points of intersection on the graph drawn in part (b). 
(c) Solve f(x) > g(x) on the interval [0, 277]. 
(d) Shade the region bounded by f(x) = 2 sin x and 
g(x) = —2sin x + 2 between the two points found in 
part (b) on the graph drawn in part (a). 


Airport. The function d(x) = 70sin(0.65x) + 150 
represents the distance d, in miles, of the airplane from the 
airport at time x, in minutes. 

(a) When the plane enters the holding pattern, x = 0, how 
far is it from O’Hare? 

(b) During the first 20 minutes after the plane enters 
the holding pattern, at what time x is the plane exactly 
100 miles from the airport? 

(c) During the first 20 minutes after the plane enters the 
holding pattern, at what time x is the plane more than 
100 miles from the airport? 

(d) While the plane is in the holding pattern, will it ever be 
within 70 miles of the airport? Why? 


Projectile Motion A golfer hits a golf ball with an initial 

velocity of 100 miles per hour. The range R of the ball as a 

function of the angle 6 to the horizontal is given by 

R(@) = 672 sin(20), where R is measured in feet. 

(a) At what angle 6 should the ball be hit if the golfer wants 
the ball to travel 450 feet (150 yards)? 

(b) At what angle 6 should the ball be hit if the golfer wants 
the ball to travel 540 feet (180 yards)? 

(c) At what angle 6 should the ball be hit if the golfer wants 
the ball to travel at least 480 feet (160 yards)? 

(d) Can the golfer hit the ball 720 feet (240 yards)? 


Heat Transfer In the study of heat transfer, the equation 
x + tan x = 0 occurs. Graph Y; = —x and Y> = tan x for 
x = 0. Conclude that there are an infinite number of points 
of intersection of these two graphs. Now find the first two 
positive solutions of x + tan x = 0 rounded to two decimal 
places. 


106. 


| 107. 


108. Carrying a Ladder Around a Corner Two hallways, one of 

width 3 feet, the other of width 4 feet, meet at a right angle. 

See the illustration. It can be shown that the length L of 

the ladder as a function of 6 is L(@) = 4csc@ + 3 sec. 

4X (a) In calculus, you will be asked to find the length of the 
longest ladder that can turn the corner by solving the 


equation 
3 sec @tan@ — 4csc@cot@=0, 0° < 6 < 90° 


Solve this equation for 6. 


(b) What is the length of the longest ladder that can be 
carried around the corner? 
* (c) Graph L = L(6),0° = @ = 90°, and find the angle 0 
- that minimizes the length L. 
(d) Compare the result with the one found in part (b). 
Explain why the two answers are the same. 


109. Projectile Motion The horizontal distance that a projectile 
will travel in the air (ignoring air resistance) is given by the 
equation 

vp sin(20) 


& 


R(O) = 
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where 9 is the initial velocity of the projectile, 6 is the angle 

of elevation, and g is acceleration due to gravity (9.8 meters 

per second squared). 

(a) If you can throw a baseball with an initial speed of 
34.8 meters per second, at what angle of elevation 6 
should you direct the throw so that the ball travels a 
distance of 107 meters before striking the ground? 

(b) Determine the maximum distance that you can throw 
the ball. 

o (c) Graph R = R(@), with vp = 34.8 meters per second. 
(d) Verify the results obtained in parts (a) and (b) using a 
graphing utility. 
110. Projectile Motion Refer to Problem 109. 


(a) If you can throw a baseball with an initial speed of 
40 meters per second, at what angle of elevation 0 
should you direct the throw so that the ball travels a 
distance of 110 meters before striking the ground? 

(b) Determine the maximum distance that you can throw 
the ball. 

—] (c) Graph R = R(@), with vy = 40 meters per second. 

(d) Verify the results obtained in parts (a) and (b) using a 

graphing utility. 


XX The following discussion of Snell's Law of Refraction* (named after 
Willebrord Snell, 1580-1626) is needed for Problems 111-118. Light, 
sound, and other waves travel at different speeds, depending on the 
media (air, water, wood, and so on) through which they pass. 
Suppose that light travels from a point A in one medium, where its 
speed is V1, to a point B in another medium, where its speed is v2. 
Refer to the figure, where the angle 0, is called the angle of incidence 
and the angle 6, is the angle of refraction. Snell's Law, which can be 
proved using calculus, states that 


sin; vy 


sinf, U2 


- Vis . . : 
The ratio — is called the index of refraction. Some values are given 
U2 


in the table shown to the right. 


Angle of 
incidence 


Refracted ray, 
speed V, 


Angle of 
refraction 


111. The index of refraction of light in passing from a vacuum 
into water is 1.33. If the angle of incidence is 40°, determine 
the angle of refraction. 


* Because this law was also deduced by René Descartes in France, it is 
also known as Descartes’s Law. 


Some Indexes of Refraction 


Index of Refraction* 


Medium 


Water p33 


Ethyl alcohol (20°C) 
Carbon disulfide 
Air (1 atm and 0°C) 


1.36 
1.63 
1.00029 


Diamond 2.42 
Fused quartz 1.46 
Glass, crown 1152 
Glass, dense flint 1.66 
Sodium chloride 1.54 


112. The index of refraction of light in passing from a vacuum 
into dense flint glass is 1.66. If the angle of incidence is 50°, 
determine the angle of refraction. 


113. Ptolemy, who lived in the city of Alexandria in Egypt during 
the second century AD, gave the measured values in the 
following table for the angle of incidence 6, and the angle of 
refraction 9) for a light beam passing from air into water. Do 
these values agree with Snell’s Law? If so, what index of 
refraction results? (These data are of interest as the oldest 
recorded physical measurements.) 


8° 35°0' 
40°30’ 
45°30’ 


15°30’ 
22°30’ 
29507 50°0’ 


* For light of wavelength 589 nanometers, measured with respect to a 
vacuum. The index with respect to air is negligibly different in most cases. 
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114. Bending Light The speed of yellow sodium light 117. A light beam passes through a thick slab of material whose 
(wavelength, 589 nanometers) in a certain liquid is index of refraction is n. Show that the emerging beam is 
measured to be 1.92 X 108 meters per second. What is the parallel to the incident beam.* 
index of refraction of this liquid, with respect to air, for 118 


. Brewster’s Law If the angle of incidence and the angle of 
sodium light?* 


refraction are complementary angles, the angle of incidence 


[Hint: The speed of light in air is approximately is referred to as the Brewster angle 6. The Brewster angle 
2.998 x 10° meters per second.] is related to the index of refractions of the two media, 1, 
115. Bending Light A beam of light with a wavelength of and 1, by the equation ny sin 9B = Np COS Op, where 1 is 
589 nanometers traveling in air makes an angle of incidence the index of refraction of the incident medium and ny is the 
of 40° on a slab of transparent material, and the refracted index of refraction of the refractive medium. Determine the 
beam makes an angle of refraction of 26°. Find the index of Brewster angle for a light beam traveling through water (at 
refraction of the material.* 20°C) that makes an angle of incidence with a smooth, flat 


116. Bending Light A light ray with a wavelength of HERE CHOWMELNS 


589 nanometers (produced by a sodium lamp) traveling 
through air makes an angle of incidence of 30° on a smooth, 
flat slab of crown glass. Find the angle of refraction.* 


* Adapted from Halliday and Resnick, Fundamentals of Physics, 7th ed., 
2005, John Wiley & Sons. 


Explaining Concepts: Discussion and Writing 


119. Explain in your own words how you would use your calcula- 120. Provide a justification as to why no further points of 
tor to solve the equation cos x = —0.6,0 = x < 27. How intersection (and therefore solutions) exist in Figure 25 on 
would you modify your approach to solve the equation page 205 for x < —mworx > 4n. 


cotx =5,0< x < 27? 


‘Are You Prepared?’ Answers 


1. {3} a ae 3. {-1 >} 4. ? — v5. = va} 5. {o, >} 6. {0.76} 


2 2 2 


3.4 Trigonometric Identities 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Fundamental Identities (Section 2.3, p. 131) e Even—Odd Properties (Section 2.3, p. 135) 
\ Now Work the ‘Are You Prepared?’ problems on page 215. 


OBJECTIVES 1 Use Algebra to Simplify Trigonometric Expressions (p.211) 
2 Establish Identities (p.212) 


In this section we establish some additional identities involving trigonometric 
functions. But first, we review the definition of an identity. 


DEFINITION Two functions f and g are said to be identically equal if 


f(x) = g(x) 


for every value of x for which both functions are defined. Such an equation is 
referred to as an identity. An equation that is not an identity is called a 
conditional equation. J 
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For example, the following are identities: 


(xt 1 =x 4+2x4+1 sin’x + cos’x = 1 cscx = — 
sin x 


The following are conditional equations: 


5 
2x+5=0 True only if x = “Ss 


sinx = 0 True only if x = kar, k an integer 


‘ 7 5a 
sinx = COSX_ True only if x = r + 2kar or x = rs + 2kar, k an integer 


Below is a list of the trigonometric identities that we have established thus 
far. 


Quotient Identities 


Reciprocal Identities 


Pythagorean Identities 


sin? 9 + cos*@ = 1 tan? @ + 1 = sec’ @ 


cot? @ + 1 = csc? @ 


Even-Odd Identities 


—sin 6 cos(—0) = cos 0 tan(—0) = —tan@ 


—csc@ — sec(—8@) = sec 0 cot(—0@) = —cot 6 


This list of identities comprises what we shall refer to as the basic trigonometric 
identities. These identities should not merely be memorized, but should be known 
(just as you know your name rather than have it memorized). In fact, minor variations 
of a basic identity are often used. For example, we might want to use 


sin?6 = 1-—cos?@ or cos?@=1— sin’6 


instead of sin’ @ + cos’ @ = 1. For this reason, among others, you need to know 
these relationships and be comfortable with variations of them. 


Use Algebra to Simplify Trigonometric Expressions 


The ability to use algebra to manipulate trigonometric expressions is a key skill that 
one must have to establish identities. Some of the techniques that are used in 
establishing identities are multiplying by a “well-chosen 1,” writing a trigonometric 
expression over a common denominator, rewriting a trigonometric expression in 
terms of sine and cosine only, and factoring. 
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EXAMPLE 1 Using Algebraic Techniques to Simplify 
Trigonometric Expressions 


. 1... coté ad : ; Peer, : 
(a) Simplify a by rewriting each trigonometric function in terms of sine and 


cosine functions. 


(b) Show that 1 ane — : aa by multiplying the numerator and denominator 
by 1 — siné. 
: . 1+ sinu _ cotu — cosu ae . 
(c) Simplify aa Goa by rewriting the expression over a common 
denominator. 
sin? v — 1 


(d) Simplify 


: by factoring. 
tan v sin v — tanv 


cos 8 
Soluti (a) cot 0 sin 0 cos@ sin@g 9 
olution a = =, ° = COs 
csc 8 1 sng 1 
sin 0 
(b) cos 6 cosé 1-—sing@  cosé@(1 — sin@) 
1+smné@ 1+siné 1-—siné 1 — sin? 6 
; 1 — 3in@ 
Multiply by a well-chosen 1: ————.. 
1— sin@ 
cos @(1—sin@) 1-— sing 
cos’ 6 cos 0 
(c) 1+ sinu cotu—cosu 1+sinu cosu  cotu—cosu sinu 
Cc t = - . } is 
sin u cos u sin u COS U COS U sin u 
cosu. 
: : . COSMET “sin u 
_ cosu + sinucosu + cotusinu — cosusinu _ sin u 
sin u COS uU sin u COS U 
cos u 
iP = 
gin u 
cosu + cosu 2 cos u 2 
sin U COS U sinucosu  sinu 
(a) sin? v — 1 (sin v + 1)(sin v = 1) sinvy + 1 
tan vsinv — tanv tan v(sin v — 1) tan v 


omm===s=-Now Work pRoBLEMS 9, 11, AND 13 


2 Establish Identities 


In the examples that follow, the directions will read “Establish the identity... .” As 
you will see, this is accomplished by starting with one side of the given equation 
(usually the one containing the more complicated expression) and, using appropriate 
basic identities and algebraic manipulations, arriving at the other side. The selection 
of appropriate basic identities to obtain the desired result is learned only through 
experience and lots of practice. 


EXAMPLE 2 Establishing an Identity 


Establish the identity: csc @+tan @ = sec 6 


fi 


Solution 
NOTE A graphing utility can be used to 
provide evidence of an identity. For 
example, if we graph Y, = csc @+tané 
and Y> = sec 0, the graphs appear to 
be the same. This provides evidence 
that Y;, = Yo. However, it does not 
prove their equality. A graphing utility 
cannot be used to establish an 
identity—identities must be established 
algebraically. | 


EXAMPLE 3 


Solution 


EXAMPLE 4 


Solution 


EXAMPLE 5 


Solution 
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Start with the left side, because it contains the more complicated expression, and 
apply a reciprocal identity and a quotient identity. 


sid 
csc 0: tan@ = ——: = = sec é 
sir@ cos@  cosé 
Having arrived at the right side, the identity is established. e 


om======-Now Work prosLem 19 


Establishing an Identity 
Establish the identity: sin?(—@) + cos*(—@) = 1 


Begin with the left side and, because the arguments are —6, apply Even—Odd 


Identities. 


0) + cos*(—@) = [sin(—@)}* + [cos(—0)]}* 


sin’( 


= (-sin 9)? + (cos 6)” Even—Odd Identities 


ll 


(sin 9)? + (cos 6)” 


1 Pythagorean Identity re 


ll 


Establishing an Identity 


sin’?(—@) — cos’(—@) 


Establish the identity: = cos @ — sind 


sin(—@) — cos(—6) 


We begin with two observations: The left side contains the more complicated 
expression. Also, the left side contains expressions with the argument —6, whereas 
the right side contains expressions with the argument 6. We decide, therefore, to 
start with the left side and apply Even—Odd Identities. 


sin*(—0) — cos*(—0) _ [sin(—@) > — [cos(—@) 


sin(—@) — cos(—@) ——_—sin(—@) — cos(—@) 


_ (=sin 6)? — (cos 6)? 
—sin 0 — cos 6 
(sin 0)? — (cos 6)? 


Even—Odad Identities 


implify. 
—sin 6 — cos 6 pre 
(sin 8 — cos 6)(sin-6—+-cos 0) 
= : Factor. 
—(sin-6+cos 6) 
= cos @ — sind Cancel and ee) 
Establishing an Identity 
1+t 
Establish the identity: aan = tan 
1+ cotu 
1+tanu 1+tanu 1+ tanu 
1+ cotu 1 tanu + 1 
tan u tan u 
tan u(1-+tarm ) 
= = tan 
tana + T . ae! 


om -Now Work PROBLEMS 23 AND 27 
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When sums or differences of quotients appear, it is usually best to rewrite them 
as a Single quotient, especially if the other side of the identity consists of only one 


term. 
EXAMPLE 6 Establishing an Identity 
i Det 
Establish the identity: ad : eee = 2 csc 0 
1 + cos 0 sin 6 


Solution The left side is more complicated, so we start with it and proceed to add. 


sin@ | 1+ cosé sin’ @ + (1 + cos 6)? 
1+cos@ sind (1 + cos 6) (sin 6) 


Add the quotients. 


sin2 6+1+2cos@ + cos? fa) cao parentheses in 
: the numerator. 
(1 + cos )(sin 6) wm 


(sin? @ + cos? @) + 1 + 2cos@ 


= R ’ 
(1 + cos @)(sin 6) me 
2+ 2cosé@ ; 
= (1 + 00s @)(sin 8) Pythagorean Identity 
= af saad Factor and cancel 
ctor cancel. 
(1+-cos@)(sin 0) 
_ 2 
sin 6 
= 2csc@ Reciprocal Identity Pe 


om======-low Work proBLemM 49 


Sometimes it helps to write one side in terms of sine and cosine functions only. 


EXAMPLE 7 Establishing an Identity 


‘ : : tan v + cotuv 
Establish the identity; -—————— = ] 
SEC V CSC U 


sin v _ cos v sin? v + cos? v 
T 


Solution tanu+cotv cosv sinv _—_cosvsinv 


sec UV CSC V | 1 1 | ub 


cosv sin v cos V sin Vv 
Change to sines Add the quotients 
and cosines. in the numerator. 
i cos v sin Vv 


cos v sin V il 


Divide the quotients; 
gin? v + cos*v = 1. a 


om=====-Now Work prosLem 69 


Sometimes, multiplying the numerator and denominator by an appropriate 
factor will result in a simplification. 


EXAMPLE 8 


Solution 


WARNING Be careful not to handle 
identities to be established as if they 


were conditional equations. You cannot 


establish an identity by such methods 
as adding the same expression to each 
side and obtaining a true statement. 
This practice is not allowed, because 
the original statement is precisely the 
one that you are trying to establish. 
You do not know until it has been 


established that it is, in fact, true. 
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Establishing an Identity 


1 — sind cos 0 
cos 0 1+ sind 


Establish the identity: 


Start with the left side and multiply the numerator and the denominator by 1 + sin 0. 
(Alternatively, we could multiply the numerator and denominator of the right side 
by 1 — sin @.) 


1 — sin@ 1—sin@ 14+ sing Multiply the numerator and 
= . denominator by 1 + sin 6. 


cos 0 cos 0 1+ siné 
1 — sin? @ 
cos 6(1 + sin 0) 


2 
cos* 0 
= 1 — sin? @ = cos* 6 


cos 6(1 + sin 6) 


cos 8 
a a as Cancel. 


1+ sind a 


om======-Now Work prosLem 53 


Although a lot of practice is the only real way to learn how to establish identities, 
the following guidelines should prove helpful. 


Guidelines for Establishing Identities 


1. It is almost always preferable to start with the side containing the more 
complicated expression. 


2. Rewrite sums or differences of quotients as a single quotient. 


3. Sometimes rewriting one side in terms of sine and cosine functions only 
will help. 


4. Always keep your goal in mind. As you manipulate one side of the expression, 
you must keep in mind the form of the expression on the other side. 


3.4 Assess Your Understanding 


‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. True or False sin? 96 = 1 — cos’ 6. (p.131) 2. True or False sin(—@) + cos (—@) = cos 6 — sin @. 


Concepts and Vocabulary 


(p. 135) 


3. Suppose that f and g are two functions with the same 6. True or False sin(—0) + sin @ = 0 for any value of 0. 


domain. If f(x) = g(x) for every x in the domain, the 
. Otherwise, it is called a(n) 


equation is called a(n) 
equation. 


4. tan? @ — sec? 6 = 


5. cos(—0) — cos @ = 


Skill Building 


7. True or False In establishing an identity, it is often easiest 
to just multiply both sides by a well-chosen nonzero expression 
involving the variable. 


8. True or False tan @-cos @ = sin @ for any 0 # (2k + ie 


In Problems 9-18, simplify each trigonometric expression by following the indicated direction. 


AN 9. Rewrite in terms of sine and cosine functions: 


tan 0+ csc @. 


10. Rewrite in terms of sine and cosine functions: 


cot 8: sec @. 


sé 1+ sin@ 
sind» 1+ sin’ 


NGL Multiply 5 < 


sin 6 1 — cos@ 
12. Multipl : 
POET Beoah i ees 8 
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\ 13. Rewrite over a common denominator: 


sind + cos@ | cos@ — sind 


cos 8 sin 0 
14. Rewrite over a common denominator: 
1 ; 1 
T 
1—cosv 1+ cosv 


16. Multiply and simplify: 


17. Factor and simplify: 


18. Factor and simplify: 


(sin 8 + cos 6)(sin @ + cos) — 1 


15. Multiply and simplify: 


sin 6 cos 0 


(tan @ + 1)(tan@ + 1) — sec? 


tan 0 

3 sin? 6+ 4sin@ +1 
sin? 6 + 2sin@ + 1 
cos*@ — 1 


cos? 0 — cos 0 


In Problems 19-98, establish each identity. 


\ 19. 


csc 0:cos 8 = coté@ 


\ 


22. 1 + cot?(—@) = csc? 6 


2 2 


25. tan u cot u — cos’ u = sin’ u 


28. (csc 6 — 1)(csc @ + 1) = cot” 
31. cos’ @(1 + tan?) =1 
34, tan? @ cos? @ + cot” @ sin? @ = 1 


COS U 


37. tanu = 


sec u : 
1+ sinu 


40. 9 sec? @ — 5tan?6 =5 + 4sec’?6 


cotu +1 
cotu —1 


1+ tanv 
1 — tanv 


43. 


cot é 
cscO +1 


csc @ — 1 
cot 6 


46. 


49. 1 — sinv 
cos Vv 


COs U 


: 2 sec v 
1 — sinv 


sin? 6 9 
— ——— = cos 
1+ cos@ 


52. 1 \ 


cos 6 
1 — tan@ 


55, sin 8 + cos 


57, tan @ + 


sin@é — cosd+1 
sin@ + cos@é-—1 


60. 


tan u — cotu 
63. + 
tanu + cotu 


1 


sec 0 1 — cos@ 


1 + sec dé 


66. 


sin? @ 


sec 0 — csc @ 
sec 8 csc 0 


X\ 69. 


sin 8 — cos@ 


72. tan@ + cot 6 = sec@cscé 


1+ sin@ 
cos? 0 


sec 0 
“1 -—- sin @ 


75. 


20. 


23. 


sec 0:sin 8 = tan@ 


cos @(tan @ + cot @) = csc @ 


. 1 + tan?(-0) = sec? @ 


. sin @(cot @ + tan @) = sec @ 


26. sinu csc u — cos? u = sin? u \@ (sec @ — 1)(sec@ + 1) = tan’ @ 
29. (sec @ + tan @)(sec@ — tan@) = 1 30. (csc 8 + cot @)(csc 8 — cot@) = 1 
32. (1 — cos’ @)(1 + cot? @) =1 33. (sin @ + cos 0) + (sin @ — cos 0)" 
35. sec’ @ — sec? 6 = tan’ 6 + tan? 6 36. csc* 6 — csc? 6 = cot*@ + cot? 6 
38. csc u — cotu = = 39. 3 sin’ @ + 4cos” 6 = 3 + cos’ 
1+ cosu 
2 a) 
j= Gane Oe el ee 
1+ sing 1 — cos@ 
4A. cscv — 1 ne 45. secO Le 
cscv + 1 1+ sinv csc@O cos@ 
+ si + + + 
47. 1 me cscO +1 48. cos@ + 1 1 + secdé 
1—sin@d cscO—1 cosé— 1 1 — secdé 
50. cos u : 1+ sinv essai 51. — sin 6 al 
1+ sinv cos Vv sin@é—cos@ 1-—coté 
1 — sin@ 1 — cos @ 
3. t 2 4, t 0)? 
s 12a (sec 0 — tan 0) 5 (ep (csc 8 — cot 0) 
cot 6 tan 0 
6. t + t. t t 
2 1—tan@d 1-—coté@ esa 
i t t + =— 1 
58. Ua . an - 59. an 6 + sec é ane et 
cos’-@—sin’@ 1-—tan’é tan@ — secé+ 1 
tan 6 — coté@ = in2 
61. an co sti b= Gast 8 62. sec 9 — cos 0 sin* 0 
tan @ + coté secO+cos@ 1+ cos?@ 
t = t + 
64. aE + 2cos?u = 1 65. esa = tan @sec@ 
tanu + cotu cot 8 + cos @ 
1 — tan? 1 — cot? 
6 ere Ce er ee 
1 + tan’ 0 1+ cot’@ 
a9) _ 
70. a eee tan? 6 71. sec 6 — cos 6 = sin @ tan 0 
cos 9 — cot@ 
dt iL 1+sn0 1-—sin@é 
73. | 2 sec” 6 74. 4 tan @ sec 0 
1—snd 1+sno ° 1-snd 1+sno "°° 
1+ sing 2 secv — tanv)? + 1 
76. 1-6 (sec 9 + tan 0) 77, ( ) 2 tan v 


csc v(sec v — tan v) 


2 


sec? vy — tan? v + tan v 


78. sin v + cos v 
sec v 


sin@é+cos@ cos@— sin@é 
80. : = sec 6 csc 0 
sin 0 cos @ 


sin?@ + cos*@ secd@ — sind 


82. 


1 — 2 cos? 6 tanéd—-1 
84. cos 8 + an 6 — sin? @ Sau eae 
sin 0 
1 — 2 cos” 
86. — ee tan 6 — coté 
sin 9 cos 0 


1+ cos@+ sin@ 
88. ey ea sec@ + tan@ 


90. (2a sin 6 cos 0)? + a*(cos? @ — sin? 0)? = a 
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sin@+cos@  sin@ — cos@ 
79. : sec 8 csc 6 
cos 0 sin 6 


304 3 
81. = eee 1 — sin @ cos @ 
sin @ + cos @ 
83. cos’ 6 — sin” 9 = us a = cos? 6 
1 — tan’ 6 
(2 cos? @ — 1y 
85, => =1=2sin’6 
cos'@ — sin" 6 
87 1 + sin@ + cos@ 1 + cos @ 
* 1+ sin @ — cosé sin 0 


89. (asin@ + bcos 6)? + (acos@ — bsin@)* = a@ + Bb? 


tana + tan B 
91. —————— = tana tan B 
cota + cot B 


92. (tana + tan B)(1 — cotacot B) + (cota + cot B)(1 — tana tan B) = 0 


93. (sina + cos 8B)? + (cos B + sina)(cos B — sina) = 2 cos B(sina + cos B) 
94, (sina — cos 8B)? + (cos B + sina)(cos B — sina) = —2 cos B(sin a — cos B) 
95. In |sec 6| = —In |cos 6| 


97. In |1 + cos 6| + In|1 


cos 6| = 2 In |sin 6| 


96. In |tan 6| = In |sin 6| — In |cos 6} 


98. In |sec 9 + tan 6] + In |sec 9 — tan 6| = 0 


In Problems 99-102, show that the functions f and g are identically equal. 


99, f(x) = sin x- tan x g(x) = sec x — cos x 


1 — sing 
cos 6 


cos 8 
1+ sin@ 


101. f(0) (8) =0 


Applications and Extensions 


103. Searchlights A searchlight at the grand opening of a new 
car dealership casts a spot of light on a wall located 75 meters 
from the searchlight. The acceleration / of the spot of light is 
found to be # = 1200 sec 6(2 sec? @ — 1). Show that this is 


1 + sin? *) 


equivalent to 7 = 1200 ( a 
cos’ 6 


Source: Adapted from Hibbeler, Engineering Mechanics: 
Dynamics, 10th ed. © 2004 


Explaining Concepts: Discussion and Writing 


105. Write a few paragraphs outlining your strategy for 
establishing identities. 


106. Write down the three Pythagorean Identities. 
‘Are You Prepared?’ Answers 


1. True 2. True 


100. f(x) = cos x+cot x g(x) = csc x — sinx 
cos 0 


102. =t + =e 
f(0) = tan6@ + secé t= sab 


(9) 


104. Optical Measurement Optical methods of measurement 
often rely on the interference of two light waves. If two 
light waves, identical except for a phase lag, are mixed 
together, the resulting intensity, or irradiance, is given by 


cs 6 — 1)(sec @ + tan @) 


csc 6 sec 0 
equivalent to I, = (2A cos 6)”. 


I, Show that this is 


Source: Experimental Techniques, July/August 2002 


107. Why do you think it is usually preferable to start with the 
side containing the more complicated expression when 
establishing an identity? 


108. Make up an identity that is not a Fundamental Identity. 


218 CHAPTER3 Analytic Trigonometry 


3.5 Sum and Difference Formulas 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Distance Formula (Section 1.1, p. 3) e Finding Exact Values Given the Value of a 
e Values of the Trigonometric Functions (Section 2.2, Trigonometric Function and the Quadrant of the 


pp. 111-120) 


Angle (Section 2.3, pp. 132-134) 


% Now Work the ‘Are You Prepared?’ problems on page 227. 
OBJECTIVES 1 Use Sum and Difference Formulas to Find Exact Values (j.219) 


THEOREM 


In Words 

Formula (1) states that the 
cosine of the sum of two angles 
equals the cosine of the first 
angle times the cosine of the 
second angle minus the sine of 
the first angle times the sine of 
the second angle. 


2: 28:0) 288282) @ 


2 Use Sum and Difference Formulas to Establish Identities (p.220) 


3 Use Sum and Difference Formulas Involving Inverse Trigonometric 
Functions (p.224) 


4 Solve Trigonometric Equations Linear in Sine and Cosine (p.225) 


In this section, we continue our derivation of trigonometric identities by obtaining 
formulas that involve the sum or difference of two angles, such as 
cos(a + B),cos(a — B), or sin(a + B). These formulas are referred to as the 
sum and difference formulas. We begin with the formulas for cos(a@ + 8) and 


cos(a — B). 


Sum and Difference Formulas for the Cosine Function 


cos(a + B) = cosacos 8 — sina sin B 


cos(a — B) = cosacos 8 + sina sin B 


zu) 


Proof We will prove formula (2) first. Although this formula is true for all numbers 
a and B, we shall assume in our proof that0 < B < a < 27. We begin with the unit 
circle and place the angles a and # in standard position, as shown in Figure 26(a). The 
point P; lies on the terminal side of B, so its coordinates are (cos B, sin B); and 
the point P, lies on the terminal side of a, so its coordinates are (cos a, sin a). 


Figure 26 


P, = (COS a, sin a) P, = (cos( a — 8), sin( a — )) 
y: 
tp, = (cos B, sin B) 


(a) (b) 


Now place the angle a — B in standard position, as shown in Figure 26(b). The 
point A has coordinates (1, 0), and the point P3 is on the terminal side of the angle 
a — B, so its coordinates are (cos(a — B), sin(a — B)). 

Looking at triangle OP; P, in Figure 26(a) and triangle OAP; in Figure 26(b), 
we see that these triangles are congruent. (Do you see why? We have SAS: two sides 
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and the included angle, a — B, are equal.) As a result, the unknown side of each 
triangle must be equal; that is, 
d(A, P3) = d( Pi, P2) 
Using the distance formula, we find that 
\/Teos(a B) —1} + [sin(a — B) — 0} = \/(cos a —cos 8)* + (sina — sinB)? (A, Ps) = A(P,, Pe) 


[cos(a — 8) — 1}* + sin’*(a@ — B) = (cosa — cos B)? + (sina — sin B)? Square both sides. 


cos’(a — B) — 2 cos(a — B) + 1+ sin*(a— B) = cos? a —2 cos acos B + cos” B Multiply out the squared terms. 


+ sin’a — 2sinasin B + sin’? B 


2 —2cos(a — B) = 2 — 2cosacos B — 2sinasin B Apply a Pythagorean Identity (3 times). 
—2 cos(a — B) = —2cosacos B — 2sinasin B Subtract 2 from each side. 
cos(a — B) = cosacos 8 + sina sin B Divide each side by —2. 
This is formula (2). rT 


The proof of formula (1) follows from formula (2) and the Even—Odd Identities. 
Use the fact thata + B = a — (—B). Then 


cos(a + B) = cos[a — (—B)] 


cos a cos(—8) + sinasin(—B) Use formula (2). 


= cosacos B — sina sin B Even—Oda Identities 


1 Use Sum and Difference Formulas to Find Exact Values 


One use of formulas (1) and (2) is to obtain the exact value of the cosine of an angle 
that can be expressed as the sum or difference of angles whose sine and cosine are 
known exactly. 


EXAMPLE 1 Using the Sum Formula to Find an Exact Value 


Find the exact value of cos 75°. 


Solution — Since 75° = 45° + 30°, use formula (1) to obtain 
cos 75° = cos(45° + 30°) = cos 45° cos 30° — sin 45° sin 30° 


ren 
4/2/38 V2 1 
“as oa v2} 


EXAMPLE 2 Using the Difference Formula to Find an Exact Value 


Find the exact value of cos a 


Solution a (= =) (3 ) 
ROS 5 - ©98\ Ga G0 cos| 7 — 
= cos cos— + sin sin Use formula (2 
cos 4 cos s sin a sin 6 se formula (2). 
V2 Ve Vet 1 
= 5 + 5 = (V6 + V2) 
2 2 2 2 4 ig) 


om======-Now Work prosLeEM 13 
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Ey Seeing the Concept 
Graph Y, = cos( 2 - x) and Y, = sinx 


on the same. screen. Does _ this 
demonstrate the result 3(a)? How would 
you demonstrate the result 3(b)? 


2 Use Sum and Difference Formulas to Establish Identities 


Another use of formulas (1) and (2) is to establish other identities. Two important 
identities we conjectured earlier in Section 2.4 are given next. 


cos( 3 = 0) = sind 
2 


Proof ‘To prove formula (3a), use the formula for cos(@ — B) with a = 5 and 


B= 8. 


7-6 = cos 6 + sin sin 6 
cos 5) = COS ) cos T oe 


= 0-cosé+ 1-sin@ 
= sin dé 


To prove formula (3b), make use of the identity (3a) just established. 


sin( 3 = 0) = cos (3 0) | = cos 0 
t 


Use (3a). r 


Also, since 


eae 


Even Property of Cosine 


and since 


3(a) 


it follows that cos( 0 = =) = sin 0. The graphs of y = cos( 0 = =) and y = sin@ 
are identical. 2 2 

Having established the identities in formulas (3a) and (3b), we now can derive 
the sum and difference formulas for sin(a + B) and sin(a — B). 


Proof sin(a + B) = cos| 2 —(at+ 6) Formula (3a) 


-ol(f-)-0 


7 _ (7 ‘ 
= cos( Z = a)eos Bt sin( 2 = a)sin B Formula (2) 


= sinacos B + cosasin B Formulas (3a) and (3b) 
sin(a — B) = sin[a + (—B)] 
= sina cos(—B) + cos a sin(—B) Use the sum formula for 


sine just obtained. 
= sinacos B + cos a(—sin B) Even-Odd Identities 


= sinacos B — cosasin B rT 
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_ THEOREM 
_ In Words —_ 
_. Formula (4) states that the sine Sum and Difference Formulas for the Sine Function 
o of the sum of two angles equals 
the sine of the first angle times : : ; 
© the cosine of the second angle sin(a + B) = sinacos B + cos asin B 
C plus the cosine of the first angle sin(a — B) = sin a cos B — cosa sin B 
© times the sine of the second angle. 
EXAMPLE 3 Using the Sum Formula to Find an Exact Value 
Find the exact value of sin = 
Solution sin um sin( 37 =) = sin( = =) 
12 i 1 4° 3 
= sin cos + cos sin — Formula (4 
4 a" 4 3 ormula (4) 
V21, V2 V3_1 
= 5 4+ 24. = -(V2 + V6) 
2 2 2 2 4 Pa 
om -Now Work prosB_em 19 
EXAMPLE 4 Using the Difference Formula to Find an Exact Value 
Find the exact value of sin 80° cos 20° — cos 80° sin 20°. 
Solution The form of the expression sin 80° cos 20° — cos 80° sin 20° is that of the right side 
of formula (5) for sin(a — B) with a = 80° and B = 20°. That is, 
3 
sin 80° cos 20° — cos 80° sin 20° = sin(80° — 20°) = sin 60° = ve 4 
omm>-Now Work propLems 25 AND 29 
EXAMPLE 5 Finding Exact Values 
4 2 2 
If it is all that sina = 5° oo a <7, and that sin B = <5 =— xed 
T<B< a find the exact value of 
(a) cosa (b) cos B (c) cos(a + B) (d) sin(a + B) 
i : : : 4 . 
Figures? Solution (a) Since sina = 57 7 and S <a<q, let y= 4 and r =5 and place a in 


47 
ina=—=—<a< 
ee ee quadrant II. The point P = (x, y) = (x, 4),x < 0, is on a circle of radius 5, 


x’ + y’ = 25. See Figure 27. Then 


Ya 
5 
(x, 4) x+y = 25 
x? + 16 = 25 y=4 
x =25-16=9 
> x=-3 x= 0 
=5 5 Xx 
Then 
x 3 
5 x2 + y? = 25 ae aa 
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Alternatively, we can find cos @ using identities, as follows: 


| 16 19 3 
_ _4/ 2 
cos @ 1 — sin’a 1 95 35 5 


le in quadrant Il, 
cosa <0 


—2 3 
Figure 28 (b) Since sin B = V5 = . and 7 < B < ao let y = —2 and r = V5 and place 
B in quadrant III. The point P = (x, y) = (x, -2),x < 0, is on a circle of 
radius V5, x2 + y? = 5. See Figure 28. Then 


rt+y=5 
P+4=5 y=-2 
t= 
x=-1 x<oO 
Then 
saa8 —1 V5 
V5 5 


Alternatively, we can find cos B using identities, as follows: 


cos B = —V 1 — sin’ B = Ji == \z- ~e 


5 5 


(c) Using the results found in parts (a) and (b) and formula (1), we have 
cos(a + B) = cosacos 8 — sina sin B 
3( v5) 4( v5) IVS 


5 5 5 5 25 


(d) sin(a + B) = sinacos B + cosa sin B 
OVD 


m= -Now Work pros_ems 33(a), (b), AND (c) 


EXAMPLE 6 Establishing an Identity 
cos(a — B) 


Establish the identity: mone 
a 


=cotacot B + 1 


cos(a— B) _ cosacos B + sinasin B 


Solution : : : 
sin a sin B sin a sin B 


_ cosacosB  sinasin B 


sinasinB  sinasin B 


cosa cos B 
° T 


sina sin B 


=cotacot B+ 1 all 


om -Now Work proBLEMS 47 AND 59 
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sin 0 
Use the identity tan6@ = and the sum formulas for sin(a + B) and 


cos(a + f) to derive a formula for tan(a + 8). 


sin(a+ B)  sinacos B + cosasin B 
cos(a + B)  cosacos B — sina sin B 


Proof tan(a+ B) = 


Now divide the numerator and denominator by cos a cos B. 


sinacosB + cosasnB sinacosP | cosa sin B 


cos a cos B cos a cos B : cosa cos B 
lena a eos e Sica ~ ‘cosa cos B. sina sin B 
cos a cos B cosa@ cos-8  cosacos B 
sina | sin 
_ cosa cos PB tana + tan B 
7 sina sin B ~ 1- tana tan Bp 
~ cosa cos B a 


Proof Use the sum formula for tan(a + 8) and Even—Odd Properties to get the 
difference formula. 


7 | _ tana +tan(—B) — tana — tanB 
tan(a — B) = tanfa + (—8)] = 5 —tanatan(-8) 1+tanatanB 


We have proved the following results: 


THEOREM Sum and Difference Formulas for the Tangent Function 
e In Words tana + tan B 
Formula (6) states that the | 1 — tana tan B 


tangent of the sum of two angles tana — tan B 
equals the tangent of the first a 1 + tana tan B 
angle plus the tangent of the 

second angle, all divided by 


™ 1 minus their product. 
C ovmmm===-Now Work prospLtem 33(d) 
EXAMPLE 7 Establishing an Identity 
Prove the identity: tan(@ + 7) = tané@ 
: tan 6 + tan 7 tané + 0 
Solution —tan(@ + 7) = = = tan 6 
1—tané@tan7 1-—tané-0 Pa 
The result obtained in Example 7 verifies that the tangent function is periodic 
with period 7, a fact that we discussed earlier. 
EXAMPLE 8 Establishing an Identity 
Prove the identity: tan(o = =) = —coté 
Solution We cannot use formula (6), since tan 5 is not defined. Instead, we proceed as follows: 
WARNING Be careful when using - SH oy Sin cos’ COs 0 Si 
formulas (6) and (7). These formulas tan( 0 + ) a 
can be used only for angles a and B for cos( 0 ss =) cos 0 cos ee sin @ sin up 
2 2 2 


which tana and tan B are defined, 
that is, all angles except odd integer 


- (sin @)(0) + (cos8@)(1) cos 6 
multiples of i = = = —coté 


a (cos 6)(0) — (sin@)(1) -—sin@ oe 
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3 Use Sum and Difference Formulas Involving Inverse 
Trigonometric Functions 


EXAMPLE 9 Finding the Exact Value of an Expression Involving Inverse 
Trigonometric Functions 


i 3 
Find the exact value of: sin( cos > + sin! 2) 


F : aa 243 
Solution We seek the sine of the sum of two angles, a = cos! 5 and B = sin! 5" Then 


1 
ae = OsSax7 and sin B= 3 — 


NOTE In Example 9, we could also § We use Pythagorean Identities to obtain sina and cos B. Since sina = 0 and 


find sina by using cosa = 1_* cos B = 0 (do you know why?), we find 


2 r 


g0 x =1 and r= 2. Then y= V2 and sina = Vi ~ cosa = /1 1 Pe V3 
4 4 y) 


3 
sina = i ». We could find cos B 


r 
in a similar fashion. o cos B = 1 Pi os ai? Be I = _ | _ : 


As a result, 


; 1 13 : : : 
sin( cos 1_ + sin 2) = sin(a + B) = sinacos B + cosasin B 


a 5 
_V3 4,13 _ 4V3+3 
x 5 3 10 ra 


an 
5 


om=======-Now Work prosLem 75 


EXAMPLE 10 Writing a Trigonometric Expression as an Algebraic Expression 


Write sin(sin! uw + cos! v) as an algebraic expression containing u and v (that is, 
without any trigonometric functions). Give the restrictions on u and v. 


Solution First, for sin’! u, we have —1 < u < 1, and for cos | v, we have —1 < v < 1. Now 
let a = sin’! wand B = cos! v. Then 

F 7 = = 7 

sina =u -~-<a=<= > 

2 2 

cos B = v Os Bsa -1sve=l 


‘ 7 
Since — 3 = a = —, we know that cos a = 0. As a result, 


cos a = V1 si a = V1 
Similarly, since 0 = B = z, we know that sin B = 0. Then 


sin B = 4/1 cos’ B = Vi-w 


N}a 


As a result, 


sin(sin"! uw + cos! v) = sin(a + B) = sina cos B + cosasin B 


w+ V1-wV1-v ) 


ll 


om=m======-Now Work prosLem 85 
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4 Solve Trigonometric Equations Linear in Sine and Cosine 


Sometimes it is necessary to square both sides of an equation to obtain expressions 
that allow the use of identities. Remember, squaring both sides of an equation may 
introduce extraneous solutions. As a result, apparent solutions must be checked. 


EXAMPLE 11 Solving a Trigonometric Equation Linear in Sine and Cosine 


Solve the equation: siné+ cos@=1, 0=60< 2a 


Solution A Attempts to use available identities do not lead to equations that are easy to solve. 
(Try it yourself.) Given the form of this equation, we decide to square each side. 


sin @ + cos@ = 1 
(sin @ + cos@)* =1 Square each side. 
sin? 6 + 2 sin 6 cos 6 + cos?@ = 1 Remove parentheses. 
2sin@cos@=0 ain“ @ + cos? 0 = 1 
sin 6 cos 0 = 0 
Setting each factor equal to zero, we obtain 
sind=0 or cosd@=0 


The apparent solutions are 


6 = 0, d=, = d= 


Because we squared both sides of the original equation, we must check these 
apparent solutions to see if any are extraneous. 


6=0: sn0Q+ cosO=0+1=1 A solution 
d6=7: sina + cost =0+ (-1) =—-1 Nota solution 
g=5: sin > cos = 1 +QO=1 A solution 
37 . 30 3a 
= —; =-1+0=- 
6 5 sin 5 cos 5 1+ 0 1 Nota solution 


3 
The values 9 = 7 and @ = _ are extraneous. The solution set is {0. zi, 


Solution B_ Start with the equation 


sin @ + cos@ = 1 


and divide each side by 4/2. (The reason for this choice will become apparent 
shortly.) Then 


: 1 1 
sin @ + cos 8 = 


1 
V2 V2 v2 


The left side now resembles the formula for the sine of the sum of two angles, one of 
which is 0. The other angle is unknown (call it ¢.) Then 


4. V2 


sin(@ + @) = sin@ cos @ + cos @ sind = —= = (8) 


where 
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Figure 29 


xe + y2= 


EXAMPLE 12 


The angle ¢ is therefore - As a result, equation (8) becomes 


sin( 0 + =) = v2 


4 3 


2 3 
In the interval [0, 27), there are two angles whose sine is “a i and oe See 


Figure 29. As a result, 


pet jae @ 7 OE 
4.4 % 4° 4 

T 

6=0 6=— 

or 5) 


The solution set is {o. oh 


=] 


This second method of solution can be used to solve any linear equation in the 
variables sin 6 and cos 0. 


Solution 


Figure 30 


xX? + y? = a2 + pb? 


sin @ = COS db = a 


Ve + 


Solving a Trigonometric Equation Linear in sin 0 and cos 0 
Solve: 
asin@ + bcos@=c (9) 


where a, b, and c are constants and either a  O orb # 0. 


Divide each side of equation (9) by \/ a? + b?. Then 


sin 6 + cos 9 = (10) 


There is a unique angle ¢,0 = ¢ < 27, for which 
b 
cos d = — and sing = —— (11) 
\/a + b? a+b 


Figure 30 shows the situation for a > 0 and b > 0. Equation (10) may be written as 


sin 6 cos @ + cos @ sind = —— 
a + Bb? 
or, equivalently, 
sin(@ + ¢) = ———— (12) 
ath 


where ¢ satisfies equation (11). 
If|c| > \/a@ + b’, thensin(@ + $) > lorsin(@ + ¢) < —1,and equation (12) 
has no solution. 
If |c| = \/ a’ + b’, then the solutions of equation (12) are 


c oy c 
a+ bh \/ a + b° 
Because the angle ¢ is determined by equations (11), these give the solutions to 


equation (9). g2 


om=====-Now Work prosLiem 93 
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SUMMARY — Sumand Difference Formulas 
cos(a + B) = cosacos 8 — sina sin B cos(a — B) = cosacos B + sina sin B 
sin(a + B) = sinacos B + cosasin B sin(a — B) = sinacos B — cosasin B 


tana + tan B tan a — tan B 


Padi + tana tan B 


tan(a + B) 


tan(a — B) 


me — tana tan B 


3.5 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The distance d from the point (2, —3) to the point (5, 1) is 3. (a) sin cost = . (pp. 111-120) 
-(p.3) ie _ 
4 b) tan — — sin— = . (pp. 111-120 
2. If sin@ = 5 and @ is in quadrant II, then cos 6 = : (®) 4 6 —— (PP ) 
+ 3 
(pp. 132-134) 4. Ifsina =—2,97 <a < ai then cos a = 


(pp. 132-134) 
Concepts and Vocabulary 


5. cos(a + B) = cosacos B sin a sin B 9. True or False cos( Z - 0) = cos 0 
Cee 2 eee = Ae 10. True or False If f(x) = sinxand g(x) = cosx, then 
7. True or False’ sin(a+ B)=sina+sin B+2 sina sin B g(a + B) = g(a)g(B) — f(a)f(B) 


8. True or False tan 75° = tan 30° + tan 45° 


Skill Building 
In Problems 11-22, find the exact value of each expression. 
5 7 
id, sin 12. sin \ 2. cos a5 14. tan 15. cos 165° 16. sin 105° 
2 . ia 197 7 5a 
17. tan 15 18. tan 195 \ 19. sin D 20. tan D 21. seo( =) 22. coi( =) 
In Problems 23-32, find the exact value of each expression. 
23. sin 20° cos 10° + cos 20° sin 10° 24. sin 20° cos 80° — cos 20° sin 80° 
\ 25. cos 70° cos 20° — sin 70° sin 20° 26. cos 40° cos 10° + sin 40° sin 10° 
7 tan 20° + tan 25° 28 tan 40° — tan 10° 
* 1 — tan 20° tan 25° * 1+ tan 40° tan 10° 
\ 29. sin a cos au cos Ho sin fa 30. cos ae cos las sin ae sin tk 
. 12 12 12 12 . 12 12 12 12 
7 Sa Sar 7 
31. cos — cos + sin — sin rm Sm a Sm 
12 12 12 12 32. sin 18 cos 13 cos 18 sin 18 


In Problems 33-38, find the exact value of each of the following under the given conditions: 


(a) sin(a + B) (b) cos(a + B) (c) sin(a — B) (d) tan(a — B) 


3 2V5 5 4 
\o33. sina = 3,0<a <4, wosp = 25 Tapco i enee haa” sing =—7,-5 <8 <0 
4 7 3ar 
35. tana =—3,5 <a <7; cos B = es 36. tana ,wea< ; sinB= gt OR Se 
37. si 2 OT ge < ; t en ee < 38. a ee <0; si =e ee 
. sna B 2 a qa, tanB= 9 B<7 1 CORO = 5 a 4 sin B = 3, B 5 
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39. If sin @ = > @ in quadrant II, find the exact value of: 40. If cos 0 = 7 @ in quadrant IV, find the exact value of: 
(a) cos @ (b) sin( 6 + =) (a) sin @ (b) sin( 0 = =) 
(c) cos( 0 = =) (d) tan( 6 + =) (c) cos( 6 + =) (d) tan(o = =) 
In Problems 41-46, use the figures to evaluate each function if f(x) = sin x, g(x) = cos x, and h(x) = tan x. 
41. f(a + B) 42. g(a + B) yt yt 
xe + yr=4 x2 + y2=4 


43. g(a — B) 44. f(a — B) ilo (AN 


45. h(a + B) 46. h(a — B) iy x AV 
(3) 


In Problems 47-72, establish each identity. 


~<Y 


\ 47. sin( 2 + 0) = cos 0 48. cos( 2 + 0) = —siné 49. sin(a — 0) = sind 
50. cos(7 — 0) = —cos 6 51. sin(a + 6) = —sin dé 52. cos(a + 0) = —cos 6 
_ (30 
53. tan(a — 0) = —tané 54. tan(27 — 0) = —tané 55. sin an +6) = —cos@ 
3a ; ; : : 
56. cos > +6) =sin@ 57. sin(a + B) + sin(a — B) = 2sinacos B 
‘ sin(a + B) 
58. cos(a + B) + cos(a — B) = 2cosacos B \ 59. ————— = 1 + cota tan B 
sin a cos B 
sin(a + cos(@ + 
60. ( B) tana + tan B 61. ( B) 1 — tana tan B 
cos a cos B cos a cos B 
cos(a@ — sin(a + tana + tan 
62. — \ B) cota + tan B 63. = ' B) - B 
sin a cos B sin(ja— B) tana — tanp 
+ = cota cot B — 1 
o cos(a +B) 1-—tanatan B 65, cot(a + 8) a B 
cos(a — 8) 1+ tanatan B cot B + cota 
cotacotB +1 csc a csc B 
66. cot(a — B) 67. sec(a + B) 
cot B — cota cotacot B -— 1 
sec a sec B . . a3 a5 
68. sec(a — B) 69. sin(a — B)sin(a + B) = sin’ a — sin* B 


1 + tana tan B 
70. cos(a — B) cos(a + B) = cosa — sin’ B 71. sin(@ + ka) = (—1)* sin @, k any integer 


72. cos(@ + ka) = (-1)* cos @, k any integer 


In Problems 73-84, find the exact value of each expression. 


‘ Fa eee es 7 4 
73. sin( sin + cos! 0) 74, sin( sin- : v3 + cos! 1) X75. sn sin = — cos (- )| 


a 5 
4 3 i4 5 5 3 
76. sn|sin-*(~ *) — tan! 3 77. cos( tan! 37 cos | 3) 78. cos tan! Dp sin(- >) 
5 3 i4 12 
79. cos{ sin BRB tan! >) 80. — a cos! 2) 81. tan( sin“! 3 + =) 
T +1 3 —4 -1 + 
82. tan 1 cos 5 83. tan| sin~ ++ cos 1 84. tan| cos + sin’ 1 
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In Problems 85-90, write each trigonometric expression as an algebraic expression containing u and v. Give the restrictions required on 
uand v. 


\ 85. 
88. 


In Problems 91-96, solve each equation on the interval 0 = 0 < 27. 


91. 


94. 


1 


cos(cos! u + sin! v) 86. sin(sin~ 


cos(tan! uw + tan! v) 


sin 0 — V/3 cos 0 =1 


sin 8 — cos@ = =A/a 


Applications and Extensions 


97. 


99. 


101. 


1 


6 = T 
Show that sin! v + cos! v = oh 


iE 
Show that tan( +) = S —tan!v,ifv > 0. 


Show that sin(sin! v + cos! v) = 1. 


u — cos! v) 


89. tan(sin! u — cos! v) 


92. V3 sin 6 + cos@ = 1 


95. tan@d + a3 = sec 


98. 


100. 


102. 


87. sin(tan! u — sin! v) 


90. sec(tan! uw + cos! v) 


= vi 


\ 93. sin @ + cos @ 


96. cot @ + csc 6 = a9 


T 
Show that tan! v + cot!» = 2 
Show that cot! e” = tan7! e~. 


Show that cos(sin! v + cos! v) = 0. 


X 103. 


XX 104, 


105. 


106. 


Calculus Show that the difference quotient for f(x) = sin x 
is given by 
f(x +h) — f(x) © sin(x + h) — sin x 
h h 
s : 1 -— cosh 
= COs x sin x+ 
h 
Calculus Show that the difference quotient for f(x) = cos x 
is given by 
f(x +h) — f(x) cos(x + h) — cosx 
h h 
F 1— cosh 
= —sin x: cos X° 
h 
One, Two, Three 


(a) Show that tan(tan7!1 + tan“! 2 + tan™!3) = 0. 
(b) Conclude from part (a) that 


tan! 1+ tan!2 + tan!3 = 7 


Source: College Mathematics Journal, Vol. 37, No.3, May 2006 


Electric Power In an alternating current (ac) circuit, the 
instantaneous power p at time fis given by 


P(t) = Vindm CoS & sin?(wt) — V,,,1,, sin  sin(wt) cos(wt) 
Show that this is equivalent to 

P(t) = VzL, sin(@t) sin(wt — >) 
Source: HyperPhysics, hosted by Georgia State University 


Explaining Concepts: Discussion and Writing 


110. 


107. 


108. 


109. 


Geometry: Angle between Two Lines Let L, and L, denote 
two nonvertical intersecting lines, and let @ denote the acute 
angle between L, and L, (see the figure). Show that 

my Ty 


tan 6 = ——_ 
1+ mm 


where m, and mz, are the slopes of L, and L5, respectively. 
{Hint: Use the facts that tan 6; = m, and tan 6, = m).] 


Ifa + B + y = 180° and 
cot@ = cota + cotB + coty, 0<4@< 90° 
show that 
sin? @ = sin(a — 6) sin(B — @) sin(y — 0) 
If tana = x + landtan B = x — 1, show that 
2cot(a — B) =x 


Discuss the following derivation: 
tan 0 
+ 
tan @ + tan = tan = 
t O+ @ = pad té@ 
_ OV = co 
2 7 ll Q0—tan@ -—tand 
1 —tan@tan— —W— -—  tan@ 

T 
tan — 


Can you justify each step? 
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111. Explain why formula (7) cannot be used to show that 


tan( ~ — 6) = cot 
an 5 = co 


Establish this identity by using formulas (3a) and (3b). 
‘Are You Prepared?’ Answers 


3 V2 3 


1.5 2=5 3. (a) “— (b) : 4, —= 


3.6 Double-angle and Half-angle Formulas 


OBJECTIVES 1 Use Double-angle Formulas to Find Exact Values (p.230) 
2 Use Double-angle Formulas to Establish Identities (p.231) 


3 Use Half-angle Formulas to Find Exact Values (p.234) 


1 1 
In this section we derive formulas for sin(26), cos(26), sin( 3 a), and cos( 5 0) in 


terms of sin 6 and cos 0. They are derived using the sum formulas. 
In the sum formulas for sin(a + B) and cos(a@ + B), leta = B = 6. Then 


sin(a + B) = sinacos B + cosasin B 
sin(@ + 8) = sin@ cos 6 + cos @ sin 6 
sin(20) = 2 sin @ cos 0 
and 
cos(a + B) = cosacos 8 — sina sin B 
cos(@ + @) = cos @ cos @ — sin @ sin 6 
cos(20) = cos? @ — sin” 6 


An application of the Pythagorean Identity sin? @ + cos” @ = 1 results in two 
other ways to express cos(26). 


cos(26) = cos? @ — sin? @ = (1 — sin’ 6) — sin? @ = 1 — 2sin’ 6 
and 
cos(20) = cos’ @ — sin’ @ = cos’ @ — (1 — cos? @) = 2cos’6 — 1 


We have established the following Double-angle Formulas: 


THEOREM Double-angle Formulas 


= 2sin@cos@ 


cos? 6 — sin? 6 


1 Use Double-angle Formulas to Find Exact Values 


EXAMPLE 1 Finding Exact Values Using the Double-angle Formulas 


If sin@ = =, 5 < 6 < 7, find the exact value of: 


(a) sin(2@) (b) cos(26) 
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‘ : . ‘ 3 
Solution (a) Because sin(2@) = 2 sin 6 cos 6 and we already know that sin 6 = 5? we only 


3 
need to find cos 6. Since sin @ = 5 = — s <0@< 7, we let y=3 andr=5 
Figure 31 and place @ in quadrant II. The point P = (x,y) = (x,3) is on a circle of 
radius 5,x* + y’ = 25. See Figure 31. Then 
VA 
5 x? + y? = 25 x hy = 25 
(x, 3) F=25-9=16 y= 
5 
6 x= —4 =O 
CT 
a a We find that cos 6 = - = rE Now use formula (1) to obtain 
3 4 24 
in(20) = 2si =2 = 
~ sin(20) sin 0 cos 6 (2)( *) 35 


: : oe ‘ 
(b) Because we are given sin = 5° it is easiest to use formula (3) to get cos(26). 


18 
cos(20) = 1 — 2sin’@ = 1 (x) =1 as 


25 25 ed 


WARNING In finding cos(2@) in Example 1(b), we chose to use a version of the Double- 
angle Formula, formula (3). Note that we are unable to use the Pythagorean Identity 


24 
cos(20) = +\/1 - sin?(20), with sin(20) =~ 5B. because we have no way of knowing 


which sign to choose. 


omm====s=-Now Work pRoBLEMS 7(a) AND (b) 


2 Use Double-angle Formulas to Establish Identities 


EXAMPLE 2 Establishing Identities 


(a) Develop a formula for tan(26) in terms of tan 0. 
(b) Develop a formula for sin(36) in terms of sin @ and cos 6. 


Solution —_(a) In the sum formula for tan(a + B), leta = B = 0. Then 


tana + tan B 
tan(a + B) = i 


— tana tan B 
tan@ + tan@ 


tan(@ + 0) = 


1 — tan 6 tan @ 


(b) To get a formula for sin(30), we write 36 as 20 + @ and use the sum formula. 


sin(3@) = sin(26 + 0) = sin(20) cos 6 + cos(26) sin 6 
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Now use the Double-angle Formulas to get 
sin(30) = (2 sin @ cos @)(cos 8) + (cos? @ — sin? 0) (sin @) 
= 2 sin 0 cos’ @ + sin @ cos” @ — sin? 0 
= 3sin 0 cos’ 6 — sin? 6 m 


The formula obtained in Example 2(b) can also be written as 
sin(30) = 3 sin @ cos @ — sin? @ = 3 sin @(1 — sin’ @) — sin’ @ 
= 3sin6@ — 4sin°@ 


That is, sin(30) is a third-degree polynomial in the variable sin 6. In fact, sin(@), 
n a positive odd integer, can always be written as a polynomial of degree n in the 
variable sin 0.* 


om=====-Now Work problem 65 


By rearranging the Double-angle Formulas (3) and (4), we obtain other formulas 
that we will use later in this section. 
Begin with formula (3) and proceed to solve for sin’ 0. 


cos(20) = 1 — 2 sin’ 
2 sin’ @ = 1 — cos(26) 


Similarly, using formula (4), proceed to solve for cos? 6. 
cos(20) = 2 cos*@ — 1 
2 cos’ @ = 1 + cos(26) 


1 + cos(26) 
2 


cos’ @ = 


Formulas (6) and (7) can be used to develop a formula for tan’ 0. 


1 — cos(26) 

patie sin’? _ 2 
cos’@ 1 + cos(26) 

2 


1 — cos(26) 


tan? 9 = ———__—_ 
ie 1 + cos(26) 


Formulas (6) through (8) do not have to be memorized since their derivations 
are so straightforward. 
aS Formulas (6) and (7) are important in calculus. The next example illustrates a 
problem that arises in calculus requiring the use of formula (7). 


EXAMPLE 3 Establishing an Identity 


Write an equivalent expression for cos* @ that does not involve any powers of sine 
or cosine greater than 1. 


* Because of the work done by P. L. Chebyshév, these polynomials are sometimes called Chebyshév 
polynomials. 
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Solution The idea here is to apply formula (7) twice. 


1 + cos(26) \2 
cost 6 = (cos? 0)” = (Aa) 


Formula (7) 

= lt + 2 cos(20) + cos*(26)] 

= + 5 c0s(28) + = cos?(28) 

= + + Lcos(26) i{- - ae Formula (7) 

= 7 + 5 cos(26) a <( + cos(46) | 

= i + 5 c0s(20) + 5 c0s(40) i 


ovm=======-low Work prosLem 41 


EXAMPLE 4 Solving a Trigonometric Equation Using Identities 


1 
Solve the equation: sin #@ cos 6 = > 0=0<27 
Solution The left side of the given equation is in the form of the Double-angle Formula 
2 sin 6 cos 6 = sin(20), except for a factor of 2. Multiply each side by 2. 


i 
in 8 cos 9 = —= 
sin 0 COS ) 


2sin@cos@ = —1 Multiply each side by 2. 
sin(26) = —1  Double-angle Formula 


The argument here is 26. So we need to write all the solutions of this equation 


3 
and then list those that are in the interval [0, 277). Because sin( _ 2k = —1, 
for any integer k we have 


20 = = + 2ka k any integer 
3 
0= va + ka 
30 T 3a 30 3a 710 377 11a 
7) 7 + (-1)7 aaa + (O)a 4° ae (1)a qe == + (2)a 1. 
t t t 
k=-1 k=O k=1 k=2 


The solutions in the interval [0, 277) are 


3a Tt 
0 = : 6= 
4 


3a 70 
The soluti tis <——, —- ?. 
e solution se is {= 7a} 


om=====-llow Work proBLEM 69 


EXAMPLE 5 Projectile Motion 


An object is propelled upward at an angle @ to the horizontal with an initial velocity 
of vp feet per second. See Figure 32. If air resistance is ignored, the range R, the 
horizontal distance that the object travels, is given by the function 


de 
os R(@) = 1 sin 6 cos 6 
é x “ 
>| 


(a) Show that R(@) = at sin(20). 


Figure 32 


(b) Find the angle 6 for which R is a maximum. 
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Solution (a) Rewrite the given expression for the range using the Double-angle Formula 
sin(20) = 2 sin @ cos 6. Then 


1 ,2sin@cos@_ 1 
ie” 2 32 


1 

R(@) = 16% sin 6 cos @ = vp sin(20) 

(b) In this form, the largest value for the range R can be found. For a fixed initial 
speed vo, the angle 6 of inclination to the horizontal determines the value of R. 
Since the largest value of a sine function is 1, occurring when the argument 26 is 
90°, it follows that for maximum R we must have 


20 = 90° 
@ = 45° 
An inclination to the horizontal of 45° results in the maximum range. gil 


3 Use Half-angle Formulas to Find Exact Values 


Another important use of formulas (6) through (8) is to prove the Half-angle 
Formulas. In formulas (6) through (8), let 9 = . Then 


,a@  1-—cosa 


DS ao omens () 


2 1+ cosa 


The identities in box (9) will prove useful in integral calculus. 
If we solve for the trigonometric functions on the left sides of equations (9), we 
obtain the Half-angle Formulas. 


THEOREM Half-angle Formulas 


where the + or — sign is determined by the quadrant of the angle x 


=) 


EXAMPLE 6 Finding Exact Values Using Half-angle Formulas 


Use a Half-angle Formula to find the exact value of: 
(a) cos 15° (b) sin(—15°) 


fe} 


0 
Solution (a) Because 15° = z - we can use the Half-angle Formula for cos = with a = 30°. 


Also, because 15° is in quadrant I, cos 15° > 0, we choose the + sign in using 
formula (10b): 


cos 15° = cos ~ ze OED 
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(b) Use the fact that sin(—15°) = —sin 15° and then apply formula (10a). 


. 7 . 30° [1 — cos 30° 
sin(—15°) sin > 5 
ee 2-vV3_  V2-V3 
2 4 2 a 


It is interesting to compare the answer found in Example 6(a) with the answer 
to Example 2 of Section 3.5. There we calculated 


7 ae 
C0845 = cos 15° = 4(V6+ V2) 


Based on this and the result of Example 6(a), we conclude that 


1 2 N/5 
g(V6+ V2) and —— 


are equal. (Since each expression is positive, you can verify this equality by squaring 
each expression.) Two very different looking, yet correct, answers can be obtained, 
depending on the approach taken to solve a problem. 


om=====-Now Work prosLem 19 


EXAMPLE 7 Finding Exact Values Using Half-angle Formulas 


3 30 
If cosa = — 3 T<a<—— a , find the exact value of: 
(a) sin (b) cos 5 (c) tan 
‘ : . 307 T a 30 Qa. , 
Solution First, observe that if 77<a< 5 then 5 < 5 < 4° As a result, 5 lies in 
quadrant II. 


(a) Because © |ies in quadrant II, sin > 0, so use the + sign in formula (10a) 
to get 


(b) Because — © ties in quadrant II, cos 5 ~ <0, so use the — sign in formula (10b) 


to get 
1+/( -= 
_ [it cosa + cosa _ 


1 As 
V5 5 


N]_ Mm) rw 
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(c) Because © lies in quadrant II, tan < 0, so use the — sign in formula (10c) 
to get 


| 
| 
WM) mw |u| oo 
ll 
| 
ie) 


Another way to solve Example 7(c) is to use the results of parts (a) and (b). 


2V'5 


in 
tan = “ z = 2 
2 
cos kas = v5 
2 5 


om Now Work prRoBLEMS 7(c) AND (d) 


‘ a : : ae: 
There is a formula for tan 2 that does not contain + and — signs, making it more 


useful than formula 10(c). To derive it, use the formulas 


: Qa 
1 — cosa = 2sin?— Formula (9) 


2 
and 
sina = sin|2( $) = 2 sin e COS e Double-angle Formula 
2 2 2 
Then 
ie age 2 sin? = sin 5 : 
; = = —— = tan> 
2 sin = cos we cos : 
2 2 2 
Since it also can be shown that 
1 — cosa sin a 
sin @ > 1+ cosa 
we have the following two Half-angle Formulas: 
Half-angle Formulas for tan 5 
a 1 — cosa sin @ 
ae 2 2 sina 7 1+ cosa aD 


With this formula, the solution to Example 7(c) can be obtained as follows: 


37r 
mea ima 
: _ 7 9 16 4 
sina = —\/1-— cos°a 1 95 95 5 
Then, by equation (11), 
ok 
eg ae a ae oy 
2 sin @ 4 4 
“S “Ss 


3.6 Assess Your Understanding 


Concepts and Vocabulary 
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2 tan 0 
1. cos(20) = cos” 6 -1l=1- 4. True or False tan(20) = ae 
oo” 1 — tan“ @ 
2. sin? eS 5. True or False sin(20) has two equivalent forms: 
2 2 
2sin@cos@ and sin? @ — cos’ 6 
3 6 1-—cosé 
. ‘an ~ : 6. True or False tan(20) + tan(26) = tan(4@) 
Skill Building 
In Problems 7-18, use the information given about the angle 0,0 = 0 < 27, to find the exact value of 
0 0 
(a) sin(20) (b) cos(20) (c) sin 5 (d) cos 5 
X7 snd==, 0<@a< 8. cos@=—, 0<0<— tania acge 
: 5° . > 2 3 2 
1 3 6 3° 3 
10. tan d= 5. rahe 11. cos = - V8, ys OK<a 12, sing = - 3, F< 0 < 20 
13. secd = 3, sind>0O 14. csc 0 = —V5, cosé < 0 15. cot? = —2, secd <0 
16. secO = 2, cscd<0 17. tang = —3, sn@d<0O0 18. cot6 = 3, cosd@<0 
In Problems 19-28, use the Half-angle Formulas to find the exact value of each expression. 
\ ; V0 on 
19. sin 22.5° 20. cos 22.5° 21. tan 3 22. tan “3 
15 
23. cos 165° 24. sin 195° 25. sec — 26. csc = 


27. 


29. 
33. 


37. 


N\ 4. 


43. 


45. 


“(9 


3 1 
Show that sin* 9 = eS cos 


Develop a formula for cos(3@) as a third-degree polynomial 44. 


in the variable cos 0. 


Find an expression for sin(50) as a fifth-degree polynomial 46. 


in the variable sin 6. 


2 


30 
28. cos( - =z) 


In Problems 29-40, use the figures to evaluate each function given that f(x) = sin x, g(x) = cos x, and h(x) = tan x. 


=o 


(20) + 5 cos(4@). 


y A 
x2+ y2=1 
x 

b) 

0 0 
. «(2) x2 s(4) 
- g(2a) 36. f(2a) 
: n(S) 40. h(2a) 
. Show that sin(49) = (cos 6)(4 sin @ — 8 sin? 6). 


Develop a formula for cos(4@) as a fourth-degree polynomial 
in the variable cos 6. 
Find an expression for cos(5@) as a fifth-degree polynomial 
in the variable cos 6. 
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In Problems 47-68, establish each identity. 


cot 0 — tané cot? @-— 1 
47. 49 _ ont ga = 2 48. aa 2 49, t(20) = 
cos’ @ — sin” 6 = cos(26) 8 per eae cos(26) cot(20) ren 
50. cot(20) = d cota — tan 0) 51. sec(20) = aoe 52. csc(20) = eseebaee 
° 2 , 2 — sec” ° 2 
cos(20 t@—1 
53. cos’(2u) — sin?(2u) = cos(4u) 54, (4sinucosu)(1—2sin*u)=sin(4u) 55. is ss — 4 
1 6 2 0 2 
56. sin? é cos” = gil = cos(46) | 57. sec? 2 = 1 cost 58. esc’ 5 = 4 cod 
v _ secv+t+ 1 v 1 tan? 5 
59. cot? — = ——__ 60. tan = = csc v — cotv 61. cos 6 = 


2 secv—1 4 tap 
2 
1 sin? 9 + cos? 6 sin(30) — cos(36) 
. i 63. 
eet 2 one) sin 6 + cos @ sin 6 cos 0 
cos@+sin@ cos@— siné , 3 tan @ — tan? 
64. 2 tan(2 : eee ee 
cos@—sin@ cos@-+ siné ae) N65 ae 1 — 3 tan’ 6 
d 
66. tan @ + tan(@ + 120°) + tan(@ + 240°) = 3 tan(30) 67. In |sin 6| = 5 (in |1 — cos(20)| — In 2) 
1 
68. In |cos 6| = 3 (in |1 + cos(20)| — In 2) 
In Problems 69-78, solve each equation on the interval 0 = 0 < 27. 

\ 09. cos(20) + 6sin?@ = 4 70. cos(20) = 2 — 2 sin’ 71. cos(20) = cos 6 
72. sin(20) = cos 0 73. sin(20) + sin(40) = 0 74. cos(20) + cos(40) = 0 
75. 3 — sin 6 = cos(20) 76. cos(20) + 5cos8+3=0 
77. tan(20) + 2sin@ = 0 78. tan(20) + 2cos@ = 0 


Mixed Practice 


In Problems 79-90, find the exact value of each expression. 


3 
79. sin( 2 sin! 3) 80. sn|2 sin! v3 P cos( 2 sin! 2) 82. cos( 2 cos! “) 


3 3 4 4 
83. tan|2 cos (= 2)| 84. tan( 2 tan! >) P sin( 2 cos | <) 86. cos] tan-"(- *) 


1 3 3 3 
Bf cei a7 - if _ 2 
88. cos ( 5 sin 5 89. seo(2 tan >) 90. ese 2 sin ( >) 


In Problems 91-93, find the x-intercepts of the graph of each trigonometric function on the interval 0 = 0 < 27. 


91. f(x) = sin(2x) — sinx 92. f(x) = cos(2x) + cos x 93. f(x) = cos(2x) + sin? x 


Applications and Extensions 


94. Constructing a Rain Gutter A rain gutter is to be constructed 
of aluminum sheets 12 inches wide. After marking off a 
length of 4 inches from each edge, this length is bent up at an 
angle 6. See the illustration. The area A of the opening as a 
function of 6 is given by 


A(@) = 16sin@(cos8 +1) 0° <@< 90° 


AX(a) In calculus, you will be asked to find the angle 6 that 
maximizes A by solving the equation 


cos(20) + cosd =0, 0° < @< 90° 


Solve this equation for 6. 
(b) What is the maximum area A of the opening? 
| (c) Graph A = A(6),0° = 6 = 90°, and find the angle 6 
that maximizes the area A. Also find the maximum area. 
Compare the results to the answer found earlier. 


95. Laser Projection In a laser projection system, the optical 
or scanning angle @ is related to the throw distance D from 
the scanner to the screen and the projected image width W 
by the equation 


~W 


csc 8 — coté 


(a) Show that the projected image width is given by 
W = 2D tan 


(b) Find the optical angle if the throw distance is 15 feet and 
the projected image width is 6.5 feet. 
Source: Pangolin Laser Systems, Inc. 
96. Product of Inertia The product of inertia for an area about 
inclined axes is given by the formula 
Ty, = 1, sin 6 cos 6 — I, sin @ cos 6 + Llcos 6 — sin’ 0) 
Show that this is equivalent to 
Ld 


Luy 


~ sin(20) + I, cos(26) 


Source: Adapted from Hibbeler, Engineering Mechanics: 
Statics, 10th ed., Prentice Hall © 2004. 


97. Projectile Motion An object is propelled upward at an 
angle 0,45° < @ < 90°, to the horizontal with an initial 
velocity of vp feet per second from the base of a plane that 
makes an angle of 45° with the horizontal. See the illustration. 
If air resistance is ignored, the distance R that it travels up 
the inclined plane is given by the function 


vp 


2 
R(@) = 16 


cos 6(sin 8 — cos 0) 


2 
[sin(20) — cos(20) — 1] 
XX (b) In calculus, you will be asked to find the angle @ that 
maximizes R by solving the equation 
sin(20) + cos(26) = 0 


Solve this equation for 6. 


a 


98. 


99. 


100. 


101. 
102. 
103. 


104. 
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(c) What is the maximum distance R if vp = 32 feet per 
second? 

(d) Graph R = R(@), 45° = @ = 90°, and find the angle 6 
that maximizes the distance R. Also find the maximum 
distance. Use vp = 32 feet per second. Compare the 
results with the answers found earlier. 


Sawtooth Curve An oscilloscope often displays a sawtooth 
curve. This curve can be approximated by sinusoidal curves 
of varying periods and amplitudes. A first approximation to 
the sawtooth curve is given by 


1 1 
=<si + = si 
= sin(27rx) 7 sin(47rx) 


Show that y = sin(27x) cos”(7x). 


Area of an Isosceles Triangle Show that the area A of an 
isosceles triangle whose equal sides are of length s and @ is 
the angle between them is 


1 
A= mul sin 0 


[Hint: See the illustration. The height h bisects the angle @ 
and is the perpendicular bisector of the base.] 


Geometry A rectangle is inscribed in a semicircle of radius 1. 
See the illustration. 


(a) Express the area A of the rectangle as a function of the 
angle 6 shown in the illustration. 

(b) Show that A(@) = sin(26). 

(c) Find the angle @ that results in the largest area A. 

(d) Find the dimensions of this largest rectangle. 


If x = 2 tan 0, express sin(2@) as a function of x. 
If x = 2 tan 0, express cos(26) as a function of x. 


Find the value of the number C: 


1 il 
5 sin? x + C 4 cos(2x) 
Find the value of the number C: 


1 1 
7 008" +C= 4 c0s(2x) 
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a ' 2z 110. Show that 
4X 105. If z = tan 7 show that sin a = ia . Pee 
cos — = ————— 
1-2 2 
K 106. If z = tan > show that cos a = eo 8 


: : . 7 7 
and use it to find sin 6 and cos —— 


1 — cos(2x) I 16° 
107. Graph f(x) = sin’ x ; for O=x=2z7 111. Show that 
Dy ASIN A SLOF HONS: sin? @ + sin*(6 + 120°) + sin3(@ + 240°) = sin(30) 
108. Repeat Problem 107 for g(x) = cos” x. ‘ P 
109. Use the fact that 112. If tan 6 = atan 3° express tan 3 in terms of a. 


7 1 
COS ia = (V6 ar /2) 


: 0 7 
to find sin 4 and cos 7A 


Explaining Concepts: Discussion and Writing 


113. Go to the library and research Chebyshév polynomials. Write a report on your findings. 


3.7 Product-to-Sum and Sum-to-Product Formulas 


OBJECTIVES 1 Express Products as Sums (p.240) 
2 Express Sums as Products (p.241) 


1 Express Products as Sums 


Sum and difference formulas can be used to derive formulas for writing the products 
of sines and/or cosines as sums or differences. These identities are usually called the 
Product-to-Sum Formulas. 


THEOREM Product-to-Sum Formulas 


1 
sina sin B = 7 Leos(a 


1 
cos a cos B = 7 Leos(a 


: ie 
sin a cos B = 5 [sin(@ 


These formulas do not have to be memorized. Instead, you should remember 
how they are derived. Then, when you want to use them, either look them up or 
derive them, as needed. 

To derive formulas (1) and (2), write down the sum and difference formulas for 
the cosine: 

cos(a — B) = cosacos 8 + sina sin B (4) 
cos(a + B) = cosacos B — sina sin B (5) 
Subtract equation (5) from equation (4) to get 


cos(a — B) — cos(a + B) = 2sinasin B 


from which 


sina sin B = = (eos(a B) — cos(a + B)] 
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Now add equations (4) and (5) to get 


cos(a — B) + cos(a + B) = 2cosacos B 


from which 


cos acos B = (costa B) + cos(a + B)] 


To derive Product-to-Sum Formula (3), use the sum and difference formulas for 
sine in a similar way. (You are asked to do this in Problem 53.) 


EXAMPLE 1 Expressing Products as Sums 


Express each of the following products as a sum containing only sines or only 
cosines. 


(a) sin(66) sin(46) (b) cos(38) cos 6 (c) sin(36) cos(56) 
Solution —_(a) Use formula (1) to get 


sin(66) sin(40) = sl 


= 5[e0s(28) = cos(108) | 


cos(6@ — 40) — cos(66 + 40) | 


(b) Use formula (2) to get 
1 
cos(30) cos @ = 3 Lcos(36 — 0) + cos(36 + @)] 
1 
= 3 Lcos(28) + cos(4é) | 


(c) Use formula (3) to get 


sin(36) cos(50) = 5 [sin(30 + 50) + sin(3@ — 56)] 


= 5 [sin(80) + sin(—26)] = = [sin(80) — sin(26) | 


aj 


om======-Now Work pRoBLEM 7 


2 Express Sums as Products 


The Sum-to-Product Formulas are given next. 


THEOREM Sum-to-Product Formulas 


sina + sin B = 2 sin 


: : . a 
sina — sin B = 2 sin 


(a2 
cosa + cos B = 2 cos 


Ae 184 
cos a — cos B = —2sin 


We will derive formula (6) and leave the derivations of formulas (7) through (9) 
as exercises (see Problems 54 through 56). 
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Proof 
a a+ B a-B 2-5|sin( “58 + 958), in( 8 a-B 
sin > cos _ 3 sin > | > + sin 5 5 
t 
Product-to-Sum Formula (3) 
_ 2a, , 2 : ; 
= sin + sin = sina + sinB 


EXAMPLE 2 Expressing Sums (or Differences) as a Product 


Express each sum or difference as a product of sines and/or cosines. 


(a) sin(5@) — sin(30) (b) cos(3@) + cos(26) 


Solution (a) Use formula (7) to get 
56 — 36 56 + 36 


sin(50) — sin(3@) = 2 sin 5 
= 2 sin 0 cos(40) 
36 + 26 30 — 20 
(b) cos(30) + cos(26) = 2 cos 7 S08 5 Formula (8) 
= 2 cos Bu cos : 
2 2 
omm===>-Now Work proBLem 17 
3.7 Assess Your Understanding 
Skill Building 
In Problems 1-6, find the exact value of each expression. 
1. sin 195°* cos 75° 2. cos 285° > cos 195° 3. sin 285° + sin 75° 
4. sin 75° + sin 15° 5. cos 255° — cos 195° 6. sin 255° — sin 15° 
In Problems 7-16, express each product as a sum containing only sines or only cosines. 
“et sin(4@) sin(26) 8. cos(4@) cos(24) 9. sin(40) cos(20) 10. sin(30) sin(5@) 11. cos(30) cos(50) 
12. sin(4@) cos(6@) 13. sin 6 sin(20) 14. cos(36) cos(46) 15. sin > cos 16. sin cos > 
In Problems 17-24, express each sum or difference as a product of sines and/or cosines. 
\, i sin(40) — sin(20) 18. sin(40) + sin(20) 19. cos(20) + cos(40) 20. cos(50) — cos(3@) 
3 3 
21. sind + sin(30) 22. cos @ + cos(34) 23. cos = cos 24. sing = sin 
In Problems 25—42, establish each identity. 
sin 9 + sin(36) a6 cos 0 + cos(3@) 4 sin(40) + sin(26) 50 
oe . ——___— = A t 
2 sin(26) a 2 cos(20) — cos(49) + cos(2@) eat) 
a cos 6 — cos(30) P 5s cos 8 — cos(36) ‘ cos 8 — cos(56@) i 
. an et . = tl . <r = tl 
sin(30) — sin @ ant) sin 9 + sin(36) si sin @ + sin(56) os 
31. sin 6[sin @ + sin(36)] = cos 6[cos 8 — cos(364)] 32. sin 6[sin(3@) + sin(50)] = cos 6[cos(30) — cos(5@) ] 
sin(40) + sin(80) 2 ‘ sin(40) — sin(80) g 
cos(40) + cos(80) ene) va cos(4@) — cos(8@) eae) 
ae sin(40) + sin(8@) tan(60) cos(4@) — cos(8@) ‘ a 
. 6 t t 
sin(40) — sin(8@) tan(260) cos(40) + cos(8@) enki) Nance) 


sina + sin at an 
37. — : e tan a cot B 
sina — sin B 2 2 
sina + sin at 
39. e tan B 
cos a + cos B 2 


41. 1 + cos(2@) + cos(4@) + cos(6@) = 4 cos @ cos(28@) cos(36@) 


In Problems 43-46, solve each equation on the interval 0 = 0 < 2m. 


43. sin(20) + sin(4@) = 0 


45. cos(40) — cos(60) = 0 


Applications and Extensions 


47. Touch-Tone Phones On a Touch-Tone phone, each button 
produces a unique sound. The sound produced is the sum of 
two tones, given by 

y =sin(2q/t) andy = sin(2zht) 

where / and / are the low and high frequencies (cycles per 

second) shown on the illustration. For example, if you touch 7, 

the low frequency is / = 852 cycles per second and the high 

frequency is h = 1209 cycles per second. The sound emitted 
by touching 7 is 


y = sin[27(852)¢] + sin[2a(1209).] 


Touch-Tone phone 


cycles/sec 


770 
cycles/sec 


852 


cycles/sec 


941 


a 
cycles/sec 


1209 
cycles/sec 


1336 
cycles/sec 


1477 
cycles/sec 


(a) Write this sound as a product of sines and/or cosines. 
(b) Determine the maximum value of y. 
“= (c) Graph the sound emitted by touching 7. 


48. Touch-Tone Phones 


(a) Write the sound emitted by touching the # key as a 
product of sines and/or cosines. 
(b) Determine the maximum value of y. 
“) (c) Graph the sound emitted by touching the # key. 


49. Moment of Inertia The moment of inertia J of an object is 
a measure of how easy it is to rotate the object about 
some fixed point. In engineering mechanics, it is sometimes 
necessary to compute moments of inertia with respect to 
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cos a + cos + = 
38. 2 B cot ee cot a 
cos a — cos B 2 2 
sina — sin + 
40. Z B cot es 
cos a — cos B 2 


42. 1 — cos(2@) + cos(4@) — cos(6@) = 4 sin 6 cos(2@) sin(3@) 


44. cos(20) + cos(40) = 0 


46. sin(40) — sin(60) = 0 


a set of rotated axes. These moments are given by the 
equations 


I, = 1,.cos? @ + 1; sin? 9 — 27, sin 6 cos 6 
I, = 1, sin? 9 + I, cos? @ + 21, sin 6 cos 6 


Use Product-to-Sum Formulas to show that 


Teds, dg dy 
ve — cos(20) — I,, sin(26) 
2 2 ? 
and 
Tetdy dg dy 
I, 5 5 cos(20) + I,, sin(2@) 


Source: Adapted from Hibbeler, Engineering Mechanics: 
Statics, 10th ed., Prentice Hall © 2004. 


50. Projectile Motion The range R of a projectile propelled 
downward from the top of an inclined plane at an angle 6 to 
the inclined plane is given by 


206 sin 0 cos(@ — #) 
g cos? h 


R(6) 


where Uj is the initial velocity of the projectile, is the angle 

the plane makes with respect to the horizontal, and g is 

acceleration due to gravity. 

(a) Show that for fixed vp and ¢ the maximum range down 

vo 

g(1 — sing)’ 

(b) Determine the maximum range if the projectile has an 
initial velocity of 50 meters/second, the angle of the plane 
is ¢ = 35°, and g = 9.8 meters/second’. 


51. Ifa+Bt+y 


the incline is given by Ryax = 


a, show that 


sin(2a) + sin(2B) + sin(2y) = 4sin asin B sin y 


52. Ifa + B + y = 7, show that 


tana + tan 6 + tany = tanatan B tany 
53. Derive formula (3). 
54. Derive formula (7). 


55. Derive formula (8). 
56. Derive formula (9). 
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CHAPTER REVIEW 


Things to Know 


Definitions of the six inverse trigonometric functions 


y=sin'!x means x=siny where -1=x<=1, — Sys 5 (p. 183) 
y=cos!x means x=cosy where -l=x<=1, 0=y<q (p. 186) 
y=tan!x means x =tany where -o <x<o, -—<y< = (p. 189) 


y=sec!x means x=secy where |x| =1, OX ya, y# (p. 196) 


y=csc!x means escy where |x]=1, —- 


tad 
ll 


225 y # 0(p.196) 
y=cot!x means x=coty where -oO<x<0, 0<y<a _~ (p.196) 


Sum and Difference Formulas (pp. 218, 221, and 223) 


cos(a + B) = cosacos B — sina sin B cos(a — B) = cosacos 8 + sina sin B 

sin(a + B) = sinacos B + cosasin B sin(a — B) = sinacos B — cosasin B 
tana + tan tana — tan 

tan(a B tan(@ — B) B 


1 — tana tan B 1 + tana tan B 


Double-angle Formulas (pp. 230 and 231) 


: ‘ ; 2 tan 0 
sin(2@) = 2 sin 6 cos 6 cos(20) = cos” 6 — sin? 4 tan(20) = ee 
1 — tan’ 6 
cos(20) = 2cos?@ — 1 cos(20) = 1 — 2 sin’ @ 
Half-angle Formulas (pp. 234 and 236) 
hg gf) = 2 ee ee See 
2 2 2 2 2 1+ cosa 
aie 1 — cosa Be: 1+ cosa ae 1—cosa 1-—cosa sin a 
2 V\V 2 2 V\V 2 2 ~V1i+cosa sin a 1+ cosa 


where the + or — is determined by the quadrant of >. 


Product-to-Sum Formulas (p. 240) 


sin a sin B sleos(a B) — cos(@ + B)] 


cos a cos B [costa B) + cos(a@ + B)] 


sin a cos B s[sin(a + B) + sin(a — B)] 


Sum-to-Product Formulas (p. 241) 


(3 ag a oe at 
sina + sin B = 2 sin 70s — sina — sin B = 2sin > cos a 
+ _ + - 
cos a + cos B 2 cos — 5 Pie ms cos a — cos B 2sin = 5 sae —£ 


Objectives 
Section 
3:1 


You should be able to... 


Find the exact value of an inverse sine, cosine, or tangent function (p. 183) 


Find an approximate value of an inverse sine function (p. 184) 


Use properties of inverse functions to find exact values of certain 
composite functions (p. 185) 


Find the inverse function of a trigonometric function (p. 190) 

Solve equations involving inverse trigonometric functions (p. 191) 
Find the exact value of expressions involving the inverse sine, cosine, 
and tangent functions (p. 195) 

Define the inverse secant, cosecant, and cotangent functions 

(p. 196) 

Use a calculator to evaluate sec! x, esc! x, and cot | x (p. 196) 
Write a trigonometric expression as an algebraic expression (p. 197) 


Solve equations involving a single trigonometric function (p. 200) 
Solve trigonometric equations using a calculator (p. 203) 

Solve trigonometric equations quadratic in form (p. 204) 

Solve trigonometric equations using fundamental identities (p. 204) 
Solve trigonometric equations using a graphing utility (p. 205) 


Use algebra to simplify trigonometric expressions (p. 211) 
Establish identities (p. 212) 


Use sum and difference formulas to find exact values (p. 219) 


Use sum and difference formulas to establish identities (p. 220) 


Use sum and difference formulas involving inverse trigonometric 
functions (p. 224) 


Solve trigonometric equations linear in sine and cosine (p. 225) 


Use double-angle formulas to find exact values (p. 230) 
Use double-angle formulas to establish identities (p. 231) 


Use half-angle formulas to find exact values (p. 234) 


Express products as sums (p. 240) 
Express sums as products (p. 241) 


Review Exercises 


In Problems 1-8, find the exact value of each expression. Do not use a calculator. 


1. sin! 1 


2. cos 10 3. tan! 1 
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Review Exercises 
1-6 
121-124 


9-20 
33-36 
133, 134 


21-32 


7,8, 29, 30 
125, 126 
37-40 


97-106 

107, 108 

113,114 

109-112, 115-118 
127-132 


41-72 
41-57 
73-78, 81-90(a)-(d), 135 
59-62 


91-94 
119, 120 

81-90(e), (£), 95, 96 
58, 65-67 

79-90(g), (h), 135 
68 

69-72 


1 
4, sin'{ —— 
sin ( +) 


7. sec !V/2 


8. cot !(—1) 


3 
5. cos ( - %3) 6. tan '(—V3) 
2 
In Problems 9-32, find the exact value, if any, of each composite function. If there is no value, say it is “not defined.” Do not use a 


calculator. 
= 30 4 2a bales 7 
10. cos cos | 11. tan tan 12. sin ‘| sin Sg 


30 
os-( in) 
sin”| sin“, 
15. sin(sin™! 0.9) 16. cos(cos~! 0.6) 


13. cos "(cos br) 14, sir sin( -*7) 


17. cos[cos”!(—0.3) ] 


21. sin(cos 22) 


18. tan[tan7!5] 


22. cos tan 2) 


19. cos[cos~!(—1.6) ] 20. sin(sin! 1.6) 


23. tan-"( tan mm 24. cos (cos zz) 
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25. tan sin-"( - v3) 26. tan| cos" 7 ) 27, seo( tan! N3) 28. ese si! ¥3) 


2 2 


29. sin( cot! >) 30. cos( ese" >) 31. tan sin“ = <) 32. tan| cos ( a 2) 


In Problems 33-36, find the inverse function f~! of each function f Find the range of f and the domain and range of f~'. 


33. f(x) = 2 sin (3x) 34. f(x) = tan(2x + 3)—-1 35. f(x) = —cos x + 3 36. f(x) = 2 sin(—x + 1) 
T 7 TW T 
ie ers : ee a -+2 ee 1-—<x<14+-— 


In Problems 37-40, write each trigonometric expression as an algebraic expression in u. 


37. cos(sin”! wu) 38. cos(csc7!w) 39. sin(csc™! w) 40. tan(csc7!w) 


In Problems 41-72, establish each identity. 


41. tan @ cot 6 — sin? @ = cos’ 6 42. sin @ csc 6 — sin? @ = cos? @ 43. sin? @(1 + cot?@) = 1 
44, (1 — sin? 6)(1 + tan?) = 1 45. 5 cos? @ + 3sin?@ = 3 + 2cos*6 46. 4 sin? 6 + 2 cos” 6 = 4 — 2 cos” 
1 — cosé@ sin 6 sin 6 1 + cosé cos 6 1 
47. 2 48. 2 49, 
sin 0 1 — cos@ aid : 1 + cos 0 sin 0 oe ‘ cos@é—sin@ 1-— tané 
sin’ 0 esc 0 1 — siné 1 + secé sin’ 0 
0. 1 — ————— = 51. 2. 
= 1+co0 ~ ¢ 1 + csc 6 cos’ 6 _ sec 6 1 — cos 6 
csc 6 1+ cos@ 1 — sind cos? 0 
— sin@ = 54, 
53. csc @ — sin @ = cos 0 cot 6 1=case sin? @ 55. ae Le sind 
1 — cos 6 1 — 2sin?6 (2 sin? 9 — 1)” 
56. @ — cot 6)” a7 t@ — tané 2 
1 + cos 0 ve sc sin@cos@ sa 58. sin’ @ — cos’@ 1 — 2 cos" 6 
cos(a + B) sin(a — B) cos(a — B) 
59. cos cain B cot B — tana 60. sniaeos = 1-cotatan B 61. conmcone 1 + tana tan B 
+ 0 0 
62. conte Se) cot a — tan B 63. (1 + cos 8) tan= = sin 64. sin @ tan= = 1 — cos@ 
sin a cos B 2 2 
65. 2 cot 6 cot(20) = cot? @ — 1 66. 2 sin(26)(1 — 2 sin? @) = sin(4@) 67. 1 — 8 sin? 6 cos” 6 = cos(40) 
sin(30) cos @ — sin 6 cos(36 sin(20) + sin(40 sin(26) + sin(4é tan(30 
68. — ; (34) 1 69. _) Sa tan(30) 70. — Sa : 6) | ee) 0 
sin(26) cos(20) + cos(4@) sin(20) — sin(4@) tan 0 


cos(2@) — cos(4é@) 
sa cos(20) + cos(4@) 


tan 6 tan(30) = 0 72. cos(20) — cos(100) = tan(4@)[sin(2@) + sin(106) ] 


In Problems 73-80, find the exact value of each expression. 


. ° ° Rls 1 Lia 
73. sin 165 74. tan 105 75. cos 7) 76. sin( =) 
77. cos 80° cos 20° + sin 80° sin 20° 78. sin 70° cos 40° — cos 70° sin 40° 
T 
a 80. sin 2 
8 
In Problems 81-90, use the information given about the angles a and B to find the exact value of: 
(a) sin(a + B) (b) cos(a + B) (c) sin(a — B) (d) tan(a + B) 
. _ B & 
(e) sin(2a) (f) cos(2B) (g) sin > (h) cos 2 
BI. sina =2,0<a<Sssing=2.2<p<a 82. cosa = 5,0 <a < Z;cos = 5 <B<0 
F 3 307 12 37 ‘ 4 5 oa 
. =-lg<a<—; = <B< ; =-2,-7<a<0; =-—,7-<p< 
83. sina 577 a 7 008 B 1B? 2 B<27 84. sina 5° 2 a < 0;cos B 1B°2 B<a7 


* In Problems 127-132, use a graphing utility to solve each equation on the interval 0 = x = 27. Approximate any solutions rounded to 
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3 307 12 7 4 12 30 
‘ =—47<a<—; =—,0<B<— ‘ =-~,-<a<7; =—j7<B<— 
85. tana ro a °) ; tan B 5°09 B 5 86. tana 372 a < 7;cot B 507 B °) 
7 3a 5 7 _ = 9 © 
87. seca = 2, —> <a < 03sec B = 3,5 < B < 20 SS. cca 2,5 Sas msec hk —3,5 <5 2 Sa 
T T 
89. sina = —3,9 <a <sc0sB = 3.0 <p <= Me aa 28 SS TOLD 2, Be 


91. cos( sin“! 2 — cos! i) 92. sin( cos" * — cos! <) 93. tan|sin"( 5) —tan! ;| 
94. cos tan""(—1) + cos'( -*)| 95. sn|2 cos'( -2)| 96. cos( 2 tan! | 
In Problems 97-120, solve each equation on the interval 0 = 0 < 27. 

97. cos 0 = 5 98. sin = -¥3 99. 2cos8 + V2 =0 
100. tang + V3 =0 101. sin(20) +1=0 102. cos(20) = 0 

103. tan(20) = 0 104, sin(30) = 1 105. sec? @ = 4 

106. csc? @ = 1 107. 0.2 sin 6 = 0.05 108. 0.9 cos(20) = 0.7 
109. sin @ + sin(2@) = 0 110. cos(2@) = siné 

111. sin(20) — cos@ — 2sind+1=0 112. sin(26) — sin@ — 2cos6+1=0 

113. 2sin’?@ — 3sind +1=0 114. 2 cos? @ + cosd-1=0 

115. 4 sin’ @ = 1 + 4cos@ 116. 8 — 12 sin? 6 = 4 cos? 6 

117. sin(20) = V2 cos 6 118. 1 + V3 cos 6 + cos(20) = 0 

119. sin @ — cos@ = 1 120. sin@ — V3 cos @ = 2 


In Problems 121-126, use a calculator to find an approximate value for each expression, rounded to two decimal places. 


4 
121. sin! 0.7 122. cos! = 123. tan !(—2) 


124. cos !(—0.2) 125. sec! 3 126. cot '(—4) 


two decimal places. 
127. 2x = 5 cos x 128. 2x = Ssinx 129. 2sinx + 3cosx = 4x 


130. 3cosx + x = sin x 131. sin x = Inx 132. sinx = e* 
In Problems 133 and 134, find the exact solution of each equation. 
133. —3sin!x = 7 134. 2cos'!x + 7 =4cos ! x 


135. Use a half-angle formula to find the exact value of sin 15°. Then use a difference formula to find the exact value of sin 15°. Show 
that the answers found are the same. 

136. If you are given the value of cos 6 and want the exact value of cos(2@), what form of the double-angle formula for cos(26) is most 
efficient to use? 


The Chapter Test Prep Videos are step-by-step test solutions available in the 
CHAPTER Video Resources DVD, in MyMathLabj, or on this text's You)’ Channel. Flip 
Test Prep back to the Student Resources page to see the exact web address for this 


CHAPTER TEST VIDEOS 


text’s YouTube channel. 


In Problems 1-6, find the exact value of each expression. Express angles in radians. 


ai 2 V2 eh Siler 
1. sec (=) si +(-¥?) 3. sin ‘(sin =) 
aE 2. sin 5 5 


4. tan( tan"! z) 5. cot(ese! V'10) 6. seo( cos"'(-3)) 


In Problems 7-10, use a calculator to evaluate each expression. Express angles in radians rounded to two decimal places. 


7. sin! 0.382 8. sec !1.4 9. tan} 3 10. cot 15 


In Problems 11-16 establish each identity. 


fT = 
11. exe Der kol lg Waa seLaNe 12. sin @ tan @ + cos @ = secé 13. tan @ + cot 6 = 2 csc(20) 
secO + tan@  csc@— coté 


sin(a + — cot 
: eure = cos a cos B 15. sin(3@) = 3sin@ — 4sin°@ 1 ee eee 
tana + tan B 


* tan @ + cot @ 


In Problems 17-24 use sum, difference, product, or half-angle formulas to find the exact value of each expression. 


1 
17. cos 15° 18. tan 75° 19, sin(3 oe : ) 
ral 6 ee 2 pig 3 6 a 6 
20. tan| 2 sin" -— 21. cos( sin™! = + tan7! = 22. sin 75° cos 15 
all 3 D) 
23. sin 75° + sin 15° 24. cos 65° cos 20° + sin 65° sin 20° 


In Problems 25-29, solve each equation on 0 = 6 < 27. 
25. 4sin?@ — 3 = 0 26. —3 cos( 7-0) = tano 27. cos? @ + 2 sin @ cos 6 — sin? 6 = 0 


28. sin(@ + 1) = cos@ 29. 4sin?@ + 7sin@ =2 


CUMULATIVE REVIEW 


5 Lal i i i 1 3m 

: ne ieee epee fa ee aan 7. Ifsin@ = —~and 7 < 0 < —, find the exact value of: 
Sieh elle —3() 3 2 

2. Find an equation for the line containing the points (—2, 5) (a) cos 6 (b) tan@ 
and (4,—1). What is the distance between these points? ’ 
What is their midpoint? (c) sin(26) (d) cos(26) 

3. Test the equation 3x + y’ = 9 for symmetry with respect to (ec) sin( 3 0) (f) cos( $ 0) 
the x-axis, y-axis, and origin. List the intercepts. 2 2 


: -1 
4. Use transformations to graph the equation y = |x — 3] + 2. 8. Find the exact value of cos(tan 2). 


5. Use transformations to graph the equation 9, Ifsina = > <a < 7, and cos B = 5 T<B< a 
TT 
y= cos( 2 sy ae iE find the exact value of: 
6. Sketch a graph of each of the following functions. Label at (a) cos a (b) sin B 
least three points on each graph. Name the inverse function 
of each and show its graph. (c) cos(2a) (d) cos(a@ + B) 
Qi (b) y = sinx, a se B 
(e) sin > 


(Cy =1cosa OS e277, 2 
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CHAPTER PROJECTS 


thoughts digitally and share these thoughts with anyone on 
the Web. By organizing your thoughts, you are able to see the 
big picture and then communicate this big picture to others. 
You are also able to see how various concepts relate to each 
other. 


1. Go to http://www.mindomo.com and register. Learn 
how to use Mindomo. A great video on _ using 
Mindomo can be found at /iitp://www.screencast.com/users 
/Rose_Jenkins/folders/Default/media/edd9bd1b-62a7-45b3 
-9dd2-fa467d2e8eb3. 


2. Use an Internet search engine to research Mind Mapping. 
Write a few paragraphs that explain the history and 
benefit of mind mapping. 


3. Create a MindMap that explains the following: 
(a) The six trigonometric functions and their properties 
(including the inverses of these functions) 
(b) The fundamental trigonometric identities. 
(@) Internet-based Project When creating your map, be creative. Perhaps you can 
I. Mapping Your Mind The goal of this project is to organize share ideas about when a. particular identity might be 
the material learned in Chapters 2 and 3 in our minds. To do used, or when a particular identity cannot be used. 
this, we will use mind mapping software called Mindomo. 4. Share the MindMap so that students in your class can 
Mindomo is free software that allows you to organize your view it. 


The following projects are available on the Instructor’s Resource Center (IRC): 


II. Waves Wave motion is described by a sinusoidal equation. The Principle of Superposition of two waves is discussed. 

III. Project at Motorola Sending Pictures Wirelessly The electronic transmission of pictures is made practical by image compression, 
mathematical methods that greatly reduce the number of bits of data used to compose the picture. 

IV. Calculus of Differences Finding consecutive difference quotients is called finding finite differences and is used to analyze the 
graph of an unknown function. 


_ Applications of 
Trigonometric Functions 


Outline 


4.1 Right Triangle Trigonometry; 4.4 Area of aTriangle e Chapter Review 
Applications 4.5 Simple Harmonic Motion; © Chapter Test 

4.2 The Law of Sines Damped Motion; Combining © Cumulative Review 

4.3 The Law of Cosines Waves © Chapter Projects 


From Lewis and Clark to Landsat 


For $140, you can buy a handheld Global Positioning System receiver that will gauge your 
latitude and longitude to within a couple of meters. But in 1804, when Meriwether Lewis and 
William Clark ventured across the Louisiana Territory, a state of the art positioning system 
consisted of an octant, a pocket chronometer, and a surveyor’s compass. 

But somehow, Clark—the cartographer in the 
group—made do. When San Francisco map collector 
David Rumsey took his copy of Lewis and Clark’s 
published map of their journey, scanned it into a 
computer, and matched landmarks such as river 
junctions against corresponding features on today’s 
maps, he found that it took only a slight amount of 
digital stretching and twisting to make Clark’s map 
conform to modern coordinates. In fact, Rumsey 
was able to combine Clark’s depiction of his 
party’s route to the Pacific with pages from 
government atlases from the 1870s and 1970s and 
photos from NASA Landsat satellites, creating a 
digital composite that documents not only a 
historic adventure, but also the history of mapmaking 
itself. 


Source: Used with permission of Technology Review, from W. Roush, “From Lewis and Clark to Landsat: 
David Rumsey’s Digital maps Marry Past and Present,” 108, no. 7, © 2005; permission conveyed through 
Copyright Clearance Center, Inc. 


— See the Chapter Project II— 


J A Look Back In Chapter 2, we defined the six trigonometric functions using the unit circle. In particular, 
we learned to evaluate the trigonometric functions. We also learned how to graph sinusoidal functions. In Chapter 3, we 
defined the inverse trigonometric functions and solved equations involving the trigonometric functions. 


A Look Ahead & mnitis chapter, we define the trigonometric functions using right triangles and then 
use the trigonometric functions to solve applied problems. The first four sections deal with applications involving right 
triangles and oblique triangles, triangles that do not have a right angle. To solve problems involving oblique triangles, we 
will develop the Law of Sines and the Law of Cosines. We will also develop formulas for finding the area of a triangle. 

The final section deals with applications of sinusoidal functions involving simple harmonic motion and damped 
motion. 
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4.1 Right Triangle Trigonometry; Applications 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Pythagorean Theorem (Appendix A, Section A.2, e Trigonometric Equations (Section 3.3, 
pp. Al4—A15) pp. 200-205) 


\ Now Work the ‘Are You Prepared?’ problems on page 258. 


OBJECTIVES 1 Find the Value of Trigonometric Functions of Acute Angles Using Right 
Triangles (p.251) 


2 Use the Complementary Angle Theorem (p.253) 
3 Solve Right Triangles (p.253) 
4 Solve Applied Problems (p.254) 


1 Find the Value of Trigonometric Functions 

of Acute Angles Using Right Triangles 

A triangle in which one angle is a right angle (90°) is called a right triangle. Recall 
that the side opposite the right angle is called the hypotenuse, and the remaining 
two sides are called the legs of the triangle. In Figure 1(a), we have labeled the 
hypotenuse as c to indicate that its length is c units, and, in a like manner, we have 
labeled the legs as a and b. Because the triangle is a right triangle, the Pythagorean 
Theorem tells us that 

er+P=c 
In Figure 1(a), we also show the angle 6. The angle @ is an acute angle: that is, 


0° < @ < 90° for 6 measured in degrees and0 < 6 < . for 6 measured in radians. 


Place 6 in standard position, as shown in Figure 1(b). Then the coordinates of the 
point P are (a, b). Also, P is a point on the terminal side of 6 that is on the circle 


x’ + y’ = c’. (Do you see why?) 


Hypotenuse 
[I 


(a) (b) 


Now use the theorem on page 120 with a circle of radius c, x7 + y’ = c’. By 

referring to the lengths of the sides of the triangle by the names hypotenuse (c), 

Figure 2 opposite (b), and adjacent (a), as indicated in Figure 2, we can express the 
trigonometric functions of 6 as ratios of the sides of a right triangle. 


Figure 1 


Hypotenuse ; 
c Opposite 
b ; Opposite Hypotenuse c 
sin @ = = csc 9 = : = 
O Hypotenuse Opposite b 
a ; 
Adjacent to 0 Adjacent a Hypotenuse 


sec) = 


= = F 
cg Hypotenuse c Adjacent 


Opposite b 
tan @ = —~——_ = — cot 9 = ———_ = — 
Adjacent a Opposite b 


_ Adjacent — a 


Notice that each trigonometric function of the acute angle 6 is positive. 
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EXAMPLE 1 Finding the Value of Trigonometric Functions 
from a Right Triangle 


Find the exact value of the six trigonometric functions of the angle 0 in Figure 3. 


Solution We see in Figure 3 that the two given sides of the triangle are 
c = Hypotenuse = 5, a = Adjacent = 3 
Figure 3 
To find the length of the opposite side, we use the Pythagorean Theorem. 


(Adjacent)? + (Opposite)” = (Hypotenuse)? 


Opposite 3° + (Opposite)* = 5° 
(Opposite)* = 25 — 9 = 16 
3 Opposite = 4 
Now that we know the lengths of the three sides, we use the ratios in equations (1) 
to find the value of each of the six trigonometric functions. 
Opposite 4 Adjacent 3 _ Opposite _ 


4 
in @ = = 6 = = tan 0 = —~——_ => 
ia Hypotenuse Hypotenuse i Adjacent 3 
_ Adjacent — 3 

4 


cot 6d = 


5 5 
Hypotenuse 5 Hypotenuse 5 
csc 0 = =a sec 9 = = 3 


Opposite Adjacent Opposite 
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The values of the trigonometric functions of an acute angle are ratios of the 
lengths of the sides of a right triangle. This way of viewing the trigonometric 
functions leads to many applications and, in fact, was the point of view used by early 
mathematicians (before calculus) in studying the subject of trigonometry. 


EXAMPLE 2 Constructing a Rain Gutter 


A rain gutter is to be constructed of aluminum sheets 12 inches wide. See Figure 4(a). 
After marking off a length of 4 inches from each edge, the sides are bent up at an 
angle 6. See Figure 4(b). 


(a) Express the area A of the opening as a function of 6. 


[Hint: Let b denote the vertical height of the bend.] 


(b) Graph A = A(@). Find the angle 6 that makes A largest. (This bend will allow 
the most water to flow through the gutter.) 


Figure 4 Solution 


I 12 in >| (a) Look again at Figure 4(b). The area A of the opening is the sum of the areas of 
two congruent right triangles and one rectangle. Look at Figure 4(c), which 
= a shows the triangle on the right in Figure 4(b) redrawn. We see that 


b 
cos 0 = 5 so a= 4cos@é sin6 = 7 so b=4sin@ 


The area of the triangle is 


1 1 d 
area = 3 (base) (height) = Phas = 3 (4 cos 9)(4 sin @) = 8 sin 6 cos 0 


So the area of the two congruent triangles is 16 sin 0 cos 0. 
The rectangle has length 4 and height b, so its area is 


4b = 4(4sin 6) = 16 sin @ 
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Figure 5 The area A of the opening is 
A = area of the two triangles + area of the rectangle 


A(0@) = 16 sin @cos 6 + 16 sin @ = 16 sin 6(cos 6 + 1) 


ie (b) Figure 5 shows the graph of A = A(@). Using MAXIMUM, the angle @ that 
90° makes A largest is 60°. Ps 


2 Use the Complementary Angle Theorem 


Two acute angles are called complementary if their sum is a right angle. Because the 
sum of the angles of any triangle is 180°, it follows that, for a right triangle, the two 
acute angles are complementary. 


Figure 6 Refer now to Figure 6. We have labeled the angle opposite side b as B and the 
A angle opposite side a as A. Notice that side b is adjacent to angle A and side a is 
c Adjacent to A adjacent to angle B. As a result, 
| opposite B 
Ba Oo b a b 
sin B =—=cosA cosB =—=sinA tanB=—=cotA 
Adjacent to B Cc Cc a 
opposite A é é a (2) 
eh = = aces secB =—=cscA cotB=— = tan A 
a 


Because of these relationships, the functions sine and cosine, tangent and cotangent, 
and secant and cosecant are called cofunctions of each other. The identities (2) may 
be expressed in words as follows: 


THEOREM Complementary Angle Theorem 


Cofunctions of complementary angles are equal. =) 


Examples of this theorem are given next: 


Complementary angles Complementary angles Complementary angles 
sin 30° = cos 60° tan 40° = cot 50° sec 80° = csc 10° 
Cofunctions Cofunctions Cofunctions 


EXAMPLE 3 Using the Complementary Angle Theorem 
(a) sin 62° = cos(90° — 62°) = cos 28° 
7 T 7 Sa 
(b) tan D coi(2 =) cot D 


(c) sin? 40° + sin? 50° = sin? 40° + cos? 40° = 1 


gin 50° = cos 40° 


al 
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3 Solve Right Triangles 
In the discussion that follows, we will always label a right triangle so that side a is 
opposite angle A, side b is opposite angle B, and side c is the hypotenuse, as shown 
C in Figure 7. To solve a right triangle means to find the missing lengths of its sides and 
b the measurements of its angles. We shall follow the practice of expressing the 
0 lengths of the sides rounded to two decimal places and expressing angles in degrees 
a rounded to one decimal place. (Be sure that your calculator is in degree mode.) 


Figure 7 
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To solve a right triangle, we need to know one of the acute angles A or B anda 
side, or else two sides. Then we make use of the Pythagorean Theorem and the fact 
that the sum of the angles of a triangle is 180°. The sum of the angles A and Bina 
right triangle is therefore 90°. 


THEOREM For the right triangle shown in Figure 7, we have 


ee) 
EXAMPLE 4 Solving a Right Triangle 


Use Figure 8. If b = 2 and A = 40°, find a,c, and B. 


Solution Since A = 40° and A + B = 90°, it follows that B = 50°. To find the sides a and c, 


use the facts that 
Figure 8 


tan 40° = and cos 40° = : 


N/S 


Now solve for a and c. 


a= 2tan40° + 1.68 and c= z 
cos 
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EXAMPLE 5 Solving a Right Triangle 


Use Figure 9. If a = 3 and b = 2, find c, A, and B. 


Solution — Since a = 3 and b = 2, then, by the Pythagorean Theorem, we have 


Figure 9 CHar+Ph=374+27=94+4= 13 
c= V13 ~ 3.61 
: D) To find angle A, use the fact that 
3 3 
: UI tan A = 5 so A= tan’ 5 


Set the mode on your calculator to degrees. Then, rounded to one decimal place, we 


NOTE To avoid round-off errors when find that A = 56.3°. Since A + B = 90°, we find that B = 33.7°. 
using a calculator, we will store ns! 


unrounded values in memory for uge in 
subsequent calculations. a om=====-Now Work pros_Lem 39 


4 Solve Applied Problems* 


In addition to developing models using right triangles, we can use right triangle 
trigonometry to measure heights and distances that are either awkward or 
impossible to measure by ordinary means. When using right triangles to solve these 
problems, pay attention to the known measures. This will indicate what trigonometric 
function to use. For example, if we know the measure of an angle and the length of 
the side adjacent to the angle, and wish to find the length of the opposite side, we 
would use the tangent function. Do you know why? 


* In applied problems, it is important that answers be reported with both justifiable accuracy and 
appropriate significant figures. In this chapter we shall assume that the problem data are accurate to the 
number of significant digits resulting in sides being rounded to two decimal places and angles being 
rounded to one decimal place. 


EXAMPLE 6 


Solution 
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Finding the Width of a River 


A surveyor can measure the width of a river Figure 10 
by setting up a transit* at a point C on one 
side of the river and taking a sighting of a 
point A on the other side. Refer to Figure 10. 
After turning through an angle of 90° at C, 
the surveyor walks a distance of 200 meters 
to point B. Using the transit at B, the angle 0 
is measured and found to be 20°. What is the 
width of the river rounded to the nearest 
meter? 


We seek the length of side b. We know a and 
0. So we use the fact that b is opposite 6 and a 
is adjacent to @ and write 


b 
tan 6 = — 
a 
which leads to 
b 
tan 20° = —— 
a 200 
b = 200 tan 20° ~ 72.79 meters 


The width of the river is 73 meters, rounded to the nearest meter. 
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EXAMPLE 7 


Solution 
Figure 11 
Hotel 
Overlook 
elevation 


11,100 ft 


‘El 
8000 ft 


Finding the Inclination of a Mountain Trail 


A straight trail leads from the Alpine Hotel, elevation 8000 feet, to a scenic 
overlook, elevation 11,100 feet. The length of the trail is 14,100 feet. What is the 
inclination (grade) of the trail? That is, what is the angle B in Figure 11? 


As we can see in Figure 11, we know the length of the side opposite angle B is 
11,100 — 8000 = 3100 feet and the length of the hypotenuse is 14,100 feet. The 
angle B obeys the equation 


Using a calculator, 


The inclination (grade) of the trail is approximately 12.7°. J 


om=====-Now Work pros_em 55 


Vertical heights can sometimes be measured using either the angle of elevation 
or the angle of depression. If a person is looking up at an object, the acute angle 
measured from the horizontal to a line of sight to the object is called the angle of 
elevation. See Figure 12(a). 


* An instrument used in surveying to measure angles. 
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Figure 12 Object 


¢ 
a 


eo —_—_——__ Horizontal 
e “Angle of depression 
% x 


Aw a 

oS" * 

O,7 > <y 
yee LF, 
Ys 7 

a NO 

a 
Angle of elevation Gp 


Horizontal . , 
Y Object 


(a) (b) 


If a person is standing on a cliff looking down at an object, the acute angle made 
by the line of sight to the object and the horizontal is called the angle of depression. 
See Figure 12(b). 


EXAMPLE 8 Finding the Height of a Cloud 


Meteorologists find the height of a cloud using an instrument called a ceilometer. A 
ceilometer consists of a light projector that directs a vertical light beam up to the 
cloud base and a light detector that scans the cloud to detect the light beam. See 
Figure 13(a). On December 8, 2010, at Midway Airport in Chicago, a ceilometer was 
employed to find the height of the cloud cover. It was set up with its light detector 
300 feet from its light projector. If the angle of elevation from the light detector to 
the base of the cloud was 75°, what was the height of the cloud cover? 


Figure 13 


on base of clou 


(a) (b) 


Solution _—_ Figure 13(b) illustrates the situation. To find the height h, use the fact that 


h 
tan 75° = 300° so 


h = 300 tan 75° © 1120 feet 
The ceiling (height to the base of the cloud cover) was approximately 1120 feet. ma 
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The idea behind Example 8 can also be used to find the height of an object with 
a base that is not accessible to the horizontal. 


EXAMPLE 9 Finding the Height of a Statue on a Building 


Adorning the top of the Board of Trade building in Chicago is a statue of Ceres, the 
Roman goddess of wheat. From street level, two observations are taken 400 feet 
from the center of the building. The angle of elevation to the base of the statue is 
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found to be 55.1° and the angle of elevation to the top of the statue is 56.5°. See 
Figure 14(a). What is the height of the statue? 


Figure 14 


400 ft 400 ft 
(b) 


Solution Figure 14(b) shows two triangles that replicate Figure 14(a). The height of the statue 
of Ceres will be b' — b. To find b and b’, refer to Figure 14(b). 


oO b a b' 
tan 55.1° = 200 tan 56.5° = 400 
b = 400 tan 55.1° & 573.39 b’ = 400 tan 56.5° = 604.33 


The height of the statue is approximately 604.33 — 573.39 = 30.94 feet ~ 31 feet. 
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EXAMPLE 10 The Gibb’s Hill Lighthouse, Southampton, Bermuda 


In operation since 1846, the Gibb’s Hill Lighthouse stands 117 feet high on a hill 
245 feet high, so its beam of light is 362 feet above sea level. A brochure states that 
the light can be seen on the horizon about 26 miles from the lighthouse. Verify the 
accuracy of this statement. 


Solution Figure 15 illustrates the situation. The central angle 6, positioned at the center of 
Earth, radius 3960 miles, obeys the equation 


Figure 15 


“ 3960 
ov cos @ = Se = 0.999982687 1 mile = 5280 feet 
+ et 
3960 5980 


Solving for 0, we find 


3960 mi 0 & 0.33715° & 20.23’ 


The brochure does not indicate whether the distance is measured in nautical miles 
or statute miles. Let’s calculate both distances. 

The distance s in nautical miles (refer to Problem 114, p. 108) is the measure of 
the angle @ in minutes, so s ~ 20.23 nautical miles. 

The distance s in statute miles is given by the formula s = r@, where @ is 
measured in radians. Then, since 


0 = 20.23’ = 0.33715° = 0.00588 radian 


7 
v= P= radian 
60 180 
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Figure 16 we find that 
H re s = r@ © (3960)(0.00588) ~ 23.3 miles 


In either case, it would seem that the brochure overstated the distance somewhat. 


ai 


In navigation and surveying, the direction or bearing from a point O to a point 
P equals the acute angle @ between the ray OP and the vertical line through O, the 
north-south line. 

Figure 16 illustrates some bearings. Notice that the bearing from O to P, is 
denoted by the symbolism N30°E, indicating that the bearing is 30° east of north. In 
writing the bearing from O to P, the direction north or south always appears first, 
followed by an acute angle, followed by east or west. In Figure 16, the bearing from 
O to P) is S50°W, and from O to P;3 it is N70°W. 


EXAMPLE 11 Finding the Bearing of an Object 


In Figure 16, what is the bearing from O to an object at P4? 


Solution —_ The acute angle between the ray OP, and the north-south line through O is given as 
20°. The bearing from O to P, is S20°E. ms 


EXAMPLE 12 Finding the Bearing of an Airplane 


A Boeing 777 aircraft takes off from O’Hare Airport on runway 2 LEFT, which has 
a bearing of N20°E.* After flying for 1 mile, the pilot of the aircraft requests 
permission to turn 90° and head toward the northwest. The request is granted. After 
the plane goes 2 miles in this direction, what bearing should the control tower use 
to locate the aircraft? 


Figure 17 Solution Figure 17 illustrates the situation. After flying 1 mile from the airport O (the control 
N tower), the aircraft is at P. After turning 90° toward the northwest and flying 2 miles, 
the aircraft is at the point Q. In triangle OPQ, the angle @ obeys the equation 


2 
P tand=7 = 2 so 6 = tan !2 & 63.4° 


=a The acute angle between north and the ray OQ is 63.4° — 20° = 43.4°. The bearing 
\ Day 9 LEFT of the aircraft from O to Q is N43.4°W. 
w 7 oe 
omm=m-Now Work pros_Lem 63 
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4.1 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. In a right triangle, if the length of the hypotenuse is 5 and 
the length of one of the other sides is 3, what is the length of 
the third side? (pp. Al4—A15) 


1 
3. If 6 is an acute angle, solve the equation sin@ = 3° 
(pp. 200-205) 


1 
2. If @ is an acute angle, solve the equation tan 9 = x Express 


your answer in degrees, rounded to one decimal place. 
(pp. 200-205) 


* In air navigation, the term azimuth denotes the positive angle measured clockwise from the north (N) 
to aray OP. In Figure 16, the azimuth from O to P, is 30°; the azimuth from O to P2 is 230°; the azimuth 
from O to P; is 290°. In naming runways, the units digit is left off the azimuth. Runway 2 LEFT means the 
left runway with a direction of azimuth 20° (bearing N20°E). Runway 23 is the runway with azimuth 230° 
and bearing S50°W. 


Concepts and Vocabulary 


4. 
5. 


6. 


sin 52° = cos 48°. 


True or False In a right triangle, one of the angles is 90° 
and the sum of the other two angles is 90°. 


True or False 


When you look up at an object, the acute angle measured 


from the horizontal to a line-of-sight observation of the 


object is called the 


Skill Building 


In Problems 9-18, find the exact value of the six trigonometric functions of the angle 0 in each figure. 


XN 9. 10. 
ee ° 
[J 
12 


14. 3 15 
LI 
: 1 


ae 


11 
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7. True or False In aright triangle, if two sides are known, we 


can solve the triangle. 


8. True or False Ina right triangle, if we know the two acute 


angles, we can solve the triangle. 


In Problems 19-28, find the exact value of each expression. Do not use a calculator. 


N19. 


23. 


27. 


sin 38° — cos 52° 20. tan 12° — cot 78° 


1 — cos* 20° — cos? 70° 24. 1 + tan? 5° — csc? 85° 


cos 35° sin 55° + sin 35° cos 55° 


21. 


25. 


28. 


16. 17 i 18. 
3 5 
! 2) \v5 
a 
| 

cos 10° cos 40° 
sin 80° as sin 50° 

5 _ cos 70° > sin 50° 
tan 20 ene BUF 26. cot 40 in 40° 


sec 35° csc 55° — tan 35° cot 55° 


In Problems 29-42, use the right triangle shown below. Then, using the given information, solve the triangle. 


\ 29.6 =5, B= 20% finda,c,and A 
Cc 
a : 31.a=6, B= 40°: findb,c,and A 


q 33. b= 4, A= 10°; finda,c,and B 
35.a=5, A=25°; findb,c,and B 
37.c =9, B= 20° findb,a,and A 
\ 39. a= 5, b=3; findc,A,andB 
4.a=2, c=5; findb,A,andB 


Applications and Extensions 


43. 


44. 


45. 


46. 


47. 


Geometry The hypotenuse of a right triangle is 5 inches. If 
one leg is 2 inches, find the degree measure of each angle. 


Geometry The hypotenuse of a right triangle is 3 feet. If 
one leg is 1 foot, find the degree measure of each angle. 


Geometry A right triangle has a hypotenuse of length 
8 inches. If one angle is 35°, find the length of each leg. 


Geometry A right triangle has a hypotenuse of length 
10 centimeters. If one angle is 40°, find the length of each leg. 


Geometry A right triangle contains a 25° angle. 

(a) If one leg is of length 5 inches, what is the length of the 
hypotenuse? 

(b) There are two answers. How is this possible? 


30.b = 4, B= 10°; finda,c,and A 
32.a=7, B=50°; findb,c,and A 
34.b=6, A= 20°; finda,c,and B 
36. a= 6, A = 40°; findb,c,and B 
38. c= 10, A= 40°; find b,a,and B 
40.a=2, b=8; findc,A, and B 
42.b=4, c=6; finda,A,andB 


48. Geometry A right triangle contains an angle of . radian. 


(a) If one leg is of length 3 meters, what is the length of the 
hypotenuse? 
(b) There are two answers. How is this possible? 


\ 49. Finding the Width of a Gorge Find the distance from A to 
GS C across the gorge illustrated in the figure. 
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50. 
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Finding the Distance across a Pond Find the distance from 


w A to C across the pond illustrated in the figure. 


N\ OSL 


52. 


53. 


54. 


X55. 


56. 


The Eiffel Tower The tallest tower built before the era of 
television masts, the Eiffel Tower was completed on 
March 31, 1889. Find the height of the Eiffel Tower (before a 
television mast was added to the top) using the information 
given in the illustration. 


Finding the Distance of a Ship from Shore A person in a 
small boat, offshore from a vertical cliff known to be 
100 feet in height, takes a sighting of the top of the cliff. If 
the angle of elevation is found to be 25°, how far offshore 
is the boat? 


Finding the Distance to a Plateau Suppose that you are 
headed toward a plateau 50 meters high. If the angle of 
elevation to the top of the plateau is 20°, how far are you 
from the base of the plateau? 


Finding the Reach of a Ladder A 22-foot extension ladder 
leaning against a building makes a 70° angle with the ground. 
How far up the building does the ladder touch? 


Finding the Angle of Elevation of the Sun At 10 Am on 
April 26, 2009, a building 300 feet high casts a shadow 50 feet 
long. What was the angle of elevation of the Sun? 


Directing a Laser Beam A laser beam is to be directed 
through a small hole in the center of a circle of radius 10 feet. 
The origin of the beam is 35 feet from the circle (see the 
figure). At what angle of elevation should the beam be 
aimed to ensure that it goes through the hole? 


57. Finding the Speed of a Truck A state trooper is hidden 


30 feet from a highway. One second after a truck passes, 
the angle @ between the highway and the line of observation 
from the patrol car to the truck is measured. See the 
illustration. 


(a) If the angle measures 15°, how fast is the truck 
traveling? Express the answer in feet per second and in 
miles per hour. 

(b) If the angle measures 20°, how fast is the truck 
traveling? Express the answer in feet per second and in 
miles per hour. 

(c) If the speed limit is 55 miles per hour and a speeding 
ticket is issued for speeds of 5 miles per hour or more 
over the limit, for what angles should the trooper issue 
a ticket? 


58. Security A security camera in a neighborhood bank is 


mounted on a wall 9 feet above the floor. What angle of 
depression should be used if the camera is to be directed to 
a spot 6 feet above the floor and 12 feet from the 
wall? 


59. Parallax One method of measuring the distance from 


Earth to a star is the parallax method. The idea behind 
computing this distance is to measure the angle formed 
between the Earth and the star at two different points in 
time. Typically, the measurements are taken so that the side 
opposite the angle is as large as possible. Therefore, the 
optimal approach is to measure the angle when Earth is on 
opposite sides of the Sun, as shown in the figure. 


Parallax 


(a) Proxima Centauri is 4.22 light-years from Earth. If 
1 light-year is about 5.9 trillion miles, how many miles is 
Proxima Centauri from Earth? 

(b) The mean distance from Earth to the Sun is 93,000,000 
miles. What is the parallax of Proxima Centauri? 


60. 


61. 


62. 


\ 63. 


64. 


65. 


66. 


67. 


Parallax See Problem 59. 61 Cygni, sometimes called 

Bessel’s Star (after Friedrich Bessel, who measured the 

distance from Earth to the star in 1838), is a star in the 

constellation Cygnus. 

(a) 61 Cygni is 11.14 light-years from Earth. If 1 light-year 
is about 5.9 trillion miles, how many miles is 61 Cygni 
from Earth? 

(b) The mean distance from Earth to the Sun is 93,000,000 
miles. What is the parallax of 61 Cygni? 


Washington Monument The angle of elevation of the Sun 
is 35.1° at the instant the shadow cast by the Washington 
Monument is 789 feet long. Use this information to 
calculate the height of the monument. 


Finding the Length of a Mountain Trail A straight trail 
with an inclination of 17° leads from a hotel at an elevation 
of 9000 feet to a mountain lake at an elevation of 11,200 feet. 
What is the length of the trail? 


Finding the Bearing of an Aircraft. A DC-9 aircraft leaves 
Midway Airport from runway 4 RIGHT, whose bearing is 


N40°E. After flying for 3 mile, the pilot requests permission 


to turn 90° and head toward the southeast. The permission is 
granted. After the airplane goes 1 mile in this direction, 
what bearing should the control tower use to locate the 
aircraft? 


Finding the Bearing of a Ship A ship leaves the port of 
Miami with a bearing of S80°E and a speed of 15 knots. 
After 1 hour, the ship turns 90° toward the south. After 2 hours, 
maintaining the same speed, what is the bearing to the ship 
from port? 


Niagara Falls Incline Railway Situated between Portage 
Road and the Niagara Parkway directly across from the 
Canadian Horseshoe Falls, the Falls Incline Railway is a 
funicular that carries passengers up an embankment to 
Table Rock Observation Point. If the length of the track is 
51.8 meters and the angle of inclination is 36°2’, determine 
the height of the embankment. 

Source: www.niagaraparks.com 


Willis Tower Willis Tower in Chicago is the third tallest 
building in the world and is topped by a high antenna. A 
surveyor on the ground makes the following measurement: 
1. The angle of elevation from his position to the top of the 
building is 34°. 
2. The distance from his position to the top of the building 
is 2593 feet. 
3. The distance from his position to the top of the antenna 
is 2743 feet. 
(a) How far away from the (base of the) building is the 
surveyor located? 
(b) How tall is the building? 
(c) What is the angle of elevation from the surveyor to 
the top of the antenna? 
(d) How tall is the antenna? 
Source: www.infoplease.com/ce6/us/A0844218.html 
Constructing a Highway A_ highway whose primary 
directions are north-south is being constructed along the west 
coast of Florida. Near Naples, a bay obstructs the straight 
path of the road. Since the cost of a bridge is prohibitive, 
engineers decide to go around the bay. The illustration shows 
the path that they decide on and the measurements taken. 
What is the length of highway needed to go around the bay? 


68. 


69. 


70. 


Xm 
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Photography A camera is mounted on a tripod 4 feet high 
at a distance of 10 feet from George, who is 6 feet tall. See 
the illustration. If the camera lens has angles of depression 
and elevation of 20°, will George’s feet and head be seen by 
the lens? If not, how far back will the camera need to be 
moved to include George’s feet and head? 


20° 
20° A 


kK 10' >| 


Finding the Distance between Two Objects A_ blimp, 
suspended in the air at a height of 500 feet, lies directly over 
a line from Soldier Field to the Adler Planetarium on Lake 
Michigan (see the figure). If the angle of depression from 
the blimp to the stadium is 32° and from the blimp to the 
planetarium is 23°, find the distance between Soldier Field 
and the Adler Planetarium. 


Hot-Air Balloon While taking a ride in a hot-air balloon in 
Napa Valley, Francisco wonders how high he is. To find out, 
he chooses a landmark that is to the east of the balloon and 
measures the angle of depression to be 54°. A few minutes 
later, after traveling 100 feet east, the angle of depression to 
the same landmark is determined to be 61°. Use this 
information to determine the height of the balloon. 


Mt.Rushmore To measure the height of Lincoln’s caricature 
on Mt. Rushmore, two sightings 800 feet from the base of the 
mountain are taken. If the angle of elevation to the bottom 
of Lincoln’s face is 32° and the angle of elevation to the top 
is 35°, what is the height of Lincoln’s face? 
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72. The CN Tower The CN Tower, located in Toronto, Canada, 


73 


74. 


is the tallest structure in the Americas. While visiting Toronto, 
a tourist wondered what the height of the tower above the 
top of the Sky Pod is. While standing 4000 feet from the 
tower, she measured the angle to the top of the Sky Pod to 
be 20.1°. At this same distance, the angle of elevation to 
the top of the tower was found to be 24.4°. Use this 
information to determine the height of the tower above the 
Sky Pod. 


Chicago Skyscrapers The angle of inclination from the 
base of the John Hancock Center to the top of the main 
structure of the Willis Tower is approximately 10.3°. If the 
main structure of the Willis Tower is 1451 feet tall, how far 
apart are the two skyscrapers? Assume the bases of the two 
buildings are at the same elevation. 

Source: www.emporis.com 


Estimating the Width of the Mississippi River A tourist at 
the top of the Gateway Arch (height, 630 feet) in St. Louis, 
Missouri, observes a boat moored on the Illinois side of the 
Mississippi River 2070 feet directly across from the Arch. 
She also observes a boat moored on the Missouri side 
directly across from the first boat (see diagram). Given that 
67 

B= cot! 55° estimate the width of the Mississippi River at 
the St. Louis riverfront. 


Source: U.S. Army Corps of Engineers 


75. Finding the Pitch of a Roof A carpenter is preparing to 


put a roof on a garage that is 20 feet by 40 feet by 20 feet. A 
steel support beam 46 feet in length is positioned in the 
center of the garage. To support the roof, another beam will 
be attached to the top of the center beam (see the figure). 
At what angle of elevation is the new beam? In other words, 
what is the pitch of the roof? 


76. Shooting Free Throws in Basketball 


78. Surveillance Satellites 


I 


‘ 
: 


roy 
| 
x 


The eyes of a 
basketball player are 6 feet above the floor. The player is at 
the free-throw line, which is 15 feet from the center of the 
basket rim (see the figure). What is the angle of elevation 
from the player’s eyes to the center of the rim? 


[Hint: The rim is 10 feet above the floor.] 


77. Geometry Find the value of the angle @ in degrees 


rounded to the nearest tenth of a degree. 


A surveillance satellite circles Earth 

at a height of h miles above the surface. Suppose that d is 

the distance, in miles, on the surface of Earth that can be 

observed from the satellite. See the illustration on the 

following page. 

(a) Find an equation that relates the central angle @ to the 
height h. 

(b) Find an equation that relates the observable distance d 
and 6. 

(c) Find an equation that relates d and h. 

(d) If dis to be 2500 miles, how high must the satellite orbit 
above Earth? 
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(e) If the satellite orbits at a height of 300 miles, what 
distance d on the surface can be observed? 


ball dead center. He knows from physics that the white ball 
will come off a cushion at the same angle as it hits a cushion. 
Where on the top cushion should he hit the white ball? 


80. The Freedom Tower The Freedom Tower is to be the 
centerpiece of the rebuilding of the World Trade Center in 
New York City. The tower will be 1776 feet tall (not including 
a broadcast antenna). The angle of elevation from the base 
of an office building to the top of the tower is 34°. The angle 
of elevation from the helipad on the roof of the office 
building to the top of the tower is 20°. 


79. Calculating Pool Shots A pool player located at X wants 9 nem ate oe 
to shoot the white ball off the top cushion and hit the red mee ae 
tft 5 ft 3ft a =< 
ge 1776 
181 ee 
2734 
2.7 tt (a) How far away is the office building from the Freedom 


Tower? Assume the side of the tower is vertical. Round 
to the nearest foot. 

(b) How tall is the office building? Round to the nearest 
foot. 


Explaining Concepts: Discussion and Writing 


81. Explain how you would measure the width of the Grand 


Canyon from a point on its ridge. 


82. Explain how you would measure the height of a TV tower 


that is on the roof of a tall building. 


83. The Gibb’s Hill Lighthouse. Southampton, Bermuda In 
operation since 1846, the Gibb’s Hill Lighthouse stands 


‘Are You Prepared?’ Answers 
1.4 2. 26.6° 3. 30° 


4.2 The Law of Sines 


e Difference Formula for the Sine Function 
(Section 3.5, p. 221) 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Trigonometric Equations (Section 3.3, pp. 200-205) 


\ Now Work the ‘Are You Prepared?’ problems on page 270. 
OBJECTIVES 1 Solve SAA or ASATriangles (p.264) 

2 Solve SSA Triangles (p.265) 

3 Solve Applied Problems (p.268) 


117 feet high on a hill 245 feet high, so its beam of light is 
362 feet above sea level. A brochure states that ships 40 miles 
away can see the light and planes flying at 10,000 feet 
can see it 120 miles away. Verify the accuracy of these 
statements. What assumption did the brochure make about 
the height of the ship? 


Geometry Essentials (Appendix A, Section A.2, 
pp. Al4-A19) 


If none of the angles of a triangle is a right angle, the triangle is called oblique. 
An oblique triangle will have either three acute angles or two acute angles and one 
obtuse angle (an angle between 90° and 180°). See Figure 18. 
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Figure 18 


Obtuse angle 


(a) All angles are acute (b) Two acute angles and one obtuse angle 


Figure 19 In the discussion that follows, we will always label an oblique triangle so that 
side a is opposite angle A, side b is opposite angle B, and side c is opposite angle C, 
as shown in Figure 19. 

To solve an oblique triangle means to find the lengths of its sides and the 
measurements of its angles. To do this, we shall need to know the length of one side* 
along with (i) two angles; (ii) one angle and one other side; or (iii) the other two 
sides. There are four possibilities to consider: 


C a 


Case 1: One side and two angles are known (ASA or SAA). 

Case 2: Two sides and the angle opposite one of them are known (SSA). 
Case 3: ‘Two sides and the included angle are known (SAS). 

Case 4: Three sides are known (SSS). 


Figure 20 illustrates the four cases. 


Figure 20 


Z — 
Z\ Ss /\ ~s /\ ~N Z\ Ns 
$ S $ 


Case 1: ASA Case 1: SAA Case 2: SSA Case 3: SAS Case 4: SSS 


WARNING Oblique triangles cannot be The Law of Sines is used to solve triangles for which Case 1 or 2 holds. Cases 3 


solved using the methods of Section 4.1. and 4 are considered when we study the Law of Cosines in the next section. 
Do you know why? | 


THEOREM Law of Sines 


For a triangle with sides a, b,c and opposite angles A, B, C, respectively, 


snA snB_ sinC 


a b c 


=) 


A proof of the Law of Sines is given at the end of this section. The Law of Sines 
actually consists of three equalities: 


sn A sinB sn A sinC snB  sinC 


a b a Cc b @ 


Formula (1) is a compact way to write these three equations. 
In applying the Law of Sines to solve triangles, we use the fact that the sum of 
the angles of any triangle equals 180°; that is, 


A+B+C = 180° (2) 


1 Solve SAA or ASA Triangles 


Our first two examples show how to solve a triangle when one side and two angles 
are known (Case 1: SAA or ASA). 


* The reason we need to know the length of one side is that, if we only know the angles, this will result in 
a family of similar triangles. 
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EXAMPLE 1 Using the Law of Sines to Solve an SAA Triangle 
Solve the triangle: A = 40°, B = 60°,a = 4 


Solution Figure 21 shows the triangle that we want to solve. The third angle C is found using 
equation (2). 


Figure 21 A+B+C = 180° 
40° + 60° + C = 180° 
C = 80° 
Now use the Law of Sines (twice) to find the unknown sides b and c. 
sin A sinB sin A sinC 
a 7 b a 7 Cc 


Because a = 4, A = 40°, B = 60°, and C = 80°, we have 
COMMENT Although not a check, we sin 40° sin 60° sin 40° sin 80° 
can verify the reasonableness of our = = 
answer by determining if the longest a b 4 c 
side is opposite the largest angle and 
the shortest side is opposite the 


smallest angle. . _ 4sin 60° — es, 
Ve age eo | a age 


Solving for b and c, we find that 


al 


Notice in Example 1 that we found b and c by working with the given side a. 
This is better than finding b first and working with a rounded value of b to find c. 


ovm=======-Now Work problem 9 


EXAMPLE 2 Using the Law of Sines to Solve an ASA Triangle 
Solve the triangle: A = 35°,B = 15°,c =5 


Solution Figure 22 illustrates the triangle that we want to solve. Because we know two angles 
(A = 35° and B = 15°), we find the third angle using equation (2). 


Figure 22 A+B+C = 180° 
35° + 15° + C = 180° 
C = 130° 


Now we know the three angles and one side (c = 5) of the triangle. To find the 
remaining two sides a and b, use the Law of Sines (twice). 


sn A sinC snB_ sinC 


a Cc b (6 
sin 35° sin 130° sin 15° sin 130° 
a 5 b  § 
5 sin 35° 5 sin 15° 
= sin 30? Oe nie 


-! 
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Figure 23 


2 Solve SSA Triangles 


Case 2 (SSA), which applies to triangles for which two sides and the angle opposite 
one of them are known, is referred to as the ambiguous case, because the known 
information may result in one triangle, two triangles, or no triangle at all. Suppose 
that we are given sides a and b and angle A, as illustrated in Figure 23. The key to 
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EXAMPLE 3 


Solution 


Figure 28(a) 


COMMENT Here we computed B, by 
2 sin ‘"" 
3 : 


determining the value of sin’ 


If you use the rounded value and 
evaluate sin '(0.43), you will obtain a 
slightly different result. r 


determining the possible triangles, if any, that may be formed from the given 
information lies primarily with the relative size of side a, the height h, and the fact 
thath = bsin A. 


No Triangle If a < h = bsin A, then One Right Triangle If a = h = bsin A, 
side a is not sufficiently long to form a __ then side a is just long enough to form a 


triangle. See Figure 24. right triangle. See Figure 25. 
Figure 24 Figure 25 
a<h=bsinA a=h= bsinA 


Two Triangles If i = bsin A < a,and OneTriangle Ifa = b, only one triangle 
a <b, two distinct triangles can be can be formed. See Figure 27. 
formed from the given information. See 


Figure 26. 
Figure 26 Figure 27 
bsinA < aanda<b a=b 
; q l= bsinA ; é 
Fil { 


Fortunately, we do not have to rely on an illustration or complicated relationships 
to draw the correct conclusion in the ambiguous case. The Law of Sines will lead us 
to the correct determination. Let’s see how. 


Using the Law of Sines to Solve an SSA Triangle (One Solution) 
Solve the triangle: a = 3,b = 2, A = 40° 
See Figure 28(a). Because we know an angle (A = 40°), the side opposite the 


known angle (a = 3), and the side opposite angle B (b = 2), we use the Law of 
Sines to find the angle B. 


snA  sinB 
a b 


Then 


sin40° sin B 
3 2 


sin B = ———— *& 0.43 


There are two angles B, 0° < B < 180°, for which sin B ~ 0.43. 
B, ® 25.4° and B, ® 180° — 25.4° = 154.6° 


The second possibility, B, ~ 154.6°, is ruled out, because A = 40° makes 
A+ B, = 194.6° > 180°. Now, using B; ~ 25.4°, we find that 


C = 180° — A — B, & 180° — 40° — 25.4° = 114.6° 


Figure 28(b) 


EXAMPLE 4 


Solution 


Figure 29(a) 


Figure 29(b) 


c, = 10.42 | 


EXAMPLE 5 


Solution 
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The third side c may now be determined using the Law of Sines. 


sn A sinC 


a c 
sin 40° _ sin 114.6° 
3 c 
3 sin 114.6° 
= ——_— *®& 4.24 
© sin 40° 
Figure 28(b) illustrates the solved triangle. Pa 


Using the Law of Sines to Solve an SSA Triangle (Two Solutions) 
a=6,b=8,A = 35° 


See Figure 29(a). Because a = 6,b = 8, and A = 35° are known, use the Law of 
Sines to find the angle B. 


Solve the triangle: 


sn A sinB 


a b 
Then 
sin 35° sin B 
6 8 
8 sin 35° 
sin B = a ~ 0.76 


B, = 49.9° or By © 180° — 49.9° = 130.1° 


For both choices of B, we have A + B < 180°. There are two triangles, one 
containing the angle B, ~ 49.9° and the other containing the angle B, ~ 130.1°. 
The third angle C is either 


C, = 180° —- A— By, = 95.1° or Cz = 180° — A — By & 14.9° 
t i 
Ameo A= oe 
B, = 49.9° B= 10? 
The third side c obeys the Law of Sines, so we have 
sn A sinC, sn A sinCy 
a Cy a Co 
sin 35° _ sin 95.1° sin 35° _ sin 14.9° 
6 Cy 6 C2 
6 sin 95.1° 6 sin 14.9° 
=—_, © 10.42 =—_., & 2.6 
“1 sin 35° 2 sin 35° : 
The two solved triangles are illustrated in Figure 29(b). -! 


Using the Law of Sines to Solve an SSA Triangle (No Solution) 
Solve the triangle: a = 2,c = 1,C = 50° 


Because a = 2,c = 1, and C = 50° are known, use the Law of Sines to find the 
angle A. 


sn A sinC 
ac 
sin A _ sin 50° 
z 4 


sin A = 2sin 50° & 1.53 
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Figure 30 Since there is no angle A for which sin A > 1, there can be no triangle with the given 
measurements. Figure 30 illustrates the measurements given. Notice that, no matter 
how we attempt to position side c, it will never touch side b to form a triangle. -! 


erm -llow Work pRoBLEMS 25 AND 31 


3 Solve Applied Problems 


EXAMPLE 6 Finding the Height of a Mountain 


To measure the height of a mountain, a surveyor takes two sightings of the peak at a 
distance 900 meters apart on a direct line to the mountain.* See Figure 31(a). The first 
observation results in an angle of elevation of 47°, and the second results in an angle of 
elevation of 35°. If the transit is 2 meters high, what is the height / of the mountain? 


Figure 31 


(b) 


Solution —_ Figure 31(b) shows the triangles that replicate the illustration in Figure 31(a). Since 
C + 47° = 180°, we find that C = 133°. Also, since A + C + 35° = 180°, we find 
that A = 180° — 35° — C = 145° — 133° = 12°. Use the Law of Sines to find c. 


sn A sinC 


A = 12°, C = 133°, a = 900 
a c 


— 900 sin 133° 


= 3165.86 
sin 12° 


Using the larger right triangle, we have 


| 


b 
sin 35° = . c = 3165.86 
b = 3165.86 sin 35° ~ 1815.86 ~ 1816 meters 


ll 


The height of the peak from ground level is approximately 1816 + 2 = 1818 meters. 


-! 
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EXAMPLE 7 Rescue at Sea 


Coast Guard Station Zulu is located 120 miles due west of Station X-ray. A ship at sea 
sends an SOS call that is received by each station. The call to Station Zulu indicates that 
the bearing of the ship from Zulu is N40°E (40° east of north). The call to Station X-ray 
indicates that the bearing of the ship from X-ray is N30°W (30° west of north). 


(a) How far is each station from the ship? 


(b) If a helicopter capable of flying 200 miles per hour is dispatched from the 
nearest station to the ship, how long will it take to reach the ship? 


* For simplicity, we assume that these sightings are at the same level. 


Figure 32 


Solution 


Figure 33 
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(a) Figure 32 illustrates the situation. The angle C is found to be 
C = 180° — 50° — 60° = 70° 


The Law of Sines can now be used to find the two distances a and b that we 
seek. 
sin 50° __ sin 70° 
a 120 


gee pe i eities 
sin 70° 
sin 60° sin 70° 
b ~——s«<120 
120 sin 60° 


b= sin 70° = 110.59 miles 


Station Zulu is about 111 miles from the ship, and Station X-ray is about 
98 miles from the ship. 


(b) The time t needed for the helicopter to reach the ship from Station X-ray is 
found by using the formula 


(Rate, r)(Time, t) = Distance, a 


Then 
a 97.82 ‘ 
= on 0.49 hour ~ 29 minutes 
It will take about 29 minutes for the helicopter to reach the ship. o 
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Proof of the Law of Sines To prove the Law of Sines, construct an altitude of 
length h from one of the vertices of a triangle. Figure 33(a) shows h for a triangle with 
three acute angles, and Figure 33(b) shows h for a triangle with an obtuse angle. In 
each case, the altitude is drawn from the vertex at B. Using either illustration, we have 


sin C = x 
a 
from which 
h = asinC (3) 
From Figure 33(a), it also follows that 
sin A = u 
c 
from which 
h=csinA (4) 


From Figure 33(b), it follows that 
h 
sin(180° — A) = sin A = 2 


sin(180° — A) = sin180° cos A — cos 180° sin A = sin A 
which again gives 
h=csnA 


So, whether the triangle has three acute angles or has two acute angles and one 
obtuse angle, equations (3) and (4) hold. As a result, we may equate the expressions 
for h in equations (3) and (4) to get 


asinC =csinA 
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Figure 34 from which 
sn A sinC 


(5) 


i ea a c 
Li In a similar manner, by constructing the altitude h’ from the vertex of angle A 
b 


as shown in Figure 34, we can show that 
Uy / 


(a) sinB=— and sinC = as 
c b 


Equating the expressions for h’, we find that 


'S, a 


b from which 
snB sinc 
bo ¢ 


When equations (5) and (6) are combined, we have equation (1), the Law of Sines. @ 


(6) 


4.2 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The difference formula for the sine function is 3. The two triangles shown are similar. Find the missing length. 
sin(A — B) = sp. 221) (pp. A14-A19) 


2. If @ is an acute angle, solve the equation cos 6 = a 2 5 , i 
(pp. 200-205) fs. 


Concepts and Vocabulary 


4. If none of the angles of a triangle is a right angle, the 7. True or False The Law of Sines can be used to solve 
triangle is called : triangles where three sides are known. 
5. For a triangle with sides a, b,c and opposite angles A, B, C, 8. Triangles for which two sides and the angle opposite one 


of them are known (SSA) are referred to as the 
the Law of Sines states that 


6. True or False An oblique triangle in which two sides and 
an angle are given always results in at least one triangle. 


Skill Building 
In Problems 9-16, solve each triangle. 
10. C 11. 12. 
a b 85° a 125°\40 
a 3 
40° 45° 30° A 
4 c 
B 50° 
c 
14. 15. ee 16. t 
a b a7 100 a ; 
55 10° " 
5 40 A 30° 100° 
c c 


In Problems 17-24, solve each triangle. 
17. A= 40°, B=20°, a=2 18. A = 50°, C=20°, a=3 19. B= 70°, C=10°, b=5 
20. A= 70°, B=60°, c=4 21. A= 110°, C= 30°, c=3 22. B= 10°, C=100°7, b=2 
\ 23. A= 40°, B=40°, c=2 24. B= 20°, C=70°, a=1 
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In Problems 25-36, two sides and an angle are given. Determine whether the given information results in one triangle, two triangles, or no 
triangle at all. Solve any triangle(s) that results. 


\ 25. 
28. 


\ aL 


34. 


a=3, b=2, A=50° 


a=2, c=1, A= 120° 


b=4, c=6, B= 20° 


b=4, c=5, B= 95° 


Q pep» BB bw 


Applications and Extensions 


\ 37. 


38. 


\ 30. 


Rescue at Sea Coast Guard Station Able is located 

150 miles due south of Station Baker. A ship at sea sends an 

SOS call that is received by each station. The call to Station 

Able indicates that the ship is located N55°E; the call to 

Station Baker indicates that the ship is located S60°E. 

(a) How far is each station from the ship? 

(b) If a helicopter capable of flying 200 miles per hour is 
dispatched from the station nearest the ship, how long will 
it take to reach the ship? 


Distance to the Moon At exactly the same time, Tom and 
Alice measured the angle of elevation to the moon while 
standing exactly 300 km apart. The angle of elevation to the 
moon for Tom was 49.8974° and the angle of elevation to the 
moon for Alice was 49.9312°. See the figure. To the nearest 
1000 km, how far was the moon from Earth when the 
measurement was obtained? 


Moon 


49.8974° 


49.9312° 
Tom 300km Alice 


Finding the Length of a Ski Lift Consult the figure. To find 
the length of the span of a proposed ski lift from P to Q,a 
surveyor measures Z DPQ to be 25° and then walks off a 
distance of 1000 feet to R and measures ZPRQ to be 15°. 
What is the distance from P to Q? 


D |<— 1000 ft —>| 


40. 


41. 


42. 


43. 


44, 


45. 


40° 27.b=5, c=3, B= 100° 

60° 30.b = 2, c=3, B= 40° 

70° 33. a= 2, c=1, C= 100° 

25° 36.b=4, c=5, B= 40° 

Finding the Height of a Mountain Use the illustration in 


Problem 39 to find the height OD of the mountain. 


Finding the Height of an Airplane An aircraft is spotted by 
two observers who are 1000 feet apart. As the airplane passes 
over the line joining them, each observer takes a sighting of 
the angle of elevation to the plane, as indicated in the figure. 
How high is the airplane? 


Finding the Height of the Bridge over the Royal Gorge 
The highest bridge in the world is the bridge over the Royal 
Gorge of the Arkansas River in Colorado. Sightings to the 
same point at water level directly under the bridge are taken 
from each side of the 880-foot-long bridge, as indicated in 
the figure. How high is the bridge? 


Source: Guinness Book of World Records 


Landscaping Pat needs to determine the height of a tree 
before cutting it down to be sure that it will not fall on a 
nearby fence. The angle of elevation of the tree from one 
position on a flat path from the tree is 30°, and from a second 
position 40 feet farther along this path it is 20°. What is the 
height of the tree? 


Construction A loading ramp 10 feet long that makes an 
angle of 18° with the horizontal is to be replaced by one that 
makes an angle of 12° with the horizontal. How long is the 
new ramp? 


Commercial Navigation Adam must fly home to St. Louis 
from a business meeting in Oklahoma City. One flight option 
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46. 


47. 


48. 
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flies directly to St. Louis, a distance of about 461.1 miles. A 
second flight option flies first to Kansas City and then 
connects to St. Louis. The bearing from Oklahoma City to 
Kansas City is N29.6°E, and the bearing from Oklahoma 
City to St. Louis is N57.7°E. The bearing from St. Louis to 
Oklahoma City is $57.7°W, and the bearing from St. Louis 
to Kansas City is N79.4°W. How many more frequent flyer 
miles will Adam receive if he takes the connecting flight 
rather than the direct flight? 


Source: www.landings.com 


Time Lost due to a Navigation Error In attempting to fly 
from city P to city Q, an aircraft followed a course that was 
10° in error, as indicated in the figure. After flying a distance 
of 50 miles, the pilot corrected the course by turning at point R 
and flying 70 miles farther. If the constant speed of the 
aircraft was 250 miles per hour, how much time was lost due 
to the error? 


Finding the Lean of the Leaning Tower of Pisa The famous 
Leaning Tower of Pisa was originally 184.5 feet high.* At a 
distance of 123 feet from the base of the tower, the angle of 
elevation to the top of the tower is found to be 60°. Find 
Z RPQ indicated in the figure. Also, find the perpendicular 
distance from R to PQ. 


Crankshafts on Cars On a certain automobile, the 
crankshaft is 3 inches long and the connecting rod is 9 inches 
long (see the figure). At the time when 2 OPQ is 15°, how 
far is the piston (P) from the center (O) of the crankshaft? 


49. Constructing a Highway U.S. 41, a highway whose primary 


directions are north-south, is being constructed along the 
west coast of Florida. Near Naples, a bay obstructs the straight 
path of the road. Since the cost of a bridge is prohibitive, 
engineers decide to go around the bay. The illustration shows 
the path that they decide on and the measurements taken. 
What is the length of highway needed to go around the bay? 


50. Calculating Distances at Sea The navigator of a ship at sea 


spots two lighthouses that she knows to be 3 miles apart 
along a straight seashore. She determines that the angles 
formed between two line-of-sight observations of the light- 
houses and the line from the ship directly to shore are 15° 
and 35°. See the illustration. 

(a) How far is the ship from lighthouse P? 

(b) How far is the ship from lighthouse Q? 

(c) How far is the ship from shore? 


* On February 27, 1964, the government of Italy requested aid in preventing the tower from toppling. A multinational task force of engineers, mathemati- 
cians, and historians was assigned and met on the Azores islands to discuss stabilization methods. After over two decades of work on the subject, the tower 
was closed to the public in January 1990. During the time that the tower was closed, the bells were removed to relieve some weight, and cables were cinched 
around the third level and anchored several hundred meters away. Apartments and houses in the path of the tower were vacated for safety concerns. After 
a decade of corrective reconstruction and stabilization efforts, the tower was reopened to the public on December 15, 2001. Many methods were proposed 
to stabilize the tower, including the addition of 800 metric tons of lead counterweights to the raised end of the base. The final solution to correcting the lean 
was to remove 38 cubic meters of soil from underneath the raised end. The tower has been declared stable for at least another 300 years. 


Source: http://en.wikipedia.org/wiki/Leaning_Tower_of_Pisa 


51. 


52. 


53. 


54. 


55. 


Designing an Awning An awning that covers a sliding glass 
door that is 88 inches tall forms an angle of 50° with the wall. 
The purpose of the awning is to prevent sunlight from 
entering the house when the angle of elevation of the Sun is 
more than 65°. See the figure. Find the length L of the 
awning. 


88” / 


Vi 
/ 
/ 
4 
\e5° 
= 


Finding Distances A forest ranger is walking on a path 
inclined at 5° to the horizontal directly toward a 100-foot-tall 
fire observation tower. The angle of elevation from the path 
to the top of the tower is 40°. How far is the ranger from the 
tower at this time? 


_ Step 


Great Pyramid of Cheops One of the original Seven 
Wonders of the World, the Great Pyramid of Cheops was 
built about 2580 Bc. Its original height was 480 feet 11 inches, 
but owing to the loss of its topmost stones, it is now shorter. 
Find the current height of the Great Pyramid using the 
information given in the illustration. 


Source: Guinness Book of World Records 


200 ft 


Determining the Height of an Aircraft Two sensors are 
spaced 700 feet apart along the approach to a small airport. 
When an aircraft is nearing the airport, the angle of elevation 
from the first sensor to the aircraft is 20°, and from the 
second sensor to the aircraft it is 15°. Determine how high 
the aircraft is at this time. 

Mercury The distance from the Sun to Earth is approximately 
149,600,000 kilometers (km). The distance from the Sun to 
Mercury is approximately 57,910,000 km. The elongation 
angle a is the angle formed between the line of sight from 


56. 


57. 


58. 


59. 


60. 
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Earth to the Sun and the line of sight from Earth to Mercury. 
See the figure. Suppose that the elongation angle for Mercury 
is 15°. Use this information to find the possible distances 
between Earth and Mercury. 


Mercury .-~- 


¢ 
/ 
oN 
$ 


| 
Mercury ¢———_ 


Venus The distance from the Sun to Earth is approximately 
149,600,000 km. The distance from the Sun to Venus is 
approximately 108,200,000 km. The elongation angle a is the 
angle formed between the line of sight from Earth to the Sun 
and the line of sight from Earth to Venus. Suppose that the 
elongation angle for Venus is 10°. Use this information to 
find the possible distances between Earth and Venus. 


The Original Ferris Wheel George Washington Gale Ferris, 
Jr., designed the original Ferris wheel for the 1893 World’s 
Columbian Exposition in Chicago, Illinois. The wheel had 36 
equally spaced cars each the size of a school bus. The distance 
between adjacent cars was approximately 22 feet. Determine 
the diameter of the wheel to the nearest foot. 


Source: Carnegie Library of Pittsburgh, www.clpgh.org 


Mollweide’s Formula For any triangle, Mollweide’s Formula 
(named after Karl Mollweide, 1774-1825) states that 


atb_ cos] (A 7 ®)| 


Cc 1 
in| —C 
sn(ic) 
Derive it. 


[Hint: Use the Law of Sines and then a Sum-to-Product 
Formula. Notice that this formula involves all six parts of a 
triangle. As a result, it is sometimes used to check the 
solution of a triangle. ] 


Mollweide’s Formula Another form of Mollweide’s 
Formula is 

sin|3 (A ») | 

cf la = 

a-—b_ 2 
c 1 
cos( $C ) 

Derive it. 
For any triangle, derive the formula 


a=bcosC + ccosB 


[Hint: Use the fact that sin A = sin(180° — B — C).] 
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61. Law of Tangents 
Tangents. 


For any triangle, derive the Law of 


oss tan] (A = »)| 


a+b 


1 
tan| (4 + a)| 
[Hint: Use Mollweide’s Formula.] 


62. Circumscribing a Triangle Show that 


snA snB- sinC 1 
a b Cc ar 


Explaining Concepts: Discussion and Writing 


63. Make up three problems involving oblique triangles. One 
should result in one triangle, the second in two triangles, and 
the third in no triangle. 

64. What do you do first if you are asked to solve a triangle and 
are given one side and two angles? 


‘Are You Prepared?’ Answers 


1. sin Acos B — cos Asin B 2.. 30° ore 


4.3 The Law of Cosines 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Trigonometric Equations (Section 3.3, pp. 200-205) 
\ Now Work the ‘Are You Prepared?’ problems on page 277. 


OBJECTIVES 1 Solve SASTriangles (p.275) 
2 Solve SSS Triangles (p.276) 
3 Solve Applied Problems (p.276) 


where r is the radius of the circle circumscribing the triangle 
PQR whose sides are a, b, and c, as shown in the figure. 


[Hint: Draw the diameter PP’. Then B= ZPQR= 
ZPP'R,and angle ZPRP' = 90°.] 


P haa . 


65. What do you do first if you are asked to solve a triangle and 
are given two sides and the angle opposite one of them? 


e Distance Formula (Section 1.1, p. 3) 


In the previous section, we used the Law of Sines to solve Case 1 (SAA or ASA) 
and Case 2 (SSA) of an oblique triangle. In this section, we derive the Law of 
Cosines and use it to solve the remaining cases, 3 and 4. 


Case 3: Two sides and the included angle are known (SAS). 
Case 4: ‘Three sides are known (SSS). 


THEOREM Law of Cosines 


For a triangle with sides a, b,c and opposite angles A, B, C, respectively, 


+ b* — 2ab cos C 
+ c? — 2ac cos B 


+ c? — 2bc cos A 
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Figure 35 y Proof We will prove only formula (1) here. Formulas (2) and (3) may be proved 
(acos C, asin C) using the same argument. 

We begin by strategically placing a triangle on a rectangular coordinate system 
so that the vertex of angle C is at the origin and side b lies along the positive x-axis. 
Regardless of whether C is acute, as in Figure 35(a), or obtuse, as in Figure 35(b), 
the vertex of angle B has coordinates (a cos C, asin C). The vertex of angle A has 
coordinates (b, 0). 

We use the distance formula to compute c’. 


(a) Angle Cis acute 


(acos C,asin¢) V4 c = (b — acosC)* + (0 — asinC) 
= b* — 2abcosC + a’ cos*C + a’ sin*C 
b? — 2ab cos C + a’(cos’C + sin? C) 


= @ + b* — 2abcosC ia 


Each of formulas (1), (2), and (3) may be stated in words as follows: 
(b) Angle Cis obtuse 


THEOREM Law of Cosines 
The square of one side of a triangle equals the sum of the squares of the other 


two sides minus twice their product times the cosine of their included ane) 


Observe that if the triangle is a right triangle (so that, say,C = 90°), formula (1) 
becomes the familiar Pythagorean Theorem: c? = a” + b’. The Pythagorean Theorem 
is a special case of the Law of Cosines! 


1 Solve SAS Triangles 


The Law of Cosines is used to solve Case 3 (SAS), which applies to triangles for 
which two sides and the included angle are known. 


EXAMPLE 1 Using the Law of Cosines to Solve an SAS Triangle 


Solve the triangle: a= 2, b=3, C= 60° 


Solution See Figure 36. Because we know two sides, a and b, and the included angle, C = 60°, 
the Law of Cosines makes it easy to find the third side, c. 


Figure 36 Cc =a +b’ — 2abcosC 
= 2? + 3? -2-2-3- cos60° a=2,b=3,C=60° 


1 
=(6=(1=) = 
( 5) ? 
c= V7 


Side c is of length V7.To find the angles A and B, we may use either the Law of Sines 

or the Law of Cosines. It is preferable to use the Law of Cosines, since it will lead to an 

equation with one solution. Using the Law of Sines would lead to an equation with two 

solutions that would need to be checked to determine which solution fits the given 

data.* We choose to use formulas (2) and (3) of the Law of Cosines to find A and B. 
For A: 


a =b? +c — 2bcecos A 
2becos A = b? + 7 - 
P+e-a@ 9+7-4_ 12 _2V7 
2bc 96 3\/7 A/F 7 


2 
A= cos! oo ~ 40.9° 


cos A = 


* The Law of Sines can be used if the angle sought is opposite the smaller side, thus ensuring it must be 
acute. (In Figure 36, use the Law of Sines to find A, the angle opposite the smaller side.) 
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COMMENT We could also have found 


B using the fact that the sum 


A+B+C=180° 


so B = 180° — 40.9" — 60° = 79.1’. 
However, using the Law of Cosines twice 
allows for a check. 


Figure 37 


EXAMPLE 2 


Solution 


EXAMPLE 3 


For B: 
b* = a + c — 2ac cos B 
e@+e—-b 44+7-9 2 V7 
cos B = = 


2ac aV7 a7 


V7 
B= “1 ~ 791° 
cos 14 719 


Notice that A + B + C = 40.9° + 79.1° + 60° = 180°, as required. 


om=====-Now Work prosLem 9 


2 Solve SSS Triangles 


The next example illustrates how the Law of Cosines is used when three sides of a 
triangle are known, Case 4 (SSS). 


Using the Law of Cosines to Solve an SSS Triangle 
Solve the triangle: a = 4,b = 3,c = 6 


See Figure 37. To find the angles A, B, and C, we proceed as we did to find the angles 
in the solution to Example 1. 


For A: 
P+ce-a 9436-16 29 
cos A = = = 
2bc 2°3°6 36 
29 
A= TE & 36.3° 
cos 36 
For B: 


‘ e+e-bh 164+36-9 43 
SO Bee alge AR 


43 
B=cos! a8 ~ 26.4° 


Since we know A and B, 


C = 180° — A — B ® 180° — 36.3° — 26.4° = 117.3° 


al 


om===-Now Work prosLem 15 
3 Solve Applied Problems 


Correcting a Navigational Error 


A motorized sailboat leaves Naples, Florida, bound for Key West, 150 miles away. 
Maintaining a constant speed of 15 miles per hour, but encountering heavy cross- 
winds and strong currents, the crew finds, after 4 hours, that the sailboat is off course 
by 20°. 

(a) How far is the sailboat from Key West at this time? 

(b) Through what angle should the sailboat turn to correct its course? 


(c) How much time has been added to the trip because of this? (Assume that the 
speed remains at 15 miles per hour.) 
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Solution — See Figure 38. With a speed of 15 miles per hour, the sailboat has gone 60 miles after 
4 hours. We seek the distance x of the sailboat from Key West. We also seek the 
angle 6 that the sailboat should turn through to correct its course. 


(a) To find x, we use the Law of Cosines, since we know two sides and the included 
Figure 38 angle. 
x” = 150° + 607 — 2(150)(60) cos 20° = 9185.53 
x = 95.8 


The sailboat is about 96 miles from Key West. 


(b) We now know three sides of the triangle, so we can use the Law of Cosines 
again to find the angle A opposite the side of length 150 miles. 


1507 = 967 + 607 — 2(96)(60) cos A 
9684 = —11,520 cos A 
cos A ~ —0.8406 
A ® 147.2° 


The sailboat should turn through an angle of 
6 = 180° — A & 180° — 147.2° = 32.8° 
The sailboat should turn through an angle of about 33° to correct its course. 


(c) The total length of the trip is now 60 + 96 = 156 miles. The extra 6 miles will 
only require about 0.4 hour or 24 minutes more if the speed of 15 miles per hour 
is maintained. " 


om======-Now Work prosBLem 45 


Historical Feature 


stated by Nasir Eddin (about AD 1250). Ptolemy (about ap 150) 


’ | \he Law of Sines was known vaguely long before it was explicitly 
was aware of it in a form using a chord function instead of the 


sine function. But it was first clearly stated in Europe by Regiomon- 
tanus, writing in 1464. 

The Law of Cosines appears first in Euclid’s Elements (Book II), but 
in a well-disguised form in which squares built on the sides of 
triangles are added and a rectangle representing the cosine term is 
subtracted. It was thus known to all mathematicians because of their 


4.3 Assess Your Understanding 


familiarity with Euclid’s work. An early modern form of the Law of 
Cosines, that for finding the angle when the sides are known, was 
stated by Francois Viéte (in 1593). 

The Law of Tangents (see Problem 61 of Exercise 4.2) has become 
obsolete. In the past it was used in place of the Law of Cosines, 
because the Law of Cosines was very inconvenient for calculation 
with logarithms or slide rules. Mixing of addition and multiplication is 
now very easy on a calculator, however, and the Law of Tangents has 
been shelved along with the slide rule. 


‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Write the formula for the distance d from P; = (x;, y;) to 
Py = (x2, yz). (p-3) 


Concepts and Vocabulary 


3. If three sides of a triangle are given, the Law of is 
used to solve the triangle. 


4. If one side and two angles of a triangle are given, the Law of 
is used to solve the triangle. 


5. If two sides and the included angle of a triangle are given, 
the Law of is used to solve the triangle. 


2 
2. If @ is an acute angle, solve the equation cos @ = v2 


(pp. 200-205) 


6. True or False Given only the three sides of a triangle, 
there is insufficient information to solve the triangle. 


7. True or False Given two sides and the included angle, the 
first thing to do to solve the triangle is to use the Law of 
Sines. 


8. True or False A special case of the Law of Cosines is the 
Pythagorean Theorem. 
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Skill Building 


In Problems 9-16, solve each triangle. 


\ 9. 10. 
/ , 
B 30° 
4 4 
12. 5 b 13. 
2 ie 6 5 
5 
8 
\ 1s. 16. 
9 4 
6 3 
3 4 
In Problems 17-32, solve each triangle. 
17.a=3, b=4, C= 40° 18.a=2, c=1, B 
20.a=6, b=4, C= 60° 21.a=3, c=2, B 
23.a=2, b=2, C= 50° 24.a=3, c=2, B 
26.a=4, b=5, c= 27.a=2, b=2, c= 
29.a=5, b=8, c= 30.a=4, b=3, c= 
32,.a=9, b=7, c= 10 


Mixed Practice 


8 
5 

4 
10° 19. b=1, c=3, A= 80° 
110° 22.b=4, c=1, A= 120° 
90° 25.a=12, b=13, c=5 
2 28. a=3, b=3, c=2 
6 31.a=10, b=8, c=5 


In Problems 33-42, solve each triangle using either the Law of Sines or the Law of Cosines. 


34. A 


33. B = 20°,C = 75°,b =5 50°, B 


2 He 


9 .a=6,b=8,c=9 


36. a = 14,b = 7, A = 85° 37. B = 35°,C 


65°, a 


15 .a=4,c=5,B=55° 


39. A = 10°,a = 3,5 = 10 


40. A = 65°,B 


72°, b 


7 .b=5,c = 12, A = 60° 


42. a= 10,b = 10,c = 15 


Applications and Extensions 


43. Distance to the Green A golfer hits an errant tee shot that 
lands in the rough. A marker in the center of the fairway is 
150 yards from the center of the green. While standing on the 
marker and facing the green, the golfer turns 110° toward his 
ball. He then paces off 35 yards to his ball. See the figure. 
How far is the ball from the center of the green? 


35 yd 


44. Navigation An airplane flies due north from Ft. Myers to 
Sarasota, a distance of 150 miles, and then turns through an 
angle of 50° and flies to Orlando, a distance of 100 miles. See 


the figure. 


(a) How far is it directly from Ft. Myers to Orlando? 
(b) What bearing should the pilot use to fly directly from 
Ft. Myers to Orlando? 


Ft. Myers 


\ 45. 


46. 


47. 


Avoiding a Tropical Storm A cruise ship maintains an 
average speed of 15 knots in going from San Juan, Puerto 
Rico, to Barbados, West Indies, a distance of 600 nautical 
miles. To avoid a tropical storm, the captain heads out of San 
Juan in a direction of 20° off a direct heading to Barbados. 
The captain maintains the 15-knot speed for 10 hours, after 
which time the path to Barbados becomes clear of storms. 
(a) Through what angle should the captain turn to head 
directly to Barbados? 
(b) Once the turn is made, how long will it be before the 
ship reaches Barbados if the same 15-knot speed is 
maintained? 


Revising a Flight Plan In attempting to fly from Chicago 

to Louisville, a distance of 330 miles, a pilot inadvertently 

took a course that was 10° in error, as indicated in the figure. 

(a) If the aircraft maintains an average speed of 220 miles 
per hour and if the error in direction is discovered after 
15 minutes, through what angle should the pilot turn to 
head toward Louisville? 

(b) What new average speed should the pilot maintain so 
that the total time of the trip is 90 minutes? 


Chicago 


here 


Major League Baseball Field A Major League baseball 

diamond is actually a square 90 feet on a side. The pitching 

rubber is located 60.5 feet from home plate on a line joining 

home plate and second base. 

(a) How far is it from the pitching rubber to first base? 

(b) How far is it from the pitching rubber to second base? 

(c) If a pitcher faces home plate, through what angle does 
he need to turn to face first base? 


. Little League Baseball Field According to Little League 


baseball official regulations, the diamond is a square 60 feet 

on a side. The pitching rubber is located 46 feet from home 

plate on a line joining home plate and second base. 

(a) How far is it from the pitching rubber to first base? 

(b) How far is it from the pitching rubber to second base? 

(c) If a pitcher faces home plate, through what angle does 
he need to turn to face first base? 


49. 


50. 


51. 
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Finding the Length of a Guy Wire The height of a radio 
tower is 500 feet, and the ground on one side of the tower 
slopes upward at an angle of 10° (see the figure). 

(a) How long should a guy wire be if it is to connect to the 
top of the tower and be secured at a point on the sloped 
side 100 feet from the base of the tower? 

(b) How long should a second guy wire be if it is to connect 
to the middle of the tower and be secured at a point 
100 feet from the base on the flat side? 


Finding the Length of a Guy Wire A radio tower 500 feet 
high is located on the side of a hill with an inclination to the 
horizontal of 5°. See the figure. How long should two guy 
wires be if they are to connect to the top of the tower and be 
secured at two points 100 feet directly above and directly 
below the base of the tower? 


SI 


Na 


x 


IN 
VA 


x 
- 


Wrigley Field, Home of the Chicago Cubs The distance 
from home plate to the fence in dead center in Wrigley Field 
is 400 feet (see the figure). How far is it from the fence in 
dead center to third base? 
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52. Little League Baseball The distance from home plate to 
the fence in dead center at the Oak Lawn Little League 
field is 280 feet. How far is it from the fence in dead center 
to third base? 


[Hint: The distance between the bases in Little League is 
60 feet.] 


53. Building a Swing Set Clint is building a wooden swing set 
for his children. Each supporting end of the swing set is to 
be an A-frame constructed with two 10-foot-long 4 by 4s 
joined at a 45° angle. To prevent the swing set from tipping 
over, Clint wants to secure the base of each A-frame to 
concrete footings. How far apart should the footings for 
each A-frame be? 


54. Rods and Pistons Rod OA rotates about the fixed point O 
so that point A travels on a circle of radius r. Connected to 
point A is another rod AB of length L > 2r, and point B is 
connected to a piston. See the figure. Show that the distance x 
between point O and point B is given by 


x= rcos0 + \/r- cos? 6 +-/r 


where 6 is the angle of rotation of rod OA. 


Explaining Concepts: Discussion and Writing 


59. What do you do first if you are asked to solve a triangle and 
are given two sides and the included angle? 


60. What do you do first if you are asked to solve a triangle and 
are given three sides? 


‘Are You Prepared?’ Answers 


Ld =\/ (x 


7 
x1)? + (v2 — 1)? 2. 6 = 45° orZ 


55. Geometry Show that the length d of a chord of a circle of 
radius r is given by the formula 


6 
d = 2rsin— 
oe 


where @ is the central angle formed by the radii to the ends 
of the chord. See the figure. Use this result to derive the fact 
that sin 0 < 6, where 6 > O is measured in radians. 


Le 


56. For any triangle, show that 


C s(s — c) 
are | acer 


where s = x(a +b+c). 


[Hint: Use a Half-angle Formula and the Law of Cosines.] 
57. For any triangle show that 


én | (s — a)(s — b) 
2 ab 


1 
where s = 5 (a +b+c). 


58. Use the Law of Cosines to prove the identity 
C+P+e 
2abc 


cos A cos C 
T 


a b Cc 


cos B 


61. Make up an applied problem that requires using the Law of 
Cosines. 


62. Write down your strategy for solving an oblique triangle. 


63. State the Law of Cosines in words. 
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4.4 Area of a Triangle 


PREPARING FOR THIS SECTION Before getting started, review the following: 
¢ Geometry Essentials (Appendix A, Section A.2, pp. A14-A19) 


Now Work the ‘Are You Prepared?’ problem on page 283. 


OBJECTIVES 1 Find the Area of SAS Triangles (p.281) 
2 Find the Area of SSS Triangles (p.282) 


In this section, we derive several formulas for calculating the area of a triangle. 
The most familiar of these is the following: 


THEOREM The area K of a triangle is 
1 
K = <~bh (1) 
COMMENT ‘Typically A is used for area, 2 
but we use A as the measure of an 
angle, 90 we use K for area to avoid where b is the base and h is an altitude drawn to that base. a 


confusion. Py 


Proof The derivation of this formula is rather easy once a rectangle of base b and 
height / is constructed around the triangle. See Figures 39 and 40. 

Triangles 1 and 2 in Figure 40 are equal in area, as are triangles 3 and 4. 
Consequently, the area of the triangle with base b and altitude h is exactly half the 
area of the rectangle, which is bh. 


Figure 39 Figure 40 


1 


1 Find the Area of SAS Triangles 


If the base b and altitude / to that base are known, then we can find the area of such 
a triangle using formula (1). Usually, though, the information required to use 
formula (1) is not given. Suppose, for example, that we know two sides a and b and the 


Figure 41 included angle C. See Figure 41. Then the altitude h can be found by noting that 
h . 
E sin C 
so that 
h=asinC 


Using this fact in formula (1) produces 
1 
K= xbh = xb(a sinC) = ab sin C 


We now have the formula 
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By dropping altitudes from the other two vertices of the triangle, we obtain the 
following corresponding formulas: 


It is easiest to remember these formulas using the following wording: 


THEOREM The area K of a triangle equals one-half the product of two of its sides times 
the sine of their included angle. J 


EXAMPLE 1 Finding the Area of an SAS Triangle 


Find the area K of the triangle for which a = 8, b = 6, and C = 30°. 
Figure 42 Solution — See Figure 42. Use formula (2) to get 


K= sab sin C = 5°8-6-sin 30° = 12 square units 


-! 


om======-Now Work prosLem 5 


2 Find the Area of SSS Triangles 


If the three sides of a triangle are known, another formula, called Heron’s Formula 
(named after Heron of Alexandria), can be used to find the area of a triangle. 


THEOREM Heron’s Formula 


The area K of a triangle with sides a, b, and c is 


K =\/s(s — a)(s — b)(s — c) (5) 
where s = 5(a Teel ae ©). 


EXAMPLE 2 Finding the Area of an SSS Triangle 


Find the area of a triangle whose sides are 4,5, and 7. 


Solution Leta =4,b =5,andc = 7. Then 


Heron’s Formula gives the area K as 


K= V/s(s a)(s — b)(s — c) = V8+4+3+1 = V96 = 4V6 square units 


om======-Now Work prosLem 11 


Proof of Heron’s Formula The proof that we give uses the Law of Cosines and is 
quite different from the proof given by Heron. 
From the Law of Cosines, 


C= a+ b* — 2abcosC 
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and the Half-angle Formula 


ae _ 1+ cosC 
2 2 
we find that 
at+h—c 
1-2 = 
Pee —LtcosC _ 2ab 
2 2 2 
@+2ab+R-c2 (at+byY-e¢ 
4ab 4ab 
(a+b-c)\(at+b+t+c) 2(s—c)+2s  s(s—c) i 
4ab -  4ab- ab my 
t i 
Factor. ar P= 6S oo bat = ee 
= 26 — 2c = 2(6 — c) 
1- C 
Similarly, using sin” 3 —— we find that 
C _ (s—aj(s— b) 
. 2 _ 7 
sin’ > 7 (7) 


Now we use formula (2) for the area. 


K 


ll 


2 


1 
ab sin C 


dl. CG 
—ab+2 sin — cos — 


leeae | eet 
n n sin 
Sl Sl 2 Wg eS 


2 2. 


= = b = 
_ av |e ots C) Use equations (6) and (7). 


= V/s(s 


Historical Feature 


LH 


eron’s Formula (also known as Hero’s Formula) is due to 
Heron of Alexandria (first century ab), who had, besides his 
mathematical talents, a good deal of engineering skills. 
In various temples his mechanical devices produced effects 
that seemed supernatural, and visitors presumably were thus 
influenced to generosity. Heron’s book Metrica, on making such 


4.4 Assess Your Understanding 


a)(s — b)(s 


) 


devices, has survived and was discovered in 1896 in the city of 
Constantinople. 

Heron’s Formulas for the area of a triangle caused some mild 
discomfort in Greek mathematics, because a product with two factors 
was an area, while one with three factors was a volume, but four 
factors seemed contradictory in Heron's time. 


‘Are You Prepared?’ The answer is given at the end of these exercises. If you get the wrong answer, read the page listed in red. 


1. The area K of a triangle, whose base is b and whose height is / is 


Concepts and Vocabulary 


2. If two sides a and b and the included angle C are known in 
a triangle, then the area K is found using the formula 


K= } 
3. The area K of a triangle with sides a, b, and c is 


K= where s = 


. (pp. A14-A19) 


4. True or False Heron’s formula is used to find the area of 
SSS triangles. 
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Skill Building 


In Problems 5-12, find the area of each triangle. Round answers to two decimal places. 


N\5 
8. 
Nin 


4 


Lh 


b 
4 
5 
9 
6 
4 


: 6. 
2 Gas yo 
B 30° 
9. 
6 5 


In Problems 13-24, find the area of each triangle. Round answers to two decimal places. 


13.a=3, b=4, C= 40° 14.a=2, c=1, B 
16.a=6, b=4, C= 60° 17.a=3, c=2, B 
1. a=12, b=13, c=5 20.a=4, b=5, c= 
22,.a=3, b=3, c=2 23.a=5, b=8, c= 
Applications and Extensions 

25. Area of an ASA Triangle If two angles and the included _—26. 


side are given, the third angle is easy to find. Use the Law 
of Sines to show that the area K of a triangle with side a and 


Ts 
9 £ 9° 3 
B A 
Cc 
10. 
8 
5 
4 
10° 15.b=1, c=3, A= 80° 
110° 18. b=4, c=1, A= 120° 
21,.a=2, b=2, c=2 
24.a=4, b=3, c=6 


Area of a Triangle Prove the two other forms of the 
formula given in Problem 25. 


O. <ia . Ds . 
angles A, B, and C is K-28 Se auNe fed) eae ae 
asin B sin C 2 sin B 2 sin C 
2sin A 
In Problems 27-32, use the results of Problem 25 or 26 to find the area of each triangle. Round answers to two decimal places. 
27. A= 40°, B=20°", a=2 28. A = 50°, C= 20°, a=3 29. B= 70°, C=10°", b=5 
30. A = 70°, B=60°, c=4 31. A= 110°, C= 30°, c=3 32. B= 10°, C= 100°", b=2 
33. Area ofa Segment Find the area of the segment (shaded in removing a sector with central angle 100° and connecting the 


34. 


35. 


36. 


blue in the figure) of a circle whose radius is 8 feet, formed 
by a central angle of 70°. 


[Hint: Subtract the area of the triangle from the area of the 
sector to obtain the area of the segment.] 


> 


Area of a Segment Find the area of the segment of a circle 
whose radius is 5 inches, formed by a central angle of 40°. 
Cost of a Triangular Lot The dimensions of a triangular lot 
are 100 feet by 50 feet by 75 feet. If the price of such land is 
$3 per square foot, how much does the lot cost? 

Amount of Material to Make a Tent A cone-shaped tent is 
made from a circular piece of canvas 24 feet in diameter by 


37. 


38. 


ends. What is the surface area of the tent? 

Dimensions of Home Plate The dimensions of home plate 
at any major league baseball stadium are shown. Find the 
area of home plate. 


8.5 in. 8.5 in. 


17 in. 


Computing Areas See the figure on page 285. Find the 
area of the shaded region enclosed in a semicircle of diameter 
10 inches. The length of the chord PQ is 8 inches. 


[Hint: Triangle PQR is a right triangle.] 


P R 
10 
39. Geometry Consult the figure, which shows a circle of 
radius r with center at O. Find the area K of the shaded 
region as a function of the central angle 6. 


AN 
ww 


40. Approximating the Area of a Lake To approximate the 
w area of a lake, a surveyor walks around the perimeter of the 
lake, taking the measurements shown in the illustration. Using 

this technique, what is the approximate area of the lake? 


[Hint: Use the Law of Cosines on the three triangles shown 
and then find the sum of their areas.] 


41. The Flatiron Building Completed in 1902 in New York 
City, the Flatiron Building is triangular shaped and bounded 
by 22nd Street, Broadway, and Sth Avenue. The building 
measures approximately 87 feet on the 22nd Street side, 
190 feet on the Broadway side, and 173 feet on the 
5th Avenue side. Approximate the ground area covered by 
the building. 


Source: Sarah Bradford Landau and Carl W. Condit, Rise of 
the New York Skyscraper: 1865-1913. New Haven, CT: Yale 
University Press, 1996 
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42. Bermuda Triangle The Bermuda Triangle is roughly defined 
by Hamilton, Bermuda; San Juan, Puerto Rico; and Fort 
Lauderdale, Florida. The distances from Hamilton to Fort 
Lauderdale, Fort Lauderdale to San Juan, and San Juan to 
Hamilton are approximately 1028, 1046, and 965 miles, 
respectively. Ignoring the curvature of Earth, approximate 
the area of the Bermuda Triangle. 

Source: www.worldatlas.com 


43. Geometry Refer to the figure. If |OA| = 1, show that: 
1 
(a) Area AOAC = 5 sin @ COS a 


1 
(b) Area AOCB = 308) sin B cos B 


(c) Area AOAB = slo sin(a + B) 


COS @ 


(A) |OBl = Oo 


(e) sin(a + B) = sinacos B + cosasin B 
[Hint: Area AOAB = Area AOAC + Area AOCB.] 


4S 44, Geometry Refer to the figure, in which a unit circle is 


drawn. The line segment DB is tangent to the circle and @ is 
acute. 

(a) Express the area of AOBC in terms of sin 6 and cos 0. 
(b) Express the area of AOBD in terms of sin @ and cos 0. 


— 1 
(c) The area of the sector OBC of the circle is 39 where 6 is 


measured in radians. Use the results of parts (a) and 
(b) and the fact that 


Area AOBC < Area OBC < Area AOBD 
to show that 


0 1 
- < 
sin 9 cos 8 
Yh 
1 
D 
( 
Ve 
-1 1 x 


—-1 


45. The Cow Problem* A cow is tethered to one corner of a 
square barn, 10 feet by 10 feet, with a rope 100 feet long. 
What is the maximum grazing area for the cow? 


[See the illustration on page 286.] 


* Suggested by Professor Teddy Koukounas of Suffolk Community College, who learned of it from an old farmer in Virginia. Solution provided by 


Professor Kathleen Miranda of SUNY at Old Westbury. 
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46. Another Cow Problem If the barn in Problem 45 is 

w rectangular, 10 feet by 20 feet, what is the maximum grazing 
area for the cow? 

47. Perfect Triangles A perfect triangle is one having natural 

number sides for which the area is numerically equal to the 


perimeter. Show that the triangles with the given side 
lengths are perfect. 
(a) 9,10, 17 (b) 6,25, 29 
Source: M.V. Bonsangue, G. E. Gannon, E. Buchman, and 
N. Gross, “In Search of Perfect Triangles,” Mathematics 
Teacher, Vol. 92, No. 1, 1999: 56-61 
48. If h,, hy, and h; are the altitudes dropped from P, Q, and R, 

respectively, in a triangle (see the figure), show that 

1 La s 

hy fy hy” K 


1 
where K is the area of the triangle and s = 3 (4 +b+c). 
2K 
[Hint: h, = ae 


Q R 
a 


49. Show that a formula for the altitude h from a vertex to the 
opposite side a of a triangle is 
asin B sinC 


We ae 


Inscribed Circle For Problems 50-53, the lines that bisect each angle of a triangle meet in a single point O, and the perpendicular distance 
r from O to each side of the triangle is the same. The circle with center at O and radius r is called the inscribed circle of the triangle (see the 


figure). 


50. Apply the formula from Problem 49 to triangle OPQ to 
show that 


c sin — sin — 


_ i 


cos 2 
2 


Explaining Concepts: Discussion and Writing 


51. Use the result of Problem 50 and the results of Problems 56 
and 57 in Section 4.3 to show that 
C.. S26 


cot— = 
2 r 


1 
where s = 3 (4 +b+c). 


52. Show that 


i tat = He 
Og ea Re 


53. Show that the area K of triangle POR is K = rs, where 


1 
s ==(a +b +c). Then show that 


=2 
oe 


RY 


54. What do you do first if you are asked to find the area of a 


triangle and are given two sides and the included angle? 


55. What do you do first if you are asked to find the area of a 
triangle and are given three sides? 


56. State the area of an SAS triangle in words. 


‘Are You Prepared?’ Answer 
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4.5 Simple Harmonic Motion; Damped Motion; 


Combining Waves 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Sinusoidal Graphs (Section 2.4, pp. 143-149) 


\ Now Work the ‘Are You Prepared?’ problem on page 293. 


OBJECTIVES 1 Build a Model for an Object in Simple Harmonic Motion (p.287) 
2 Analyze Simple Harmonic Motion (p.289) 

3 Analyze an Object in Damped Motion (p.290) 

4 Graph the Sum of Two Functions (p.291) 


1 Build a Model for an Object in Simple Harmonic Motion 


television waves, light waves, sound waves, and water waves exhibit motion that is 

simple harmonic. 
Vibrating tuning fork The swinging of a pendulum, the vibrations of a tuning fork, and the bobbing of a 
weight attached to a coiled spring are examples of vibrational motion. In this type of 
motion, an object swings back and forth over the same path. In Figure 43, the point B 
is the equilibrium (rest) position of the vibrating object. The amplitude is the distance 
from the object’s rest position to its point of greatest displacement (either point A or 
point C in Figure 43). The period is the time required to complete one vibration, that 
is, the time it takes to go from, say, point A through B to C and back to A. 


w Many physical phenomena can be described as simple harmonic motion. Radio and 


Simple harmonic motion is a special kind of vibrational motion in which 
the acceleration a of the object is directly proportional to the negative of its 
displacement d from its rest position. That is,a = —kd,k > 0. 


Figure 43 For example, when the mass hanging from the spring in Figure 43 is pulled down 
from its rest position B to the point C, the force of the spring tries to restore the 
mass to its rest position. Assuming that there is no frictional force* to retard the 
motion, the amplitude will remain constant. The force increases in direct proportion 
to the distance that the mass is pulled from its rest position. Since the force increases 
directly, the acceleration of the mass of the object must do likewise, because (by 
Amplitude Newton’s Second Law of Motion) force is directly proportional to acceleration. As a 
result, the acceleration of the object varies directly with its displacement, and the 


A 2% 


3 ne * motion is an example of simple harmonic motion. 
Amplitude Simple harmonic motion is related to circular motion. To see this relationship, 
consider a circle of radius a, with center at (0,0). See Figure 44. Suppose that an 
C Stretched Figure 44 ie 
(0, a) 
Coiled spring 


(0, —a) 


* Tf friction is present, the amplitude will decrease with time to 0. This type of motion is an example of 
damped motion, which is discussed later in this section. 
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THEOREM 


object initially placed at (a,0) moves counterclockwise around the circle at a 
constant angular speed w. Suppose further that after time t has elapsed the object is 
at the point P = (x, y) on the circle. The angle 6, in radians, swept out by the ray OP 
in this time ¢ is 


0 = at 
The coordinates of the point P at time f are 
xX = acos@ = acos(at) 


y = asin @ = asin(at) 


Corresponding to each position P = (x, y) of the object moving about the circle, 
there is the point Q = (x, 0), called the projection of P on the x-axis. As P moves 
around the circle at a constant rate, the point Q moves back and forth between the 
points (a,0) and (—a,0) along the x-axis with a motion that is simple harmonic. 
Similarly, for each point P there is a point Q’ = (0, y), called the projection of P 
on the y-axis. As P moves around the circle, the point Q’ moves back and forth 
between the points (0, a) and (0,—a) on the y-axis with a motion that is simple 
harmonic. Simple harmonic motion can be described as the projection of constant 
circular motion on a coordinate axis. 

To put it another way, again consider a mass hanging from a spring where the 
mass is pulled down from its rest position to the point C and then released. 
See Figure 45(a). The graph shown in Figure 45(b) describes the displacement d of 
the object from its rest position as a function of time f, assuming that no frictional 
force is present. 


Figure 45 


(a) (b) 


Simple Harmonic Motion 
An object that moves on a coordinate axis so that the distance d from its rest 
position at time ¢ is given by either 


d=acos(@t) or d =asin(at) 


where a and w > 0 are constants, moves with simple harmonic motion. The 


2 
motion has amplitude |a| and period ~~ 


=) 


The frequency f of an object in simple harmonic motion is the number of 
oscillations per unit time. Since the period is the time required for one oscillation, it 
follows that the frequency is the reciprocal of the period; that is, 
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EXAMPLE 1 Build a Model for an Object in Harmonic Motion 


Figure 46 Suppose that an object attached to a coiled spring is pulled down a distance of 
5 inches from its rest position and then released. If the time for one oscillation is 
3 seconds, develop a model that relates the displacement d of the object from its rest 
position after time ¢ (in seconds). Assume no friction. 


Solution The motion of the object is simple harmonic. See Figure 46. When the object is 
released (t = 0), the displacement of the object from the rest position is —5 units 
(since the object was pulled down). Because d = —5 when ¢ = 0, it is easier to use 
the cosine function* 


d = acos(at) 


Rest position to describe the motion. Now the amplitude is |—5| = 5 and the period is 3, so 


a=-S and i = petiod =o: piaa 
w 3 


An equation that models the motion of the object is 
25 i f=0 
: ‘ d=-5 cos] 1] 


COMMENT In the solution to Example 1, ge 


we let a= —5, since the object is ormmm>-Now Work prosLem 5 
pulled down. If the initial direction were 
up, we would leva = 5. r | 


2 Analyze Simple Harmonic Motion 


EXAMPLE 2 Analyzing the Motion of an Object 


Suppose that the displacement d (in meters) of an object at time ¢ (in seconds) 
satisfies the equation 


d = 10 sin(5r) 
(a) Describe the motion of the object. 
(b) What is the maximum displacement from its resting position? 


(c) What is the time required for one oscillation? 
(d) What is the frequency? 


Solution — Observe that the given equation is of the form 
d =asin(wt) d= 10 ain(St) 
where a = 10 andw = S. 
(a) The motion is simple harmonic. 


(b) The maximum displacement of the object from its resting position is the 
amplitude: |a| = 10 meters. 


(c) The time required for one oscillation is the period: 
2 2 
Period = — = = seconds 
(d) The frequency is the reciprocal of the period. Thus, 


5 
Frequency = f = = oscillation per second 
qT 


om=====-Now Work prosLem 13 


* No phase shift is required if a cosine function is used. 
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Figure 47 


THEOREM 


EXAMPLE 3 


Solution 


3 Analyze an Object in Damped Motion 


Most physical phenomena are affected by friction or other resistive forces. These 
forces remove energy from a moving system and thereby damp its motion. For 
example, when a mass hanging from a spring is pulled down a distance a and released, 
the friction in the spring causes the distance that the mass moves from its at-rest 
position to decrease over time. As a result, the amplitude of any real oscillating 
spring or swinging pendulum decreases with time due to air resistance, friction, and 


SO 


a 


forth. See Figure 47. 


A 


>y 


A model that describes this phenomenon maintains a sinusoidal component, 


but the amplitude of this component will decrease with time to account for the 
damping effect. In addition, the period of the oscillating component will be affected 


by 


the damping. The next result, from physics, describes damped motion. 


Damped Motion 


The displacement d of an oscillating object from its at-rest position at time f is 
given by 


A =Gear cos(  — 


where b is the damping factor or damping coefficient and m is the mass of the 


2 
oscillating object. Here |a| is the displacement at t = 0, and =" is the period 
under simple harmonic motion (no damping). - J 


Notice for b = 0 (zero damping) that we have the formula for simple harmonic 


: : : . 420 
motion with amplitude |a| and period —. 
@ 


Analyzing a Damped Vibration Curve 


Analyze the damped vibration curve 


d(t) =e!" cost, t=0 


The displacement d is the product of y = e“/” and y = cos ¢. Using properties of 
absolute value and the fact that |cos ¢| < 1, we find that 


|d(t)| = |e’ cos t| = |e“/"||cos ¢| = |e’ 7 ett 


et 6 


As a result, 


This means that the graph of d will lie between the graphs of y = e 


-e/"<d(t)<e 


“/™ and 


y = —e/", the bounding curves of d. 


SECTION 4.5 Simple Harmonic Motion; Damped Motion; Combining Waves 291 


Also, the graph of d will touch these graphs when |cos ¢| = 1, that is, when 
t = 0, 7, 277, and so on. The x-intercepts of the graph of d occur when cos t = 0, that 


Table 1 
eit 
cost 
dt) =e!" cost 
Point on graph of d 
We graph y = cost, y = e/", y = —e/7, and d(t) = e/7 cos t in Figure 48. 
Figure 48 dA 


1 y=cost 


Figure 49 


a Exploration 
Oat Graph Y, = e */7 cos x, along with Y, = e*/”, and Y, = —e”, forO < x < 27. Determine 
where Y, has its first turning point (local minimum). Compare this to where Y; intersects Y3. 


Result Figure 49 shows the graphs of Y, =e */"cosx, Y; =e, and Y; = —e””. Using 
MINIMUM, the first turning point occurs at x ~ 2.83; Y, INTERSECTS Y3 atx = a ~ 3.14. | 


om Now Work PROBLEM 21 


Hinman 
_1 LREE-BESHEEL Y= 7.3H667B4 


4 Graph the Sum of Two Functions 


Many physical and biological applications require the graph of the sum of two 
functions, such as 


f(x) =x+sinx or g(x) = sinx + cos(2x) 


For example, if two tones are emitted, the sound produced is the sum of the 
waves produced by the two tones. See Problem 57 for an explanation of Touch-Tone 
phones. 

To graph the sum of two (or more) functions, we can use the method of adding 
y-coordinates described next. 


EXAMPLE 4 Graphing the Sum of Two Functions 


Use the method of adding y-coordinates to graph f(x) = x + sin x. 
Solution First, graph the component functions, 


y=fi(x) =x y = fo(x) = sinx 
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on the same coordinate system. See Figure 50(a). Now, select several values 


3 
of x, say, x = 0, x = x =a; xX oe and x = 27, at which we compute 
f(x) = fi(x) + f2(x). Table 2 shows the computation. We plot these points and 
connect them to get the graph, as shown in Figure 50(b). 


Table 2 
y = f(x) = x 
y = f(x) = sinx 
f(x) = x + sinx 
Point on graph of f 
Figure 50 


In Figure 50(b), notice that the graph of f(x) = x + sin x intersects the line 
y = x whenever sin x = 0. Also, notice that the graph of f is not periodic. o 


ie SCheck: Graph Y, = x, Y2 = sin x, and Y3 = x + sinx and compare the result 
with Figure 50(b). Use INTERSECT to verify that the graphs of Y, and 
Y3 intersect when sin x = 0. 


The next example shows a periodic graph. 


EXAMPLE 5 Graphing the Sum of Two Sinusoidal Functions 


Use the method of adding y-coordinates to graph 
f(x) = sin x + cos(2x) 
Solution —_Table 3 shows the steps for computing several points on the graph of f. Figure 51 on 


page 293 ilustrates the graphs of the component functions, y = f;(x) = sin x and 
y = f2(x) = cos(2x), and the graph of f(x) = sin x + cos(2x), which is shown 


Table 3 el 


y = f(x) = sinx 
y = f(x) = cos(2x) 


f(x) = sinx + cos(2x) 


Point on graph of f 
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Figure 51 Va 


2 = 
f(x) = sin x + cos (2x) 


Notice that fis periodic, with period 27. 


-! 


ia SCheck: Graph Y, = sin x, Y, = cos(2x), and Y; = sin x + cos(2x) and compare 
the result with Figure 51. 


om======-Now Work proBLEM 25 


4.5 Assess Your Understanding 


‘Are You Prepared?’ The answer is given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The amplitude A and period T of f(x) = 5 sin(4x) are and 


(pp. 143-149) 


Concepts and Vocabulary 


2. The motion of an object obeys the equation d = 4 cos(6r). 


Such motion is described as . The 
number 4 is called the 2 4. 
3. When a mass hanging from a spring is pulled down and then 
released, the motion is called if there 
Skill Building 


is no frictional force to retard the motion, and the motion is 
called if there is friction. 


True or False If the distance d of an object from its rest 


position at time f is given by a sinusoidal graph, the motion 
of the object is simple harmonic motion. 


In Problems 5-8, an object attached to a coiled spring is pulled down a distance a from its rest position and then released. Assuming that 
the motion is simple harmonic with period T; write an equation that relates the displacement d of the object from its rest position after 


t seconds. Also assume that the positive direction of the motion is up. 


My 5. a=5; T = 2seconds 6. 
7. a= 6; T = 7 seconds 8. 
9. Rework Problem 5 under the same conditions except that, 10. 
at time ¢t = 0, the object is at its resting position and moving 
down. 
11. Rework Problem 7 under the same conditions except that, 12. 


at time ¢ = 0, the object is at its resting position and moving 
down. 


a= 10; T = 3seconds 
a=4, T= 7 seconds 


Rework Problem 6 under the same conditions except that, 
at time ¢ = 0, the object is at its resting position and moving 
down. 


Rework Problem 8 under the same conditions except that, 
at time ¢ = 0, the object is at its resting position and moving 
down. 


In Problems 13-20, the displacement d (in meters) of an object at time t (in seconds) is given. 


(a) Describe the motion of the object. 

(b) What is the maximum displacement from its resting position? 
(c) What is the time required for one oscillation? 

(d) What is the frequency? 


\ 13. d = 5sin(3t) 14. d = 4sin(22) 15. 


1 
17. d = -3 sin( 31) 18. d = —2 cos(2r) 19. 


d = 6cos(mt) 16. d = 5 cos( £1) 


d = 6 + 2 cos(27t) 20. d = 4 + 3 sin(zt) 
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In Problems 21-24, graph each damped vibration curve for 0 = t = 27. 
\ 21. d(t) =e! cos(2t) 22, d(t) = e!" cos(2t) 23. dit) =e 9" cost 24, d(t) = e/*" cost 


In Problems 25-32, use the method of adding y-coordinates to graph each function. 


\ 25. f(x) = x + cosx 26. f(x) = x + cos(2x) 27. f(x) = x — sinx 
28. f(x) = x — cosx 29. f(x) = sinx + cos x 30. f(x) = sin(2x) + cos x 
31. g(x) = sinx + sin(2x) 32. g(x) = cos(2x) + cos x 


Mixed Practice 


In Problems 33-38, (a) use the Product-to-Sum Formulas to express each product as a sum, and (b) use the method of adding y-coordinates 
to graph each function on the interval {0, 27]. 


33. f(x) = sin(2x) sinx 34. F(x) = sin(3x) sinx 35. G(x) = cos(4x) cos (2x) 
36. h(x) = cos(2x) cos(x) 37. H(x) = 2 sin(3x) cos(x) 38. g(x) = 2 sin x cos(3x) 


Applications and Extensions 


In Problems 39-44, an object of mass m (in grams) attached to a coiled spring with damping factor b (in grams per second) is pulled down 
a distance a (in centimeters) from its rest position and then released. Assume that the positive direction of the motion is up and the period 
is T (in seconds) under simple harmonic motion. 

(a) Write an equation that relates the distance d of the object from its rest position after t seconds. 
| (b) Graph the equation found in part (a) for 5 oscillations using a graphing utility. 


39. m= 25, a=10, b=0.7, T=5 40. m= 20, a=15, b=0.75, T=6 
41. m= 30, a=18, b=06, T=4 42.m=15, a=16, b=0.65, T=5 
43. m=10, a=5, b=08, T=3 44.m=10, a=5, b=0.7, T=3 


In Problems 45-50, the distance d (in meters) of the bob of a pendulum of mass m (in kilograms) from its rest position at time t (in seconds) 
is given. The bob is released from the left of its rest position and represents a negative direction. 
(a) Describe the motion of the object. Be sure to give the mass and damping factor. 
(b) What is the initial displacement of the bob? That is, what is the displacement at t = 0? 
'* (c) Graph the motion using a graphing utility. 
(d) What is the displacement of the bob at the start of the second oscillation? 
(e) What happens to the displacement of the bob as time increases without bound? 


2r\? 0.49 2r\? 0.64 
45. d = —20¢07/” (=) -——t 46. d = —20¢°8/” (=) =a at 
: oo ONS 1600 NNN 1600 
2a\? 0.36 a\? 0.25 
47. d = —30e%/80 (=) Perea, 48. d = —30e70:5#/70 (=) Lye 
oN VAT) 6400 : eo SANA) ~ 4900 
> 0.81 2r\? 0.64 
49. d = —15e~©-91/30 (=) ao 0. d = —10e70-84/50 (=) ses 
e SANABZ) ~ 900 eo PN VAS] 2500 
51. Loudspeaker A loudspeaker diaphragm is oscillating in simple relates a rider’s height above the ground at time ¢. Assume the 
w harmonic motion described by the equation d = a cos(at) passenger begins the ride at the bottom of the wheel. 


with a frequency of 520 hertz (cycles per second) and a 
maximum displacement of 0.80 millimeter. Find w and then 
determine the equation that describes the movement of the — 53, 


Source: Six Flags Theme Parks, Inc. 


. Tuning Fork The end of a tuning fork moves in simple 


diaphragm. harmonic motion described by the equation d = a sin(af). 
52. Colossus Added to Six Flags St. Louis in 1986, the Colossus If a tuning fork for the note A above middle C on an even- 
is a giant Ferris wheel. Its diameter is 165 feet, it rotates at a tempered scale (Ay, the tone by which an orchestra tunes 
rate of about 1.6 revolutions per minute, and the bottom of the itself) has a frequency of 440 hertz (cycles per second), find w. 


wheel is 15 feet above the ground. Determine an equation that If the maximum displacement of the end of the tuning fork 
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is 0.01 millimeter, determine the equation that describes the 
movement of the tuning fork. 


Source: David Lapp. Physics of Music and Musical 
Instruments. Medford, MA: Tufts University, 2003 


54. Tuning Fork The end of a tuning fork moves in simple 
harmonic motion described by the equation d = asin(wf). 
If a tuning fork for the note E above middle C on an 
even-tempered scale (E,) has a frequency of approximately 
329.63 hertz (cycles per second), find w. If the maximum 
displacement of the end of the tuning fork is 0.025 millimeter, 
determine the equation that describes the movement of the 
tuning fork. 


Use a graphing utility to graph this function for 
0 = x = 4and compare the result to the graphs obtained 
. ; ; ; in parts (a) and (b). 
Source: David Lapp. Physics of Music and Musical : ; . 
Instruments. Medford, MA: Tufts University, 2003 (d) What you me the next approximation to the 
55. Charging a Capacitor See the illustration. If a charged 7 ieee aienial 


capacitor is connected to a coil by closing a switch, energy is 
transferred to the coil and then back to the capacitor in 
an oscillatory motion. The voltage V (in volts) across the 
capacitor will gradually diminish to 0 with time ¢ (in seconds). 


| 57. Touch-Tone Phones On a Touch-Tone phone, each button 
produces a unique sound. The sound produced is the sum of 
two tones, given by 


= sin(27/t) and = sin(2aht 
(a) Graph the function relating V and ¢: ¥ ee) x oe 
where / and / are the low and high frequencies (cycles per 


=e <t< 
VG) Osan), nial second) shown in the illustration. For example, if you touch 7, 


(b) At what times ¢ will the graph of V touch the graph of the low frequency is / = 852 cycles per second and the high 
y = e/32 When does the graph of V touch the graph of frequency is h = 1209 cycles per second. The sound emitted 
y = -e 39 by touching 7 is 


(c) When will the voltage V be between —0.4 and 0.4 volt? 
y = sin[27(852)t] + sin[27(1209)r] 


Use a graphing utility to graph the sound emitted by 
touching 7. 


Touch-Tone phone 


Capacitor 
cycles/sec 
770 
cycles/sec 
852 
*| 56. The Sawtooth Curve An oscilloscope often displays a cycles/sec 
sawtooth curve. This curve can be approximated by sinusoidal 941 
curves of varying periods and amplitudes. cycles/sec 
(a) Use a graphing utility to graph the following function, 
which can be used to approximate the sawtooth curve. 1209 1477 
cycles/sec cycles/sec 
1 1 
f(x) = 5 sin(2mx) + 7sin(4rx), OS x= 4 Eee a 


(b) A better approximation to the sawtooth curve is given by @ 58. Use a graphing utility to graph the sound emitted by 
the * key on a Touch-Tone phone. See Problem 57. 


f(x) = 4 int? ax) + 1 sin(4arx) + L sin(87x) a 59, CBL Experiment Pendulum motion is analyzed to estimate 

2 8 simple harmonic motion. A plot is generated with the 

position of the pendulum over time. The graph is used to find 

Use a graphing utility to graph this function for a sinusoidal curve of the form y = Acos[B(x — C)] + D. 

0 = x = 4and compare the result to the graph obtained Determine the amplitude, period, and frequency. (Activity 16, 
in part (a). Real-World Math with the CBL System.) 


(c) A third and even better approximation to the sawtooth & 69, 


es CBL Experiment The sound from a tuning fork is collected 
curve is given by 


over time. Determine the amplitude, frequency, and period 
of the graph. A model of the form y = A cos [B(x — C)] is 
fitted to the data. (Activity 23, Real-World Math with the 


1 1 1 1 
f(x) = 3 sin(27rx) + 7 sin(47rx) + 3 sin(87x) + i6 sin(167rx) CBL System.) 


296 CHAPTER4 Applications of Trigonometric Functions 


Explaining Concepts: Discussion and Writing 


1 1 
& 61. Use a_ graphing utility to graph the function 63. Usea graphing utility to graph y = - sin x, y = — sin x, and 
E Es x 


a 62. Use a graphing utility to graph y = x sin x, y = x’ sin x, and 
sin x for x > 0. What patterns do you observe? 


yar 


_ sin x 


f(x) = 


é sin x 
conjecture about the value of —— for x close to 0? 
x 


,x > 0. Based on the graph, what do you 


‘Are You Prepared?’ Answer 


T 
LA=5;T= > 
35 5) 


CHAPTER REVIEW 


Things to Know 


Formulas 


Law of Sines (p. 264) 


sn A snB- sinC 
a b c 


Law of Cosines (p. 274) C= a+b — 2abcosC 


b? = a +c — 2accosB 
a = b? +c? — 2becos A 
1 


1 
y =~ sin x for x > 0. What patterns do you observe? 
Xx 


64. How would you explain to a friend what simple harmonic 
motion is? How would you explain damped motion? 


1 1 1 
Area of a triangle (pp. 281-282) K=—bh K= ha sinC K = abe sn A K= has sin B 


Section 
4.1 


Objectives 


“2 


K \/s(s a)(s — b)(s — c) where s=F(atb +o) 


You should be able to... 

Find the value of trigonometric functions of acute 
angles using right triangles (p. 251) 

Use the complementary angle theorem (p. 253) 
Solve right triangles (p. 253) 

Solve applied problems (p. 254) 


Solve SAA or ASA triangles (p. 264) 
Solve SSA triangles (p. 265) 
Solve applied problems (p. 268) 


Solve SAS triangles (p. 275) 


Solve SSS triangles (p. 276) 
Solve applied problems (p. 276) 


Find the area of SAS triangles (p. 281) 
Find the area of SSS triangles (p. 282) 


Build a model for an object in simple harmonic motion (p. 287) 
Analyze simple harmonic motion (p. 289) 

Analyze an object in damped motion (p. 290) 

Graph the sum of two functions (p. 291) 


Example(s) 


1,2 


3 


4,5 


6-12 


1,2 


3-5 


6,7 


R 


FwWNrP NF WP 


nN 


Review Exercises 


1-4, 46 

5-10 

11-14, 46 
47-52, 60-62 


15, 16, 32 
17-20, 22, 27, 28, 31 
53-55 


21, 25, 26, 33, 34 
23, 24, 29, 30 
56, 57 


35-38, 45, 58, 59 
39-42 


63, 64 
65-68 
69-72 
73,74 


Chapter Review 


Review Exercises 
In Problems 1-4, find the exact value of the six trigonometric functions of the angle 0 in each figure. 
1. 2. 3. 4. 


In Problems 5-10, find the exact value of each expression. Do not use a calculator. 


5. cos 62° — sin 28° 6. tan 15° — cot 75° ice 
csc 35° 
tan 40° 9. cos? 40° + cos? 50° 10. tan? 40° — csc? 50° 
* cot 50° 


In Problems 11-14, solve each triangle. 


1. 10 12. 1B. 5 14, ¢ 
b O O 
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a r a 3 
5 
In Problems 15-34, find the remaining angle(s) and side(s) of each triangle, if it (they) exists. If no triangle exists, say “No triangle.” 
15. A= 50°, B=30°, a=1 16. A= 10°, C=40°, c=2 17. A= 100°, a=5, c=2 
18.a=2, c=5, A= 60° 19.a=3, c=1, C= 110° 20.a = 3, c=1, C = 20° 
21.a=3, c=1, B= 100° 22,a=3, b=5, B= 80° 23.a=2, b=3, c=1 
24.a=10, b=7, c=8 25.a=1, b=3, C= 40° 26.a=4, b=1, C= 100° 
27.a=5, b=3, A= 80° 28.a=2, b=3, A= 20° 29.a=1, b > te : 
30.a=3, b=2, c=2 31.a=3, A=10°, b=4 32.a=4, A= 20°, B= 100° 
33.c = 5, b=4, A= 70° 34.a=1, b=2, C= 60° 
In Problems 35-44, find the area of each triangle. 
35.a=2, b=3, C= 40° 36.b=5, c=5, A= 20° 37. b= 4, c=10, A= 70° 
38. a= 2, b=1, C= 100° 39.a=4, b=3, c=5 40.a=10, b=7, c=8 
4..a=4, b=2, c=5 42.a=3, b=2, c=2 
43. A= 50°, B=30°, a=1 44. A=10°, C=40°, c=3 
45. Area of a Segment Find the area of the segment of a 48. Finding the Height of a Building Find the height of the 
circle whose radius is 6 inches formed by a central angle building shown in the figure. 
of 50°. 


46. Geometry The hypotenuse of a right triangle is 12 feet. If 
one leg is 8 feet, find the degree measure of each angle. 


47. Finding the Width of a River Find the distance from A to 
w C across the river illustrated in the figure. 


49. Finding the Distance to Shore The Willis Tower in 
Chicago is 1454 feet tall and is situated about 1 mile inland 
from the shore of Lake Michigan, as indicated in the figure 
on the following page. An observer in a pleasure boat on 
the lake directly in front of the Willis Tower looks at the 
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top of the tower and measures the angle of elevation as 5°. 
How far offshore is the boat? 


50. Measuring the Length of a Lake From a stationary hot-air 
balloon 500 feet above the ground, two sightings of a lake 
are made (see the figure). How long is the lake? 


“ 55. 


51. Finding the Speed of a Glider From a glider 200 feet above 
the ground, two sightings of a stationary object directly in 
front are taken 1 minute apart (see the figure). What is the 
speed of the glider? 


52. Finding the Grade of a Mountain Trail A straight trail with a 
uniform inclination leads from a hotel, elevation 5000 feet, to a 
lake in a valley, elevation 4100 feet. The length of the trail is 


4100 feet. What is the inclination (grade) of the trail? 


Finding the Height of a Helicopter Two observers simulta- 
neously measure the angle of elevation of a helicopter. One 
angle is measured as 25°, the other as 40° (see the figure). If 
the observers are 100 feet apart and the helicopter lies over 
the line joining them, how high is the helicopter? 


53. 


54. 


56. 


Determining Distances at Sea Rebecca, the navigator of a 
ship at sea, spots two lighthouses that she knows to be 2 miles 
apart along a straight shoreline. She determines that the 
angles formed between two line-of-sight observations of 
the lighthouses and the line from the ship directly to shore 
are 12° and 30°. See the illustration. 

(a) How far is the ship from lighthouse L,? 

(b) How far is the ship from lighthouse L,? 

(c) How far is the ship from shore? 


Constructing a Highway A _ highway whose primary 
directions are north-south is being constructed along the west 
coast of Florida. Near Naples, a bay obstructs the straight path 
of the road. Since the cost of a bridge is prohibitive, engineers 
decide to go around the bay. The illustration shows the path 
that they decide on and the measurements taken. What is the 
length of highway needed to go around the bay? 


Correcting a Navigational Error A_ sailboat leaves 

St. Thomas bound for an island in the British West Indies, 

200 miles away. Maintaining a constant speed of 18 miles 

per hour, but encountering heavy crosswinds and strong 

currents, the crew finds after 4 hours that the sailboat is off 

course by 15°. 

(a) How far is the sailboat from the island at this time? 

(b) Through what angle should the sailboat turn to correct 
its course? 

(c) How much time has been added to the trip because of this? 
(Assume that the speed remains at 18 miles per hour.) 
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57. Surveying Two homes are located on opposite sides of a 20 ft 
w small hill. See the illustration. To measure the distance ie 
between them, a surveyor walks a distance of 50 feet from 50 ft 
house P to point R, uses a transit to measure 2 PRQ, which Jy40° 
is found to be 80°, and then walks to house Q, a distance of 100 ft 


60 feet. How f t are the h 2 
pees ere wa ent arene ee 60. Finding the Bearing of a Ship The Majesty leaves the Port 


at Boston for Bermuda with a bearing of S80°E at an 
average speed of 10 knots. After 1 hour, the ship turns 90° 
toward the southwest. After 2 hours at an average speed of 
20 knots, what is the bearing of the ship from Boston? 


61. Drive Wheels of an Engine The drive wheel of an engine 
is 13 inches in diameter, and the pulley on the rotary pump 
is 5 inches in diameter. If the shafts of the drive wheel and 
the pulley are 2 feet apart, what length of belt is required to 
join them as shown in the figure? 


58. Approximating the Area of a Lake To approximate the 
area of a lake, Cindy walks around the perimeter of the lake, 
taking the measurements shown in the illustration. Using 
this technique, what is the approximate area of the lake? 
[Hint: Use the Law of Cosines on the three triangles shown 
and then find the sum of their areas.] 


figure. 


59. Calculating the Cost of Land The irregular parcel of land 
shown in the figure is being sold for $100 per square foot. 
What is the cost of this parcel? 


In Problems 63 and 64, an object attached to a coiled spring is pulled down a distance a from its rest position and then released. Assuming 
that the motion is simple harmonic with period T; develop a model that relates the displacement d of the object from its rest position after 
t seconds. Also assume that the positive direction of the motion is up. 


63. a = 3; T = 4seconds 64. a= 5; T = 6seconds 


In Problems 65-68, the distance d (in feet) that an object travels in time t (in seconds) is given. 
(a) Describe the motion of the object. 

(b) What is the maximum displacement from its rest position? 

(c) What is the time required for one oscillation? 

(d) What is the frequency? 


65. d = 6 sin(2r) 66. d = 2 cos(4t) 67. d = —2 cos(7t) 68. d = —3 sin Z| 


In Problems 69 and 70, an object of mass m attached to a coiled spring with damping factor b is pulled down a distance a from its rest 
position and then released. Assume that the positive direction of the motion is up and the period is T under simple harmonic motion. 
(a) Develop a model that relates the distance d of the object from its rest position after t seconds. 
(b) Graph the equation found in part (a) for 5 oscillations. 

69. m = 40 grams; a= 15 centimeters; b = 0.75 gram/second; T = 5 seconds 


70. m = 25 grams; a = 13 centimeters; b = 0.65 gram/second; T = 4 seconds 
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In Problems 71 and 72, the distance d (in meters) of the bob of a pendulum of mass m (in kilograms) from its rest position at time t (in 

seconds) is given. 

(a) Describe the motion of the object. 

(b) What is the initial displacement of the bob? That is, what is the displacement at t = 0? 
& (c) Graph the motion using a graphing utility. 

(d) What is the displacement of the bob at the start of the second oscillation? 

(e) What happens to the displacement of the bob as time increases without bound? 


71. 


2r\? 0.36 
_— _45,~0.61/40 = 
d 15e cos ( 5 ) 036) 


In Problems 73 and 74, graph each function. 


73. 


CHAPTER TEST 


y =2sinx + cos(2x), OS x S27 


3 3600 


2 
72. d = —20e 9/6 cos (=) = ) 


74. y = 2cos(2x) + sin >, 0<x<20 


The Chapter Test Prep Videos are step-by-step test solutions available in the 


CHAPTER 


Test Prep 


VIDEOS 


Video Resources DVD, in MyMathiab\y), or on this text's rn Tubes Channel. Flip 
back to the Student Resources page to see the exact web address for this 
text's YouTube channel. 


1. Find the exact value of the six trigonometric functions 


of the angle 6 in the figure. 7 


6 


2. Find the exact value of sin 40° — cos 50°. 


In Problems 3-5, use the given information to determine the three remaining parts of each triangle. 
ab 4. 12 >: 
b Fj 8 
17 a 
c 
10 
19 


In Problems 6-8, solve each triangle. 


» A= 55°, C= 20°, a=4 7,.a=3, b 


A 


40° 8 a=8, b=4, C=70° 


12. 


13. 


. Find the area of the triangle described in Problem 8. 
. Find the area of the triangle described in Problem 5. 
. A 12-foot ladder leans against a building. The top of the 


ladder leans against the wall 10.5 feet from the ground. What 
is the angle formed by the ground and the ladder? 


A hot-air balloon is flying at a height of 600 feet and is 
directly above the Marshall Space Flight Center in 
Huntsville, Alabama. The pilot of the balloon looks down at 
the airport that is known to be 5 miles from the Marshall 
Space Flight Center. What is the angle of depression from 
the balloon to the airport? 


Find the area of the shaded region enclosed in a semicircle 
of diameter 8 centimeters. The length of the chord AB is 
6 centimeters. 


[Hint: Triangle ABC is a right triangle. ] 
B 


14. Find the area of the quadrilateral shown. 


5 14 


8 


15. Madison wants to swim across Lake William from the 


fishing lodge (A) to the boat ramp (B), but she wants to 
know the distance first. Highway 20 goes right past the boat 
ramp and County Road 3 goes to the lodge. The two roads 
intersect at point (C), 4.2 miles from the ramp and 3.5 miles 
from the lodge. Madison uses a transit to measure the angle 
of intersection of the two roads to be 32°. How far will she 
need to swim? 


16. Given that AOAB is an isosceles triangle and the shaded 
sector is a semicircle, find the area of the entire region. 
Express your answer as a decimal rounded to two places. 


0 


CUMULATIVE REVIEW 


1. Find the real solutions, if any, of the equation 3x7 + 1 = 4x. 


2. Find an equation for the circle with center at the point 
(—5, 1) and radius 3. Graph this circle. 


3. Determine the domain of the function 
f(x) = Vx-3x-4 


4. Graph the function y = 3 sin(7x). 
5. Graph the function y = —2 cos(2x — 7). 


6. If tan @ = —2 and “ < 6 < 27, find the exact value of: 
(a) siné (b) cos 6 (c) sin(26) 


(d) cos(20) (e) sin( 30) (f) cos( $2) 


CHAPTER PROJECTS 


I. Spherical Trigonometry When the distance between two 
locations on the surface of Earth is small, we can compute the 
distance in statutory miles. Using this assumption, we can use 
the Law of Sines and the Law of Cosines to approximate 
distances and angles. However, if you look at a globe, you 
notice that Earth is a sphere, so, as the distance between two 
points on its surface increases, the linear distance is less 
accurate because of curvature. Under this circumstance, we 
need to take into account the curvature of Earth when using 
the Law of Sines and the Law of Cosines. 


1. Draw a spherical triangle and label each vertex by A, B, 
and C. Then connect each vertex by a radius to the center 
O of the sphere. Now draw tangent lines to the sides a and 
b of the triangle that go through C. Extend the lines OA 
and OB to intersect the tangent lines at P and Q, 
respectively. See the figure. List the plane right triangles. 
Determine the measures of the central angles. 


2. Apply the Law of Cosines to triangles OPQ and CPQ to 
find two expressions for the length of PQ. 
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17. The area of the triangle shown below is 546 square units; 


18. 


find the lengths of the sides. 


5x: 6x 


TX. 


Logan is playing on her swing. One full swing (front to back 
to front) takes 6 seconds and at the peak of her swing she is 
at an angle of 42° with the vertical. If her swing is 5 feet long, 
and we ignore all resistive forces, build a model that relates 
her horizontal displacement (from the rest position) after 
time ¢. 


. Graph each of the following functions on the interval [0, 4]: 
(a) y=e (b) y = sinx 
(c) y = e*sinx (d) y = 2x + sinx 
. Sketch the graph of each of the following functions: 
(a) y=x (b) y= x2 
(c) y= Vx (Digan 
(e) y=e" (f) y=Inx 
(g) y = sinx (h) y = cos x 
(i) y = tanx 


. Solve the triangle: a = 20,c = 15,C = 40° 
10. 
11. 


On the interval 0 = 6 < 27, solve the equation cos(36) = 1. 


What is the length of the arc subtended by a central angle of 
60° on a circle of radius 3 feet? 


3. Subtract the expressions in part (2) from each other. Solve 
for the term containing cos c. 


4. Use the Pythagorean Theorem to find another value for 
OQ? — CQ* and OP? — CP?. Now solve for cos c. 

5. Replacing the ratios in part (4) by the cosines of the sides 
of the spherical triangle, you should now have the Law of 
Cosines for spherical triangles: 

cos c = cosacosb + sinasinbcosC 
Source: For the spherical Law of Cosines; see Mathematics 
from the Birth of Numbers by Jan Gullberg. W. W. Norton & 
Co., Publishers, 1996, pp. 491-494. 
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II. The Lewis and Clark Expedition Lewis and Clark followed 
several rivers in their trek from what is now Great Falls, 
Montana, to the Pacific coast. First, they went down the 
Missouri and Jefferson rivers from Great Falls to Lemhi, 
Idaho. Because the two cities are on different longitudes and 
different latitudes, we must account for the curvature of 
Earth when computing the distance that they traveled. 
Assume that the radius of Earth is 3960 miles. 


| 


1. Great Falls is at approximately 47.5°N and 111.3°W. 
Lemhi is at approximately 45.5°N and 113.5°W. (We will 


ANorth 
Great 


Falls 


South 


assume that the rivers flow straight from Great Falls to 
Lemhi on the surface of Earth.) This line is called a 
geodesic line. Apply the Law of Cosines for a spherical 
triangle to find the angle between Great Falls and Lemhi. 
(The central angles are found by using the differences in 
the latitudes and longitudes of the towns. See the 
diagram.) Then find the length of the arc joining the two 
towns. (Recall s = r6.) 


. From Lemhi, they went up the Bitteroot River and the 


Snake River to what is now Lewiston and Clarkston on 
the border of Idaho and Washington. Although this is not 
really a side to a triangle, we will make a side that goes 
from Lemhi to Lewiston and Clarkston. If Lewiston and 
Clarkston are at about 46.5°N 117.0°W, find the distance 
from Lemhi using the Law of Cosines for a spherical 
triangle and the arc length. 


. How far did the explorers travel just to get that far? 
. Draw a plane triangle connecting the three towns. If the 


distance from Lewiston to Great Falls is 282 miles and the 
angle at Great Falls is 42° and the angle at Lewiston is 
48.5°, find the distance from Great Falls to Lemhi and 
from Lemhi to Lewiston. How do these distances 
compare with the ones computed in parts (1) and (2)? 
Source: For Lewis and Clark Expedition: American 
Journey: The Quest for Liberty to 1877, Texas Edition. 
Prentice Hall, 1992, p. 345. 

Source: For map coordinates: National Geographic Atlas 


of the World, published by National Geographic Society, 
1981, pp. 74-75. 


Citation: Used with permission of Technology Review, from W. Roush, “From Lewis and Clark to Landsat: David Rumsey’s Digital 
maps Marry Past and Present,” 108, no. 7, © 2005; permission conveyed through Copyright Clearance Center, Inc. 


The following projects are available at the Instructor's Resource Center (IRC): 


Ill. Project at Motorola: How Can You Build or Analyze a Vibration Profile? Fourier functions are not only important to analyze 
vibrations, but they are also what a mathematician would call interesting. Complete the project to see why. 


IV. Leaning Tower of Pisa Trigonometry is used to analyze the apparent height and tilt of the Leaning Tower of Pisa. 


V. Locating Lost Treasure Clever treasure seekers who know the Law of Sines are able to efficiently find a buried treasure. 


VI. Jacob’s Field Angles of elevation and the Law of Sines are used to determine the height of the stadium wall and the distance from 


home plate to the top of the wall. 


Polar Coordinates; 
Vectors 


Outline 


5.1 Polar Coordinates 5.4 Vectors e Chapter Review 

5.2. Polar Equations and Graphs 5.5 The Dot Product © Chapter Test 

5.3 The Complex Plane; 5.6 Vectors in Space © Cumulative Review 
De Moivre'’s Theorem 5.7 The Cross Product e Chapter Projects 

How Do Airplanes Fly? 


Have you ever watched a big jetliner lumber into position on the runway for takeoff and 
wonder, “How does that thing ever get off the ground?” You know it’s because of the 
wing that it stays up in the air, but how does it really work? y } 

When air flows around a wing, it creates lift. The way it creates lift is based on the 
wing’s movement through the air and the air pressure created around the wing. 
An airplane’s wing, in varying degrees depending on the type and design of the 
airplane, is curved over the top of the wing and straighter underneath the wing. 
As air hits the wing, it is “split in two,” with air moving both over and under the 
wing. Since the top of the wing has more curve than the bottom of the wing, 
the air moving over the top of the wing has farther to travel, and thus must 
move faster than the air moving underneath the wing. The air moving over the 
top of the wing now exerts less air pressure on the wing than the slower-moving 
air under the wing. Lift is created. 

The difference in air pressure is the primary force creating lift on a wing, but 
one other force exerted on the wing also helps to produce lift. This is the force of 
deflection. Air moving along the underside of the wing is deflected downward. 
Remember the Newtonian principle: For every action, there is an equal and opposite 
reaction. The air that is deflected downward (action) helps to push the wing upward 
(reaction), producing more lift. 

These two natural forces on the wing, pressure and deflection, produce lift. The faster the 
wing moves through the air, the greater the forces become, and the greater the lift. 


Source: Thomas Schueneman. How do airplanes fly? http://meme.essortment.com/howdoairplane_rlmi.htm, accessed 
August 2006. © 2002 by Thomas Schueneman. Reprinted with permission. 


— See Chapter Project I— 


<A Look Back, A Look Ahead > This chapter is in two parts: Polar Coordinates, 


Sections 5.1—5.3, and Vectors, Sections 5.4—5.7. They are independent of each other and may be covered in any order. 

Sections 5.1—-5.3: In Chapter 1 we introduced rectangular coordinates x and y and discussed the graph of an 
equation in two variables involving x and y. In Sections 5.1 and 5.2, we introduce polar coordinates, an alternative to 
rectangular coordinates, and discuss graphing equations that involve polar coordinates. In Section 5.3 we discuss raising 
a complex number to a real power. As it turns out, polar coordinates are useful for the discussion. 

Sections 5.4—5.7: We have seen in many chapters that we are often required to solve an equation to obtain a 
solution to applied problems. In the last four sections of this chapter, we develop the notion of a vector and show how 
it can be used to model applied problems in physics and engineering. 
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5.1 Polar Coordinates 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Rectangular Coordinates (Section 1.1, pp. 2-4) e Inverse Tangent Function (Section 3.1, pp. 188-190) 


e Definition of the Trigonometric Functions e¢ Completing the Square (Appendix A, Section A.3, 
(Section 2.2, pp. 109-112, 120) pp. A25-A26) 


Now Work the ‘Are You Prepared?’ problems on page 311. 
OBJECTIVES 1 Plot Points Using Polar Coordinates (p.304) 


2 Convert from Polar Coordinates to Rectangular Coordinates (p.306) 
3 Convert from Rectangular Coordinates to Polar Coordinates (p.308) 
4 Transform Equations between Polar and Rectangular Forms (p.310) 


Figure 1 
VA 
Polar axis 
— 
0) Pole x 


So far, we have always used a system of rectangular coordinates to plot points in the 
plane. Now we are ready to describe another system, called polar coordinates. As we 
shall soon see, in many instances polar coordinates offer certain advantages over 
rectangular coordinates. 

In a rectangular coordinate system, you will recall, a point in the plane is 
represented by an ordered pair of numbers (x, y), where x and y equal the signed 
distance of the point from the y-axis and x-axis, respectively. In a polar coordinate 
system, we select a point, called the pole, and then a ray with vertex at the pole, 
called the polar axis. See Figure 1. Comparing the rectangular and polar coordinate 
systems, we see that the origin in rectangular coordinates coincides with the pole in 
polar coordinates, and the positive x-axis in rectangular coordinates coincides with 
the polar axis in polar coordinates. 


Plot Points Using Polar Coordinates 


A point P in a polar coordinate system is represented by an ordered pair of numbers 
(r, 0). If r > 0, then r is the distance of the point from the pole; @ is an angle (in 
degrees or radians) formed by the polar axis and a ray from the pole through the 
point. We call the ordered pair (r, ) the polar coordinates of the point. See Figure 2. 


As an example, suppose that a point P has polar coordinates (2, ), We locate 


P by first drawing an angle of 7. radian, placing its vertex at the pole and its initial 


side along the polar axis. Then go out a distance of 2 units along the terminal side of 
the angle to reach the point P. See Figure 3. 


Figure 2 Figure 3 


Polar axis 


0 Pole Polar axis 


In using polar coordinates (r, @), it is possible for r to be negative. When this 
happens, instead of the point being on the terminal side of 6, it is on the ray from the 
pole extending in the direction opposite the terminal side of 6 at a distance |r| units 
from the pole. See Figure 4 for an illustration. 


3 


2 
For example, to plot the point (-3. =), use the ray in the opposite direction 
2 
of = and go out |—3| = 3 units along that ray. See Figure 5. 
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Figure 4 Figure 5 


EXAMPLE 1 Plotting Points Using Polar Coordinates 


Plot the points with the following polar coordinates: 


@3%) (2-2) ©89  w@(24) 


Solution Figure 6 shows the points. 


Figure 6 
Sar 
3 
fa) o—__¢—| 
0 (3, 0) 
(3, 3) 


(a) (b) (c) (d) 


ommm=====-Now Work proBLEMS 9, 17, AND 27 


Recall that an angle measured counterclockwise is positive and an angle 
measured clockwise is negative. This convention has some interesting consequences 
relating to polar coordinates. 


EXAMPLE 2 Finding Several Polar Coordinates of a Single Point 


Consider again the point P with polar coordinates (2, ), as shown in Figure 7(a). 


Because me = and = all have the same terminal side, we also could have 
9 7 
located this point P by using the polar coordinates (2. =) or (2, = 7), as shown 


in Figures 7(b) and (c). The point | 2, =) can also be represented by the polar 


coordinates | —2, x . See Figure 7(d). 
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EXAMPLE 3 Finding Other Polar Coordinates of a Given Point 


Plot the point P with polar coordinates (3, =), and find other polar coordinates 
(r, 0) of this same point for which: 


(a) r>0, 27 =0< 47 (b) r<0, 050<27 
(c) r>0, -27 =0<0 


Solution — The point (s. =) is plotted in Figure 8. 


(a) Add 1 revolution (27 radians) to the angle a to get P (3,2 2m) = 


13 
Figure 8 3, ur), See Figure 9. 
P= (3.3) 


1 
(b) Add 5 revolution (7 radians) to the angle = and replace 3 by —3 to get 


6 
0 7 
P ( cpp n] = ( 3. 7), See Figure 10. 
6 6 
T 7 11a 
(c) Subtract 277 from the angle — to get P = | 3, 27 | = | 3,——— ]}. See 
Fi 6 6 6 
igure 11. 
Figure 9 Figure 10 Figure 11 


These examples show a major difference between rectangular coordinates and 
polar coordinates. A point has exactly one pair of rectangular coordinates; however, 
a point has infinitely many pairs of polar coordinates. 


SUMMARY 


A point with polar coordinates (r, #), @ in radians, can also be represented by either of the following: 


(r,0 + 27k) or (—r,0 + 7 + 27k) k any integer 


The polar coordinates of the pole are (0, 6), where 6 can be any angle. 


om=m=====-Now Work prosBLEM 31 


2 Convert from Polar Coordinates to Rectangular Coordinates 


Sometimes we need to convert coordinates or equations in rectangular form to polar 
form, and vice versa. To do this, recall that the origin in rectangular coordinates is the 
pole in polar coordinates and that the positive x-axis in rectangular coordinates is 
the polar axis in polar coordinates. 


THEOREM Conversion from Polar Coordinates to Rectangular Coordinates 
If P is a point with polar coordinates (r, 6), the rectangular coordinates (x, y) 
of P are given by 


x =rcosé y=rsind (1) 


es) 


id 


Figure 12 


EXAMPLE 4 


Solution 


Figure 13 


COMMENT Many calculators have the 


capability of converting from polar 


coordinates to rectangular coordinates. 
Consult your owner’s manual for the 
proper keystrokes. Since in most cases 
this procedure is tedious, you will find 


that using formula (1) is faster. 
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Proof Suppose that P has the polar coordinates (7, 0). We seek the rectangular 
coordinates (x, y) of P. Refer to Figure 12. 


Ifr = 0, then, regardless of 0, the point P is the pole, for which the rectangular 


coordinates are (0, 0). Formula (1) is valid for r = 0. 


Ifr > 0, the point P is on the terminal side of 6, andr = d(O, P) = \/ x* + y’. 
Since 
cos 0 = = sin 0 = = 
r r 
we have 


x =rcosé y=rsind 


If r <0 and @ is in radians, the point P = (r,@) can be represented as 


(-r,7 + 6), where —r > 0. Since 


cos(a + 0) = —cos 6 = = sin(7 + 6) = —sin@ = : 
=% = 


we have 


x =rcosé y=rsind Oo 


Converting from Polar Coordinates to Rectangular Coordinates 


Find the rectangular coordinates of the points with the following polar coordinates: 


a(e) (2) 


Use formula (1): x = r cos 6 and y = r sin 0. 


(a) Figure 13(a) shows (« =) plotted. Notice that («. =) lies in quadrant I of the 


(b 


wm 


rectangular coordinate system. So we expect both the x-coordinate and the 


y-coordinate to be positive. With r = 6 and 6 = Z we have 


x = rcos@ = 6cos Ge a3 


T 
6 
T 1 
=rsin@ = 6sI1 =6°-=3 
y=rsindé a 5 


The rectangular coordinates of the point («. =) are (3V3, 3), which lies in 
quadrant I, as expected. 


Figure 13(b) shows (-4 = =) plotted. Notice that (4 - =) lies in quadrant I 


of the rectangular coordinate system. With r = —4 and @ = — 7 we have 


* 
Il 


2 


rsin@ = 4 sin( *) 4( V2) ava 


2 


2 
rcos@ = 4 cos( *) = yee 2V2 


< 
Il 


The rectangular coordinates of the point (-4 = *) are (-2V2, 2V2), which 
lies in quadrant II, as expected. 


ommm=-ow Work PROBLEMS 39 AND 51 
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3 Convert from Rectangular Coordinates to Polar Coordinates 


Converting from rectangular coordinates (x, y) to polar coordinates (r, 6) is a little 
more complicated. Notice that we begin each example by plotting the given 
rectangular coordinates. 


EXAMPLE 5 How to Convert from Rectangular Coordinates to Polar 
Coordinates with the Point on a Coordinate Axis 


Find polar coordinates of a point whose rectangular coordinates are (0, 3). 


Step-by-Step Solution 


Figure 14 y 
Step 1: Plot the point (x, y) and (x, y) = (0, 3) Plot the point (0,3) in a _ rectangular 
note the quadrant the point lies in or coordinate system. See Figure 14. The point 
the coordinate axis the point lies on. a li lies on the positive y-axis. 


x<V 


Step 2: Determine the distance r The point (0, 3) lies on the y-axis a distance of 3 units from the origin (pole), so r = 3. 
from the origin to the point. 


Step 3: Determine 0. A ray with vertex at the pole through (0, 3) forms an angle 6 = a with the polar axis. 


Polar coordinates for this point can be given by (3,2), Other possible 
5 
representations include (-3. -2) and (3, =) 


COMMENT Most graphing calculators 2 2 

have the capability of converting from aa) 
rectangular coordinates to polar 

coordinates. Consult your owner's Figure 15 shows polar coordinates of points that lie on either the x-axis or the 


manual for the proper keystrokes. m y-axis. In each illustration,a > 0. 


Figure 15 
4 Y4(%Y) = (0, a) YA Yi 
(7.0) =(a, 8) 
(x) = (@,0) ‘ (x) = (-a0) 
xX, y) = (a e X,Y) = (~a, Tw 3 
9) = = 
(7.8) = (2,0) . : ) (am / | _ z7-| _ 
x x [=| x x 
a 3 iy 
a 
(x, y) = (0, —a) 
(Fr, 6) = (a, 2) @ 
(a) (x, y) = (a, 0),a>0 (b) (x, y) = (0, a), a>0 (c) (x, y) =(-—a,0),a>0 (d) (x, y) = (0, -a),a>0 
om -Now Work proBLem 55 
EXAMPLE 6 How to Convert from Rectangular Coordinates to Polar 
Coordinates with the Point in a Quadrant 
Find the polar coordinates of a point whose rectangular coordinates are (2, —2). 
Step-by-Step Solution Figure 16 ye 
Step 1: Plot th int (x, d 
°P ae Dae poli We 3) a 1b Plot the point (2,—2) in a rectangular 


note the quadrant the point lies in 
or the coordinate axis the point 
lies on. 


coordinate system. See Figure 16. The point lies 
in quadrant IV. 
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Step 2: Determine the distance r a V2 + y = V2)" + ( 2)? _ V/8 _ on/ 2 
from the origin to the point using 


r= Vx? + y*, 


Step 3: Determine 0. Find @ by recalling that tan @ = = so @ = tan! = - <0< . Since (2, —2) lies 


in quadrant IV, we know that = <6 < 0.Asa result, 


=2, 
0 = tant = tan-*( 5 ) = tan-'(-1) = ‘ 
; : . 7 ; 
A set of polar coordinates for the point (2, —2) is (2v2. -7), Other possible 


7 3 
representations include (2v2, aa) and (-2v2. =) 


EXAMPLE 7 Converting from Rectangular Coordinates to Polar Coordinates 


Find polar coordinates of a point whose rectangular coordinates are (-1, -V3). 


Solution — Step 1: See Figure 17. The point lies in quadrant III. 
STEP 2: The distance r from the origin to the point (-1, ~V/3) is 


r= V(-1)?2 + (-V3? = V4 =2 


Figure 17 


Va (1, V3) 


2 = iene “V3 =@ort/4, — 24 <4, 
x -1 2 2 
Since the point ( =I, ~V/3) lies in quadrant III and the inverse tangent 
function gives an angle in quadrant I, add z to the result to obtain an angle 
in quadrant ITI. 


Step 3: To find 6, use a = tan! 


(x,y) = (-1, -V3) 4 a An 
6 = 7+ tan 3=q7+—-—=—_— 
3 3 
; ; ear 4a 
A set of polar coordinates for this point is | 2, ay Other possible 
2 
representations include (-2. ) and (2, _ =), 
Figure 18 shows how to find polar coordinates of a point that lies in a quadrant 
when its rectangular coordinates (x, y) are given. 
Figure 18 Yh YA YA YA 
(x, Y) (xy) 
r ry | 8 8 
i) 
x x x 6 x 
r r 
(x, Y) (xy) 
(a) rave + y? (b) rave ty? () raw ty? (@d) raWi sy? 
6 = tan Y Q=7+ tant o= m+ tan 'y o= tan! y 


Based on the preceding discussion, we have the formulas 


rae + y tan 6 =~ ifx #0 (2) 
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To use formula (2) effectively, follow these steps: 


Steps for Converting from Rectangular to Polar Coordinates 


Step 1: Always plot the point (x, y) first, as we did in Examples 5, 6, and 7. 
Note the quadrant the point lies in or the coordinate axis the point 
lies on. 


Step 2: If x = 0 or y = 0, use your illustration to find r. If x #0 and y 0, 
thenr = Vx? + y’. 

Step 3: Find 6. If x = 0 or y = 0, use your illustration to find 0. If x # 0 and 
y # 0, note the quadrant in which the point lies. 


QuadrantIorIV: @= ple 


Quadrant II or Ill: 6 = 7+ re 
Xe 
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4 Transform Equations between Polar and Rectangular Forms 


Formulas (1) and (2) may also be used to transform equations from polar form to 
rectangular form, and vice versa. Two common techniques for transforming an 
equation from polar form to rectangular form are the following: 


1. Multiplying both sides of the equation by r 
2. Squaring both sides of the equation 


EXAMPLE 8 Transforming an Equation from Polar to Rectangular Form 


Transform the equation r= 6cos@ from polar coordinates to rectangular 
coordinates, and identify the graph. 


Solution If we multiply each side by r, it will be easier to apply formulas (1) and (2). 
r = 6cos0 


r’ = 6r cos 0 Multiply each side by r. 
x+y = 6x w= + ¥:x = rcos8 


This is the equation of a circle. Proceed to complete the square to obtain the 
standard form of the equation. 


x + y = 6x 


(7? -6x)+ y= General form 


(x2 - 6x +9) + y=9 Complete the square in x. 
(x — 3)? + =9 © Factor. 


This is the standard form of the equation of a circle with center (3, 0) and radius 3. 


omm======-Now Work prosLeM 75 


EXAMPLE 9 Transforming an Equation from Rectangular to Polar Form 


Transform the equation 4xy = 9 from rectangular coordinates to polar coordinates. 
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Solution —_ Use formula (1): x = rcos 6 and y = rsin9@. 


4xy =9 
4(r cos @)(rsiné) =9 x=rcos@y= rain 
4r’ cos @ sin @ = 9 


This is the polar form of the equation. It can be simplified as shown next: 


2r?(2 sin @ cos 8) = 9 Factor out 21°. 
2r’ sin(20) = 9 Double-angle Formula 


om=====-Now Work prosLem 69 


5.1 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Plot the point whose rectangular coordinates are (3, —1). 3. If P = (a,b) is a point on the terminal side of the angle 6 


Welt adn lees (he Pomc hen eer at a distance r from the origin, then tan@ = 


2. To complete the square of x* + 6x, add ; (p. 120) 


es 4, tan“(-1) = _ (pp. 188-190) 
Concepts and Vocabulary 
5. The origin in rectangular coordinates coincides with the 7. True or False The polar coordinates of a point are unique. 


in polar coordinates; the positive x-axis in 
rectangular coordinates coincides with the 


8. If P is a point with polar coordinates (r, @), the rectangular 


in polar coordinates. =——= oo (x, y) of P are given by x=____—_—__ and 
6. True or False In the polar coordinates (r, 0), r can be —_——— 
negative. 
Skill Building 


In Problems 9-16, match each point in polar coordinates with either A, B, C, or D on the graph. 


\o. (2-4) 10. (-2.-2) it, (-2 =) 12. (2. 7) ae a » Ae 


Ae 6 

5] 5 7 11 i, a 

13. (2, =z) 14. (-2 =) 15. (-2 7) 16. (2. ur) yey 
6 6 6 6 ae D~A 

In Problems 17-30, plot each point given in polar coordinates. 
\ 17. (3, 90°) 18. (4, 270°) 19. (—2, 0) 20. (—3, 77) 21. («6 =) 

5 5) 

22. (s. =) 23. (—2, 135°) 24. (—3, 120°) 25. (4-77) 26. (2,-*) 


\2. (-1,-§) 28. (-3.-=2) 29. (-2,-7) 30, (-3.-3) 


In Problems 31-38, plot each point given in polar coordinates, and find other polar coordinates (r, 0) of the point for which: 


(a)r>0, -27=0<0 (b) r<0, OS 0<27 (c) r>0, 27 =0< 47 
2 3 
\3L (s. =e 32. (4 a 33. (—2, 37) 34. (—3, 47) 


T T QT 
35. (1.2) 36. (2, 77) 37; (-3.-7) 38. (-2.-7) 
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In Problems 39-54, the polar coordinates of a point are given. Find the rectangular coordinates of each point. 


\ 39. (3.2) 40. (4 =z) 41. (—2, 0) 42. (-3, ar) 
3ar 27 
43. (6, 150°) 44, (5, 300°) 45. (-2 22) 46. (-2 22) 
47. (-1.-2) 48. (-3.-*2) 49. (—2, -180°) 50. (—3, -90°) 
\ SL (7.5, 110°) 52. (—3.1, 182°) 53. (6.3, 3.8) 54, (8.1, 5.2) 


In Problems 55-66, the rectangular coordinates of a point are given. Find polar coordinates for each point. 


\55. (3,0) 56. (0,2) 57. (-1,0) 58. (0, -2) 
\ 59. (1,-1) 60. (3, 3) 61. (V3, 1) 62. (—2, -2V3) 


63. (1.3, -2.1) 64. (—0.8, —2.1) 65. (8.3, 4.2) 66. (—2.3, 0.2) 


In Problems 67-74, the letters x and y represent rectangular coordinates. Write each equation using polar coordinates (r, 0). 
67. 2x7 + 2y? = 3 68. x7 + =x \ 69. x7 = 4y 70. y? = 2x 


71. 2xy =1 72. 4x°y =1 73.x=4 74, y= -3 


In Problems 75-82, the letters r and @ represent polar coordinates. Write each equation using rectangular coordinates (x, y). 


X75. 1 = cos 6 76.r=sinod+1 77. r- = cos 0 78. r = sin@ — cos@ 
4 3 
79,r=2 80. r =4 1. = ——— 2.7 = ———— 
if ah. 1 — cos@ al 3 — cosé 


Applications and Extensions 


83. Chicago In Chicago, the road system is set up like a City of Chicago, Hlinois 
Cartesian plane, where streets are indicated by the number of 
blocks they are from Madison Street and State Street. For 
example, Wrigley Field in Chicago is located at 1060 West 
Addison, which is 10 blocks west of State Street and 36 blocks 
north of Madison Street. Treat the intersection of Madison 
Street and State Street as the origin of a coordinate system, 
with east being the positive x-axis. 

(a) Write the location of Wrigley Field using rectangular 
coordinates. 

(b) Write the location of Wrigley Field using polar 
coordinates. Use the east direction for the polar axis. 
Express 6 in degrees. 

(c) U.S. Cellular Field, home of the White Sox, is located at 
35th and Princeton, which is 3 blocks west of State Street 
and 35 blocks south of Madison. Write the location of U.S. 
Cellular Field using rectangular coordinates. 

(d) Write the location of U.S. Cellular Field using polar 
coordinates. Use the east direction for the polar axis. 
Express 6 in degrees. 


ar Field 
nceton 


84. Show that the formula for the distance d between two points 
P, = (1,01) and Pz = (1, 62) is 


ie Vr + 73 — 2ryrz cos(@) — 0) 
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Explaining Concepts: Discussion and Writing 


85. In converting from polar coordinates to rectangular 87. Is the street system in your town based on a rectangular 
coordinates, what formulas will you use? coordinate system, a polar coordinate system, or some other 


86. Explain how you proceed to convert from rectangular system? Explain. 
coordinates to polar coordinates. 


‘Are You Prepared?’ Answers 


1. Va ; quadrant IV 2. 9 3. : 4. a 
ar 
ae eee se 
oo i Boa x 
2b (3,-1) 


5.2 Polar Equations and Graphs 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Symmetry (Section 1.2, pp. 12-14) e Difference Formulas for Sine and Cosine 

¢ Circles (Section 1.2, pp. 16-19) (Section 3.4, pp. 218 and 221) 

e Even—Odd Properties of Trigonometric Functions e Values of the Sine and Cosine Functions at Certain 
(Section 2.3, p. 135) Angles (Section 2.2, pp. 112-121) 


\ Now Work the ‘Are You Prepared?’ problems on page 325. 


OBJECTIVES 1 Identify and Graph Polar Equations by Converting to Rectangular 
Equations (p.314) 
2 Test Polar Equations for Symmetry (p.317) 
3 Graph Polar Equations by Plotting Points (p.318) 


Just as a rectangular grid may be used to plot points given by rectangular 
coordinates, as in Figure 19(a), we can use a grid consisting of concentric circles 
(with centers at the pole) and rays (with vertices at the pole) to plot points given by 
polar coordinates, as shown in Figure 19(b). We use such polar grids to graph polar 
equations. 


Figure 19 


(a) Rectangular grid (b) Polar grid 


314 


DEFINITION 
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An equation whose variables are polar coordinates is called a polar equation. 
The graph of a polar equation consists of all points whose polar coordinates 
satisfy the equation. J 


1 Identify and Graph Polar Equations by Converting 


EXAMPLE 1 


Solution 


EXAMPLE 2 


Figure 21 Solution 
g= Tory=x 
¥ 
Le 
9=5 
3 =T7 
e=7 o=7 
T 
6=T7 ¢ -¢ 
123.4 5 9=0 
_77 
q-% OSE 


Identify and graph the equation: 


to Rectangular Equations 


One method used to graph a polar equation is to convert the equation to 
rectangular coordinates. In the discussion that follows, (x,y) represent the 
rectangular coordinates of a point P, and (r,@) represent polar coordinates of 
the point P. 


Identifying and Graphing a Polar Equation (Circle) 


r=3 


Convert the polar equation to a rectangular equation. 


r=3 
r>=9 Square both sides. 


r+y==9 PaxX%+¥ 


The graph of r = 3 is a circle, with center at the pole and radius 3. See Figure 20. 


Figure 20 y 
r=30rr+y=9 t 
a2 
377 TT 
9-7 C= 7 
0=T7 pa! 
45 9=0 
oT _ 17 
0=% 9= 4 
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Identifying and Graphing a Polar Equation (Line) 
_ T 

O= 4 

Convert the polar equation to a rectangular equation. 


Identify and graph the equation: 


a= 7 
4 
7 
tan 6 = i 7 Take the tangent of both sides. 
a tan =~ ;tan =1 
x x 4 
yaux 


The graph of 0 = . is a line passing through the pole making an angle of mn with 


the polar axis. See Figure 21. J 


om=====-Now Work pros_Lem 15 
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EXAMPLE 3 Identifying and Graphing a Polar Equation (Horizontal Line) 


Identify and graph the equation: rsin@ = 2 


Figure 22 


Solution Since y=rsin6@, we can write the g 
rsin@ = 2ory =2 


equation as 


y=2 d 
gat 
We conclude that the graph of 9-30 - 
r sin @ = 2 is a horizontal line 2 units ‘ o=4 
above the pole. See Figure 22. 
0=7 Z 


[a COMMENT A graphing utility can be 


used to graph polar equations. Read 9 <5 9 - im 
Using a Graphing Utility to Graph a Folar 4 4 ~ 4 
Equation, Appendix B, SectionB.6. um coy 


EXAMPLE 4 Identifying and Graphing a Polar Equation (Vertical Line) 
Identify and graph the equation: rcos@ = —3 


Solution Since x =rcos@, we can write the Pigure.28 
: rcos@ = —30rx = -3 
equation as 
y 
x=—3 t 
ane 
We conclude that the graph of qi e=2 
rcos 6 = —3 is a vertical line 3 units 
to the left of the pole. See Figure 23. 
0=T7 x 
O42 3 4 59=0 
0-8 oF 


Based on Examples 3 and 4, we are led to the following results. (The proofs are 
left as exercises. See Problems 81 and 82.) 


THEOREM Let a be a real number. Then the graph of the equation 


rsind=a 


is a horizontal line. It lies a units above the pole if a = 0 and |a| units below the 
pole ifa < 0. 
The graph of the equation 


rcosd=a 


is a vertical line. It lies a units to the right of the pole if a = 0 and |a| units to 
the left of the pole ifa < 0. _J 


om======-Now Work prosLem 19 
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EXAMPLE 5 Identifying and Graphing a Polar Equation (Circle) 
Identify and graph the equation: r = 4sin6 


Solution To transform the equation to rectangular coordinates, multiply each side by r. 


Figure 24 e 
r= Asindorx* + (y— 2 =4 r = 4rsin@ 

v t Now use the facts that r? = x? + y* and y = rsin@. Then 

oe Die, 

9=7 o=7 xo + yo = Ay 
x + (y — 4y) =0 
ae (7 4y+4)=4 Complete the square in y. 
0= ay 2 Die. 
= 1234 5 0-0 x +(y— 2)? =4 — Factor 


This is the standard equation of a circle with center at (0,2) in rectangular 
coordinates and radius 2. See Figure 24. 


=3t 
0="5 


EXAMPLE 6 Identifying and Graphing a Polar Equation (Circle) 
Identify and graph the equation: r = —2 cos 


Solution Proceed as in Example 5. 


Figure 25 
r=-—2cosdor(xt+ 1° +y=1 2 
" r= —2rcos@ Multiply both sides by r. 
ou Pepode P2050 sue 
=3T =@ 
ar O=4 vrt+2xty=0 


(?+2x+1)+y=1 Complete the square in x. 


P eS x (x+1P+y=1 Factor. 
= —> 
A? 8 4 5 0-0 


This is the standard equation of a circle with center at (—1,0) in rectangular 
coordinates and radius 1. See Figure 25. J 


=F ei Exploration 
Using a square screen, graph r, = sin6,r, = 2sin@,andr3; = 3 sin @. Do you see the pattern? Clear the 
screen and graph r, = —sin0,r. = —2sin6, and r; = —3sin@. Do you see the pattern? Clear the 
screen and graph r, = cos 6@,r, = 2.cos 6, and rz; = 3 cos 8. Do you see the pattern? Clear the screen 


and graph rr, = —cos0@,rz = —2 cos 0,and r; = —3 cos 6. Do you see the pattern? | 


Based on Examples 5 and 6 and the preceding Exploration, we are led to the 
following results. (The proofs are left as exercises. See Problems 83-86.) 


THEOREM Let a be a positive real number. Then 
Equation Description 


(a) r = 2asin@ Circle: radius a; center at (0, a) in rectangular coordinates 
(b) r=—2asin@ Circle: radius a; center at (0, —a) in rectangular coordinates 
(c) r = 2acos@ Circle: radius a; center at (a, 0) in rectangular coordinates 
(d) r=—2acos 6 Circle: radius a; center at (—a,0) in rectangular coordinates 


Each circle passes through the pole. =) 
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Figure 26 
=3T 
oar 
0=T7 
—o7 
ome | 


=30 
ake: 


(a) Points symmetric with 
respect to the polar axis 


THEOREM 
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The method of converting a polar equation to an identifiable rectangular 
equation to obtain the graph is not always helpful, nor is it always necessary. Usually, 
we set up a table that lists several points on the graph. By checking for symmetry, it 
may be possible to reduce the number of points needed to draw the graph. 


Test Polar Equations for Symmetry 


In polar coordinates, the points (r, @) and (r, —@) are symmetric with respect to the 
polar axis (and to the x-axis). See Figure 26(a). The points (r, 6) and (r, 7 — @) are 


symmetric with respect to the line 6 = 5 (the y-axis). See Figure 26(b). The points 


(r,@) and (—r, 0) are symmetric with respect to the pole (the origin). See Figure 26(c). 


=7 
G=7 e=3 
0-7 o-7 0 =F 0-7 
4 
(5A ~ 8) 
0) pomp) 
ae 
9 x _ x 
0=T deel ifs —> 0=T7 =e 
O\.1-2-3.45 9-0 2-33.45 9=0 
ho 
( hry sas 
_ oT _ 717 _ 57 — 8 
g= o=4 q=% a= 4 
9-32 9-32 
72 2 


Points symmetric with 
respect to the pole 


(b) Points symmetric with (c) 


respect to the line @ = > 


The following tests are a consequence of these observations. 


Tests for Symmetry 


Symmetry with Respect to the Polar Axis (x-Axis) 
In a polar equation, replace 6 by —6. If an equivalent equation results, the 


graph is symmetric with respect to the polar axis. 

Symmetry with Respect to the Line 0 = a (y-Axis) 
In a polar equation, replace 6 by 7 — 0. If an equivalent equation results, 
the graph is symmetric with respect to the line 6 = - 


Symmetry with Respect to the Pole (Origin) 


In a polar equation, replace r by —r or 6 by 6 + zw. If an equivalent 
equation results, the graph is symmetric with respect to the pole. J 


The three tests for symmetry given here are sufficient conditions for symmetry, 
but they are not necessary conditions. That is, an equation may fail these tests and 


still have a graph that is symmetric with respect to the polar axis, the line 6 = zs or 
the pole. For example, the graph of r = sin(2@) turns out to be symmetric with 
respect to the polar axis, the line 9 = Ss and the pole, but only the test for symmetry 


with respect to the pole (replace 6 by 6 + 77) works. See also Problems 87-89. 


ul 
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3 Graph Polar Equations by Plotting Points 


EXAMPLE 7 Graphing a Polar Equation (Cardioid) 


Graph the equation: r= 1-— sing 
Solution — Check for symmetry first. 


Polar Axis: Replace @ by —@. The result is 


r=1-—sin(-6@) =1+4 sin@  ain(—0) = —2in@ 


The test fails, so the graph may or may not be symmetric with respect to the polar 
axis. 


The Line 0 = a Replace 6 by 7 — 6. The result is 


r=1-—sin(a — 6) = 1 — (sin cos @ — cos 7 sin 0) 
= 1 — [0-cos@ — (—1) sin@] = 1 — siné 


The test is satisfied, so the graph is symmetric with respect to the line 6 = 5 


The Pole: Replace r by —r. Then the result is —r = 1 — sin@,sor = —1 + sin@. 
Table 1 The test fails. Replace @ by @ + 7. The result is 


=e) 
T 


= 1 — [sin @cos 7 + cos @ sin 7] 
= 1 — [sin @-(—1) + cos 6:0] 
=1+4 sind 
This test also fails. So the graph may or may not be symmetric with respect to the pole. 


Next, identify points on the graph by assigning values to the angle 6 and 
calculating the corresponding values of r. Due to the periodicity of the sine function 
and the symmetry with respect to the line 6 = = we only need to assign values to 


6 from — a to > as given in Table 1. 


Now plot the points (r, 6) from Table 1 and trace out the graph, beginning at the 


point (2, = and ending at the point (0. =) Then reflect this portion of the 


graph about the line 0 = a (the y-axis) to obtain the complete graph. See Figure 27. 


Figure 27 y 
r=1-sin@ t 


Exploration 9 = 5 
4 
Graphr, = 1 + sin 6.Clearthe screen and 


graph r; = 1 — cos @. Clear the screen 
and graph r,; = 1 + cos @. Do you see a a 


pattern? 
le, The curve in Figure 27 is an example of a cardioid (a heart-shaped curve). 
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DEFINITION Cardioids are characterized by equations of the form 


= a(1 + cos @) = a(1 + sin 6) 


= a(1 — cos @) a(1 — sin @) 


where a > 0. The graph of a cardioid passes through the pole. J 
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EXAMPLE 8 Graphing a Polar Equation (Lima¢gon without an Inner Loop) 
Graph the equation: r= 3+ 2cos0é 


Solution — Check for symmetry first. 


Polar Axis: Replace @ by —0. The result is 


r=3 + 2cos(-0) =3 + 2cos@ cos(—0) = cosé 


The test is satisfied, so the graph is symmetric with respect to the polar axis. 


Table 2 The Line 0 = ae Replace 6 by 7 — 6. The result is 


r=3 + 2cos(7 — 0) = 3 + 2(cos 7 cos 6 + sin 7 sin 8) 


= 3 -2cosé 
The test fails, so the graph may or may not be symmetric with respect to the 


lineo =~ 
2" 


The Pole: Replace r by —r. The test fails, so the graph may or may not be symmetric 
with respect to the pole. Replace 6 by 6 + 7. The test fails, so the graph may or may 
not be symmetric with respect to the pole. 


Next, identify points on the graph by assigning values to the angle @ and 
calculating the corresponding values of r. Due to the periodicity of the cosine function 
and the symmetry with respect to the polar axis, we only need to assign values to 
0 from 0 to 7, as given in Table 2. 

Now plot the points (7, 9) from Table 2 and trace out the graph, beginning at the 
point (5,0) and ending at the point (1, 7). Then reflect this portion of the graph 
about the polar axis (the x-axis) to obtain the complete graph. See Figure 28. 


Figure 28 y 
r=3+2cos0 A 


ie Exploration 
Graph r, = 3 — 2cos 6. Clear the screen 7) 


and graph r,; = 3 + 2sin6@. Clear the 
screen and graph r, = 3 — 2sin6@. Do 


you see a pattern? The curve in Figure 28 is an example of a /imacon (a French word for snail) 
ite ee ery without an inner loop. 
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DEFINITION Limacons without an inner loop are characterized by equations of the form 


=a-+t bcos@ =a+bsing 


a — bcosé a— bsin@ 


where a > 0,b > 0, anda > b. The graph of a limacgon without an inner loop 
does not pass through the pole. J 
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EXAMPLE 9 Graphing a Polar Equation (Limac¢on with an Inner Loop) 
Graph the equation: r= 1+ 2cos6é 


Solution _ First, check for symmetry. 
Polar Axis: Replace @ by —0@. The result is 
r=1+42cos(—-@) = 1+ 2cosé 


The test is satisfied, so the graph is symmetric with respect to the polar axis. 


Table 3 The Line 0 = a Replace 6 by 7 — 6. The result is 
r=1+ 2cos(7 — 0) = 1 + 2(cos 7 cos @ + sin 7 sin 6) 
= 1- 2cosé 
The test fails, so the graph may or may not be symmetric with respect to the line 
T 
0 = 2 


The Pole: Replace r by —r. The test fails, so the graph may or may not be symmetric 
with respect to the pole. Replace 6 by 6 + 7. The test fails, so the graph may or may 
not be symmetric with respect to the pole. 


Next, identify points on the graph of r = 1 + 2 cos @ by assigning values to the 
angle 6 and calculating the corresponding values of r. Due to the periodicity of the 
cosine function and the symmetry with respect to the polar axis, we only need to 
assign values to @ from 0 to 7, as given in Table 3. 

Now plot the points (r,@) from Table 3, beginning at (3,0) and ending at 
(1, zr). See Figure 29(a). Finally, reflect this portion of the graph about the polar 
axis (the x-axis) to obtain the complete graph. See Figure 29(b). 


Figure 29 yy 
_T7 
37 : 42 7 
(7) = a 0 = 4 
(Ro pat 
(4.2) e273, 6) 
0=7 (0 2m) $9) a 
3 ‘2 4) 9=0 
om), E17) 
0732) 
_oT _ 17 
9=9 9=4 
ie Exploration 9 =30 
Graph r, = 1 — 2 cos 6. Clear the screen 
b) r=1+2 
and graph r,; = 1 + 2sin@. Clear the (a) yt aoe 
screen and graph r, = 1 — 2sin6@. Do ae 


you see a pattern? : . : 
——— The curve in Figure 29(b) is an example of a /imacon with an inner loop. 
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DEFINITION Limacons with an inner loop are characterized by equations of the form 


=a-+t bcosé =a+bsing 


a — bcosé@ a— bsin@g 


where a > 0,b > 0, anda < b. The graph of a limagon with an inner loop will 
pass through the pole twice. =) 


om=====-Now Work prosLem 45 


EXAMPLE 10 Graphing a Polar Equation (Rose) 


Graph the equation: r = 2 cos(26) 


Solution — Check for symmetry. 


Polar Axis: If we replace 0 by —9, the result is 
r = 2 cos[2(—@)] = 2 cos(20) 


The test is satisfied, so the graph is symmetric with respect to the polar axis. 


The Line 0 = rs If we replace 6 by 7 — 0, we obtain 


Table 4 r = 2 cos[2(a — 0)] = 2 cos(2m — 20) = 2 cos(26) 


9 r = 2c0s(26) The test is satisfied, so the graph is symmetric with respect to the line 0 = 2" 


The Pole: Since the graph is symmetric with respect to both the polar axis and the 


fo) 


: 7, ae 
line 6 = >” it must be symmetric with respect to the pole. 


Next, construct Table 4. Due to the periodicity of the cosine function and the 


S/T a9 


‘ : : 7 : 
symmetry with respect to the polar axis, the line 6 = > and the pole, we consider 


only values of 6 from 0 to z, 


(0h 
a 
ie 
D 


Plot and connect these points in Figure 30(a). Finally, because of symmetry, reflect 
this portion of the graph first about the polar axis (the x-axis) and then about the 


line 6 = j (the y-axis) to obtain the complete graph. See Figure 30(b). 


Figure 30 


ia Exploration 


Graph r, = 2 cos(4@); clear the screen 
and graph r,; = 2cos(60). How many 
petals did each of these graphs have? 


cl ‘ 9-32 9-32 

ear the screen and graph, in order, 2 2 

each on a clear screen, r; = 2.cos(36), (a) (b) r= 2cos (26) 

r= 2.cos(58), and r, = 2cos(7@). What 

do you notice about the number of a) 


petals? 
es | The curve in Figure 30(b) is called a rose with four petals. 
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DEFINITION Rose curves are characterized by equations of the form 
r = acos(né), r = asin(n6), a#0 


and have graphs that are rose shaped. If n # 0 is even, the rose has 2n petals; 
ifn # +1 is odd, the rose has n petals. J 
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EXAMPLE 11 Graphing a Polar Equation (Lemniscate) 


Graph the equation: r? = 4 sin(20) 


Solution We leave it to you to verify that the graph is symmetric with respect to the pole. 
Because of the symmetry with respect to the pole, we only need to consider values 
of 6 between 6 = O0and @ = z. Note that there are no points on the graph for 


Table 5 . < @ < m (quadrant II), since r? < 0 for such values. Table 5 lists points on the 
graph for values of 6 = 0 through @ = > The points from Table 5 where r = 0 


are plotted in Figure 31(a). The remaining points on the graph may be obtained by 
using symmetry. Figure 31(b) shows the final graph drawn. 


TEE 
6 Figure 31 
Dh 
: 3 
-7 
3 
us 
2 O=T7 
= 51 


(a) (b) r?=4 sin (20) 


The curve in Figure 31(b) is an example of a /emniscate (from the Greek word 
ribbon). 


DEFINITION Lemniscates are characterized by equations of the form 
rP=a@sin(20) r= a cos(26) 
where a # 0, and have graphs that are propeller shaped. J 
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EXAMPLE 12 Graphing a Polar Equation (Spiral) 


Graph the equation: r = e4/> 


Solution The tests for symmetry with respect to the pole, the polar axis, and the line 6 = 7 


fail. Furthermore, there is no number 6 for which r = 0, so the graph does not pass 
through the pole. Observe that r is positive for all 6, r increases as 6 increases, r > 0 
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Table 6 as 9 > —00, andr — oo as 6 > ©. With the help of a calculator, we obtain the values 
in Table 6. See Figure 32. 


Figure 32 y 
r= ell 


me(th 


e 


The curve in Figure 32 is called a logarithmic spiral, since its equation may be 
written as @ = 5 In and it spirals infinitely both toward the pole and away from it. 


N (j=) 
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Classification of Polar Equations 


The equations of some lines and circles in polar coordinates and their corresponding 
equations in rectangular coordinates are given in Table 7. Also included are the 
names and graphs of a few of the more frequently encountered polar equations. 


Table 7 


Description Line passing through the pole Vertical line Horizontal line 
making an angle a with the 
polar axis 


Rectangular equation y = (tana)x x= @ y=b 


Polar equation d=a rcosd=a rsin@d =b 


VA VA 
& — 
7 x Ty 


Circles 


Typical graph 
Ys 


Description Center at the pole, radius a Passing through the pole, Passing through the pole, tangent 
tangent to the line @ = —, to the polar axis, center on the 
center on the polar axis, line 6 = —,radius a 
radius a 2 


Rectangular equation x+y? = +2ax, a>0 x+y = +2ay, a>O 


Polar equation r= +2acosé, a>0O r= +2asin0, a>0O 


VA Yh 
. 2, O.. 


(continued) 


Typical graph 
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Table 7 (Continued) 


Other Equations 


Name Cardioid Limagon without inner loop Limacon with inner loop 


Polar equations r=azxzacos0é, a>0O r=a+bcos#, 0<b<a r=axbcosé, 0<a<b 
r=azasingé, a>0O FeH@oand, O<b=<a reH@siosmt, 0 <a < lo 


Typical graph 


YA Yh VA 


Name Lemniscate Rose with three petals Rose with four petals 
Polar equations asa acos (20) aan r= asin(30), a>0 r= asin(20), a>0O 
r= FIN), a=O r = acos(3@), a>0O r= acos(26), a>0O 


YA YA 
% 


Sketching Quickly 


If a polar equation involves only a sine (or cosine) function, you can quickly obtain 
a sketch of its graph by making use of Table 7, periodicity, and a short table. 


Typical graph YA 


EXAMPLE 13 Sketching the Graph of a Polar Equation Quickly 
Graph the equation: r= 2+ 2sin0 
Solution You should recognize the polar equation: Its graph is a cardioid. The period of sin @ 


is 27, so form a table using 0 = 6 S 27, compute r, plot the points (r, 6), and 
sketch the graph of a cardioid as 6 varies from 0 to 277. See Table 8 and Figure 33. 


Table 8 Figure 33 
r=2+ 2sin0 


0=5 
q =i 42), 2 
2 x 
oS en) oe cae 
(0,5 
ta =a 
oF 
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Calculus Comment ‘For those of you who are planning to study calculus, a 
comment about one important role of polar equations is in order. 

In rectangular coordinates, the equation x’ + y? = 1, whose graph is the unit 
circle, is not the graph of a function. In fact, it requires two functions to obtain the 
graph of the unit circle: 


yy = V1 — x? Upper semicircle yy = —V1 — x” Lower semicircle 


In polar coordinates, the equation r = 1, whose graph is also the unit circle, does 
define a function. For each choice of 6, there is only one corresponding value of r, 
that is, r = 1. Since many problems in calculus require the use of functions, the 
opportunity to express nonfunctions in rectangular coordinates as functions in 
polar coordinates becomes extremely useful. 

Note also that the vertical-line test for functions is valid only for equations in 
rectangular coordinates. 


Historical Feature 


olar coordinates seem to have been 
invented by Jakob Bernoulli (1654-1705) 
in about 1691, although, as with most 


such ideas, earlier traces of the notion exist. 
Early users of calculus remained committed to 


used them for describing odd curves. Finally, about the mid-1800s, 
applied mathematicians realized the tremendous simplification that 
polar coordinates make possible in the description of objects with 
circular or cylindrical symmetry. From then on their use became 
widespread. 


rectangular coordinates, and polar coordinates 
did not become widely used until the early 


Jakob Bernoulli 1800s. Even then, it was mostly geometers who 


(1654-1705) 


5.2 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. If the rectangular coordinates of a point are (4, —6), the 4, Is the sine function even, odd, or neither? (p. 135) 
point symmetric to it with respect to the origin is 4 
__- (pp. 12-14) 5. sin = (pp. 112-121) 

2. The difference formula for cosine is cos(A — B) = F 

2 

tps) 6. cos = = (pp. 112-121) 

3. The standard equation of a circle with center at (—2, 5) and 3 
radius 3 is . (pp. 16-19) 

Concepts and Vocabulary 

7. An equation whose variables are polar coordinates is called 11. True or False A cardiod passes through the pole. 

a(n) ; 12. Rose curves are characterized by equations of the form 


8. True or False The tests for symmetry in polar coordinates 
are necessary, but not sufficient. 


r = acos(n@) or r = asin(n6@),a # 0. If n # 0 is even, 
the rose has petals; if m # +1 is odd, the rose has 


petals. 


9. To test if the graph of a polar equation may be symmetric 
with respect to the polar axis, replace 6 by 


10. To test if the graph of a polar equation may be symmetric 


with respect to the line 6 = a replace 6 by 


Skill Building 


In Problems 13-28, transform each polar equation to an equation in rectangular coordinates. Then identify and graph the equation. 


XB. = 4 14, 7=2 Nus.6=% 16.0 =—7 
17. rsin@ = 4 18. rcos@ = 4 \ 19. rcos @ = —2 20. rsin@ = —2 
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23. r = —4sin 0 
27. rcscd = —2 


24. r = —4cos 0 
28. rsec@ = —4 


22. r = 2sin0d 
26. rcsc0 = 8 


X21. r = 2cos0 
25. rsecd = 4 


In Problems 29-36, match each of the graphs (A) through (H) to one of the following polar equations. 


29. r=2 30.0=7 31. r = 2cos 0 32. rcos @ = 2 
3 
33. r= 1+ cosé 34. r = 2sin0 38.0 = 1 36. rsin@ = 2 
y y y 
otg otz ott 
9-4 9=7 9-4 9-4 o=F 
x x 
O=7 2. a) Oa7 oa7 (SS eo 
a= e= 
(A) (C) 
y y y y 
ty uty ty uty 
9 =% e=7 o=4 a=F a= 9=7 o=2 o=7 
x x x x 
ra (as SU BSe.. <== emLEL va ERE oa = 
9 =o e=2 e= 9 = 
(E) (F) (G) (H) 
In Problems 37-60, identify and graph each polar equation. 
\ 37. r= 2 + 2c080 38. r= 1+ sind 39. r =3 —3sin6 40. r = 2 — 2cosé 
4l.r=2+ sind 42. r=2—cosé \ 43. r = 4 — 20086 44.r=4+4 2sin0@ 
\ 45. r=1+42sin0 46. r=1-—2sin@ 47. r = 2 — 3cos0 48. r= 2+ 4cos0 
\ 49. 7 = 3 cos(26) 50. r = 2 sin(30) 51. r = 4sin(50) 52. r = 3 cos(40) 
\53. 7 = 9 cos(26) 54. r? = sin(26) 55. r = 2° 56. r = 3° 
57. r = 1 — cos@ 58. r = 3 + cos0 59. r = 1 — 3cosé 60. r = 4cos(30) 


Mixed Practice 


In Problems 61-66, graph each pair of polar equations on the same polar grid. Find the polar coordinates of the point(s) of intersection 
and label the point(s) on the graph. 


61. r = 8cos0@;r = 2 sec dO 
64. r = 3;r =2 + 2cos0 


sin 6;r = 1 + cos@ 
1 + cos6;r = 3cos 6 


62. r = 8sin @;r = 4csc@ 63. r 
cos 8 66. r 


sin@;r = 14 


Applications and Extensions 


In Problems 67-70, the polar equation for each graph is eitherr = a + bcos@orr =a + bsin0,a > 0. Select the correct equation and 
find the values of a and b. 


67. y 68. y 
it 
9=5 
3TT TT 
6= > m) 9=7 
; yd ‘ 
ore (6, 77) x 
246810 9=0 
5 Z oT im 
e="7 o= 4 o="4 = 
9 —3a 9 =30 


69. 


In Problems 71-80, graph each polar equation. 


71. 


73. 


75. 


77. 


79. 


81. 


83. 


85. 


2 

c= 1 —cos0 (parabola) 

= re (elli 
"3 = 2cos 0 ee) 
r=0, 0=0 (spiral of Archimedes) 
r=cscO—2, 0<6< a (conchoid) 
r = tan, = <@a< = (kappa curve) 
Show that the graph of the equation rsin@ =a is a 


horizontal line a units above the pole if a = 0 and la| units 
below the pole if a < 0. 


Show that the graph of the equation r = 2a sin 6,a > 0, isa 
circle of radius a with center at (0,a) in rectangular 
coordinates. 


Show that the graph of the equation r = 2acos 6,a > 0, is 
a circle of radius a with center at (a,0) in rectangular 
coordinates. 


Explaining Concepts: Discussion and Writing 


87. 


Explain why the following test for symmetry is valid: 
Replace r by —r and @ by —@ in a polar equation. If an 
equivalent equation results, the graph is symmetric with 


respect to the line 6 = = (y-axis). 


(a) Show that the test on page 317 fails for r? = cos 8, yet 
this new test works. 

(b) Show that the test on page 317 works for r? = sin 0, yet 
this new test fails. 


‘Are You Prepared?’ Answers 


1 


70. 


72. 


74, 


76. 


78. 


80. 


82. 


84. 


86. 


88. 


89. 


90. 
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— 57 _a 
9="4 §=%4 
1 —2cos6 (hyperbola) 
oo * _. yaegiiald) 
ak an arabola 
3 : : 
ad (reciprocal spiral) 


r=sin@tan@ (cissoid) 


Show that the graph of the equation r cos @ = ais a vertical 
line a units to the right of the pole if a = 0 and |a| units to 
the left of the pole if a < 0. 


Show that the graph of the equation r = —2a sin 0,a > 0, is 
a circle of radius a with center at (0, —a) in rectangular 
coordinates. 


Show that the graph of the equation r = —2acos 0,a > 0, is 
a circle of radius a with center at (—a,0) in rectangular 
coordinates. 


Write down two different tests for symmetry with respect to the 
polar axis. Find examples in which one test works and the other 
fails. Which test do you prefer to use? Justify your answer. 

The tests for symmetry given on page 317 are sufficient, but 
not necessary. Explain what this means. 

Explain why the vertical-line test used to identify functions 
in rectangular coordinates does not work for equations 
expressed in polar coordinates. 


(-4, 6) 2. cos Acos B + sin Asin B 


4. Odd 


328 


5. 


Complex plane 
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3 The Complex Plane; De Moivre’s Theorem 


PREPARING FOR THIS SECTION Before getting started, review the following: 


¢ Complex Numbers (Appendix A, Section A.5, e Sum and Difference Formulas for Sine and Cosine 
pp. A38-A42) (Section 3.4, pp. 218 and 221) 


e Value of the Sine and Cosine Functions at Certain 
Angles (Section 2.2, pp. 112-121) 


\ Now Work the ‘Are You Prepared?’ problems on page 334. 


OBJECTIVES 1 Plot Points in the Complex Plane (p.328) 


2 Convert a Complex Number between Rectangular Form and Polar 
Form (p.329) 


3 Find Products and Quotients of Complex Numbers in Polar Form (p.330) 
4 Use De Moivre’s Theorem (p.331) 
5 Find Complex Roots (p.332) 


Figure 34 1 Plot Points in the Complex Plane 
Complex numbers are discussed in Appendix A, Section A.5. In that discussion, we 
Imaginary were not prepared to give a geometric interpretation of a complex number. Now we 
a are ready. 


A complex number z = x + yi can be interpreted geometrically as the point 
(x, y) in the xy-plane. Each point in the plane corresponds to a complex number and, 
conversely, each complex number corresponds to a point in the plane. We refer to the 
| _ Real collection of such points as the complex plane. The x-axis will be referred to as the real 


Vr ez=x+yi 


0 x axis axis, because any point that lies on the real axis is of the form z = x + Oi = x, areal 
number. The y-axis is called the imaginary axis, because any point that lies on it is of 
the form z = 0 + yi = yi, a pure imaginary number. See Figure 34. 


EXAMPLE 1 Plotting a Point in the Complex Plane 


Figure 35 Plot the point corresponding to z = V3 — iin the complex plane. 
Imaginary 
axis : P : F 
A Solution The point corresponding to z= V3 -—i has the rectangular 
2r coordinates (V3, —1). The point, located in quadrant IV, is plotted in 
i Figure 35. 
Real g 
=o Of axis J 
9 i 7238 -i 
DEFINITION Let z = x + yi be acomplex number. The magnitude or modulus of z, denoted 
by |z|, is defined as the distance from the origin to the point (x, y). That is, 

Figure 36 Fa = mye (1) 
Imaginary a) 
axis 

4 See Figure 36 for an illustration. 
< x) z=x+ yi This definition for |z| is consistent with the definition for the absolute value of a 
rae ly real number: If z = x + yiis real, then z = x + Oi and 
Real 
0 x axis 


Jl = V2 + 8 = V2? = |x| 


For this reason, the magnitude of z is sometimes called the absolute value of z. 


SECTION 5.3 The Complex Plane; De Moivre’s Theorem 329 


Recall that if z = x + yi then its conjugate, denoted by Z, is Z = x — yi. 
Because zZ = x7 + y’, which is a nonnegative real number, it follows from 
equation (1) that the magnitude of z can be written as 


lz] = Vz (2) 


2 Convert a Complex Number between Rectangular 
Form and Polar Form 


When a complex number is written in the standard form z = x + yi, we say that it 
is in rectangular, or Cartesian, form, because (x, y) are the rectangular coordinates 
of the corresponding point in the complex plane. Suppose that (r, 6) are the polar 
coordinates of this point. Then 


x = rcos86, y=rsind (3) 


DEFINITION Ifr = Oand0 S @ < 27, the complex number z = x + yi may be written in 
polar form as 


Z=x + yi = (rcosé@) + (rsin@)i = r(cos@ + isin @) (4) 
Figure 37 


J 


Imaginary 
ae See Figure 37. 
If z = r(cos @ + isin @) is the polar form of a complex number,* the angle 6, 
0 = @ < 27, is called the argument of z. 
Z ? 
5 Also, because r = 0, we have r = \/ x? + y’. From equation (1), it follows that 


Real —_ the magnitude of z = r(cos 6 + isin @) is 
0 x axis 


ae : — " 
r>0,0<0<2T 


EXAMPLE 2 Writing a Complex Number in Polar Form 


Write an expression for z = V3 — iin polar form. 


Solution The point, located in quadrant IV, is plotted in Figure 35. Because x = V3 and 
y = —1, it follows that 


raiV/et y= V(V3) + (-1% = V4 =2 


So 
a x_ V3 
y) 


japet ee cos@ = — = : 0<6<27 
r r 


11 
The angle 6,0 = 6 < 27, that satisfies both equations is 0 = a With 
11 
0= “fp and r = 2, the polar form of z = V3 — iis 


ad liq |. Ila 
z = r(cos@ + isin @) = 2| cos 6 + isin 6 


e 
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EXAMPLE 3 Plotting a Point in the Complex Plane and Converting 
from Polar to Rectangular Form 


Plot the point corresponding to z = 2(cos 30° + isin 30°) in the complex plane, 
and write an expression for z in rectangular form. 


* Some books abbreviate the polar form using z = r(cos @ + isin @) = r cis 6. 
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Solution 


Figure 38 


Imaginary 
axis 
A 


2 z= 2(cos 30° + / sin 30°) 


2 e 
LAA 30° Real 
0 2 


> 
axis 


=2b 


THEOREM 


In Words 
The magnitude of a complex 
number zis rand its argument 
is 8, 30 when 

zZ = r(cos @ + isin @) 
the magnitude of the product 
(quotient) of two complex 
© numbers equals the product 
© (quotient) of their magnitudes; 
7 the argument of the product 
© (quotient) of two complex 
© numbers is determined by the 
- sum (difference) of their 
- arguments. 


EXAMPLE 4 


Solution 


To plot the 


complex number z = 2(cos 30° + isin 30°), plot the point whose polar 


coordinates are (r, 0) = (2, 30°), as shown in Figure 38. In rectangular form, 


= 
z = 2(cos 30° + isin 30°) -(%3 ;i) V3+i 
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3 Find Products and Quotients of Complex Numbers 


in Polar Form 


The polar form of a complex number provides an alternative method for finding 
products and quotients of complex numbers. 


Let z, = r;(cos 6, + isin 6,) and z) = r,(cos 6, + isin 8)) be two complex 
numbers. Then 


ZZ. = ryrz[cos(O, + 6) + isin(6, + 62)] (5) 


If z # 0, then 


if 
= és [cos(6; aay 60>) at i sin(0; = >) | 


= 


Proof We will prove equation (5). The proof of equation (6) is left as an exercise 
(see Problem 66). 


£122 = 


ll 


ll 


[r,(cos 6; + isin 0,) |[r2(cos 6) + isin 62) | 

ryrz[(cos 6, + isin 6,)(cos 0) + isin 63) | 

r1rz[ (cos 6, cos 0. — sin 6; sin 67) + i(sin 6, cos 6) + cos 6; sin 62) | 
ryro[cos(@; + 6) + isin(@, + 4>)] 


Finding Products and Quotients of Complex Numbers in Polar Form 


If z = 3(cos 20° + isin 20°) and w = 5(cos 100° + isin 100°), find the following 
(leave your answers in polar form): 


(a) zw 


(b) = 


(a) zw = [3(cos 20° + isin 20°) ][5(cos 100° + i sin 100°) ] 
= (3+5)[cos(20° + 100°) + isin(20° + 100°)] 
= 15(cos 120° + isin 120°) Apply equation (5). 
Zz 3(cos 20° + isin 20°) 


(O) = 


w  5(cos 100° + 7 sin 100°) 


3 
[cos(20° — 100°) + isin(20° — 100°)] Apply equation (6). 


5 
3 see 
= 3 [cos(—80°) + i sin(—80°) | 
3 
= 5 (00s 280° + isin 280°) The argument must lie between 


O° and 360°. 


_! 
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THEOREM 


EXAMPLE 5 


Solution 


EXAMPLE 6 


Solution 


NOTE We could also write 1 + iin polar 
form by following the approach used in 
Example 2. | 
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4 Use De Moivre’s Theorem 


De Moivre’s Theorem, stated by Abraham De Moivre (1667-1754) in 1730, but 
already known to many people by 1710, is important for the following reason: 
The fundamental processes of algebra are the four operations of addition, 
subtraction, multiplication, and division, together with powers and the extraction 
of roots. De Moivre’s Theorem allows these latter fundamental algebraic 
operations to be applied to complex numbers. 

De Moivre’s Theorem, in its most basic form, is a formula for raising a complex 
number z to the power n, where n = 1 is a positive integer. Let’s see if we can 
conjecture the form of the result. 

Let z = r(cos 8 + isin 8) be a complex number. Then, based on equation (5), 
we have 

n=2: 2 =r’[cos(26) + isin(26)] Equation (5) 
n=3: B= zz 

= {r*[cos(20) + isin(26)]}[r(cos @ + isin @)] 

= r[cos(36) + isin(30)] Equation (5) 
n=4, = pez 

= {r'[cos(30) + isin(36)]}[r(cos @ + isin @)] 

= r‘[cos(40) + isin(46)] Equation (5) 


Do you see the pattern? 
De Moivre’s Theorem 
If z = r(cos 6 + isin @) is a complex number, then 
z" = r"[cos(n@) + i sin(né) | (7) 
where n = 1 is a positive integer. J 


The proof of De Moivre’s Theorem requires mathematical induction (which is 
not discussed in this book), so it is omitted here. 


Using De Moivre’s Theorem 
Write [2(cos 20° + isin 20°)]* in the standard form a + bi. 


[2(cos 20° + isin 20°)]? = 2°[cos(3+20°) + isin(3+20°)] Apply De Moivre's Theorem. 


= 8(cos 60° + i sin 60°) 


-s(4 v3;) 4+ 4V3i om 


2 2 
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Using De Moivre’s Theorem 
Write (1 + i)° in the standard form a + bi. 


To apply De Moivre’s Theorem, we must first write the complex number in polar 
form. Since the magnitude of 1 + iis V1? + 17 = V2, we begin by writing 


diced vi( 5 5) = V3( cos + isin) 
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Now 


(1+i= [V2( cos + isin™)] 
= (v2)'|cos( 5-7) + isin( 5-7) 
= #V2( cos 2 + isin =z) 
- #V/2]-J+ (-Ja)if= 4-4 ai 


5 Find Complex Roots 


Let w be a given complex number, and let n = 2 denote a positive integer. Any 
complex number z that satisfies the equation 


z= 6 
is called a complex nth root of w. In keeping with previous usage, if m = 2, the 


solutions of the equation z* = w are called complex square roots of w, and if n = 3, 
the solutions of the equation z? = w are called complex cube roots of w. 


THEOREM Finding Complex Roots 


Let w = r(cos 6) + isin @)) be a complex number, and let n = 2 be an 
integer. If w # 0, there are n distinct complex nth roots of w, given by the 
formula 


e 0 
Ze = er en z 


Wwhenevk =" 0 Ia Qin othe 


=) 


Proof (Outline) We will not prove this result in its entirety. Instead, we shall show 
only that each z, in equation (8) satisfies the equation zi = w, proving that each z, 
is a complex nth root of w. 


: 6) 2k _. (9% , 2k : 
Zk = {27cm : t 2) t sil : t =) 
n n n n 
‘ 0) 2k 99 | 2k 
(77) eos n( + x) +e sin (*: + ir) Apply De Moivre’s Theorem. 


= r[cos(@) + 2ka) + isin(69 + 2kzr)| Simplify. 
= r(cos 6) + isin @)) = w The Periodic Property 
So each z,,k =0,1,...,2—1, is a complex nth root of w. To complete the 
proof, we would need to show that each z,, k = 0,1,...,— 1, is, in fact, distinct and 


that there are no complex nth roots of w other than those given by equation (8). = 


EXAMPLE 7 Finding Complex Cube Roots 


Find the complex cube roots of —1 + V/3i. Leave your answers in polar form, with 
the argument in degrees. 


Solution First, express —1 + V3: in polar form using degrees. 


1+ V3i= 2( : v3) = 2(cos 120° + isin 120°) 
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The three complex cube roots of —1 + V3i = 2(cos 120° + isin 120°) are 
43 120° 20k) ae (> 20yrk 
ze = W2| cos( , °° 3 + 7 sin - " 6 
= W2[cos(40° + 120°k) + isin(40° + 120°k)] k =0,1,2 


So 


WARNING inate graphing utilities = 27, = W2[cos(40° + 120°-0) + isin(40° + 120°-0)] = W2(cos 40° + isin 40°) 
will only provide the answer Zo to the V2 (40 (8 1) “4 (40 rs 1)] 2 160 in 160 
1 Z, = V2[cos(40° + °+1) + isin(40° + re = cos ° + isin - 

calculation (—1+ V3i) A (3) The 
z = W2[cos(40° + 120°-2) + isin(40° + 120°-2)] = W2(cos 280° + i sin 280°) 


3 
how to obtain z, and Zp from Zo. a Pe 


paragraph following Example 7 explains 


Notice that each of the three complex roots of —1 + \/3i has the same 
magnitude, \/2. This means that the points corresponding to each cube root lie the 
same distance from the origin; that is, the three points lie on a circle with center at 
the origin and radius 2. Furthermore, the arguments of these cube roots are 40°, 


fe} 


160°, and 280°, the difference of consecutive pairs being 120° = 3 This means 


that the three points are equally spaced on the circle, as shown in Figure 39. These 
results are not coincidental. In fact, you are asked to show that these results hold for 
complex nth roots in Problems 63 through 65. 


Figure 39 Imaginary 
axis 


_ Real 
axis 


Z = 42(cos 280° + j sin 280°) 
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Historical Feature 


he Babylonians, Greeks, and Arabs mathematicians worked with complex numbers without much belief in 
"| es square roots of negative their actual existence. In 1673, John Wallis appears to have been the 
quantities to be impossible and equations first to suggest the graphical representation of complex numbers, a 
with complex solutions to be unsolvable. The truly significant idea that was not pursued further until about 1800. 
first hint that there was some connection Several people, including Karl Friedrich Gauss (1777-1855), then 
between real solutions of equations and complex rediscovered the idea, and graphical representation helped to establish 
numbers came when Girolamo Cardano complex numbers as equal members of the number family. In practical 
John Wallis (1501-1576) and Tartaglia (1499-1557) found applications, complex numbers have found their greatest uses in the 
real roots of cubic equations by taking cube roots study of alternating current, where they are a commonplace tool, and in 
of complex quantities. For centuries thereafter, the field of subatomic physics. 


Historical Problems 


1. The quadratic formula will work perfectly well if the coefficients are complex numbers. Solve the following. [Hint: The answers are “nice.”] 
(a) z? — (2 + Siz i=0 (b) 2 -— (1+ i/)z-2-i=0 
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5.3 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The conjugate of —4 — 37 is . (pp. A38-A42) 3. The sum formula for the cosine function is cos(A + B) = 
2. The sum formula for the sine function is sin(A + B) = —___.. (p. 218) 
Ap 221) 
4. sin 120° = ;cos 240° = . (pp. 112-121) 
Concepts and Vocabulary 
5. In the complex plane, the x-axis is referred to as the 8. If z=r(cos@+isin@) is a complex number, then 
axis and the y-axis is called the axis. gS [cos( ) + isin( )}. 
6. When a complex number z is written in the polar form 9. Every nonzero complex number will have exactly 
z= r(cos@ + isin@), the nonnegative number r is the distinct cube roots. 
ie of z, and the angle 6, 49, True or False The polar form of a nonzero complex 


0=6<2m,isthe soz. number is unique. 


7. Let z; = r,(cos 6; + isin 6,) and z. = r2(cos 62 + isin 62) 
be two complex numbers. Then 


2122 = [cos ( ) + isin ( IE 
Skill Building 
In Problems 11-22, plot each complex number in the complex plane and write it in polar form. Express the argument in degrees. 
Na. 1+ i 12. =14 B. V3 -i 14.1 - V3i 
15. —3i 16. —2 17. 4 - 4i 18. 9/3 + 9i 
19. 3 - 4i 20.2 + V3i 21. -2 + 3i 22. V5 -i 
In Problems 23-32, write each complex number in rectangular form. 
7 7 
\ 23. 2(cos 120° + isin 120°) 24. 3(cos 210° + isin 210°) 25. a( cos ae + isin 7) 
Sa Sa 37 3a T T 
‘ — + isin— , — + isin— ; — + isin— 
26 2( cos 6 isin =) 27 a( cos 5 isin =) 28. 4( cos 5 isin =) 
29. 0.2(cos 100° + i sin 100°) 30. 0.4(cos 200° + i sin 200°) 
31. 2( cos 2 is + isin =) 32. 3( cos 2 io + isin =) 


In Problems 33-40, find zw and = Leave your answers in polar form. 
w 


\ 33. z = 2(cos 40° + isin 40°) 34. z = cos 120° + isin 120° 35. z = 3(cos 130° + isin 130°) 
w = 4(cos 20° + isin 20°) w = cos 100° + isin 100° w = 4(cos 270° + isin 270°) 
3 3 
36. z = 2(cos 80° + isin 80°) 37. Zz 2( cos 2 + isin =) 38. z 4( cos a isin =) 
= 6(cos 200° + isin 200°) 
w 2( cos 7 + isin =) w 2( cos ail isin a) 
10° 10 16 16 
39...2 = 2 2t 40. z=1-i 
=V3-i w=1- V3i 
In Problems 41-52, write each expression in the standard form a + bi. 
5 
\ 41. [4(cos 40° + isin 40°) P 42. [3(cos 80° + isin 80°) 43. 2( cos io + isin =)| 
5a \|4 at 6 1 ed : 
44, cos = + isinT¢ 45. [V3 (cos 10° + isin 10°) 46. 3 (cos 72° + isin 72°) 
47. V3 cea 48. | V3 ams gan” F 49. (1 - i) 
16 : cos7, + isins. . 


50. (V3 — i)” Si, (V2.=i)° 52. (1 - Vsi)° 
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In Problems 53-60, find all the complex roots. Leave your answers in polar form with the argument in degrees. 


\ 53. 
55. 
57. 
59. 


The complex cube roots of 1 + i 
The complex fourth roots of 4 — 4V/3i 
The complex fourth roots of —16i 


The complex fifth roots of i 


Applications and Extensions 


61. 


62. 
63. 


64. 


65. 


66. 
67. 


Find the four complex fourth roots of unity (1) and plot 
them. 


Find the six complex sixth roots of unity (1) and plot them. 
Show that each complex nth root of a nonzero complex 
number w has the same magnitude. 


Use the result of Problem 63 to draw the conclusion that 
each complex nth root lies on a circle with center at the 
origin. What is the radius of this circle? 

Refer to Problem 64. Show that the complex nth roots of a 
nonzero complex number w are equally spaced on the circle. 


Prove equation (6). 
Mandelbrot Sets 
(a) Consider the expression a, = (a,_;)” + z, where z is 
some complex number (called the seed) and ay=z. 
Compute a; (=a3 + z), a,(=aj + z), a3 (=a3 + z), a4, as, 
Zz, = 0.1 — 0.4i, 
z= —1.1 + 0.11, 


and ag for the following seeds: 
Z% = 05+ 0.81, 23 = —0.9 + 0.7i, 
zs = 0 — 1.3, and z = 1+ li. 

(b) The dark portion of the graph represents the set of all 
values z= x + yi that are in the Mandelbrot set. 
Determine which complex numbers in part (a) are in this 


‘Are You Prepared?’ Answers 


1. 


—4+4+ 3i 2. sin Acos B + cos Asin B 


5.4 Vectors 


3. cos Acos B — sin Asin B 4. 


OBJECTIVES 1 Graph Vectors (p.338) 
2 Find a Position Vector (p.338) 
3 Add and Subtract Vectors Algebraically (p.340) 
4 Find a Scalar Multiple and the Magnitude of a Vector (p.341) 
5 Finda Unit Vector (p.341) 
6 Find aVector from Its Direction and Magnitude (p. 342) 

7 Model with Vectors (p.343) 


54. The complex fourth roots of Vi=4 
56. The complex cube roots of —8 — 81 
58. The complex cube roots of —8 


60. The complex fifth roots of —i 


335 


set by plotting them on the graph. Do the complex 
numbers that are not in the Mandelbrot set have any 
common characteristics regarding the values of a, found 


in part (a)? 


Compute |z| = Vx? + y? for each of the complex 


numbers in part (a). Now compute |a,| for each of the 
complex numbers in part (a). For which complex 
numbers is |a| < |z| and |z| < 2? Conclude that the 
criterion for a complex number to be in the Mandelbrot 


set is that |a,| = |z| and |z| = 2. 


Imaginary axis 


Real axis 


In simple terms, a vector (derived from the Latin vehere, meaning “to carry”) is a 
quantity that has both magnitude and direction. It is customary to represent a vector 
by using an arrow. The length of the arrow represents the magnitude of the vector, 
and the arrowhead indicates the direction of the vector. 

Many quantities in physics can be represented by vectors. For example, the 
velocity of an aircraft can be represented by an arrow that points in the direction of 
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Figure 40 


Figure 41 


Figure 42 


Figure 43 


Terminal point of w 
@ 


Vv 
Initial point of v 
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movement; the length of the arrow represents speed. If the aircraft speeds up, we 
lengthen the arrow; if the aircraft changes direction, we introduce an arrow in the 
new direction. See Figure 40. Based on this representation, it is not surprising that 
vectors and directed line segments are somehow related. 


Geometric Vectors 


If P and Q are two distinct points in the xy-plane, there is exactly one line containing 
both P and Q [Figure 41(a)]. The points on that part of the line that joins P to Q, 
including P and Q, form what is called the line segment PQ [Figure 41(b)]. If we 
order the points so that they proceed from P to Q, we have a directed line segment 
from P to Q, or a geometric vector, which we denote by PQ. In a directed line 
segment PO, we call P the initial point and Q the terminal point, as indicated in 
Figure 41(c). 


Q Q Qe 
Terminal 
point 
Initial 
P p point p 


(a) Line containing Pand Q (b) Line segment PQ (c) Directed line segment PQ 


The magnitude of the directed line segment PO is the distance from the point P 
to the point Q; that is, it is the length of the line segment. The direction of PQ is 
from P to Q. If a vector y* has the same magnitude and the same direction as the 
directed line segment PQ, we write 


v=PQ 


The vector v whose magnitude is 0 is called the zero vector, 0. The zero vector is 
assigned no direction. 
Two vectors v and w are equal, written 


v= Ww 


if they have the same magnitude and the same direction. 

For example, the three vectors shown in Figure 42 have the same magnitude and 
the same direction, so they are equal, even though they have different initial points 
and different terminal points. As a result, we find it useful to think of a vector simply 
as an arrow, keeping in mind that two arrows (vectors) are equal if they have the 
same direction and the same magnitude (length). 


Adding Vectors Geometrically 


The sum v + w of two vectors is defined as follows: We position the vectors v and 
w so that the terminal point of v coincides with the initial point of w, as shown in 
Figure 43. The vector vy + w is then the unique vector whose initial point coincides 
with the initial point of v and whose terminal point coincides with the terminal 
point of w. 


Vector addition is commutative. That is, if y and w are any two vectors, then 


* Boldface letters will be used to denote vectors, to distinguish them from numbers. For handwritten 
work, an arrow is placed over the letter to signify a vector. For example, we write a vector by hand 
as v. 
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Figure 44 Figure 44 illustrates this fact. (Observe that the commutative property is another 
way of saying that opposite sides of a parallelogram are equal and parallel.) 


Vector addition is also associative. That is, if u, v, and w are vectors, then 


ut (v+w)=(ut+v)+w 


Figure 45 
(u+v)+w=ue+(v+w) 


Figure 45 illustrates the associative property for vectors. 


The zero vector 0 has the property that 


v+0=0+Vv=Vv 


utV 


for any vector v. 


Figure 46 If vis a vector, then —v is the vector having the same magnitude as v, but whose 
direction is opposite to v, as shown in Figure 46. 


° Furthermore, 
reel 7 


Figure 47 


v+(-v)=0 


If v and w are two vectors, we define the difference v — w as 
v—-w=v+ (-w) 


Figure 47 illustrates the relationships among v, w, v + w, and v — w. 


Multiplying Vectors by Numbers Geometrically 


When dealing with vectors, we refer to real numbers as scalars. Scalars are 
quantities that have only magnitude. Examples of scalar quantities from physics are 
temperature, speed, and time. We now define how to multiply a vector by a scalar. 


DEFINITION If a is a scalar and v is a vector, the scalar multiple av is defined as follows: 
1. If a > 0, av is the vector whose magnitude is a times the magnitude 
of v and whose direction is the same as v. 


2. If a < 0, av is the vector whose magnitude is |a| times the magnitude 
of v and whose direction is opposite that of v. 


3. If a = 0 or if v = 0, then av = 0. J) 
Figure 48 See Figure 48 for some illustrations. 
For example, if a is the acceleration of an object of mass m due to a force F 
af being exerted on it, then, by Newton’s second law of motion, F = ma. Here, ma is 
4 2v the product of the scalar m and the vector a. 
ly Scalar multiples have the following properties: 


a 


Ov =0 lv=v lv = -v 
(a+ B)v =av+ By a(v + w) = av + aw 


a(By) = (aB)v 
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1 Graph Vectors 


EXAMPLE 1 Graphing Vectors 


Use the vectors illustrated in Figure 49 to graph each of the following vectors: 
(a) V-w (b) 2v + 3w (c) 2v-wtu 


Solution Figure 50 illustrates each graph. 


Figure 49 Figure 50 


al Naa | 
Bete ope EN 


Vv 


2v + 3w e 


(a) V-w (b) 2v + 3w (c) 2v-—wtu 
orm low Work PROBLEMS 9 AND 11 


Magnitude of a Vector 


We use the symbol ||v|| to represent the magnitude of a vector v. Since ||v|| equals the 
length of a directed line segment, it follows that ||v|| has the following properties: 


THEOREM Properties of ||v!| 


If v is a vector and if a is a scalar, then 
(a) |v = 0 (b) |lv|| = 0 if and only if v = 0 
(c) I-vil = lvl (d) |jev|| = Jalllvl J 


Property (a) is a consequence of the fact that distance is a nonnegative number. 
Property (b) follows because the length of the directed line segment PQ is positive 
unless P and Q are the same point, in which case the length is 0. Property (c) follows 
because the length of the line segment PQ equals the length of the line segment QP. 
Property (d) is a direct consequence of the definition of a scalar multiple. 


DEFINITION A vector u for which |u|] = 1 is called a unit vector. J 


2 Find a Position Vector 


To compute the magnitude and direction of a vector, we need an algebraic way of 
representing vectors. 
DEFINITION An algebraic vector v is represented as 
v = (a,b) 


where a and b are real numbers (scalars) called the components of the vector v. =) 


Figure 51 


r 


i} 
x 


THEOREM 


In Words 

An algebraic vector represents 
“driving directions” to get from 
the initial point to the terminal 
point of a vector. So, ifv = (5, 4), 
travel 5 units right and 4 units 
up from the initial point to arrive 
at the terminal point. 


EXAMPLE 2 


Figure 53 


P, = (+1,12) 


oP, = (4, 6) 


e@ (5, 4) 


Yh 
areas 
Ce a> 
| 


0 5 
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We use a rectangular coordinate system to represent algebraic vectors in the 


plane. If v = (a, b) is an algebraic vector whose initial point is at the origin, then v is 
called a position vector. See Figure 51. Notice that the terminal point of the position 
vector v = (a,b) is P = (a,b). 


The next result states that any vector whose initial point is not at the origin is 


equal to a unique position vector. 


Suppose that v is a vector with initial point P, = (x;, y,;), not necessarily 
the origin, and terminal point P; = (x2, yz). If v = P,P, then v is equal to 
the position vector 


= 4X7 — 2, ¥2— V1) (1) 


a) 


To see why this is true, look at Figure 52. 


Figure 52 


xv 


(a,b) = (X2 — Xi Y2 — Ya) 
VA 


xT 


Triangle OPA and triangle P;P,Q are congruent. [Do you see why? The line 


segments have the same magnitude, so d(O, P) = d(P,, P,); and they have the 
same direction, so ZPOA = ZP,P,Q. Since the triangles are right triangles, we 
have angle-side—angle.] It follows that corresponding sides are equal. As a result, 


— x; = aand y, — y, = b,so v may be written as 


v = (a,b) = (x2 


X12 — yi) 


Because of this result, we can replace any algebraic vector by a unique position 


vector, and vice versa. This flexibility is one of the main reasons for the wide use of 
vectors. 


Finding a Position Vector 
Find the position vector of the vector v = P,P, if P; = (—1,2) and P, = (4,6). 


Solution By equation (1), the position vector equal to v is 


v = (4— (-1),6 — 2) = (5,4) 


See Figure 53. 
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THEOREM 


Figure 54 
Ba 


DEFINITION 


In Words 

To add two vectors, add 
corresponding components. To 
subtract two vectors, subtract 
corresponding components. 


Figure 55 


Two position vectors v and w are equal if and only if the terminal point of v is 
the same as the terminal point of w. This leads to the following result: 
Equality of Vectors 


Two vectors v and w are equal if and only if their corresponding components 
are equal. That is, 


Ifv = (a,,b;) and w= (a,b) 


then vw=w ifandonlyif a,;=a, and bj = by. 


= 


We now present an alternative representation of a vector in the plane that is 
common in the physical sciences. Let i denote the unit vector whose direction is 
along the positive x-axis; let j denote the unit vector whose direction is along the 
positive y-axis. Then i = (1,0) and j = (0,1), as shown in Figure 54. Any vector 
v = (a, b) can be written using the unit vectors i and j as follows: 


v = (a,b) = a(1,0) + b(0,1) = ai + Dj 


We call a and b the horizontal and vertical components of vy, respectively. For 
example, if v = (5,4) = 5i + 4j, then 5 is the horizontal component and 4 is the 
vertical component. 
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. 


Add and Subtract Vectors Algebraically 


We define the sum, difference, scalar multiple, and magnitude of algebraic vectors 
in terms of their components. 


Let v = ai + bij = (a,, b;) and w = api + boj = (ay, b>) be two vectors, and 
let a be a scalar. Then 


av = (aa,)i + (ab,)j = (aay, ab;) 


Iv = Ved + Bh 


as) 


These definitions are compatible with the geometric definitions given earlier in 
this section. See Figure 55. 


(a, + a, b, + b,) 
@ 


ab, —. by , t 
| of alls | 
cout ianal or 
<—_—— aa, ——>| 4 
(a) Illustration of property (2) (b) Illustration of property (4), o>0 (c) Illustration of property (5): 


|| v || = Distance from O to P, 


Iv = Nah + 8 


EXAMPLE 3 


Solution 


EXAMPLE 4 


Solution 


THEOREM 
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Adding and Subtracting Vectors 


If v = 2i + 3j = (2,3) and w = 31 


4j = (3, —4), find: 


(a) v+w (b) v—-w 

(a) v + w= (21 + 3j) + (1-49) = (2 +3)+ GB - 4 = 5-5 
. w = (2,3) + (3,-4) = (2 + 3,3 + (-4)) = (5, -1) 

(b) v — w= (21 + 3j) — (31 — 49) = (2 - 3)i + [3 - (-4) P= 1+ 75 
7 w = (2,3) — (3, -4) = (2 — 3,3 — (-4)) = (-1,7) 


4 Finda Scalar Multiple and the Magnitude of a Vector 


Finding Scalar Multiples and Magnitudes of Vectors 


If v = 2i + 3j = (2,3) and w = 3i 


4j = (3, —4), find: 


(a) 3v (b) 2v — 3w (c) |v 
(a) 3v = 3(2i + 3j) = 61 + Oj 
or 
3v = 3(2,3) = (6,9) 
(b) 2v — 3w = 2(2i + 3j) — 3(3i — 4j) = 4i + Oj — 91 + 12] 
= —5i + 18j 
or 
2v — 3w = 2(2,3) — 3(3, -4) = (4,6) — (9, -12) 
= (4 — 9,6 — (-12)) = (—5, 18) 
(c) Iv] = 2i + 3j] = 22 + 3? = V3 


om======-Now Work proBLeEmMsS 35 AND 41 


For the remainder of the section, we will express a vector v in the form ai + bj. 


5 Finda Unit Vector 


Recall that a unit vector u is a vector for which ||ul| = 1. In many applications, it is 
useful to be able to find a unit vector u that has the same direction as a given vector v. 


Unit Vector in the Direction of v 


For any nonzero vector v, the vector 


eee 
vl 


is a unit vector that has the same direction as v. 


ae 


Proof Let v = ai + bj. Then ||v|| = \/ a + b’ and 


v ai + bj 


“WM \/ete 


u 


a oe b ; 
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The vector u is in the same direction as v, since ||v|| > 0. Furthermore, 


J “ b2 7 rE als b2 a4 
jul = ete ; e+Pr e+e 


That is, u is a unit vector in the direction of v. : 


As a consequence of this theorem, if u is a unit vector in the same direction as a 
vector v, then v may be expressed as 


v= |lviu (6) 


This way of expressing a vector is useful in many applications. 


EXAMPLE 5 Finding a Unit Vector 


Find a unit vector in the same direction as v = 4i — 3j. 


Solution We find ||v|| first. 


lv] = 4i — 3j] = V16+9=5 


1 1 
Now we multiply v by the scalar if] = 3 A unit vector in the same direction as v is 
Vv 
v 44-3) 4, 3, 
= ed j 
Ilv|| 5 S = 


WA Check: This vector is, in fact, a unit vector because 
(2) +(-2) -$+3-#2-1 
5) '\ 5 25 35 D5 
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6 Find a Vector from Its Direction and Magnitude 


If a vector represents the speed and direction of an object, it is called a velocity 
vector. If a vector represents the direction and amount of a force acting on an object, 
it is called a force vector. In many applications, a vector is described in terms of its 
magnitude and direction, rather than in terms of its components. For example, 
a ball thrown with an initial speed of 25 miles per hour at an angle of 30° to the 
horizontal is a velocity vector. 

Suppose that we are given the magnitude ||v| of a nonzero vector v and the 
direction angle a, 0° < a < 360°, between v and i. To express v in terms of ||y|| and 
a, first find the unit vector u having the same direction as v. 


u or v= |yviu (7) 


ahs 
Iv 


Figure 56 


Look at Figure 56. The coordinates of the terminal point of u are (cos a, sin a). 
Then u = cos ai + sin aj and, from (7), 


v = |\v||(cos ai + sinaj) (8) 


where a is the direction angle between v and i. 
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EXAMPLE 6 Writing a Vector When Its Magnitude and Direction Are Given 


A ball is thrown with an initial speed of 25 miles per hour in a direction that makes 
an angle of 30° with the positive x-axis. Express the velocity vector v in terms of i 
and j. What is the initial speed in the horizontal direction? What is the initial speed 
in the vertical direction? 


Solution — The magnitude of vis ||v|| = 25 miles per hour, and the angle between the direction 
of v and i, the positive x-axis, is a = 30°. By equation (8), 


V3 i) 25V3_ 25, 


Figure 57 
v = |vI|(cos ai + sin aj) = 25(cos 30°i + sin 30°j) = 23( i+ i 54 


y 


2 2) 


‘ v= 25(cos 30° + sin 30°j) 
12.5 125) 


The initial speed of the ball in the horizontal direction is the horizontal component 
25V3 
2 


2 
vertical component of v, a = 12.5 miles per hour. See Figure 57. 


25 


of v, ~ 21.65 miles per hour. The initial speed in the vertical direction is the 


e 
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EXAMPLE 7 Finding the Direction Angle of a Vector 


Find the direction angle a of v = 4i — 4j. 


Figure 58 Solution — See Figure 58. The direction angle a of v = 4i — 4j can be found by solving 


—4 
tana =—~=-1 
ana 4 


Because 0° = a < 360°, the direction angle isa = 315°. 
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cieuiaane Pasaical 7 Model with Vectors 

Because forces can be represented by vectors, two forces “combine” the way that 
vectors “add.” If F; and F, are two forces simultaneously acting on an object, the 
vector sum F, + F, is the resultant force. The resultant force produces the same 
effect on the object as that obtained when the two forces F; and F, act on the object. 
See Figure 59. 


EXAMPLE 8 Finding the Actual Speed and Direction of an Aircraft 


A Boeing 737 aircraft maintains a constant airspeed of 500 miles per hour headed 
due south. The jet stream is 80 miles per hour in the northeasterly direction. 


(a) Express the velocity v, of the 737 relative to the air and the velocity v,, of the jet 
stream in terms of i and j. 

(b) Find the velocity of the 737 relative to the ground. 

(c) Find the actual speed and direction of the 737 relative to the ground. 
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Solution (a) Set up a coordinate system in which north (N) is along the positive y-axis. 
See Figure 60. The velocity of the 737 relative to the air is v, = —SOOj. The 


Figure 60 velocity of the jet stream v,, has magnitude 80 and direction NE (northeast), so 
N the angle between y,, and iis 45°. We express vy in terms of i and j as 
y 
2 2 
VW Vw = 80(cos 45° + sin 45°j) = ao( 2s v2) = 40V 2 (i + j) 
W [> E 2 2 
500 x 
(b) The velocity of the 737 relative to the ground v, is 
kar ine V, Va = Va + Vw = ~500j + 40V2(i + j) = 40V2i + (402 — 500)j 
5 (c) The actual speed of the 737 is 


Ivel = V(40V2)? + (402 — 500)? = 447 miles per hour 


To find the actual direction of the 737 relative to the ground, determine the 
direction angle of v,. The direction angle is found by solving 


_ 40V2 — 500 
402 


Then a © —82.7°. The 737 is traveling $7.3°E. 


tana 
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EXAMPLE 9 Finding the Weight of a Piano 


Two movers require a magnitude of force of 300 pounds to push a piano up a ramp 
inclined at an angle 20° from the horizontal. How much does the piano weigh? 


Solution Let F, represent the force of gravity, F, represent the force required to move the piano 

up the ramp, and F; represent the force of the piano against the ramp. See Figure 61. 

Figure 61 The angle between the ground and the ramp is the same as the angle between F, and F3 

because triangles ABC and BDE are similar,so Z BAC = ZDBE = 20°. We wish to 
find the magnitude of F;. So, 


|F2|| _ 300 
sin20° = ;— = __ 
Fil IFT 
300 Ib 
F,| = = 877 |b 
esl = in 20° 
The piano weighs approximately 877 pounds. wi 


An object is said to be in static equilibrium if (1) the object is at rest and (2) the 
sum of all forces acting on the object is zero, that is, if the resultant force is 0. 


EXAMPLE 10 An Object in Static Equilibrium 


A box of supplies that weighs 1200 pounds is suspended by two cables attached to 
the ceiling, as shown in Figure 62. What are the tensions in the two cables? 


Solution —_ Drawa force diagram using the vectors shown in Figure 63. The tensions in the cables 
are the magnitudes ||F,|| and ||F,|| of the force vectors F; and F,. The magnitude of the 
force vector F; equals 1200 pounds, the weight of the box. Now write each force 
vector in terms of the unit vectors i and j. For F, and F,, we use equation (8). 
Remember that a is the angle between the vector and the positive x-axis. 


Figure 62 
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oa. e V3... We V3 1 
F, = [Fi llcos 150% + sin 150°) = il(-95 + 33) = -~F heli + Set 
Fy = [Pal(cos 454 + sin 45:9) = bal( i + 3) = Shei + Shea 
2 2 2 2 
F; = —1200j 


For static equilibrium, the sum of the force vectors must equal zero. 


4/3 


Vici 2 


F,+F,+ Fj = 


Figure 63 


Substituting into equation (10) and solving for ||F; 


2 


The icomponent and j component will each equal zero. This results in the two equations 


2 hey te a fe 2 Ie Ils 2a Is ‘ 
lryli + Shei + SA hsli + Fel - 12009 = 0 


\/3 V2 

5 F,| + - |F,|| = 0 (9) 
1 V2 
5 Fil Po ||F,| — 1200 = 0 (10) 


We solve equation (9) for ||F,|| and obtain 


V3 
[F.| = —= IF (11) 


Vo 


, we obtain 


1 
sll + 


va(v3 


F 1200 = 0 
> (Mairi) 


1 V3 
5 lil + IRI - 1200 = 0 
+ 
1+ V3 ip = 1200 
2400 
[Fl = ~ 878.5 pounds 


{evs 


Substituting this value into equation (11) yields ||F)|. 


Fl = 


V3) V3 


2400 


V2 


|F,| = = 1075.9 pounds 


V214V3 


The left cable has tension of approximately 878.5 pounds and the right cable has 


tension of approximately 1075.9 pounds. 


e 
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Historical Feature 


he history of vectors is surprisingly 
"| piste for such a natural concept. 
In the xy-plane, complex numbers do a 
good job of imitating vectors. About 1840, 
mathematicians became interested in finding a 
system that would do for three dimensions what 
the complex numbers do for two dimensions. 
Hermann Grassmann (1809-1877), in Germany, 
and William Rowan Hamilton (1805-1865), in 
Ireland, both attempted to find solutions. 
Hamilton’s system was the quaternions, which are best thought 
of as a real number plus a vector, and do for four dimensions 
what complex numbers do for two dimensions. In this system the 
order of multiplication matters; that is,ab # ba. Also, two products of 


Josiah Gibbs 
(1839-1903) 


vectors emerged, the scalar (or dot) product and the vector (or cross) 
product. 

Grassmann's abstract style, although easily read today, was almost 
impenetrable during the previous century, and only a few of his ideas 
were appreciated. Among those few were the same scalar and vector 
products that Hamilton had found. 

About 1880, the American physicist Josiah Willard Gibbs 
(1839-1903) worked out an algebra involving only the simplest 
concepts: the vectors and the two products. He then added some 
calculus, and the resulting system was simple, flexible, and well 
adapted to expressing a large number of physical laws. This system 
remains in use essentially unchanged. Hamilton’s and Grassmann’s 
more extensive systems each gave birth to much interesting mathe- 
matics, but little of this mathematics is seen at elementary levels. 
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5.4 Assess Your Understanding 


Concepts and Vocabulary 


LA is a quantity that has both magnitude and 5. If v = ai + bj, then a is called the component 
direction. of v and b is called the component of v. 
2. If vis a vector, then v + (—v) = : 6. If F, and F, are two forces simultaneously acting on an object, 
3. A vector u for which |lul| = 1 is called a(n) vector. the vectorsumF, + Fyiscalledthe ——__force. 
4. If v = <a, b> is an algebraic vector whose initial point is 7. True or False Force is an example of a vector. 
the origin, then v is called a(n) vector. 8. True or False Mass is an example of a vector. 
Skill Building 
In Problems 9-16, use the vectors in the figure at the right to graph each of the following vectors. 
Novew 10.u+v , 
NGI 3v 12. 4w Ww 
13. v—w 14.u-—v e 
Sy 
15. 3v + u — 2w 16. 2u —- 3y + w o . 
v 


In Problems 17-24, use the figure at the right. Determine whether the given statement is true or false. 


17.4+B=F 18.K+G=F 
19. C=D-E+F 20.G+H+E=D 
21.E+D=G+H 2.H-C=G-F 
23.4+B+K+G6=0 24.4 +B+C+H+G6=0 
25. If |v = 4, what is |3v||? 26. If |\v| = 2, what is |—4vl|? 


In Problems 27-34, the vector v has initial point P and terminal point Q. Write v in the form ai + bj; that is, find its position vector. 


27. P = (0,0); Q = (3,4) 28. P = (0,0); @ = (-3,-5) 
\ 29. P = (3,2); @ = (5,6) 30. P = (-3,2); Q = (6,5) 

31. P = (-2,-1); Q = (6,-2) 32. P= (-1,4); Q = (6,2) 

33. P = (1,0); Q = (0,1) 34. P = (1,1); Q= (2,2) 


In Problems 35-40, find |v\. 


\ 35. v = 31 - 4j 36. v = —Si+ 12j M44 
38. y= -i-j 39. v= 21+ 3j 40. v = 61 + 2j 
In Problems 41-46, find each quantity if v = 3i — 5j and w = —2i + 3j. 

\ AL 2v + 3w 42. 3v — 2w 43. |v — wi 
44, |v + wl 45. |v|| — ||wl 46. ||v|| + ||wl 


In Problems 47-52, find the unit vector in the same direction as Vv. 
47. v = Si 48. v = —3j 49. v = 31 - 4j 
50. v = —Si + 12j \SL v=i-j 52. v = 2i-j 


53. Find a vector v whose magnitude is 4 and whose component 
in the i direction is twice the component in the j direction. 


55. If v = 2i — j and w = xi + 3j, find all numbers x for which 
lv + wi = 5. 
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54. Find a vector v whose magnitude is 3 and whose component 
in the i direction is equal to the component in the j direction. 


56. If P = (—3, 1) and Q = (x, 4), find all numbers x such that 
the vector represented by PQ has length S. 


In Problems 57-62, write the vector v in the form ai + bj, given its magnitude ||v|| and the angle a it makes with the positive x-axis. 


\ 57. lvl] = 5, a@ = 60° 58. |lvl] = 8, a= 45° 59. |lv| = 14, a = 120° 
60. |v = 3, a@ = 240° 61. |v = 25, @ = 330° 62. |\v| = 15, a@ = 315° 
In Problems 63-70, find the direction angle of v for each vector. 
\ 63. v = 31 + 3j 64. v =i + V3j 65. v = —3V3i + 3j 66. v = —Si — 5j 
67. v = 4i — 2j 68. v = 61 — 4j 69. v= -i — 5j 70. v= -i + 3j 


Applications and Extensions 


71. Computer Graphics The field of computer graphics utilizes 
vectors to compute translations of points. For example, if the 
point (—3, 2) is to be translated by v = (5, 2), then the new 
location will be u’ = u + v = (—3,2) + (5,2) = (2,4). As 
illustrated in the figure, the point (—3,2) is translated to 
(2, 4) by v. 

Source: Phil Dadd, Vectors and Matrices: A Primer. 

www. gamedev.net/reference/articles/article]832.asp 

(a) Determine the new coordinates of (3,—1) if it is 
translated by v = (—4,5). 

(b) Illustrate this translation graphically. 


Va 


72. Computer Graphics Refer to Problem 71. The points 
(-3, 0), (-1, -2), (3,1), and (1,3) are the vertices of a 
parallelogram ABCD. 

(a) Find the new vertices of a parallelogram A’ B’C'D’' if it 
is translated by v = (3, —2). 
(b) Find the new vertices of a parallelogram A’ B’C'D’ if it 


is translated by — aY 


73. Force Vectors A child pulls a wagon with a force of 40 pounds. 
The handle of the wagon makes an angle of 30° with the 
ground. Express the force vector F in terms of i and j. 


74. Force Vectors A man pushes a wheelbarrow up an incline 
of 20° with a force of 100 pounds. Express the force vector F 
in terms of i and j. 


75. Resultant Force Two forces of magnitude 40 newtons (N) 
and 60 N act on an object at angles of 30° and —45° with the 
positive x-axis, as shown in the figure. Find the direction and 
magnitude of the resultant force; that is, find F, + F,. 


VA 
IIF,|| = 40 N 
30° 
> 
—45° * 
||F,|| = 60 N 


76. Resultant Force Two forces of magnitude 30 newtons (N) 
and 70 N act on an object at angles of 45° and 120° with the 
positive x-axis, as shown in the figure. Find the direction and 
magnitude of the resultant force; that is, find F, + F,. 


\IF,|| = 70 N 
. y 
\|F,|| = 30 N 


1209 
45° 


<Y 


\ 77. Finding the Actual Speed and Direction of an Aircraft A 


Boeing 747 jumbo jet maintains a constant airspeed of 550 miles 

per hour (mi/hr) headed due north. The jet stream is 100 mi/hr 

in the northeasterly direction. 

(a) Express the velocity v, of the 747 relative to the air and 
the velocity v,, of the jet stream in terms of i and j. 

(b) Find the velocity of the 747 relative to the ground. 

(c) Find the acutal speed and direction of the 747 relative to 
the ground. 


78. Finding the Actual Speed and Direction of an Aircraft An 
Airbus A320 jet maintains a constant airspeed of 500 mi/hr 
headed due west. The jet stream is 100 mi/hr in the 
southeasterly direction. 

(a) Express the velocity v, of the A320 relative to the air and 
the velocity v,, of the jet stream in terms of i and j. 
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(b) Find the velocity of the A320 relative to the ground. 
(c) Find the actual speed and direction of the A320 relative 
to the ground. 


Ground Speed and Direction of an Airplane An airplane 
has an airspeed of 500 kilometers per hour (km/hr) bearing 
N45°E. The wind velocity is 60 km/hr in the direction N30°W. 
Find the resultant vector representing the path of the plane 
relative to the ground. What is the ground speed of the 
plane? What is its direction? 


Ground Speed and Direction of an Airplane An airplane 
has an airspeed of 600 km/hr bearing S30°E. The wind 
velocity is 40 km/hr in the direction S45°E. Find the 
resultant vector representing the path of the plane relative 
to the ground. What is the ground speed of the plane? 
What is its direction? 


Weight of a Boat A magnitude of 700 pounds of force is 
required to hold a boat and its trailer in place on a ramp 
whose incline is 10° to the horizontal. What is the combined 
weight of the boat and its trailer? 

Weight of a Car A magnitude of 1200 pounds of force is 
required to prevent a car from rolling down a hill whose incline 
is 15° to the horizontal. What is the weight of the car? 

Correct Direction for Crossing a River A river has a 
constant current of 3 km/hr. At what angle to a boat dock 
should a motorboat capable of maintaining a constant speed 
of 20 km/hr be headed in order to reach a point directly 


opposite the dock? If the river is 3 kilometer wide, how long 
will it take to cross? 


Finding the Correct Compass Heading The pilot of an 
aircraft wishes to head directly east, but is faced with a wind 
speed of 40 mi/hr from the northwest. If the pilot maintains 
an airspeed of 250 mi/hr, what compass heading should be 
maintained to head directly east? What is the actual speed of 
the aircarft 


Static Equilibrium A weight of 1000 pounds is suspended 
from two cables as shown in the figure. What are the tensions 
in the two cables? 


89. Truck Pull 


86. Static Equilibrium A weight of 800 pounds is suspended 


from two cables, as shown in the figure. What are the tensions 
in the two cables? 


87. Static Equilibrium A tightrope walker located at a certain 


point deflects the rope as indicated in the figure. If the weight 
of the tightrope walker is 150 pounds, how much tension is in 
each part of the rope? 


150 pounds 


88. Static Equilibrium Repeat Problem 87 if the angle on the 


left is 3.8°, the angle on the right is 2.6°, and the weight of the 
tightrope walker is 135 pounds. 


At a county fair truck pull, two pickup trucks 
are attached to the back end of a monster truck as illustrated 
in the figure. One of the pickups pulls with a force of 2000 
pounds and the other pulls with a force of 3000 pounds with 
an angle of 45° between them. With how much force must 
the monster truck pull in order to remain unmoved? 


[Hint: Find the resultant force of the two trucks.] 


90. Removing a Stump A farmer wishes to remove a stump 


from a field by pulling it out with his tractor. Having 
removed many stumps before, he estimates that he will 
need 6 tons (12,000 pounds) of force to remove the stump. 
However, his tractor is only capable of pulling with a force 
of 7000 pounds, so he asks his neighbor to help. His 
neighbor’s tractor can pull with a force of 5500 pounds. They 
attach the two tractors to the stump with a 40° angle between 
the forces as shown in the figure. 
(a) Assuming the farmer’s estimate of a needed 6-ton force 
is correct, will the farmer be successful in removing the 
stump? Explain. 


(b) Had the farmer arranged the tractors with a 25° angle 
between the forces, would he have been successful in 
removing the stump? Explain. 


© 
& 
P 


40° 
7000 Ib 


Interactive Exercises 


Visualizing Vectors 
92. Open the Vectors applet. Draw the directed line segment 


from P,; = (1,2) to P; = (5,4). Then draw the position 
vector v = P,P). 


93. Open the Vectors applet. Suppose v = 2i+ 3j and 


w= 4i — 3j. 
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91. Static Equilibrium Show on the following graph the force 


needed for the object at P to be in static equilibrium. 


(a) Draw v and then use the red vector to show 3v. 

(b) Use the red vector to show —v. 

(c) Draw v and w. Then use the red vector to show v + w. 
(d) Use the red vector to show v — w. 

(e) Use the red vector to show 2v + w. 


Explaining Concepts: Discussion and Writing 


94. Explain in your own words what a vector is. Give an example 
of a vector. 


96. Explain the difference between an algebraic vector and a 
position vector. 


95. Write a brief paragraph comparing the algebra of complex 
numbers and the algebra of vectors. 


5.5 The Dot Product 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Law of Cosines (Section 4.3, p. 274) 


\ Now Work the ‘Are You Prepared?’ problem on page 355. 


OBJECTIVES 1 Find the Dot Product of Two Vectors (p.349) 
2 Find the Angle between Two Vectors (p.350) 
3 Determine Whether Two Vectors Are Parallel (p.351) 
4 Determine Whether Two Vectors Are Orthogonal (p.351) 
5 Decompose a Vector into Two Orthogonal Vectors (p.352) 
6 Compute Work (p.354) 


1 Find the Dot Product of Two Vectors 


The definition for a product of two vectors is somewhat unexpected. However, such 
a product has meaning in many geometric and physical applications. 


DEFINITION If v = ai + b,j and w = api + bj are two vectors, the dot product v- w is 


defined as 


V° w= aya, + bib (1) 


a 
EXAMPLE 1 


Finding Dot Products 
If v = 2i — 3j and w = Si + 3j, find: 


(a) view (by) weve) ev (d) wew Se) Iv (£) [Iw 
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Solution 


COMMENT A scalar multiple av is a 
vector. A dot product usv is a scalar 
(real number). a 


THEOREM 


Figure 64 


(a) v-w = 2(5) 4 a= I (b) w-v = 5(2) + 3(-3) =1 
(c) v-v = 2(2) = 3). = 13 (d) w-w = 5(5) + 3(3) = 34 
(e) Iw] = 2 = A713 (f) |wl = \/ 5? + 3 = V34 


Since the dot product v- w of two vectors v and w is a real number (scalar), we 
sometimes refer to it as the scalar product. 
The results obtained in Example 1 suggest some general properties. 


Properties of the Dot Product 
If u, v, and w are vectors, then 


Commutative Property 
u'v=v-'u (2) 


Distributive Property 


u-(v+w)=u'vtu-w (3) 


=) 


Proof We prove properties (2) and (4) here and leave properties (3) and (5) as 
exercises (see Problems 34 and 35). 
To prove property (2), let u = ai + b,j and v = ai + bj. Then 


Uucrv = aa) t bbz = ana t bob, =v'u 
To prove property (4), let v = ai + bj. Then 


vev=at+ bh = yl’ a 


Find the Angle between Two Vectors 


One use of the dot product is to calculate the angle between two vectors. We 
proceed as follows. 

Let u and v be two vectors with the same initial point A. Then the vectors u, v, 
and u — v form a triangle. The angle @ at vertex A of the triangle is the angle 
between the vectors u and y. See Figure 64. We wish to find a formula for calculating 
the angle 0. 

The sides of the triangle have lengths |y||, |jul|, and ju — vl, and 0 is the included 
angle between the sides of length ||y|| and |lul|. The Law of Cosines (Section 4.3) can 
be used to find the cosine of the included angle. 


ju — y|? = |ul? + |v? — 2[hulllvl| cos 6 


Now use property (4) to rewrite this equation in terms of dot products. 


(u — vy): (u — v) = u-u+ v-v — 2|ul|||v|| cos 0 (6) 


Then apply the distributive property (3) twice on the left side of (6) to obtain 


(u — v)-(u— vy) = u:(u— v) — v-(u— v) 
=uru-wu'v-v'utvyv 


u‘u+vev—2u-v (7) 


roperty (2) 
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Combining equations (6) and (7), we have 


uutvev—2u-v=u-u+ v-y — 2|ul||lv| cos 6 
u-v = |ullly|| cos @ 
THEOREM Angle between Vectors 


If u and v are two nonzero vectors, the angle 6,0 = 6 = w, between u and vis 
determined by the formula 


_ oury 
Halle ®) 


zy) 


EXAMPLE 2 Finding the Angle 0 between Two Vectors 
Find the angle @ between u = 4i — 3j and v = 2i + Sj. 


Solution Find u-y, |u|, and |\v/. 


Figure 65 uv = 4(2) + (—3)(5) = -7 


LH ene e ey jul = \/ 4 + (-3)? =5 
lv] = V22 + 52 = V29 


By formula (8), if 6 is the angle between u and vy, then 


NR i 3p Q u-v =, 
- 4) td cos 9 = 


SC lulivl = 5/29 


We find that 6 ~ 105°. See Figure 65. 


~ —0.26 


e 


omm=====-Now Work pRoBLEMS 7(a) AND (b) 


3 Determine Whether Two Vectors Are Parallel 


Two vectors vy and w are said to be parallel if there is a nonzero scalar a so that 
v = aw. In this case, the angle 6 between v and wis 0 or 7. 


EXAMPLE 3 Determining Whether Vectors Are Parallel 


The vectors v = 3i — j and w = 6i — 2j are parallel, since v = a Furthermore, 
since 
view 18 +2 20 
cos 6 = a 


= =] 
Ivilwl W10V40 400 


the angle 6 between v and wis 0. 


ma) 


4 Determine Whether Two Vectors Are Orthogonal 
Figure 66 
vis orthogonal to w. If the angle 6 between two nonzero vectors v and w is a the vectors v and w are 


called orthogonal.* See Figure 66. 
ae Since cos . = 0, it follows from formula (8) that if v and w are orthogonal then 
w viw=0. 


* Orthogonal, perpendicular, and normal are all terms that mean “meet at a right angle.” It is customary 
to refer to two vectors as being orthogonal, two lines as being perpendicular, and a line and a plane or a 
vector and a plane as being normal. 
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On the other hand, if v- w = 0, then v = 0 or w = 0 orcos 6 = 0. If cos 6 = 0, 
then 6 = = and v and w are orthogonal. If v or w is the zero vector, then, 


2 
since the zero vector has no specific direction, we adopt the convention that the zero 


vector is orthogonal to every vector. 


THEOREM Two vectors v and w are orthogonal if and only if 


viw=0 


Determining Whether Two Vectors Are Orthogonal 
The vectors 
Figure 67 v=2i-—j and w= 3i+ 6j 
are orthogonal, since 
vrw=6-6=0 
See Figure 67. 


wl 


orm====-Now Work prosLem 7(c) 


5 Decompose a Vector into Two Orthogonal Vectors 


In the last section, we learned how to add two vectors to find the resultant vector. 
Figure 68 Now, we discuss the reverse problem, decomposing a vector into the sum of two 
components. 

In many physical applications, it is necessary to find “how much” of a vector is 
applied in a given direction. Look at Figure 68. The force F due to gravity is pulling 
straight down (toward the center of Earth) on the block. To study the effect of 
gravity on the block, it is necessary to determine how much of F is actually pushing 
the block down the incline (F;) and how much is pressing the block against the 
incline (F,), at a right angle to the incline. Knowing the decomposition of F often 
will allow us to determine when friction (the force holding the block in place on the 
incline) is overcome and the block will slide down the incline. 

Suppose that v and w are two nonzero vectors with the same initial point P. We 
seek to decompose v into two vectors: v,, which is parallel to w, and v5, which is 
orthogonal to w. See Figure 69(a) and (b). The vector v, is called the vector projection 
of v onto w. 

The vector v,; is obtained as follows: From the terminal point of v, drop a 
perpendicular to the line containing w. The vector y, is the vector from P to the foot 
of this perpendicular. The vector v, is given by v. = v — v,. Note that v = v, + Wo, 
the vector v, is parallel to w, and the vector v> is orthogonal to w. This is the 
2 decomposition of v that we wanted. 

Now we seek a formula for v, that is based on a knowledge of the vectors v and w. 
Since v = v, + V2, we have 


= 
~ 
=’ 


vow = (vy, + Wo) -W=VWt Vo Ww (9) 


(b) Since vy, is orthogonal to w, we have v.°w = 0. Since y, is parallel to w, we have 
v, = aw for some scalar a. Equation (9) can be written as 


aw: w = allwi|* v, = aw:vo:w = O 


ll 


v°w 
v°w 


lw? 
Then 
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THEOREM If v and w are two nonzero vectors, the vector projection of v onto w is 


View 


Vim anal 
Iw? 


(10) 


The decomposition of v into v, and v, where vy, is parallel to w and vy, is 
orthogonal to w, is 


v°w 


Vi Same oil W=Vv-Vy (11) 
wll 


J 


EXAMPLE 5 Decomposing a Vector into Two Orthogonal Vectors 


Find the vector projection of v = i+ 3j onto w =i + j. Decompose v into two 
vectors, v, and v2, where v, is parallel to w and v, is orthogonal to w. 


Solution —_ Use formulas (10) and (11). 


Figure 70 wake 143 ; ees 
Yh Y= a= sw = 2w= 2(i + j 
Fei we” (V2) 
Syst ti vy =Vv— vy, = (i+ 3j) — 20+ j) = -i+j 
x 
4 
j: . 
7 = 21+ j) See Figure 70. 
Cf “J 
w=it+j , 
x om=====-Now Work prosLem 19 


EXAMPLE 6 Finding the Force Required to Hold a Wagon on a Hill 


A wagon with two small children as occupants that weighs 100 pounds is on a hill 
with a grade of 20°. What is the magnitude of the force that is required to keep the 
wagon from rolling down the hill? 


Solution —_ See Figure 71. We wish to find the magnitude of the force v that is causing the wagon to 

roll down the hill. A force with the same magnitude in the opposite direction of v will 

Figure 71 keep the wagon from rolling down the hill. The force of gravity is orthogonal to the 
level ground, so we can represent the force of the wagon due to gravity by the vector 


F,, = —100j 


We need to determine the vector projection of Fy, onto w, which is the force parallel 
to the hill. The vector w is given by 


w = cos20°% + sin 20°j 
The vector projection of F,, onto w is 
Fy: w 
v= Ww 
I wl? 
—100(sin 20°) : . , 

= (cos20°i + sin20°j) 

(Vcos? 20° + sin? 20°)? 
= —34.2(cos20°I + sin20°j) 


The magnitude of v is 34.2 pounds, so the magnitude of the force required to keep 
the wagon from rolling down the hill is 34.2 pounds. ai 
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6 Compute Work 


In elementary physics, the work W done by a constant force F in moving an object 
from a point A to a point B is defined as 


W = (magnitude of force)(distance) = ||F\|AB | 


Figure 72 


at. 
ia eB 


Work is commonly measured in foot-pounds or in newton-meters (joules). 

In this definition, it is assumed that the force F is applied along the line of 
motion. If the constant force F is not along the line of motion, but, instead, is at an 
angle 6 to the direction of the motion, as illustrated in Figure 72, the work W done 
by F in moving an object from A to B is defined as 


W=F-AB (12) 


This definition is compatible with the force times distance definition, since 


W = (amount of force in the direction of AB )(distance) 
— F-AB —  ,, ),—_ — 
= ||projection of F on AB\|||AB || = ap? ||AB || = F-AB 


Use formula (10). 


EXAMPLE 7 


Computing Work 


Figure 73(a) shows a girl pulling a wagon with a force of 50 pounds. How much work 
is done in moving the wagon 100 feet if the handle makes an angle of 30° with the 
ground? 

Figure 73 y 


50(sin 30°)j 
||F|| = 50 

(0, 0) 50(cos 30°)i (100, 0) x 
(a) (b) 


Solution We position the vectors in a coordinate system in such a way that the wagon is 
moyed from (0,0) to (100, 0). The motion is from A = (0,0) to B = (100, 0), so 


AB = 100i. The force vector F, as shown in Figure 73(b), is 


so( : ) = 25(V3i + j) 


F = 50(cos 30°% + sin 30°j) 5 i+ 5] 


By formula (12), the work done is 
W =F-AB = 25(V3i + j)- 100i = 25003 foot-pounds “J 


om======-Now Work prosLem 25 


Historical Feature 


e stated in an earlier Historical Feature that complex 
numbers were used as vectors in the plane before the 
general notion of a vector was clarified. Suppose that we 


make the correspondence 


Vector <> Complex number 


ai + bj<oa + bi 


d+ djaoc+di 


Show that 
(ai + bj): (ci + dj) = real part [(a + bi)(c + di)] 


This is how the dot product was found originally. The imaginary part is 
also interesting. It represents the area of the parallelogram whose edges 
are the vectors. This is close to some of Hermann Grassmann’s ideas and 
is also connected with the scalar triple product of three-dimensional 
vectors. 


5.5 Assess Your Understanding 
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‘Are You Prepared?’ The answer is given at the end of these exercises. If you get the wrong answer, read the page listed in red. 


1. Ina triangle with sides a, b,c and angles A, B, C, the Law of Cosines states that 


Concepts and Vocabulary 


2. If v = ai + byj and w = ai + boj are two vectors, the 
is defined as vw = aya) + bybo. 


3. If v- w = 0, then the two vectors v and w are 


4. If v = 3w, then the two vectors v and w are 


_(p.274) 


5. True or False Given two nonzero vectors v and w, it is 
always possible to decompose v into two vectors, one 
parallel to w and the other perpendicular to w. 


6. True or False Work is a physical example of a vector. 


Skill Building 
In Problems 7-16, (a) find the dot product vw; (b) find the angle between v and w; (c) state whether the vectors are parallel, orthogonal, 
or neither. 
\a.vei-j wHitj 8& v=i+j, w i+j 9. v= 2i+j, w=i- 2j 
10. v= 21+ 2j, w=it 2j li. v= V3i-j, w=itj 122. v=i+ V3j, w=i-j 
13. v = 31+ 4j, w= —-6i - 3 14. v = 3i — 4j,, w= 91 — 12j 
15.v=41, w=j 16. Vv =i, w= -3j 
17. Find a so that the vectors v = i — aj 18. Find b so that the vectors v = i+ j 


and w = 2i + 3j are orthogonal. 


and w = i+ bj are orthogonal. 


In Problems 19-24, decompose v into two vectors Vv, and V2, where Vv, is parallel to w and Vv, is orthogonal to w. 


\ 19. v= 2i 


3i 4 


3j, w=i-j 20. v a, 


w=2i+j 2.v=i-j, w= -i-2j 


2.v=2i-j, w=i- 


Applications and Extensions 


\ 25. Computing Work Find the work done by a force of 
3 pounds acting in the direction 60° to the horizontal in 
moving an object 6 feet from (0, 0) to (6, 0). 

26. Computing Work A wagon is pulled horizontally by exerting 
a force of 20 pounds on the handle at an angle of 30° with 
the horizontal. How much work is done in moving the wagon 
100 feet? 


27. Solar Energy The amount of energy collected by a solar 
panel depends on the intensity of the sun’s rays and the area 
of the panel. Let the vector I represent the intensity, in watts 
per square centimeter, having the direction of the sun’s rays. 
Let the vector A represent the area, in square centimeters, 
whose direction is the orientation of a solar panel. See the 
figure. The total number of watts collected by the panel is 
given by W = |I- Al. 


Suppose that I = (—0.02, —0.01) and A = (300, 400). 


(a) Find ||I|| and ||Al| and interpret the meaning of each. 
(b) Compute W and interpret its meaning. 


(c) If the solar panel is to collect the maximum number of 
watts, what must be true about I and A? 


28. Rainfall Measurement Let the vector R represent the 
amount of rainfall, in inches, whose direction is the inclination 
of the rain to a rain gauge. Let the vector A represent the 
area, in square inches, whose direction is the orientation of 
the opening of the rain gauge. See the figure. The volume of 
rain collected in the gauge, in cubic inches, is given by 
V = |R- A], even when the rain falls in a slanted direction or 


the gauge is not perfectly vertical. 


SHNMWHRUOMDNOW) 


Suppose that R = (0.75, —1.75) and A = (0.3, 1). 


(a) Find ||R| and ||A|| and interpret the meaning of each. 

(b) Compute V and interpret its meaning. 

(c) If the gauge is to collect the maximum volume of rain, 
what must be true about R and A? 


29. Braking Load A Toyota Sienna with a gross weight of 
wS 5300 pounds is parked on a street with an 8° grade. See the figure. 


356 


30. 


31. 


32. 


33. 
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Weight = 5300 pounds 
Find the magnitude of the force required to keep the Sienna 
from rolling down the hill. What is the magnitude of the force 
perpendicular to the hill? 


Braking Load A Pontiac Bonneville with a gross weight of 
4500 pounds is parked on a street with a 10° grade. Find the 
magnitude of the force required to keep the Bonneville from 
rolling down the hill. What is the magnitude of the force 
perpendicular to the hill? 

Ramp Angle Billy and Timmy are using a ramp to load 
furniture into a truck. While rolling a 250-pound piano up 
the ramp, they discover that the truck is too full of other 
furniture for the piano to fit. Timmy holds the piano in place 
on the ramp while Billy repositions other items to make room 
for it in the truck. If the angle of inclination of the ramp is 20°, 
how many pounds of force must Timmy exert to hold the 
piano in position? ——— 


Incline Angle A bulldozer exerts 1000 pounds of force to 
prevent a 5000-pound boulder from rolling down a hill. 
Determine the angle of inclination of the hill. 

Find the acute angle that a constant unit force vector makes 
with the positive x-axis if the work done by the force in 
moving a particle from (0, 0) to (4, 0) equals 2. 


Explaining Concepts: Discussion and Writing 


34. 


35. 
36. 


37. 


38. 


39. 


42. 


43. 


Prove the distributive property: 
u-(v+w) =u-v+u-w 
Prove property (5),0-v = 0. 


If v is a unit vector and the angle between v and iis a, show 
that v = cos ai + sin aj. 


Suppose that v and w are unit vectors. If the angle between v 
and iis @ and that between w and iis £, use the idea of the 
dot product v- w to prove that 


cos(a — B) = cosacos B + sina sin B 


Show that the projection of v onto iis (v-i)i. Then show that 
we can always write a vector v as 


v= (v-i)ji + (v'j)j 


(a) Ifuand v have the same magnitude, show that u + v and 
u — vare orthogonal. 

(b) Use this to prove that an angle inscribed in a semicircle is 
a right angle (see the figure). 


-7\ 


. Let v and w denote two nonzero vectors. Show that the 


. : view 
vector v — aw is orthogonal to wif a = we’ 
w 


. Let v and w denote two nonzero vectors. Show that the 


vectors ||w\|v + ||v||w and ||w|v — ||vl|w are orthogonal. 


In the definition of work given in this section, what is the 
work done if F is orthogonal to AB ? 


Prove the polarization identity, 


vl? 


ju + vl? — Iu 4(u-v) 


44. Create an application different from any found in the text that requires a dot product. 


‘Are You Prepared?’ Answer 


1. 


C= a +b? — 2abcosC 


5.6 Vectors in Space 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Distance Formula (Section 1.1, p. 3) 


\ Now Work the ‘Are You Prepared?’ problem on page 364. 


OBJECTIVES 1 Find the Distance between Two Points in Space (p.358) 
2 Find Position Vectors in Space (p.358) 


3 Perform Operations on Vectors (p.359) 

4 Find the Dot Product (p.360) 

5 Find the Angle between Two Vectors (p.361) 
6 Find the Direction Angles of a Vector (p.361) 


Figure 74 


Figure 77 
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Rectangular Coordinates in Space 


In the plane, each point is associated with an ordered pair of real numbers. In space, 
each point is associated with an ordered triple of real numbers. Through a fixed 
point, called the origin O, draw three mutually perpendicular lines, the x-axis, the 
y-axis, and the z-axis. On each of these axes, select an appropriate scale and the 
positive direction. See Figure 74. 

The direction chosen for the positive z-axis in Figure 74 makes the system 
right-handed. This conforms to the right-hand rule, which states that, if the index 
finger of the right hand points in the direction of the positive x-axis and the middle 
finger points in the direction of the positive y-axis, then the thumb will point in the 
direction of the positive z-axis. See Figure 75. 

We associate with each point P an ordered triple (x, y, z) of real numbers, the 
coordinates of P. For example, the point (2, 3, 4) is located by starting at the origin 
and moving 2 units along the positive x-axis, 3 units in the direction of the positive 
y-axis, and 4 units in the direction of the positive z-axis. See Figure 76. 


Figure 75 Figure 76 


Figure 76 also shows the location of the points (2, 0, 0), (0, 3, 0), (0, 0, 4), and 
(2, 3,0). Points of the form (x, 0,0) lie on the x-axis, while points of the form 
(0, y,0) and (0,0, z) lie on the y-axis and z-axis, respectively. Points of the form 
(x, y, 0) lie in a plane, called the xy-plane. Its equation is z = 0. Similarly, points of 
the form (x,0,z) lie in the xz-plane (equation y = 0) and points of the form 
(0, y, z) lie in the yz-plane (equation x = 0). See Figure 77(a). By extension of these 
ideas, all points obeying the equation z = 3 will lie in a plane parallel to and 3 units 
above the xy-plane. The equation y = 4 represents a plane parallel to the xz-plane 
and 4 units to the right of the plane y = 0. See Figure 77(b). 


Plane z= 3 


a Plane y= 4 
Vinee x=0 
xz-plane 


yzplane 


z=0 
Xy-plane 


(a) (b) 


om=======-Now Work prosLem 9 
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1 Find the Distance between Two Points in Space 


The formula for the distance between two points in space is an extension of the 
Distance Formula for points in the plane given in Chapter 1. 


THEOREM Distance Formula in Space 


If Py = (x1, y1, 2) and Py = (x, y2, Z2) are two points in space, the distance d 
from P, to P, is 


i= \/ Gp ei a= ee = a) (1) 
a) 


The proof, which we omit, utilizes a double application of the Pythagorean 
Theorem. 


EXAMPLE 1 Using the Distance Formula 


Find the distance from P; = (—1,3,2) to P; = (4, -2,5). 


Solution d= \/[4- (-1)? + [-2 - 3 + [5 — 22 = V25 + 25+ 9 = V'59 


i 


om=======-Now Work prosLem 15 


2 Find Position Vectors in Space 


To represent vectors in space, we introduce the unit vectors i, j, and k whose 
directions are along the positive x-axis, positive y-axis, and positive z-axis, 
respectively. If v is a vector with initial point at the origin O and terminal point at 
P = (a,b,c), we can represent v in terms of the vectors i,j, and k as 


See Figure 78. 

The scalars a, b, and c are called the components of the vector 
v = ai + bj + ck, witha being the component in the direction i, b the component in 
the direction j, and c the component in the direction k. 

A vector whose initial point is at the origin is called a position vector. The next 
result states that any vector whose initial point is not at the origin is equal to a 
unique position vector. 


Figure 78 


THEOREM Suppose that v is a vector with initial point P; = (x;,, y;, z,), not necessarily 
the origin, and terminal point P, = (x2, yo, Z2). If v = P,P2, then v is equal to 
the position vector 


Y= xt 5 = (ek (2) 


es) 


Figure 79 illustrates this result. 


Figure 79 


Py = ee Po = (Xo, Yas 20) 


V = PYP5 = (x2 — mI + (Yo -— Wi + (& — Dk 
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EXAMPLE 2 Finding a Position Vector 


Find the position vector of the vector v = P,P, if P; = (—1,2,3) and P, = (4, 6, 2). 


Solution By equation (2), the position vector equal to v is 
y= [4 -(-1)]it+ (6-2)j + (2-3)k =Si+ 4j-k 


ai 


ovm=====-Now Work prosLEM 29 


3 Perform Operations on Vectors 


We can define equality, addition, subtraction, scalar product, and magnitude in 
terms of the components of a vector. 


DEFINITION Let v = qi + byj + c)k and w = api + bj + cok be two vectors, and let a be 
a scalar. Then 


v=w _ ifand only if aq >= a, by = by, and Cj =a 


Vvrw= (a, t ay)i (by t b>)j (cy t C)k 


V— we (a — a)i + (b, — bo)j + (cr — co)k 
av = (aa,)i + (ab,)j + (ac,)k 


Iv = Vaz + bp + cf 


a 


These definitions are compatible with the geometric definitions given for 
vectors in the plane earlier in Section 5.4. 


EXAMPLE 3 Adding and Subtracting Vectors 


Ifv = 2i + 3j — 2k and w = 3i — 4j + 5k, find: 
(a) vt+w (b) V-— w 
Solution (a) v + w= (2i + 3j — 2k) + (31 — 4j + 5k) 

2023) 4 3 = dj 6-24 3k 
= 5i-j+ 3k 

(b) v — w= (2i + 3j — 2k) — (3i — 4j + 5k) 
= (2 — 3)i + [3 — (—4)]j + [-2 — 5]k 
= -i+ 7j- 7k 


EXAMPLE 4 Finding Scalar Products and Magnitudes 
Ifv = 2i + 3j — 2k and w = 3i — 4j + 5k, find: 
(a) 3v (b) 2v — 3w (c) Iv 


Solution (a) 3v = 3(2i + 3j — 2k) = 61 + 9j — 6k 


(b) 2v — 3w = 2(2i + 3j — 2k) — 3(3i — 4j + 5k) 
= 4i + 6j — 4k — 91 + 12] — 15k = —5i + 18j — 19k 


(c) |v| = |2i + 3j — 2kl| = \/22 + 3? + (-2)? = V17 
Pe 


mm -Now Work pRoBLEMS 33 AND 39 
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Recall that a unit vector u is one for which |u|] = 1. In many applications, it is 
useful to be able to find a unit vector u that has the same direction as a given vector v. 


THEOREM Unit Vector in the Direction of v 


For any nonzero vector v, the vector 


eee 
"* II 


is a unit vector that has the same direction as v. J 


As a consequence of this theorem, if u is a unit vector in the same direction as a 
vector v, then v may be expressed as 


v= |viu 
EXAMPLE 5 Finding a Unit Vector 


Find the unit vector in the same direction as v = 2i — 3j — 6k. 


Solution Find |ly|| first. 


lv = 2i — 3j — Okll = V4 494 36 = V49=7 


1 1 
Now multiply v by the scalar Ww = 7 The result is the unit vector 
Vv 
v 2i-3j-6k 2, 3, 6 
u= = =Tl J k 
Ilv|| 7 7 7 4 


acl 
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4 Find the Dot Product 


The definition of dot product is an extension of the definition given for vectors in 
the plane. 


DEFINITION If v = qi + bj + c)k and w = ai + boj + cok are two vectors, the dot 
product v > w is defined as 


Vow = aa) + bybo + Cyc (3) 


=) 
EXAMPLE 6 Finding Dot Products 


If v = 2i — 3j + 6k and w = 5i + 3j — k, find: 

(a) vow (b) wev (c) vev 

(d) w-w (e) |v (f) wl 
Solution = (a) ve w = 2(5) + (—3)3 + 6(-1) = —5 

(b) wev = 5(2) + 3(—3) + (—1)(6) = -5 

(c) vev = 2(2) + (—3)(-3) + 6(6) = 49 

(d) wew = 5(5) + 3(3) + (-1)(-1) = 35 


(e) vl = \/22 + (-3)2 + @ = V49 =7 
(f) |wl = 1/52 + 32 + (-1)? = V35 ‘ge 
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The dot product in space has the same properties as the dot product in the plane. 


THEOREM Properties of the Dot Product 
If u, v, and w are vectors, then 


Commutative Property 


Devo Vs 


Distributive Property 


us(v + w) =uev+uew 


= 


5 Find the Angle between Two Vectors 


The angle 6 between two vectors in space follows the same formula as for two 
vectors in the plane. 


THEOREM Angle between Vectors 


If u and v are two nonzero vectors, the angle 6,0 = 6 = 7, between u and v is 
determined by the formula 


cos 9 = ae (4) 
ful) |v 
a) 


EXAMPLE 7 Finding the Angle 0 between Two Vectors 
Find the angle 6 between u = 2i — 3j + 6k and v = 2i + 5j — k. 


Solution Compute the quantities ue y, ||ul|, and |v||. 
uev = 2(2) + (—3)(5) + 6(-1) = -17 
Jul = \/22 + (3) + P= V49 =7 
lvl = \/22 + 52 + (-1)? = V30 
By formula (4), if 6 is the angle between u and v, then 


uev -17 


lull ivi 7/30 


0.443 


cos 0 = 


We find that 6 ~ 116.3°. J 
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6 Find the Direction Angles of a Vector 


A nonzero vector v in space can be described by specifying its magnitude and its 
three direction angles a, 8B, and y. These direction angles are defined as 


a = the angle between v and i, the positive x-axis,0 = a = 7 


B 


y = the angle between v and k, the positive z-axis,0 = y = 7 


ll 


the angle between vy and j, the positive y-axis,0 = B = 7 
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See Figure 80. 


Figure 80 


Our first goal is to find expressions for a, 6, and y in terms of the components 
of a vector. Let v = ai + bj + ck denote a nonzero vector. The angle a between v 
and i, the positive x-axis, obeys 


_ vei _ 4 
lvl lil = Iv 


COS @ 


Similarly, 


a COS = we 
Iv Y” Wi 


Since ||v|| = \/ a? + b* + c’”, we have the following result: 


cos B = 


THEOREM Direction Angles 


Ifv = ai + bj + ckis a nonzero vector in space, the direction angles a, 8, and 
y obey 


a a b b 
cos a = = cos B = = 


Ve+r+e lvl 


Ve+eP+e2 lvl 


(5) 


Cc c 


Ve+eP+e Wi 


cos y = 


am 


The numbers cos a, cos 8B, and cos y are called the direction cosines of the 
vector v. 


EXAMPLE 8 Finding the Direction Angles of a Vector 
Find the direction angles of vy = —3i + 2j — 6k. 


Salution Iv] = \/(-3) + 2 + (6) = V49 = 7 


Using the formulas in equation (5), we have 


COS @ 


SI] 


= cos B = cos y = — 


7 
115.4° B = 73.4° y = 149.0° 


2 


a 
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THEOREM Property of the Direction Cosines 


If a, 8, and y are the direction angles of a nonzero vector v in space, then 


cos* a + cos? B + cos*y = 1 (6) 


cal 


The proof is a direct consequence of the equations in (5). 

Based on equation (6), when two direction cosines are known, the third is 
determined up to its sign. Knowing two direction cosines is not sufficient to 
uniquely determine the direction of a vector in space. 


EXAMPLE 9 Finding the Direction Angle of a Vector 


T, ae : 7 
The vector v makes an angle of a = 3 with the positive x-axis, an angle of B = 5 


with the positive y-axis, and an acute angle y with the positive z-axis. Find y. 


Solution —_ By equation (6), we have 


cos( =) cos'( =) cosy = 1 Oy < = 
iy 1 
(5) (5) cos’ y = 1 
Sete 
cos’ y 5 
cos y = v2 or cosy = v2 
Y= y) cos y = 2 
=2 or me 
Y'4 oA 


Since we are requiring that y be acute, y = 1 


-! 


The direction cosines of a vector give information about only the direction of 
the vector; they provide no information about its magnitude. For example, any 


: Ts 2 Sa : a 
vector parallel to the xy-plane and making an angle of a radian with the positive 
x-axis and y-axis has direction cosines 


cos me cos a osy = 0 
“aS a eee 


However, if the direction angles and the magnitude of a vector are known, the 
vector is uniquely determined. 


EXAMPLE 10 Writing a Vector in Terms of Its Magnitude and Direction Cosines 


Show that any nonzero vector v in space can be written in terms of its magnitude 
and direction cosines as 


v = |lvI[(cos @)i + (cos B)j + (cos y)k] (7) 


Solution Let v = ai + bj + ck. From the equations in (5), we see that 


a = |v cosa b = |ly|| cos B c = ||v|| cos y 
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Substituting, we find that 


v = ai + bj + ck = |y|\(cos @)i + |lv||(cos B)j + |lv|\(cos y)k 
= ||vII[(cos a)i + (cos B)j + (cos y)k] 


-! 
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Example 10 shows that the direction cosines of a vector v are also the components 
of the unit vector in the direction of v. 
5.6 Assess Your Understanding 


‘Are You Prepa red?’ Answer is given at the end of these exercises. If you get the wrong answer, read the page listed in red. 


1. The distance d from P, = (x1, y;) to Py = (x2, y2) isd = .(p:3) 
Concepts and Vocabulary 
2. In space, points of the form (x, y, 0) lie in a plane called the 5. True or False In space, the dot product of two vectors is a 
. positive number. 
3. Ifv = ai + bj + ckisa vector in space, the scalars a, b,c are 6. True or False A vector in space may be described by 
called the of v. specifying its magnitude and its direction angles. 


4. The sum of the squares of the direction cosines of a vector 
in space add up to 


Skill Building 
In Problems 7- 14, describe the set of points (x, y, z) defined by the equation(s). 
7. y=0 8 x =0 \oz=2 10. y =3 
1. x = —4 12. z= -3 13. x = Landy =2 14. x =3andz=1 


In Problems 15-20, find the distance from P, to P. 


\ 15. P; = (0,0,0) and P; = (4, 1,2) 16. P, = (0,0, 0) and P, = (1, -2,3) 
17. P, = (-1,2, —3) and P, = (0, -2,1) 18. P, = (—2,2,3) and P, = (4,0, —3) 
19. P, = (4,—2, -2) and P, = (3,2, 1) 20. P, = (2, —3, —3) and P, = (4,1,-1) 


In Problems 21- 26, opposite vertices of a rectangular box whose edges are parallel to the coordinate axes are given. List the coordinates 
of the other six vertices of the box. 
21. (0,0,0); (2, 1,3) 22. (0,0,0); (4,2, 2) 23. (1,2,3); (3,4,5) 


24. (5,6,1); (3,8,2) 25. (-1,0,2); (4,2,5) 26. (—2, -3,0); (—6,7, 1) 


In Problems 27- 32, the vector v has initial point P and terminal point Q. Write v in the form ai + bj + ck; that is, find its position vector. 


27. P = (0,0,0); Q = (3,4,—1) 28. P =(0,0,0); @ = (-3,-5,4) 
\ 29. P = (3,2,-1); Q = (5,6,0) 30. P = (-3,2,0); Q = (6,5,-1) 
31. P = (-2,-1,4); Q = (6,-2,4) 32. P = (-1,4,-2); Q = (6,2,2) 
. In Problems 33- 38, find |\v}. 
33. v = 3i — 6j — 2k 34. v = —6i + 12) + 4k 35. v-i-j+k 
%.v=-i-j+k 37. v = -2i + 3j — 3k 38. v = 61 + 2j — 2k 


In Problems 39- 44, find each quantity if v = 3i — 5j + 2k and w = —2i + 3j — 2k. 
\ 39. 2v + 3w 40. 3v — 2w 41. |v — wl 
42. |v + wl 43. lvl — [Iwll 44. ||v|| + [Iwll 


In Problems 45— 50, find the unit vector in the same direction as Vv. 


45. v = Si 46. v = —-3j 


48. v = —6i + 12] + 4k 49.v=it+jtk 
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\ 47. v = 31 — @ — 2k 


50. v= 2i-jt+k 


In Problems 51-58, find the dot product v + w and the angle between vy and w. 


\osL v=i-j, w=itj+k 


53. v = 2i+ j — 3k, w=it 2j + 2k 


55. v = 3i-j+2k, w=i+j—k 


57.v = 31+ 4) +k, w= 6it+ 8+ 2k 


In Problems 59- 66, find the direction angles of each vector. Write each vector in the form of equation (7). 


\. 59. v = 3i — 6j — 2k 
63. Vv=i+j 


60. v = —6i + 12] + 4k 
64.v=jt+k 


Applications and Extensions 


67. Robotic Arm Consider the double-jointed robotic arm 

w shown in the figure. Let the lower arm be modeled by 

a = (2,3,4), the middle arm be modeled by b = (1, —1, 3), 

and the upper arm by ¢ = (4, 
feet. 


—1, —2), where units are in 


MN 


(a) Find a vector d that represents the position of the hand. 
(b) Determine the distance of the hand from the origin. 


68. The Sphere In space, the collection of all points that are the 
same distance from some fixed point is called a sphere. See 
the illustration. The constant distance is called the radius, 
and the fixed point is the center of the sphere. Show that the 
equation of a sphere with center at (x9, yo, Zo) and radius r is 


(x- my + (y- wP+-aPper 
[Hint: Use the Distance Formula (1).] 
Z 
P= (Xx, YZ) 


r 


~~~~_ Po = 0%; Yo: 2a) 


a eee 


y 
x 


‘Are You Prepared?’ Answer 


1. V(x = My ye yay 


6l.v=it+jt+k 62. v=i-j—k 


65. v = 31 — Sj + 2k 66. v = 21 + 3j — 4k 


In Problems 69 and 70, find the equation of a sphere with radius r 
and center Po. 


69. r= 1; Po = (3,1, 1) 
70. r= 2; Po = (1,2,2) 
In Problems 71- 76, find the radius and center of each sphere. 


[Hint: Complete the square in each variable. | 
Ne +ytet+2x-2y=2 


2.x + yt 24+ 2x - 2 1 


3.x + y+ 2—-—4x + 4y +2z2=0 


Ma r+yt2-—4x=0 


75, 2x? + 2y* 4 


16. 3x° + 3y’ 4 


The work W done by a constant force F in moving an object from a 
point A in space to a point B in space is defined as W = F* AB. 
Use this definition in Problems 77-79. 

77. Work Find the work done by a force of 3 newtons acting in 


the direction 2i + j + 2k in moving an object 2 meters from 
(0, 0, 0) to (0, 2, 0). 


78. Work Find the work done by a force of 1 newton acting in 
the direction 2i + 2j + k in moving an object 3 meters from 
(0, 0,0) to (1, 2,2). 


79. Work Find the work done in moving an object along a vec- 
tor u = 3i + 2j — Sk if the applied force is F = 2i — j — k. 
Use meters for distance and newtons for force. 
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5.7 The Cross Product 


OBJECTIVES 1 Find the Cross Product of Two Vectors (p.366) 
2 Know Algebraic Properties of the Cross Product (p.367) 


3 Know Geometric Properties of the Cross Product (p. 368) 


4 Find a Vector Orthogonal to Two Given Vectors (p. 368) 
5 Find the Area of a Parallelogram (p.369) 


1 Find the Cross Product of Two Vectors 


For vectors in space, and only for vectors in space, a second product of two vectors is 
defined, called the cross product. The cross product of two vectors in space is, in fact, 
also a vector that has applications in both geometry and physics. 


DEFINITION If v = ai + bij + cyk and w = ai + boj + cok are two vectors in space, the 
cross product v X wis defined as the vector 


Vv X w= (bycy — byc1)i — (aye2 — ayc,)j + (ayb2 — anb,)k (A) 


Notice that the cross product v < w of two vectors is a vector. Because of this, it 
is sometimes referred to as the vector product. 


Finding Cross Products Using Equation (1) 
If v = 2i+ 3j + 5k and w =i-+ 2j + 3k, an application of equation (1) gives 
v xX w= (3:3 — 2-5)i- (2:3 —1°5)j + (2:2 —1-3)k 
= (9 — 10)i— (6 — 5)j + (4 —- 3)k 


=-j-jt+k a 


Determinants may be used as an aid in computing cross products. A 2 by 2 
determinant, symbolized by 


a by 
a, by 
has the value a,b, — ayb,; that is, 
b 
a = aby — ayby 
a, by 
A 3 by 3 determinant has the value 
A BC 
ay by c| = mt ae “1 By a Pile 
by 2 a C2 a, by 
a by C 
EXAMPLE 2 Evaluating Determinants 
2 3 
=2-2-1:3=4-3=1 
(a) i > 3 3 
A BC 
3D 2 5 2: 3 
we 3 sl=P Saf Jol ac 
2 il 1 2 
1 2 3 : : 


= (9— 10)A — (6 —5)B + (4 - 3)C 


=-A-B+C oe 
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EXAMPLE 3 


Solution 


THEOREM 
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The cross product of the vectors v = ai + bj + cyk and w = ai + boj + cok, 


that is, 
VX w= (byco byc1)i (ayco ayc1)j t (a,by dpb, )k 
may be written symbolically using determinants as 
ij k 
b b 
VX w= ay b, Cy 1 41 = a at “1 Nk 
by C2 a © a, by 
a br Cy 
Using Determinants to Find Cross Products 
Ifv = 2i + 3j + Sk and w =i + 2j + 3k, find: 
(a) VX w (b) wX v (c) VX Vv (d) wX w 
PUK 3 5) 2 5. |2 3 . 
(ajvxXw=|2 3 5/=1, gi |, sit], ,/k=t-i+k 
1 2 3 
ij k 
2 3 1 3 1 
(b) wX v= |1 2 3) =|) si- |; i+ 3 sle-iti-k 
2 3 5 
ij k 
(c) VX v= ]2 3 5 
23 5 
3° 2 2 2 3 
= i — j + k = Oi — Oj + Ok = 
; 5" ; si ; psd : 
ij k 
(d)wx w= 1 2 3 
1 32 3 
2 3 1 3 12 
= i — j + k = Oi — Oj + Ok = 
; 3|" ; ii b pes : 
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2 Know Algebraic Properties of the Cross Product 


Notice in Examples 3(a) and (b) that v X w and w  X vy are negatives of one 
another. From Examples 3(c) and (d), we might conjecture that the cross product of 
a vector with itself is the zero vector. These and other algebraic properties of the 
cross product are given next. 


Algebraic Properties of the Cross Product 


If u, v, and w are vectors in space and if a is a scalar, then 


uxXu=0 
uXv=—(v X u) 


a(u X v) = (au) X v = u X (ay) 
u X (v + w) = (u X v) + (u X w) 


J 


Proof We will prove properties (2) and (4) here and leave properties (3) and (5) 
as exercises (see Problems 60 and 61). 
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To prove property (2), we letu = qi + bij + cyk. Then 
i j k 


= Oi — Oj + Ok = 0 
To prove property (4), we let u = aji + b,j + cyk and v = api + boj + cok. Then 


a(u X v) = a[(bycy — bycy)i — (ayce2 — ayc)j + (aby — ayb,)k] 


Apply (1). 
= a(byc> _ boc, )i — a(ay4co — aC1)j ae a(a,b, — ab, )k (6) 


Since au = aa,i + ab\j + ac,k, we have 


(au) xXxvV= (ab,cz = bac} )i = (aa,c, = aac} )j a (aa,b, = anab;)k 
_ a(bycy = byc1)i = a(a,co _ aC )j a a(a,b, = ayb1)k (7) 


Based on equations (6) and (7), the first part of property (4) follows. The second 
part can be proved in like fashion. | 


om====-Now Work prosLem 17 


3 Know Geometric Properties of the Cross Product 


THEOREM Geometric Properties of the Cross Product 


Let u and v be vectors in space. 


u X vis orthogonal to both u and v. 


la X vil = [full [lvl sin 6, 
where @ is the angle between u and v. 


lu X vl is the area of the parallelogram 
having u # 0 and v # Oas adjacent sides. 


u X v = Oif and only if u and v are parallel. 


=) 


gure! Proof of Property (8) Let u = qi + bij + cyk and v = api + boj + cok. Then 
' u X v = (bic. — bycy)i — (ayC2 — ay¢1)j + (a,b2 — anb1)k 
Now we compute the dot product us (u X vy). 
us(u Xv) = (qi t+ dij + ck) [(bic, — byc1)i — (yey — a2¢1)j + (a1b2 — apb1)k) 
v = ay(bycy — bye) — by(ayez — ancy) + c1(ayb2 — anb,) = 0 

Since two vectors are orthogonal if their dot product is zero, it follows that u and 

u X ware orthogonal. Similarly, v* (u X v) = 0,sovandu X vareorthogonal. 
Figure 82 


4 Find a Vector Orthogonal to Two Given Vectors 


As long as the vectors u and v are not parallel, they will form a plane in space. See 
u uxv Figure 81. Based on property (8), the vector u X vis normal to this plane. As Figure 81 
illustrates, there are essentially (without regard to magnitude) two vectors normal 
to the plane containing u and y. It can be shown that the vector u X v is the one 
determined by the thumb of the right hand when the other fingers of the right hand 
are cupped so that they point in a direction from uw to v. See Figure 82.* 


*This is a consequence of using a right-handed coordinate system. 


EXAMPLE 4 


Solution 


Figure 83 


Vv 


No 


EXAMPLE 5 


Solution 


WARNING Not all pairs of vertices give 
rise to a side. For example, PP, is a 
diagonal_of the parallelogram since 
PiPs + PsP, = PiP,. Also, PiPs and 
PoP4 are not adjacent sides; they are 
parallel sides. tT] 
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Finding a Vector Orthogonal to Two Given Vectors 


Find a vector that is orthogonal tou = 3i — 2j + kandv = —i+ 3j — k. 


Based on property (8), such a vector is u X v. 
i j k 
uXv=] 3 -2~ 1] =(2-3)i-[-3 
=], 3-1 


The vector —i + 2j + 7k is orthogonal to both u and v. 
J Check: Two vectors are orthogonal if their dot product is zero. 
7k) = (3i — 2) + k)*(-i + 2j + 7k) = -3-44+7=0 
7k) = (-i + 3j 


ue(-i + 2j 


ve(-i + 2j 
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The proof of property (9) is left as an exercise. See Problem 62. 


5 Find the Area of a Parallelogram 


Proof of Property (10) Suppose that u and vw are adjacent sides of a parallelogram. 
See Figure 83. Then the lengths of these sides are ||ul| and ||v|. If 6 is the angle 
between u and y, then the height of the parallelogram is ||v|| sin 6 and its area is 


Area of parallelogram = Base X Height = |ul[||v|| sin 6] = |lu x v| 


Property (2) = 
Finding the Area of a Parallelogram 

Find the area of the parallelogram whose vertices are P; = (0,0,0), P2 = (3, -2,1), 
P3; = (-1,3, -1), and Py = (2,1, 0). 

Two adjacent sides of this parallelogram are 


u = P,P, = 3i 2j +k and v=P,P3 = i+ 3j k 


Since u X v = —i + 2j + 7k (Example 4), the area of the parallelogram is 
Area of parallelogram = |u X vl = V1 + 4+ 49 = V54 = 3V6 square units 


a 
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Proof of Property (11) The proof requires two parts. If u and v are parallel, then 
there is a scalar a such that u = av. Then 


u X v= (av) X v=a(v X vy) =0 


t 


Property (4) Property (2) 
Ifu X v = 0, then, by property (9), we have 
ju X vil = ul [lvl sin @ = 0 


Since u # 0 and v # 0, we must have sin 6 = 0, so = 0 or 6 = 7. In either case, 
since @ is the angle between u and y, then u and v are parallel. a 


370 CHAPTER 5 Polar Coordinates; Vectors 


5.7 Assess Your Understanding 


Concepts and Vocabulary 


1. True or False \fuand v are parallel vectors, then 


5. True or False |\u X v\ = |\ul| |v|| cos 0, where 6 is the angle 


uxv=0. 
2. True or False For any vector v, v X v = 0. 


3. True or False If u and v are vectors, then 


between wu and vy. 


6. True or False The area of the parallelogram having u and v 
as adjacent sides is the magnitude of the cross product of 


uXvt+vxXu=0. wand v. 
4. True or False u X v is a vector that is parallel to both u 
and v. 
Skill Building 
In Problems 7-14, find the value of each determinant. 
‘ 3 4 2 =5 6 5 -4 0 
yi . 9. 10. 
Nth g aS Si ee 
A BC ABC A B C A B C 
1 |2 1 4 12,|0 2 4 13. /-1 3 5 14.;1 -2 —-3 
I 3 1 3 1 3 5 0 -2 0 2 -2 
In Problems 15-22, find (a) v X w, (b) w X v, (c) W X w, and (d) V X Vv. 
\. v= 2i- 3p +k 16. v = —i + 3j + 2k Na. v=itj 18. v =i — 4j + 2k 
J J J J 


w = 3i - 2j -k 


19. v = 2i — j + 2k 
w=j-—k 


w= 3i-2j-k w=2i+jtk w=3i+ 23+k 
20. v = 31+ j + 3k 2.v=i-j—k 22. v= 2 - 3j 


w=i-k w = 4i — 3k w = 3j — 2k 


In Problems 23-44, use the given vectors u, v, and w to find each expression. 


u=2i-3j +k 


23.u Xv 24. Vv X w 

26. w X Vv 27.V Xv 

29, (3u) X Vv 30. v X (4w) 
32. (—3v) X w 33. us (u X v) 
35. us(v X w) 36. (u X v)*w 
38. (v X u)*w 39. u X (Vv X v) 


aN 41. Find a vector orthogonal to both u and v. 
43. Find a vector orthogonal to both u andi + j. 


y = —3i + 3j + 2k 


w=i+j+ 3k 
25. Vv Xu 
28. w X w 
31. u X (2y) 
34. v-(v X w) 
37. v-(u X w) 
40. (Ww X w) Xv 
42. Find a vector orthogonal to both u and w. 


44. Find a vector orthogonal to both u andj + k. 


In Problems 45-48, find the area of the parallelogram with one corner at P, and adjacent sides P,P, and P,P3. 


45. P, = (0,0, 0), 
47. P, = (1,2,0), 


P = (1,2,3), 
Py = (—2, 3, 4), 


Pes (-2,3;0) 
P3 = (0, =2,3) 


In Problems 49-52, find the area of the parallelogram with vertices P,, P, P3, and P4. 


\ 49. Py = (11,2), Pe = (12,3), P3 = (-2,3,0), 


P, = (-2,4,1) 
51. P, = (1,2,-1), P, = (4,2,-3), Ps = (6, —5,2), 
P, = (9, -5,0) 


Applications and Extensions 


53. Find a unit vector normal to the plane containing 
v =i+ 3j — 2kandw = —2i + j + 3k. 


46. P,; = (0,0,0), P= (2,3,1), Ps = (-2,4,1) 
48. P, = (—2,0,2), Po =(2,1,-1), P3 = (2,-1,2) 
50. P, = (2,1,1), P2 = (2,3,1), Ps = (-2,4,1), 
P, = (—2,6,1) 
52, P, = (-1,1,1), P, = (-1,2,2), P3 = (-3,4,—5), 


P, = (3,5, —4) 


54. Find a unit vector normal to the plane containing 
v = 2i + 3j — kandw = —2i — 4j — 3k. 
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55. Volume of a Parallelepiped A parallelepiped is a prism 57. Prove for vectors u and v that 
whose faces are all parallelograms. Let A, B, and C be the 
vectors that define the parallelepiped shown in the figure. 
The volume V of the parallelepiped is given by the formula [Hint: Proceed as in the proof of property (4), computing 
V = |(A x B)-Cl. first the left side and then the right side.] 


58. Show that if u and v are orthogonal then 


Iu x vl? = full*lvl? — (we v)? 


ju x yl] = full [Iv 


59. Show that if u and v are orthogonal unit vectors then u X v 
is also a unit vector. 


A 60. Prove property (3). 


Find the volume of a parallelepiped if the defining vectors are G1. Proyeiproperly J: 


A = 3i— 2j + 4k, B = 2i+ j — 2k, and C=3i—6j—2k. 62. Prove property (9). 

56. Volume of a Parallelepiped Refer to Problem 55. Find [Hint: Use the result of Problem 57 and the fact that if 6 is 
the volume of a parallelepiped whose defining vectors are the angle between u and vy then u+v = [ull ||v|| cos 4.] 
A = (1,0,6), B = (2,3, —8), and C = (8, —5, 6). 


Explaining Concepts: Discussion and Writing 


63. Ifuev = Oandu X v = 0, what, if anything, can you conclude about u and v? 


CHAPTER REVIEW 


Things to Know 

Polar Coordinates (pp. 304-311) 
Relationship between polar 
coordinates (r, 6) and 


rectangular coordinates (x, y) 
(pp. 306 and 309) 


Polar form of a complex 
number (p. 329) 


De Moivre’s Theorem (p. 331) 


nth root of a complex number 
w = r(cos 0) + isin 09) (p. 332) 


Vectors (pp. 335-345) 


Position vector (pp. 339 and 358) 
Unit vector (pp. 338 and 360) 
Dot product (pp. 349 and 360) 


Angle 6 between two nonzero 
vectors u and vy (pp. 351 and 361) 


Direction angles of a 
vector in space (p. 362) 


Cross product (p. 366) 


Area of a parallelogram (p. 368) 


x =rcosé,y =rsiné 


P=2+ Pte =, x #0 
x 


Ifz = x + yi, then z = r(cos@ + isin 8), 
where r = |z| = \/x? + y’, dng =, cose, 05=6< 27. 
r r 


If z = r(cos @ + isin @), then z” = r"[cos(n@) + isin(né)], 
where n = 1 is a positive integer. 


6 2k 0 2k 
a= VF eo = =) sil = =) k= 0,057 = 1, 
n n n n 


where n = 2 is an integer 


Quantity having magnitude and direction; equivalent to a directed line 
segment PQ 


Vector whose initial point is at the origin 

Vector whose magnitude is 1 

Ifv = ai t+ bj and w = ai + bj, then ve w = ajay + bib. 

Ifv = agit by + ck and w = api + boj + coky, then ve w = aya + by bp + CyCp. 


ucv 


cos 0 = 


(jul [lvl 


If v = ai + bj + ck, then v = ||v||[(cos @)i + (cos B)j + (cos y)k], 
a b c 

where cosa = 7—, cosB=7—, cosy=—. 
Md Md vi 


Ifv = ai + bij + ck and w = ai tt bj “t- Cok, 


then v X w [byco boc ji [1c aC |j t [a,b> ab, |k. 


ju X y|| = |ul| |lv|| sin 6, where 6 is the angle between the two adjacent 
sides u and v. 
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Objectives 
Section You should be able to... Example(s) Review Exercises 
5.1 1 Plot points using polar coordinates (p. 304) 1-3 1-6 
2 Convert from polar coordinates to rectangular coordinates (p. 306) 4 1-6 
3 Convert from rectangular coordinates to polar coordinates (p. 308) 5-7 7-12 
4 Transform equations between polar and rectangular forms (p. 310) 8,9 13(a)-18(a) 
3:2 1 Graph and identify polar equations by converting to rectangular 
equations (p. 314) 1-6 13(b)-18(b) 
Test polar equations for symmetry (p. 317) 7-10 19-24 
Graph polar equations by plotting points (p. 318) 7-12 19-24 
23 1 Plot points in the complex plane (p. 328) 1 29-34 
2 Convert a complex number between rectangular form and polar 
form (p. 329) 2,3 25-34 
Find products and quotients of complex numbers in polar form (p. 330) 4 35-40 
4 Use De Moivre’s Theorem (p. 331) 5,6 41-48 
5 Find complex roots (p. 332) 7 49-50 
5.4 1 Graph vectors (p. 338) 1 51-54 
2 Find a position vector (p. 338) 2 55-58 
3 Add and subtract vectors algebraically (p. 340) 3 59, 60 
4 Finda scalar multiple and the magnitude of a vector (p. 341) 4 55-58, 61-66 
5 Find a unit vector (p. 341) BS) 67, 68 
6 Finda vector from its direction and magnitude (p. 342) 6 69, 70 
7 Model with vectors (p. 343) 8-10 111-113 
5.5 1 Find the dot product of two vectors (p. 349) 1 87-90 
2 Find the angle between two vectors (p. 350) 2 87-90 
3 Determine whether two vectors are parallel (p. 351) 3 95-100 
4 Determine whether two vectors are orthogonal (p. 351) 4 95-100 
5 Decompose a vector into two orthogonal vectors (p. 352) 5,6 101-104, 115 
6 Compute work (p. 354) 7 114 
5.6 1 Find the distance between two points in space (p. 358) 1 73,74 
2 Find position vectors in space (p. 358) 2 75,76 
3 Perform operations on vectors (p. 359) 3-5 771-82, 85 
4 Find the dot product (p. 360) 6 91-94 
5 Find the angle between two vectors (p. 361) 7 91-94 
6 Find the direction angles of a vector (p. 361) 8-10 105, 106 
5.7 1 Find the cross product of two vectors (p. 366) 133 83, 84 
2 Know algebraic properties of the cross product (p. 367) p. 367 109, 110 
3 Know geometric properties of the cross product (p. 368) p. 368 107, 108 
4 Find a vector orthogonal to two given vectors (p. 368) 4 86 
5 Find the area of a parallelogram (p. 369) 3 107, 108 


Review Exercises 


In Problems 1- 6, plot each point given in polar coordinates, and find its rectangular coordinates. 
7 20 4a Sa 7 7 
. > ° o ae | ee . | —1,—— 2 33 a | —4,. = 
RG) a) Ge) BD 


In Problems 7- 12, the rectangular coordinates of a point are given. Find two pairs of polar coordinates (r, 0) for each point, one with 
r > Oand the other with r < 0. Express @ in radians. 


% (=2:3) 8. (1, -1) 9. (0, 2) 10. (2,0) 11. (3,4) 12. (—5, 12) 
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In Problems 13-18, the variables r and @ represent polar coordinates. (a) Write each polar equation as an equation in rectangular 
coordinates (x, y). (b) Identify the equation and graph it. 


13. r = 2sin@ 14. 3r = sind 15.r=5 

16. 6 = 7 17. rcos@ + 3rsin@ = 6 18. 7? + 4r sin @ — 8rcos@ = 5 
In Problems 19- 24, sketch the graph of each polar equation. Be sure to test for symmetry. 

19. r = 4cos 6 20. r = 3siné 21. r=3 —3sin@ 

22. r= 2+ cosé 23. r = 4— cos0 24.r=1-2sin0 


In Problems 25— 28, write each complex number in polar form. Express each argument in degrees. 


25. -1-i 6. —-V34i 27. 4 — 3i 28. 3 — 21 
In Problems 29- 34, write each complex number in the standard form a + bi and plot each in the complex plane. 
2 2 
29. 2(cos 150° + i sin 150°) 30. 3(cos 60° + i sin 60°) 31. a( cos 2% + isin 22) 
3nd rar _ 
32. 4 cos + isin 33. 0.1(cos 350° + i sin 350°) 34. 0.5(cos 160° + isin 160°) 


In Problems 35— 40, find zw and = Leave your answers in polar form. 


35. z = cos 80° + isin 80° 36. z = cos 205° + i sin 205° 37. z= 3( cos + isin = 
w = cos 50° + isin 50° w = cos 85° + isin 85° 
wea + isin ) 
Sa... Sa ao 
38. z = 2| cos 3 + isin 3 39. z = 5(cos 10° + isin 10°) bak 4(cos 50° + isin 50°) 
w = cos 355° + isin 355° os 340° + isin 340° 
w 3( cos = + isin =) 
In Problems 41—- 48, write each expression in the standard forma + bi. 
5. sat eRe 
41. [3(cos 20° + isin 20°)]}° 42. [2(cos 50° + isin 50°)] 
Sa Sa \|* Sa Sa\|4 
; — + isin— ‘ — + isin 

43 | V2( cos 8 isin =) | 44 2( cos 16 isin 2) | 

4s. (1 — V3i)° 46. (2 — 21)" 

47. (3 + 4i)* 48. (1 — 2i)* 

49. Find all the complex cube roots of 27. 50. Find all the complex fourth roots of —16. 
In Problems 51-54, use the figure to graph each of the following: 

5l.u+v 52.v + w Viens 

53. 2u + 3v 54. Sv — 2w 
In Problems 55-58, the vector v is represented by the directed line segment PO. Write v in the form ai + bj and find |y|. 

55. P = (1,-2); Q = (3, -6) 56. P = (-3,1); Q = (4,—-2) 

In Problems 59- 68, use the vectors y = —2i + jand w = 4i — 3j to find: 

59. v + w 60. v-— w 61. 4v — 3w 62. —v + 2w 

63. ||vll 64. |v + wl 65. ||vl| + [Iwll 66. ||2v|| — 3|lwl 


67. Find a unit vector in the same direction as v. 68. Find a unit vector in the opposite direction of w. 
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69. 


71. 


73. 


75. 
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Find the vector v in the xy-plane with magnitude 3 if the 
angle between vy and iis 60°. 


Find the direction angle between iand v = —i + V3 j. 
Find the distance from P, = (1,3, —2) to P; = (4, —2,1). 


A vector v has initial point P = (1,3,—2) and terminal 
point QO = (4, —2, 1). Write v in the form v = ai + bj + ck. 


70. 


72. 


74. 


76. 


Find the vector v in the xy-plane with magnitude 5 if the 
angle between vy and iis 150°. 


Find the direction angle between i and v = 2i — 6j. 
Find the distance from P; = (0, —4,3) to P, = (6, -5, -1). 


A vector v has initial point P = (0, —4, 3) and terminal point 
QO = (6, —5, —1). Write v in the form v = ai + bj + ck. 


In Problems 77-86, use the vectors v = 3i + j — 2k and w = —3i + 2j — k to find each expression. 


77. 


81. 
85. 


4v — 3w 78. —v + 2w 
Ivil — wl 82. [|v + |wl 
Find a unit vector in the same direction as v and then in the 


opposite direction of v. 


79. 
83. 


86. 


Iv — wl 80. |v + wl 
vxXw 84. v-(v X w) 
Find a unit vector orthogonal to both v and w. 


In Problems 87-94, find the dot product v* w and the angle between v and w. 


87. 


93. 


v=-2+j, w= 4i- 3j 


v=4i-j+2k, w=i- 2j - 3k 


88. 


» V=i+ 4j, 


v=3i-j, w=itj 


w = 3i - 2j 


»v=i-jtk, w=2%+jtk 
94, 


v=-i- 2j+ 3k, w=Si+j+k 


In Problems 95-100, determine whether v and w are parallel, orthogonal, or neither. 


95. 
98. 


v=2i+ 3 w= —4i- 6j 96. v = —2i — j; 


2i 


bj 97. v = 3i— 4j; w= —3i + 4j 


99. v = 3i 


v 2i + 2j; w 3i + 2j 2j; 


4i + 6, 


100. v 4i 4 


2j; w= 2+ 4j 


In Problems 101-104, decompose y into two vectors, one parallel to w and the other orthogonal to w. 


101. v = 21+ j; w 4i + 3j 102. v 3i + 2j; w 2i + j 
103. v = 2i + 3j; w = 3i + j 104. v i+ 2j; w = 3i- j 
105. Find the direction angles of the vector v = 3i — 4j + 2k. downstream will the swimmer end up from the point directly 
106. Find the direction angles of the vector vy = i — j + 2k. across the river from the starting point? 
107. Find the area of the parallelogram with vertices P, = (1,1,1), 112+ Actual Speed and Direction of an Airplane An airplane 
P, = (2,3,4), P3 = (6,5,2),and Py = (7,7, 5). has an airspeed of 500 kilometers per hour (k/hr) in a northerly 
; : : _ direction. The wind velocity is 60 (k/hr) in a southeasterly 
108. Find the a of the parallelogram witht ious oe direction. Find the actual speed and direction of the plane 
(2, =i; 1), Py = (3; 1, 4), P3 ™ (0, i 1), and Py = (3, 3; 4). relative to the ground. 
2, TEs y= 2 ay oe Ry Wena Sy 2S 113. Static Equilibrium A weight of 2000 pounds is suspended 
110. Suppose that u = 3y. What is u X v? from two cables, as shown in the figure. What are the 
111. Actual Speed and Direction of a Swimmer A swimmer can tensions in each cable? 
maintain a constant speed of 5 miles per hour. If the swimmer - 
heads directly across a river that has a current moving at the 
rate of 2 miles per hour, what is the actual speed of the 
swimmer? (See the figure.) If the river is 1 mile wide, how far 
114. Computing Work Find the work done by a force of 
5 pounds acting in the direction 60° to the horizontal in 
moving an object 20 feet from (0, 0) to (20, 0). 
115. Braking Load A moving van with a gross weight of 8000 


pounds is parked on a street with a 5° grade. Find the magnitude 
of the force required to keep the van from rolling down the 
hill. What is the magnitude of the force perpendicular to the 
hill? 


The Chapter Test Prep Videos are step-by-step test solutions available in the 


CHAPTER 


Test Prep 


VIDEOS 


CHAPTER TEST 


Video Resources DVD, in MyMathLab\j , or on this text's Youfffq)° Channel. Flip 
back to the Student Resources page to see the exact web address for this 
text's YouTube channel. 


In Problems 1-3, plot each point given in polar coordinates. 


(2 (2 


4. Convert (2 2V3) from rectangular coordinates to polar coordinates (r, 6), where r > 0 and0 = @ < 27. 


In Problems 5-7, convert the polar equation to a rectangular equation. Graph the equation. 


5.r=7 6 tan@ = 3 


In Problems 8 and 9, test the polar equation for symmetry with 
respect to the pole, the polar axis, and the line 0 = - 


8. cos = 5 9. r = 5sin 0 cos* 0 


In Problems 10-12, perform the given operation, where 
Z = 2(cos 85° + isin 85°) and w = 3(cos 22° + isin 22°). Write 
your answer in polar form. 


10. z-w 11. a 12. w° 


13. Find all the complex cube roots of —8 + 8V3i. Then plot 
them in rectangular coordinates. 


In Problems 14-18, P, = (3V2,7V2) and P; = (8V2,2V2). 
14. Find the position vector v equal to PiPo. 
15. Find |ly|. 
16. Find the unit vector in the direction of v. 
17. Find the angle between v and i. 
and horizontal 


18. Decompose v_ into its vertical 


components. 


CUMULATIVE REVIEW 


1. Find the real solutions, if any, of the equation x” — 9 = 0. 


2. Find an equation for the line containing the origin that 
makes an angle of 30° with the positive x-axis. 


3. Find an equation for the circle with center at the point (0, 1) 
and radius 3. Graph this circle. 


4. What is the domain of the function f(x) = (1 — 2x)7!? 


5. Test the equation x? + y> = 2x‘ for symmetry with respect 
to the x-axis, the y-axis, and the origin. 


6. Graph the function y = |sin x]. 


7. rsin?9 + 8sind =r 


In Problems 19-22, vy, = 
v4 = (10, 15). 


(4, 6), v2 


(—3, —6), v3 = (—8, 4), and 


19. Find the vector vy, + 2v> — V3. 
20. Which two vectors are parallel? 
21. Which two vectors are orthogonal? 


22. Find the angle between vectors v, and v5. 
In Problems 23-25, use the vectors u = 2i — 3j + k and 
v= —i+ 3j + 2k. 

23. Find u X v. 

24. Find the direction angles for u. 


25. Find the area of the parallelogram that has u and v as 
adjacent sides. 


26. A 1200-pound chandelier is to be suspended over a large 
ballroom; the chandelier will be hung on two cables of equal 
length whose ends will be attached to the ceiling, 16 feet 
apart. The chandelier will be free hanging so that the ends of 
the cable will make equal angles with the ceiling. If the top 
of the chandelier is to be 16 feet from the ceiling, what is the 
minimum tension each cable must be able to endure? 


7. Graph the function y = sin|x]. 
. il 
8. Find the exact value of sin “| — a) 


9. Graph the equations x = 3 and y = 4 on the same set of 
rectangular coordinates. 


10. Graph the equations r = 2 and 6 = = on the same set of 


polar coordinates. 


11. What is the amplitude and period of y = —4 cos(ax)? 
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CHAPTER PROJECTS 


Modeling Aircraft Motion Four aerodynamic forces act on 
an airplane in flight: lift, weight, thrust, and drag. While an 
aircraft is in flight, these four forces continuously battle each 
other. Weight opposes lift and drag opposes thrust. See the 
figure. In balanced flight at constant speed, both the lift and 
weight are equal and the thrust and drag are equal. 


1. What will happen to the aircraft if the lift is held constant 
while the weight is decreased (say from burning off fuel)? 

2. What will happen to the aircraft if the lift is decreased 
while the weight is held constant? 

3. What will happen to the aircraft if the thrust is increased 
while the drag is held constant? 


4. What will happen to the aircraft if the drag is increased 
while the thrust is held constant? 


Lift 


ORT Ll 
ee eee eee 
Thrust 7 | Drag 


Weight 


Source: www.aeromuseum.org/eduHowtoFly.html 


In 1903 the Wright brothers made the first controlled 

powered flight. The weight of their plane was approximately 

700 pounds (lb). Newton’s Second Law of motion states 

that force = mass X acceleration (F = ma). If the mass is 

measured in kilograms (kg) and acceleration in meters per 
second squared (m/sec’) , then the force will be measured in 
newtons (N). [Note: 1 N = 1 kg- m/sec”.] 

5. If 1kg = 2.205 1b, convert the weight of the Wright 
brothers’ plane to kilograms. 

6. If acceleration due to gravity is a = 9.80 m/sec’, 
determine the force due to weight on the Wright brothers’ 
plane. 

7. What must be true about the lift force of the Wright 
brothers’ plane for it to get off the ground? 

8. The weight of a fully loaded Cessna 170B is 2200 lb. What 
lift force is required to get this plane off the ground? 

9. The maximum gross weight of a Boeing 747 is 255,000 Ib. 
What lift force is required to get this jet off the ground? 


The following projects are available at the Instructors’ Resource Center (IRC): 

Il. Project at Motorola Signal Fades due to Interference Complex trigonometric functions are used to assure that a cellphone has 
optimal reception as the user travels up and down an elevator. 

II. Compound Interest The effect of continuously compounded interest is analyzed using polar coordinates. 


IV. Complex Equations Analysis of complex equations illustrates the connections between complex and real equations. At times, 
using complex equations is more efficient for proving mathematical theorems. 


Analytic Geometry 


Outline 


6.1 Conics 6.5 Rotation of Axes; General Form e Chapter Review 
6.2 The Parabola of a Conic © Chapter Test 

6.3 The Ellipse 6.6 Polar Equations of Conics © Cumulative Review 
6.4 The Hyperbola 6.7 Plane Curves and Parametric Equations © Chapter Projects 


The Orbit of the Hale-Bopp Comet 


The orbits of the Hale-Bopp Comet and Earth can be modeled using ellipses, the subject 
of Section 6.3. The Internet-based Project at the end of this chapter explores the 
possibility of the Hale-Bopp Comet colliding with Earth. 


@) —See the Internet-based Chapter Project I— 


<J A Look Back In Chapter 1, we introduced rectangular coordinates and 


showed how geometry problems can be solved algebraically. We defined a circle geometrically 
and then used the distance formula and rectangular coordinates to obtain an equation for a circle. 


A Look Ahead > In this chapter, we give geometric definitions for the conics and 


use the distance formula and rectangular coordinates to obtain their equations. 

Historically, Apollonius (200 Bc) was among the first to study conics and discover some of their interesting properties. 
Today, conics are still studied because of their many uses. Paraboloids of revolution (parabolas rotated about their axes of 
symmetry) are used as signal collectors (the satellite dishes used with radar and dish TV, for example), as solar energy 
collectors, and as reflectors (telescopes, light projection, and so on). The planets circle the Sun in approximately elliptical 
orbits. Elliptical surfaces can be used to reflect signals such as light and sound from one place to another. A third conic, 
the hyperbola, can be used to determine the location of lightning strikes. 

The Greeks used the methods of Euclidean geometry to study conics. However, we shall use the more powerful 
methods of analytic geometry, which uses both algebra and geometry, for our study of conics. 

This chapter concludes with a section on equations of conics in polar coordinates and a section on plane curves and 
parametric equations. 


378 CHAPTER 6 Analytic Geometry 


6.1 Conics 


Figure 1 


Figure 2 


OBJECTIVE 1 Know the Names of the Conics (p.378) 


1 Know the Names of the Conics 


The word conic derives from the word cone, which is a geometric figure that can be 
constructed in the following way: Let a and g be two distinct lines that intersect at a 
point V. Keep the line a fixed. Now rotate the line g about a while maintaining the 
same angle between a and g. The collection of points swept out (generated) by the 
line g is called a (right circular) cone. See Figure 1. The fixed line a is called the axis 
of the cone; the point V is its vertex; the lines that pass through V and make the same 
angle with a as g are generators of the cone. Each generator is a line that lies entirely on 
the cone. The cone consists of two parts, called nappes, that intersect at the vertex. 


Axis, a 


—_ 


Generators 
<— Vertex, V 
a! 


Conics, an abbreviation for conic sections, are curves that result from the intersection 
of a right circular cone and a plane. The conics we shall study arise when the plane 
does not contain the vertex, as shown in Figure 2. These conics are circles when the 
plane is perpendicular to the axis of the cone and intersects each generator; ellipses 
when the plane is tilted slightly so that it intersects each generator, but intersects 
only one nappe of the cone; parabolas when the plane is tilted farther so that it is 
parallel to one (and only one) generator and intersects only one nappe of the cone; 
and hyperbolas when the plane intersects both nappes. 

If the plane does contain the vertex, the intersection of the plane and the cone is a 
point, a line, or a pair of intersecting lines. These are usually called degenerate conics. 


Axis Axis Axis Axis 


| ) Generator 


(a) Circle (b) Ellipse (c) Parabola (d) Hyperbola 


Conic sections are used in modeling many different applications. For example 
parabolas are used in describing satellite dishes and telescopes (see Figures 14 and 
15 on page 384). Ellipses are used to model the orbits of planets and whispering 
chambers (see pages 394-395). And hyperbolas are used to locate lightning strikes 
and model nuclear cooling towers (see Problems 76 and 77 in Section 6.4). 


SECTION 6.2. TheParabola 379 


6.2 The Parabola 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Distance Formula (Section 1.1, p. 3) ¢ Completing the Square (Appendix A, 

e¢ Symmetry (Section 1.2, pp. 12-14) Section A.3, pp. A25—-A26) 

e Square Root Method (Appendix A, Section A.4, ¢ Graphing Techniques: Transformations (Section 1.6, 
p.A32) pp. 61-70) 


\ Now Work the ‘Are You Prepared?’ problems on page 385. 
OBJECTIVES 1 Analyze Parabolas with Vertex at the Origin (p.379) 
2 Analyze Parabolas with Vertex at (h,k) (p.382) 
3 Solve Applied Problems Involving Parabolas (p.384) 


We stated earlier that the graph of f(x) = x’ is a parabola. In this section, we give a 
geometric definition of a parabola and use it to obtain an equation. 


DEFINITION A parabola is the collection of all points P in the plane that are the same 
distance d from a fixed point F as they are from a fixed line D. The point F is 
called the focus of the parabola, and the line D is its directrix. As a result, a 
parabola is the set of points P for which 


d(F, P) = d(P, D) (1) 
Figure 3 Figure 3 shows a parabola (in blue). The line through the focus F and 
perpendicular to the directrix D is called the axis of symmetry of the parabola. The 
Axis of symmetry point of intersection of the parabola with its axis of symmetry is called the vertex V. 
a(P, D) d(F P) 7” Because the vertex V lies on the parabola, it must satisfy equation (1): 


d(F,V) = d(V, D). The vertex is midway between the focus and the directrix. We 
shall let a equal the distance d(F,V) from F to V. Now we are ready to derive an 
equation for a parabola. To do this, we use a rectangular system of coordinates 
positioned so that the vertex V, focus F, and directrix D of the parabola are conveniently 
located. 


Directrix D 1 Analyze Parabolas with Vertex at the Origin 


If we choose to locate the vertex V at the origin (0, 0), we can conveniently position 
the focus F on either the x-axis or the y-axis. First, consider the case where the 
focus F is on the positive x-axis, as shown in Figure 4. Because the distance from F 


mqures to Visa, the coordinates of F will be (a, 0) with a > 0. Similarly, because the distance 
I a from V to the directrix D is also a and, because D must be perpendicular to the 
4 x-axis (since the x-axis is the axis of symmetry), the equation of the directrix D must 

be x = —a. 


Now, if P = (x, y) is any point on the parabola, P must obey equation (1): 
d(F, P) = d(P,D) 


So we have 


2 
x 
V(x — a) + (y — 0) = |x + a| Use the Distance Formula. 


(x -a? + Y =(x+ al Square both sides. 


x” + 2ax + a Remove parentheses. 


y? = 4ax Simplify. 
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THEOREM 


EXAMPLE 1 


Solution 
Figure 5 
Dix=-3 VA 
A 
: (3, 6) 
Latus 
rectum 
| | | | | 
—6 (0, 0) 0) 

(3, —6) 

Y —6 


ie COMMENT To graph the 


parabola 


y? = 12x discussed in Example 1, we need 
to graph the two functions Y, = V12x 
and Yo = —V12x. Do this and compare 
what you gee with Figure 5. 


EXAMPLE 2 


Figure 6 
D. x= -2 y 
rN 

A BL 
(2, 4) 
Latus rectum 

Lit ! v ‘and 2, 0) x 
—5 (0, 0) 5 

(2, 4) 


Equation of a Parabola: Vertex at (0, 0), Focus at (a,0),a > 0 


The equation of a parabola with vertex at (0,0), focus at (a, 0), and directrix 
v= =a. = Osis 


a = 4dax (2) 


ay 


Recall that a is the distance from the vertex to the focus of a parabola. When 
graphing the parabola y” = 4ax it is helpful to determine the “opening” by finding 
the points that lie directly above or below the focus (a, 0). This is done by letting 
x =ain y’ = 4ax,so y* = 4a(a) = 4a’, or y = +2a. The line segment joining the 
two points, (a, 2a) and (a, —2a), is called the latus rectum; its length is 4a. 


Finding the Equation of a Parabola and Graphing It 


Find an equation of the parabola with vertex at (0, 0) and focus at (3, 0). Graph the 
equation. 


The distance from the vertex (0, 0) to the focus (3, 0) isa = 3. Based on equation (2), 
the equation of this parabola is 


y’ = 4ax 


y =x g=s 


To graph this parabola, we find the two points that determine the latus rectum by 
letting x = 3. Then 


y’ = 12x = 12(3) = 36 
y= +6 Solve for y. 


The points (3,6) and (3, —6) determine the latus rectum. These points help in 
graphing the parabola because they determine the “opening.” See Figure 5. Pe | 
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By reversing the steps used to obtain equation (2), it follows that the graph of an 
equation of the form of equation (2), y’ = 4ax, is a parabola; its vertex is at (0, 0), 
its focus is at (a,0), its directrix is the line x = —a, and its axis of symmetry is 
the x-axis. 

For the remainder of this section, the direction “Analyze the equation” will 
mean to find the vertex, focus, and directrix of the parabola and graph it. 


Analyzing the Equation of a Parabola 


Analyze the equation: y”? = 8x 


Solution The equation y” = 8x is of the form y” = 4ax, where 4a = 8,so a = 2. 
Consequently, the graph of the equation is a parabola with vertex at (0,0) and 
focus on the positive x-axis at (a,0) = (2,0). The directrix is the vertical line 
x = —2. The two points that determine the latus rectum are obtained by letting 
x = 2. Then y* = 16, so y = +4. The points (2, -4) and (2, 4) determine the latus 
rectum. See Figure 6 for the graph. af 
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Recall that we obtained equation (2) after placing the focus on the positive 
x-axis. If the focus is placed on the negative x-axis, positive y-axis, or negative y-axis, 
a different form of the equation for the parabola results. The four forms of the 
equation of a parabola with vertex at (0, 0) and focus on a coordinate axis a distance a 
from (0,0) are given in Table 1, and their graphs are given in Figure 7. Notice that 
each graph is symmetric with respect to its axis of symmetry. 


Table 1 Equations of a Parabola: Vertex at (0, 0); Focus on an Axis;a > 0 


Vertex Focus Directrix Equation Description 


Axis of symmetry is the x-axis, opens right 
Axis of symmetry is the x-axis, opens left 


Axis of symmetry is the y-axis, opens up 


Axis of symmetry is the y-axis, opens down 


Figure 7 
X= =a Dxy=< 
ah VA Yh A Yh YA 
F= (0, a) Dey =a 


. . F= (0, —a) 
\ y 
(a) y’ = 4ax (b) y? = —4ax (c) x’ = 4ay (d) x? = —4ay 
EXAMPLE 3 Analyzing the Equation of a Parabola 
Analyze the equation: x? = —12y 
Figure 8 
Ya Solution — The equation x” = —12y is of the form x” = —4ay, with a = 3. Consequently, the 
6F graph of the equation is a parabola with vertex at (0, 0), focus at (0, —3), and directrix 
[> Nine the line y = 3. The parabola opens down, and its axis of symmetry is the y-axis. To 
x YS Ey. obtain the points defining the latus rectum, let y = —3. Then x? = 36, so x = +6. 
VL The points (—6,—3) and (6,-3) determine the latus rectum. See Figure 8 for the 


graph. ra 
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EXAMPLE 4 Finding the Equation of a Parabola 


Figure 9 Find the equation of the parabola with focus at (0, 4) and directrix the line y = —4. 
Graph the equation. 


Solution A parabola whose focus is at (0,4) and whose directrix is the 
horizontal line y = —4 will have its vertex at (0,0). (Do you see why? The vertex 
is midway between the focus and the directrix.) Since the focus is on the positive 
y-axis at (0,4), the equation of this parabola is of the form x” = 4ay, with a = 4; 


= that is, 
x 
x = day = 4(4)y = loy 
t 
L a=4 
—10- The points (8,4) and (-8,4) determine the latus rectum. Figure 9 shows the graph of 


x = 16y. 
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EXAMPLE 5 Finding the Equation of a Parabola 


Find the equation of a parabola with vertex at (0,0) if its axis of symmetry is the 


1 
x-axis and its graph contains the point (- > 2), Find its focus and directrix, and 
graph the equation. 


Solution The vertex is at the origin, the axis of symmetry is the x-axis, and the graph contains 
a point in the second quadrant, so the parabola opens to the left. We see from Table 1 
that the form of the equation is 


a = —4ax 


1 1 
Because the point (- 3? 2) is on the parabola, the coordinates x = — > y = 2 must 


Figure 10 
satisfy y° = —4ax. Substituting x = — 2 and y = 2 into this equation, we find 
4= tal 5) a 4Aax: x as 2 
2 2 
a=2 
~ The equation of the parabola is 


y= —4(2)x = —8x 


The focus is at (—2,0) and the directrix is the line x = 2. Let x = —2. Then 
y’ = 16, so y = +4. The points (—2, 4) and (—2, —4) determine the latus rectum. 
See Figure 10. J 
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2 Analyze Parabolas with Vertex at (h, k) 


If a parabola with vertex at the origin and axis of symmetry along a coordinate axis 
is shifted horizontally h units and then vertically k units, the result is a parabola with 
vertex at (h, k) and axis of symmetry parallel to a coordinate axis. The equations of 
such parabolas have the same forms as those in Table 1, but with x replaced by 
x — h (the horizontal shift) and y replaced by y — k (the vertical shift). Table 2 
gives the forms of the equations of such parabolas. Figures 11(a)-(d) on page 383 
illustrate the graphs for h > 0,k > 0. 


COMMENT It is not recommended that Table 2 be memorized. Rather use the ideas 
of transformations (shift horizontally h units, vertically k units) along with the fact that a 
represents the distance from the vertex to the focus to determine the various components of a 
parabola. It is also helpful to remember that parabolas of the form “x* = ” will open up or down, 
while parabolas of the form *y? = ” will open left or right. a 


Table 2 Equations of a Parabola: Vertex at (h, k); Axis of Symmetry Parallel to a Coordinate Axis;a > 0 


Vertex Focus Directrix Equation Description 
(h + a,k) = (y — Kk)? = 4a(x — h) Axis of symmetry is parallel to the x-axis, 
opens right 
(Dank) (y — k)? = —4al(x — h) Axis of symmetry is parallel to the x-axis, 
opens left 
(h,k + a) (x — h)? = 4aly — k) Axis of symmetry is parallel to the y-axis, 
opens up 


(ants = @) (x — h)? = —4aly — k) Axis of symmetry is parallel to the y-axis, 
opens down 


Figure 11 


yy, Dix=h-a 


Axis of 
symmetry 
y=k 


V=(h,k) 


F=(h+a,k) 


xv 


(a) (y— kK? = 4a(x — h) 


EXAMPLE 6 


Figure 12 
D:x=—4 


Solution 


Axis of 
symmetry 
y=3 


EXAMPLE 7 


—6 
(0, -1) 
Y —4 
Figure 13 
Axis of 
symmetry 
x=-2 


Solution 
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Axis of Axis of 
symmetry symmetry 
x=h x= 
Va Dix=ht+a P= (he? a) 

Axis of 

symmetry |V = (h, 

y= ~ 


<— 
xv 


Diy=k-a 


F=(h,k-a) 


(b) (y— kK)? = —4a(x — h) (c) (x— hy’ = 4aly— k) (d) (x— h)? = -4aly - k) 


Finding the Equation of a Parabola, Vertex Not at the Origin 
Find an equation of the parabola with vertex at (—2, 3) and focus at (0,3). Graph 
the equation. 


The vertex (—2, 3) and focus (0, 3) both lie on the horizontal line y = 3 (the axis of 
symmetry). The distance a from the vertex (—2,3) to the focus (0,3) is a = 2. 
Also, because the focus lies to the right of the vertex, the parabola opens to the 
right. Consequently, the form of the equation is 


(y — KP = 4a(x — h) 
where (h, k) = (—2,3) and a = 2. Therefore, the equation is 


(y — 3° = 4+2[x — (-2)] 


(y — 3)? = 8(x + 2) 


To find the points that define the latus rectum, let x = 0, so that (y — 3)? = 16. 
Then y — 3 = +4,so y = —lor y = 7. The points (0, —1) and (0, 7) determine the 
latus rectum; the line x = —4 is the directrix. See Figure 12. Pe 
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Polynomial equations define parabolas whenever they involve two variables 
that are quadratic in one variable and linear in the other. 


Analyzing the Equation of a Parabola 


Analyze the equation: x? + 4x — 4y = 0 


To analyze the equation x? + 4x — 4y = 0, complete the square involving the 
variable x. 


x + 4x — 4y =0 

x + 4x = 4y 
4=4y+4 
(x + 2)? = 4(y + 1) 


Isolate the terms involving x on the left side. 


x2 4+ 4x4 


Complete the square on the left side. 


Factor. 
This equation is of the form (x — h)? = 4a(y — k), with h = —2,k = -1, and 


a = 1. The graph is a parabola with vertex at (h, k) = (—2, —1) that opens up. The 
focus is at (—2, 0), and the directrix is the line y = —2. See Figure 13. me 
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3 Solve Applied Problems Involving Parabolas 


Parabolas find their way into many applications. For example, suspension bridges 
have cables in the shape of a parabola. Another property of parabolas that is used in 
applications is their reflecting property. 

Suppose that a mirror is shaped like a paraboloid of revolution, a surface 
formed by rotating a parabola about its axis of symmetry. If a light (or any other 
emitting source) is placed at the focus of the parabola, all the rays emanating from 
the light will reflect off the mirror in lines parallel to the axis of symmetry. This 
principle is used in the design of searchlights, flashlights, certain automobile 
headlights, and other such devices. See Figure 14. 

Conversely, suppose that rays of light (or other signals) emanate from a distant 
source so that they are essentially parallel. When these rays strike the surface of 
a parabolic mirror whose axis of symmetry is parallel to these rays, they are 
reflected to a single point at the focus. This principle is used in the design of some 
solar energy devices, satellite dishes, and the mirrors used in some types of 
telescopes. See Figure 15. 


Figure 14 Figure 15 
Searchlight Telescope 
ys ol wont 


Light at 
focus 


EXAMPLE 8 Satellite Dish 


A satellite dish is shaped like a paraboloid of revolution. The signals that emanate 
from a satellite strike the surface of the dish and are reflected to a single point, 
where the receiver is located. If the dish is 8 feet across at its opening and 3 feet 
deep at its center, at what position should the receiver be placed? That is, where is 
the focus? 


Solution Figure 16(a) shows the satellite dish. Draw the parabola used to form the dish on a 
rectangular coordinate system so that the vertex of the parabola is at the origin and 
its focus is on the positive y-axis. See Figure 16(b). 


Figure 16 


|< g:_+_______ >| 
(-4 5 a7 (4, 3) 
o{F= (0a) F 4 
eo 3' 
oe oo Y, 
-4 -2 0 2 4x 


(b) 
The form of the equation of the parabola is 


x’ = day 
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and its focus is at (0, a). Since (4, 3) is a point on the graph, we have 


4 = 4a(3) = Aay; x — 4y =3 
= Solve for a. 
a= oO 
3 ve 


1 
The receiver should be located 1= feet (1 foot, 4 inches) from the base of the dish, 
along its axis of symmetry. a) 
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6.2 Assess Your Understanding 


‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The formula for the distance d from P, = (x;,y;) to 4. The point that is symmetric with respect to the x-axis to the 
Py = (x2, y2)isd = ___. (p.3) point (—2,5)is___. (pp. 12-14) 

2. To complete the square of x?—4x,add___. (pp. A25~A26) 5. To graph y = (x — 3)? + 1, shift the graph of y = x? to the 

3. Use the Square Root Method to find the real solutions of right __—_unitsandthen —_1_unit. (pp. 61-70) 


(x + 4)? = 9. (p.A32) 
Concepts and Vocabulary 


6. A(n) is the collection of all points in the plane such that the distance from each point to a fixed point equals its 

distance to a fixed line. 
Answer Problems 7-10 using the figure. 

7. Ifa > 0, the equation of the parabola is of the form 
(a) (y — k)? = 4a(x — A) 
(b) (y — k)? = —4a(x — h) 
(c) (x — h)’ = 4a(y — k) 
(d) (x — A)’ = —4a(y — k) 

8. The coordinates of the vertex are 


—._ = x 
9, If a = 4, then the coordinates of the focus are ; mn 
10. If a = 4, then the equation of the directrix is 
Skill Building 
In Problems 11-18, the graph of a parabola is given. Match each graph to its equation. 
(A) y> = 4x (C) y = —4x (E) (y - 1)? = 4(2- 1) (G) (y — 1)? = -4(x - 1) 
(B) x? = 4y (D) x? = -4y @) Gedy = 4(y+4) (H) (x + 1)" = —4(y + 1) 
14. yh 
2 = 
-2 2 x 
(soe 
—2b 
18. Yh 
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In Problems 19-36, find the equation of the parabola described. Find the two points that define the latus rectum, and graph the equation. 


\ 19. 


21. 
23. 
25. 


NX 27. 


X 29. 
41, 
33. 


35. 


Focus at (4, 0); vertex at (0, 0) 
Focus at (0, —3); vertex at (0, 0) 
Focus at (—2, 0); directrix the line x = 2 


iF 
Directrix the line y = — > vertex at (0, 0) 


Vertex at (0,0); axis of symmetry the y-axis; containing the 
point (2, 3) 


Vertex at (2, —3); focus at (2, —5) 
Vertex at (—1, —2); focus at (0, —2) 
Focus at (—3, 4); directrix the line y = 2 


Focus at (—3, —2); directrix the line x = 1 


20. 


22. 


24. 


26. 


28. 


30. 


32. 


34. 


36. 


Focus at (0, 2); vertex at (0, 0) 

Focus at (—4, 0); vertex at (0, 0) 

Focus at (0, —1); directrix the line y = 1 
Directrix the line x = — * vertex at (0, 0) 


Vertex at (0,0); axis of symmetry the x-axis; containing the 
point (2, 3) 


Vertex at (4, —2); focus at (6, —2) 
Vertex at (3, 0); focus at (3, —2) 
Focus at (2, 4); directrix the line x = —4 


Focus at (—4, 4); directrix the line y = —2 


In Problems 37-54, find the vertex, focus, and directrix of each parabola. Graph the equation. 


37. 


41. 


45. 


49. 


53. 


x = dy 38. y’ = 8x 


(y — 2)? = 8(x + 1) 42. (x + 4)? = 16(y + 2) 


(y + 3)? = 8(x — 2) 46. (x — 2) = 4(y — 3) 


x7 + 8x =4y — 8 50. y> — 2y = 8x — 1 


vr-—4y=yt+4 


In Problems 55-62, write an equation for each parabola. 


55. 


59. 


56. 


y VA 
(1, 2) 
2 (1, 2) 2r 
(0, 1) (2,1) 
L | —« | L | i\ , 
—2 x —2 2 \x 
—2 —2b 
60. Va 
ar 
(0, 1) 
l L L —e 
—2 2 x 
| (1, -1) 
—2E 


Applications and Extensions 


X63. 
S 


Satellite Dish A satellite dish is shaped like a paraboloid of 
revolution. The signals that emanate from a satellite strike 
the surface of the dish and are reflected to a single point, 
where the receiver is located. If the dish is 10 feet across at its 
opening and 4 feet deep at its center, at what position should 
the receiver be placed? 


\ 39. 


43. 


\ 47. 
51. 


54. 


57. 


61. 


64. 


65. 


—16x 40. x7 = 


y 


(x — 3)? = -(y + 1) 44, (y +1) 


48. x7 + 6x —4y +1=0 


—4(x — 2) 


y —4y+4x+4=0 


y+2y-x=0 52. x? — 4x = 2y 
y+12y=-x+1 
Va 58. 
2: _ 
| (2, 1) 
! L — 
-2 (1,0) * 
—2b 
Yh 62. y 
2r 2 
(0, 1) (0, 1) 
! ! —e*, L ! (1, 0) o 
(—2, 0) 2 Xx =2 2 Xx 
=2F —2 


Constructing aTV Dish A cable TV receiving dish is in the 
shape of a paraboloid of revolution. Find the location of the 
receiver, which is placed at the focus, if the dish is 6 feet 
across at its opening and 2 feet deep. 


Constructing a Flashlight The reflector of a flashlight is in 
the shape of a paraboloid of revolution. Its diameter is 4 inches 


66. 


67. 


68. 


69. 
70. 


71. 


72. 


73. 


and its depth is 1 inch. How far from the vertex should the 
light bulb be placed so that the rays will be reflected parallel 
to the axis? 


Constructing a Headlight A sealed-beam headlight is in 
the shape of a paraboloid of revolution. The bulb, which is 
placed at the focus, is 1 inch from the vertex. If the depth is 
to be 2 inches, what is the diameter of the headlight at its 
opening? 

Suspension Bridge The cables of a suspension bridge are in 
the shape of a parabola, as shown in the figure. The towers 
supporting the cable are 600 feet apart and 80 feet high. If 
the cables touch the road surface midway between the towers, 
what is the height of the cable from the road at a point 150 feet 
from the center of the bridge? 


Suspension Bridge The cables of a suspension bridge are in 
the shape of a parabola. The towers supporting the cable are 
400 feet apart and 100 feet high. If the cables are at a height of 
10 feet midway between the towers, what is the height of the 
cable at a point 50 feet from the center of the bridge? 


Searchlight A searchlight is shaped like a paraboloid of 
revolution. If the light source is located 2 feet from the base 
along the axis of symmetry and the opening is 5 feet across, 
how deep should the searchlight be? 


Searchlight A searchlight is shaped like a paraboloid of 
revolution. If the light source is located 2 feet from the base 
along the axis of symmetry and the depth of the searchlight 
is 4 feet, what should the width of the opening be? 


Solar Heat A mirror is shaped like a paraboloid of revolution 
and will be used to concentrate the rays of the sun at its 
focus, creating a heat source. See the figure. If the mirror is 
20 feet across at its opening and is 6 feet deep, where will the 
heat source be concentrated? 


Sun’s 
rays 90' 


Reflecting Telescope A reflecting telescope contains a 
mirror shaped like a paraboloid of revolution. If the mirror is 
4 inches across at its opening and is 3 inches deep, where will 
the collected light be concentrated? 

Parabolic Arch Bridge A bridge is built in the shape of 
a parabolic arch. The bridge has a span of 120 feet and a 
maximum height of 25 feet. See the illustration. Choose a 


‘Are You Prepared?’ Answers 


1. 


\/ — x1)? + (» - 1)? 2. 4 


74. 


75. 


76. 


77. 


78. 


79. 


3.x +4= 43; {-7, —1} 
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suitable rectangular coordinate system and find the height of 
the arch at distances of 10, 30, and 50 feet from the center. 


Parabolic Arch Bridge A bridge is to be built in the shape 
of a parabolic arch and is to have a span of 100 feet. The 
height of the arch a distance of 40 feet from the center is to 
be 10 feet. Find the height of the arch at its center. 


Gateway Arch The Gateway Arch in St. Louis is often 
mistaken to be parabolic in shape. In fact, it is a catenary, 
which has a more complicated formula than a parabola. The 
Arch is 625 feet high and 598 feet wide at its base. 

(a) Find the equation of a parabola with the same dimensions. 
Let x equal the horizontal distance from the center of 
the arc. 

(b) The table below gives the height of the Arch at various 
widths; find the corresponding heights for the parabola 
found in (a). 


Width (ft) Height (ft) 


(c) Do the data support the notion that the Arch is in the 
shape of a parabola? 
Source: Wikipedia, the free encyclopedia 


Show that an equation of the form 

Av +Ey=0, A#0,E#0 
is the equation of a parabola with vertex at (0, 0) and axis of 
symmetry the y-axis. Find its focus and directrix. 
Show that an equation of the form 

Cy + Dx=0, C#0,D#0 
is the equation of a parabola with vertex at (0, 0) and axis of 
symmetry the x-axis. Find its focus and directrix. 
Show that the graph of an equation of the form 

Ax? + Dx+Ey+F=0, A#0 

(a) Is a parabola if E # 0. 
(b) Isa vertical line if E = 0 and D* — 4AF = 0. 


(c) Is two vertical lines if E = 0 and D? — 4AF > 0. 
(d) Contains no points if E = 0 and D* — 4AF < 0. 


Show that the graph of an equation of the form 
Cy + Dx+Ey+F=0, C#0 
(a) Is a parabola if D # 0. 
(b) Is a horizontal line if D = 0 and E* — 4CF = 0. 


(c) Is two horizontal lines if D = 0 and E? — 4CF > 0. 
(d) Contains no points if D = 0 and E* — 4CF < 0. 


4. (—2,—-5) 5. 3; up 
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6.3 The Ellipse 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Distance Formula (Section 1.1, p.3) Symmetry (Section 1.2, pp. 12-14) 
Completing the Square (Appendix A, Section A.3, e Circles (Section 1.2, pp. 16-19) 


e Graphing Techniques: Transformations 


Intercepts (Section 1.2, pp. 11-12) (Section 1.6, pp. 61-70) 


\ Now Work the ‘Are You Prepared?’ problems on page 395. 

OBJECTIVES 1 Analyze Ellipses with Center at the Origin (p.388) 
2 Analyze Ellipses with Center at (h,k) (p.392) 
3 Solve Applied Problems Involving Ellipses (p.394) 


Figure 17 


Minor axis 


Major axis 


Figure 18 Va 


DEFINITION An ellipse is the collection of all points in the plane, the sum of whose distances 


from two fixed points, called the foci, is a constant. J 


The definition contains within it a physical means for drawing an ellipse. Find a 
piece of string (the length of this string is the constant referred to in the definition). 
Then take two thumbtacks (the foci) and stick them into a piece of cardboard so 
that the distance between them is less than the length of the string. Now attach the ends 
of the string to the thumbtacks and, using the point of a pencil, pull the string taut. See 
Figure 17. Keeping the string taut, rotate the pencil around the two thumbtacks. The 
pencil traces out an ellipse, as shown in Figure 17. 

In Figure 17, the foci are labeled F, and F. The line containing the foci is 
called the major axis. The midpoint of the line segment joining the foci is the center 
of the ellipse. The line through the center and perpendicular to the major axis is the 
minor axis. 

The two points of intersection of the ellipse and the major axis are the vertices, 
V, and V5, of the ellipse. The distance from one vertex to the other is the length of 
the major axis. The ellipse is symmetric with respect to its major axis, with respect to 
its minor axis, and with respect to its center. 


1 Analyze Ellipses with Center at the Origin 


With these ideas in mind, we are ready to find the equation of an ellipse in a 
rectangular coordinate system. First, place the center of the ellipse at the origin. 
Second, position the ellipse so that its major axis coincides with a coordinate axis, 
say the x-axis, as shown in Figure 18. If c is the distance from the center to a focus, 
one focus will be at F; = (—c, 0) and the other at F, = (c, 0). As we shall see, it is 
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convenient to let 2a denote the constant distance referred to in the definition. Then, 
if P = (x, y) is any point on the ellipse, we have 


THEOREM 


d(F,, P) + d(F2, P) = 2a Sum of the distances from P 
to the foci equals a constant, 2a. 
y 4 (x —c)? + y = 2a Use the Distance Formula. 
(x +c’ + y =2a (x-c’+y Isolate one radical. 
(x +c)? + y* = 4a — 4a\/ (x - c)? + y? Square both sides. 
+(x-cPt+y 
x? + 2ex + 2 + y? = 4a* — 4a\/(x — c)? + y* Remove parentheses. 
x —2cx+cet+ y° 
4cx — 4a? = —4a\/(x -— c)? + Simplify; isolate the radical. 
cx — @ = -a\/(x-—cP + y Divide each side by 4. 
2 
(cx — @&) =a[(x —c) + y’] Square both sides again. 
2,2 Qny + 4 = Ady y2 jpeg 
cx’ — 2aecx + a = a(x — 2cex +c + y’) Remove parentheses. 
(2 — @)x? - &y = ac - at Rearrange the terms. 
(a@ — c*)x’ + ay = a&(a@ — c’) Multiply each side by —1; 


factor a* on the right side. (1) 


To obtain points on the ellipse off the x-axis, it must be that a > c. To see why, 
look again at Figure 18. Then 


d(F,, P) + d( Fy, P) > d(F,, Fz) The sum of the lengths of two sides of a triangle 
is greater than the length of the third side. 
2a > 2c A(F;, P) + d(Fo, P) = 2a, d(Fy, Fo) = 2c 
a>c 


Since a > c > 0, wealso havea’ > c*,soa’ — c* > 0.Letb* = a — c*,b > 0.Then 
a > b and equation (1) can be written as 


eae ay = eR 
+=1 Divide each side by a°b’. 


As you can verify, the graph of this equation has symmetry with respect to the 
X-axis, y-axis, and origin. 
Because the major axis is the x-axis, we find the vertices of this ellipse by 
2 
; ‘ , : x : : 
letting y = 0. The vertices satisfy the equation —; = 1, the solutions of which are 
a 


x = +a. Consequently, the vertices of this ellipse are V; = (—a, 0) and V2 = (a, 0). 
The y-intercepts of the ellipse, found by letting x = 0, have coordinates (0, —b) and 
(0, b). These four intercepts, (a, 0), (—a, 0),(0, b), and (0, —b), are used to graph 
the ellipse. 


Equation of an Ellipse: Center at (0, 0); Major Axis along the x-Axis 


An equation of the ellipse with center at (0, 0), foci at (—c, 0) and (c, 0), and 
vertices at (—a, 0) and (a, 0) is 


where a > b > Oandb? = a — 7 (2) 


The major axis is the x-axis. See Figure 19. 
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Notice in Figure 19 the right triangle formed by the points (0,0), (c,0), and 
(0, b). Because b? = a? — c’ (or b? + c* = a’), the distance from the focus at (c, 0) 
to the point (0, b) is a. 

This can be seen another way. Look at the two right triangles in Figure 19. They 
are congruent. Do you see why? Because the sum of the distances from the foci to a 
point on the ellipse is 2a, it follows that the distance from (c, 0) to (0, b) is a. 


EXAMPLE 1 Finding an Equation of an Ellipse 


Find an equation of the ellipse with center at the origin, one focus at (3,0), and a 
vertex at (—4, 0). Graph the equation. 


Solution The ellipse has its center at the origin and, since the given focus and vertex lie on the 
x-axis, the major axis is the x-axis. The distance from the center, (0, 0), to one of the 


Fi 20 
uti : foci, (3,0), is c = 3. The distance from the center, (0,0), to one of the vertices, 
x? ae cg (—4, 0), is a = 4. From equation (2), it follows that 
16 7 
P=a-C?=16-9=7 
Va 
5 i so an equation of the ellipse is 
2 2 
16 #67 


Figure 20 shows the graph. 


Jj 


In Figure 20, the intercepts of the equation are used to graph the ellipse. Following 
this practice will make it easier for you to obtain an accurate graph of an ellipse 
when graphing. 


COMMENT The intercepts of the ellipse also provide information about how to set the 
viewing rectangle for graphing an ellipse. To graph the ellipse 


xv, 


16 7 


discussed in Example 1, set the viewing rectangle using a square screen that includes the intercepts, 
perhaps -4.5 S x = 4.5,-3 = y S 3. Then proceed to solve the equation for y: 


2 2 
La ie 
i 7 
2 2 2 
ie jos. Subtract — from each side. 
7 16 16 
2 
y2=71- 1a Multiply both sides by 7. 
Figure 21 
2 
Ve (1 Fa) Ve y{ = =) Take the square root of each side. 


Now graph the two functions 


-45 4.5 | 2 2 
Y= WA ae and Yo = — Vina 


=9 Figure 21 shows the result. a 
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An equation of the form of equation (2), with a? > b’, is the equation of an 
ellipse with center at the origin, foci on the x-axis at (-c,0) and (c,0), where 
c = @ — b’, and major axis along the x-axis. 

For the remainder of this section, the direction “Analyze the equation” will 
mean to find the center, major axis, foci, and vertices of the ellipse and graph it. 


EXAMPLE 2 Analyzing the Equation of an Ellipse 


ey 
Analyze th tion: —+—=1 
nalyze the equation 151 9 


Solution The given equation is of the form of equation (2), with a’ = 25 and b? = 9. The 
equation is that of an ellipse with center (0, 0) and major axis along the x-axis. The 
vertices are at (+a,0) = (+5, 0). Because b* = a” — c’, we find that 


C=a-hP=25-9=16 


The foci are at (+c, 0) = (+4, 0). Figure 22 shows the graph. 


Figure 22 Va 


“) 
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If the major axis of an ellipse with center at (0, 0) lies on the y-axis, the foci are 
at (0, —c) and (0,c). Using the same steps as before, the definition of an ellipse 
leads to the following result: 


THEOREM Equation of an Ellipse: Center at (0, 0); Major Axis along the y-Axis 


An equation of the ellipse with center at (0, 0), foci at (0, —c) and (0, c), and 
vertices at (0, —a) and (0, a) is 


Figure 23 


The major axis is the y-axis. = 


Figure 23 illustrates the graph of such an ellipse. Again, notice the right triangle 
formed by the points at (0, 0), (b, 0), and (0, c), so that a” = b’ + c? (or b* = a’ — c’). 

Look closely at equations (2) and (3). Although they may look alike, there is a 
difference! In equation (2), the larger number, a, is in the denominator of the 
x’-term, so the major axis of the ellipse is along the x-axis. In equation (3), the larger 
number, a’, is in the denominator of the y’-term, so the major axis is along the 
y-axis. 
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EXAMPLE 3 


Analyzing the Equation of an Ellipse 


Analyze the equation: 9x” + y’ = 9 


Figure 24 Solution To put the equation in proper form, divide each side by 9. 
Vs y 
31 vy = (0,3) e+e 
F, = (0, 2V2) The larger denominator, 9, is in the y?-term SO, based on equation (3), this is the 
equation of an ellipse with center at the origin and major axis along the y-axis. 
= = Also, we conclude that a? = 9, b? = 1, and c* = a — b* = 9 — 1 = 8. The vertices 
—3 (-1,0) (1,0) 3 x  areat(0,+a) = (0, +3), and the foci are at (0, +c) = (0, +22). Figure 24 shows 
the graph. 
F, = (0, -2V2) e 
omm====-Now Work proBLem 21 
~3TV4 = (0, -3) 


EXAMPLE 4 


Finding an Equation of an Ellipse 


Find an equation of the ellipse having one focus at (0,2) and vertices at (0, —3) 
and (0, 3). Graph the equation. 


Solution By plotting the given focus and vertices, we find that the major axis is the y-axis. 
Because the vertices are at (0, —3) and (0,3), the center of this ellipse is at their 
Figure 25 midpoint, the origin. The distance from the center, (0, 0), to the given focus, (0, 2), is 
c = 2. The distance from the center, (0, 0), to one of the vertices, (0,3), is a = 3. 
5 t V> = (0, 3) So b* = a@ — c = 9 — 4=5. The form of the equation of this ellipse is given by 
Fy = (0, 2) equation (3). 
ey 
ar a 
(—5, 0) (V5, 0) . 
| ie 2 2 
-3 3.x ae ee 1 
5 9 


Figure 25 shows the graph. 


“i 


F, = (0, —2) 
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The circle may be considered a special kind of ellipse. To see why, let a = b in 
equation (2) or (3). Then 


Xx 
~+%5-1 
a a 
P+tyae 


This is the equation of a circle with center at the origin and radius a. The value of c is 
CHa =f =0 
a= 


We conclude that the closer the two foci of an ellipse are to the center, the more 
the ellipse will look like a circle. 


2 Analyze Ellipses with Center at (h, k) 


If an ellipse with center at the origin and major axis coinciding with a coordinate axis is 
shifted horizontally / units and then vertically k units, the result is an ellipse with center 
at (h, k) and major axis parallel to a coordinate axis. The equations of such ellipses 
have the same forms as those given in equations (2) and (3), except that x is replaced 
by x — h (the horizontal shift) and y is replaced by y — k (the vertical shift). Table 3 
gives the forms of the equations of such ellipses, and Figure 26 shows their graphs. 


Table 3 


COMMENT It is not recommended 
that Table 3 be memorized. Rather, use 
the ideas of transformations (shift 
horizontally h units, vertically k units) 
along with the fact that a represents 
the distance from the center to the 
vertices, c represents the distance 


from the center to the foci, and 
=a — (orc = a — Pb). a 
Figure 26 


EXAMPLE 5 
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Equations of an Ellipse: Center at (h, k); Major Axis Parallel to a Coordinate Axis 


Center Major Axis Foci Vertices Equation 


— hy = [he 
(x ea ) 


ai b? 
a>h>Oakde =a=e 


(h, k) (la ae Gh) 


Parallel to the x-axis (h + a,k) 


’ 


a = GI) (hieeank) 


«hb?  Y¥-kP 
eb) @ ae 
a> > Wace = 6 = @ 


(h, k) Parallel to the y-axis (h,k + ©) (h,k + a) 


’ 


(hike) (h,k — a) 


Yh Major axis 
I 
Yh (h, k +a)! 
(h, k +c) 
(h—c,k) (h+o,k) 
Major axis _— 
(h-a,k) h+ak) x 
(h, k— 0) 
x (h, k— a) 
— hy — k)2 — nz — ky 
me ae ) Ss ia ae oe - 


Solution 


Figure 27 


Vp = (5, -3) 


\ 


(2, -3 — 22) 


Finding an Equation of an Ellipse, Center Not at the Origin 


Find an equation for the ellipse with center at (2, —3), one focus at (3, —3), and one 
vertex at (5, —3). Graph the equation. 


The center is at (h, k) = (2, -3),soh = 2andk = —3. If we plot the center, focus, 
and vertex, we notice that the points all lie on the line y = —3, so the major axis is 
parallel to the x-axis. The distance from the center (2, —3) to a focus (3, —3) is 
c = 1; the distance from the center (2, —3) to a vertex (5,—3) is a = 3. Then 


b? = a — c’ = 9-1 = 8. The form of the equation is 
x — h) — ky 
4) ue ier where h = 2,k = -3,a = 3,b = 2V2 
a b 
(x- 2)  (y+3) : 
i on 


To graph the equation, use the center (h,k) = (2, —3) to locate the vertices. 
The major axis is parallel to the x-axis, so the vertices are a = 3 units left and right 
of the center (2, —3). Therefore, the vertices are 


V; = (2 - 3,-3) = (-1,-3) and V2 = (24 


3, —3) = (5, -3) 


Since c = 1 and the major axis is parallel to the x-axis, the foci are 1 unit left and 
right of the center. Therefore, the foci are 


F, = (2-1,-3) = (1,-3) and F,=(24 


1, -3) = (3, -3) 


Finally, use the value of b = 2\V2 to find the two points above and below the center. 
(2,-3-2V2) and (2,-3 + 2V2) 


Figure 27 shows the graph. 


J 
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EXAMPLE 6 Analyzing the Equation of an Ellipse 


Analyze the equation: 4x* + y? — 8x +4y+4=0 


Solution Proceed to complete the squares in x and in y. 


4° + y—8x+4y+4=0 


4x7 — 8x + y+ 4y = —-4 Group like variables; place the 
constant on the right side. 


A(x? — 2x) + (y? + 4y) = -4 Factor out 4 from the first two 
Figure 28 terms. 
Va A(x? — 2x +1) + (y+ 4y + 4) = -44444 Complete each square. 
4.0) A(x — 1)? + (y+ 2) =4 Factor. 
= (y + 2° 
- (x - 1) 4 =i Divide each side by 4. 
(1, -2 + V3) ‘ 
(0, —2) (2, —2) This is the equation of an ellipse with center at (1, —2) and mayor axis parallel to 
(1, -2-3) the y-axis. Since a? = 4 and b* = 1, we have c? = a’ — b? = 4-1 =3. The 
vertices are at (h,k + a) = (1,—2 + 2) or (1, —4) and (1,0). The foci are at 
4 (h,k + c) = (1,-2 + V3) or (1, -2 — V3) and (1, -2 + V3). Figure 28 shows 
(le —4) the graph. e 
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3 Solve Applied Problems Involving Ellipses 


.. Ellipses are found in many applications in science and engineering. For example, the 
orbits of the planets around the Sun are elliptical, with the Sun’s position at a focus. 
See Figure 29. 


Figure 29 


. t ‘ 
Asteroids 


Stone and concrete bridges are often shaped as semielliptical arches. Elliptical 
gears are used in machinery when a variable rate of motion is required. 

Ellipses also have an interesting reflection property. If a source of light (or 
sound) is placed at one focus, the waves transmitted by the source will reflect off the 
ellipse and concentrate at the other focus. This is the principle behind whispering 
galleries, which are rooms designed with elliptical ceilings. A person standing at one 
focus of the ellipse can whisper and be heard by a person standing at the other focus, 
because all the sound waves that reach the ceiling are reflected to the other person. 


EXAMPLE 7 A Whispering Gallery 


The whispering gallery in the Museum of Science and Industry in Chicago is 47.3 feet 
long. The distance from the center of the room to the foci is 20.3 feet. Find an equation 
that describes the shape of the room. How high is the room at its center? 


Source: Chicago Museum of Science and Industry Web site; www.msichicago.org 
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Solution Set up a rectangular coordinate system so that the center of the ellipse is at the 


origin and the major axis is along the x-axis. The equation of the ellipse is 
vy 
« b2 


Since the length of the room is 47.3 feet, the distance from the center of the room to 
each vertex (the end of the room) will be — = 23.65 feet; so a = 23.65 feet. The 
distance from the center of the room to each focus is c = 20.3 feet. See Figure 30. 

Since b? = a’ — c’, we find b” = 23.657 — 20.3” = 147.2325. An equation that 
describes the shape of the room is given by 


Pe y 
2 = 
Figure 30 23.65 147.2325 
isto 121) The height of the room at its center is b = V147.2325 ~ 12.1 feet. a) 
(—23.65, 0) [: via 0) 
=X a fe — 7 25% om=====-Now Work proBLEM 71 
(—20.3, 0) (20.3, 0) 


6.3 Assess Your Understanding 


‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The distance d from P, = (2,—5) to P, = (4,—2) is 5. To graph y = (x + 1)? — 4, shift the graph of y = x* to the 
d= . (p.3) (left/right) unit(s) and then (up/down) unit(s). 
2. To complete the square of x? — 3x, add . (pp. A25-A26) (pp. 61-70) 


3. Find the intercepts of the equation y? = 16 — 4x2. (pp. 11-12) 6. The standard equation of a circle with center at (2, —3) and 


ius li . (pp. 16-1 
4. The point that is symmetric with respect to the y-axis to the radius 1 is __. (pp. 16-19) 
point (—2, 5) is . (pp. 12-14) 
Concepts and Vocabulary 
7. A(n) is the collection of all points in the plane the 11. If the center of an ellipse is (2, —3), the major axis is parallel 
sum of whose distances from two fixed points is a constant. to the x-axis, and the distance from the center of the 
8. For an ellipse, the foci lie on a line called the axis. ellipse to its vertices is a = 4 units, then the coordinates of 
2 2 the vertices are and 


: xy ; ‘ . 
9. For the ellipse a oe 1, the vertices are the points 12. If the foci of an ellipse are (—4,4) and (6,4), then the 
coordinates of the center of the ellipse are 


and 
ry 
10. For the ellipse 35 + 9 = 1, the value of a is , the 
value of b is , and the major axis is the -axis. 
Skill Building 
In Problems 13-16, the graph of an ellipse is given. Match each graph to its equation. 
x y? er ey 
A)—+y=1 B) xr +—=1 —+—=1 D) +ig= 1 
(A) pty Gye On, (te 
13. Yh 14. Yh 15. Yh 16. Yh 
4p 37 3 
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In Problems 17-26, find the vertices and foci of each ellipse. Graph each equation. 


, x2 y- x2 y- x2 y y 
24" = 1 18. —+—=1 19, —+—=1 20. x7 += =1 
\ 5 A Bt 9 25 * "16 
Nan. 42+ y= 16 22. x7 + 9y* = 18 23. 4y? + x7 = 8 24. 4y? + 9x? = 36 
25.7 + y = 16 2.x + y=4 


In Problems 27-38, find an equation for each ellipse. Graph the equation. 


27. Center at (0,0); focus at (3,0); vertex at (5, 0) 28. Center at (0,0); focus at (—1,0); vertex at (3, 0) 


\\ 29. Center at (0,0); focus at (0,—4); vertex at (0, 5) 30. Center at (0,0); focus at (0,1); vertex at (0, —2) 


31. Foci at (+2, 0); 32. 


length of the major axis is 6 Foci at (0, +2); length of the major axis is 8 


33. Focus at (—4, 0); 34. 


vertices at (+5, 0) Focus at (0, —4); vertices at (0, +8) 


35. Foci at (0, +3); x-intercepts are +2 36. Vertices at (+4,0); y-intercepts are +1 
37. Center at (0,0); vertex at (0,4); b=1 38. Vertices at (+5,0); c= 2 
In Problems 39-42, write an equation for each ellipse. 
39. Va 40. Va 41. ya 42. yh 
37 3 3 3r 
(-1, 1) L L 
CYP ieee ! fh vie Lt ore ! Gor) fa 
—3 | 3 Xx —3 3 x —3 3 Xx —3 | 3 Xx 
—8F (1.1) 3 —3PF —3P 
In Problems 43-54, analyze each equation; that is, find the center, foci, and vertices of each ellipse. Graph each equation. 
(x- 3 (y +1) (x+ 4 (y +2) ; : 
43. Z 9 4. 9 ri 1 45. (x + 5)° + 4(y — 4) 16 
46. 9(x — 3)? + (y + 2)? = 18 \47. 2 + 4x + 4y - 8y +4=0 48. x2 + 3y?- 12y +9 =0 
49. 2x? + 3y? — 8x + 6y +5 =0 50. 4x7 + 3y? + 8x — 6y =5 51. 9x? + 4y? — 18x + 16y — 11 
52. x7 + 9y? + 6x — 18y +9 =0 53. 4x° + y? + 4y =0 54, 9x? + y* — 18x = 0 


In Problems 55-64, find an equation for each ellipse. Graph the equation. 


\ 55. Center at (2,—2); vertex at (7,—2); focus at (4, —2) 
57. Vertices at (4,3) and (4, 9); 


59. Foci at (5, 1) and (—1, 1); 


61 


63 


. Center at (1,2); 


. Center at (1,2); 


focus at (4, 2 


vertex at (4,2); 


focus at (4, 8) 


); 


length of the major axis is 8 
contains the point (1, 3) 


contains the point (1, 5) 


56. 


58. 


60. 


62. 


64. 


In Problems 65-68, graph each function. Be sure to label all the intercepts. 
[Hint: Notice that each function is half an ellipse. | 


65. f(x) = \/16 — 4x? 


66. f(x) =\/9 — 9x 


67. 


Center at (—3,1); vertex at (—3, 3); 


Foci at (1,2) and (—3,2); vertex at (—4, 2) 
Vertices at (2,5) and (2,—-1); c=2 
Center at (1,2); focus at (1, 4); 


Center at (1,2); 


(1 + V3,3) 


vertex at (1,4); 


—\/ 64 — 16x” 


f(x) 


focus at (—3, 0) 


68. f(x) = -\/4 - 4x 


contains the point (2, 2) 


contains the point 


Applications and Extensions 


69. 


70. 


N71 


72. 


73. 


74, 


Semielliptical Arch Bridge An arch in the shape of the 
upper half of an ellipse is used to support a bridge that is to 
span a river 20 meters wide. The center of the arch is 6 meters 
above the center of the river. See the figure. Write an equation 
for the ellipse in which the x-axis coincides with the water 
level and the y-axis passes through the center of the arch. 


Semielliptical Arch Bridge The arch of a bridge is a 
semiellipse with a horizontal major axis. The span is 30 feet, 
and the top of the arch is 10 feet above the major axis. The 
roadway is horizontal and is 2 feet above the top of the arch. 
Find the vertical distance from the roadway to the arch at 
5-foot intervals along the roadway. 


Whispering Gallery A hall 100 feet in length is to be 
designed as a whispering gallery. If the foci are located 
25 feet from the center, how high will the ceiling be at the 
center? 


Whispering Gallery Jim, standing at one focus of a 
whispering gallery, is 6 feet from the nearest wall. His friend 
is standing at the other focus, 100 feet away. What is the 
length of this whispering gallery? How high is its elliptical 
ceiling at the center? 


Semielliptical Arch Bridge A bridge is built in the shape of 
a semielliptical arch. The bridge has a span of 120 feet and a 
maximum height of 25 feet. Choose a suitable rectangular 
coordinate system and find the height of the arch at distances 
of 10,30, and 50 feet from the center. 


Semielliptical Arch Bridge A bridge is to be built in the 
shape of a semielliptical arch and is to have a span of 


75. 


76. 


77. 


78. 
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100 feet. The height of the arch, at a distance of 40 feet from 
the center, is to be 10 feet. Find the height of the arch at its 
center. 

Racetrack Design Consult the figure. A racetrack is in the 
shape of an ellipse, 100 feet long and 50 feet wide. What is the 
width 10 feet from a vertex? 


Semielliptical Arch Bridge An arch for a bridge over a 
highway is in the form of half an ellipse. The top of the arch is 
20 feet above the ground level (the major axis). The highway 
has four lanes, each 12 feet wide; a center safety strip 8 feet 
wide; and two side strips, each 4 feet wide. What should the 
span of the bridge be (the length of its major axis) if the 
height 28 feet from the center is to be 13 feet? 

Installing a Vent Pipe A homeowner is putting in a fireplace 
that has a 4-inch-radius vent pipe. He needs to cut an elliptical 
hole in his roof to accommodate the pipe. If the pitch of his 


a ; ‘ 
roof is —, (a rise of 5, run of 4) what are the dimensions of the 
hole? 
Source: www.doe. virginia. gov 


Volume of a Football A football is in the shape of a prolate 
spheroid, which is simply a solid obtained by rotating an 
2 2 
F x y 
ellipse | = + > 
, (2 b? 
football averages 11.125 inches in length and 28.25 inches in 
center circumference. If the volume of a prolate spheroid is 


= 1) about its major axis. An inflated NFL 


4 
mab, how much air does the football contain? (Neglect 


material thickness). 
Source: www.answerbag.com 


In Problems 79-82, use the fact that the orbit of a planet about the Sun is an ellipse, with 
the Sun at one focus. The aphelion of a planet is its greatest distance from the Sun, and the 
perihelion is its shortest distance. The mean distance of a planet from the Sun is the length © 


of the semimajor axis of the elliptical orbit. See the illustration. 


79. 


80. 


81. 


Earth The mean distance of Earth from the Sun is 
93 million miles. If the aphelion of Earth is 94.5 million miles, 
what is the perihelion? Write an equation for the orbit of 
Earth around the Sun. 


Mars The mean distance of Mars from the Sun is 
142 million miles. If the perihelion of Mars is 128.5 million 
miles, what is the aphelion? Write an equation for the orbit 
of Mars about the Sun. 

Jupiter The aphelion of Jupiter is 507 million miles. If the 
distance from the center of its elliptical orbit to the Sun is 
23.2 million miles, what is the perihelion? What is the mean dis- 
tance? Write an equation for the orbit of Jupiter around the Sun. 


82. 


83. 


Major 
axis 


Mean distance 
i ihelion 
— Aphelion PPeri | 


Center 
ee 


Pluto The perihelion of Pluto is 4551 million miles, and the 
distance from the center of its elliptical orbit to the Sun is 
897.5 million miles. Find the aphelion of Pluto. What is the 
mean distance of Pluto from the Sun? Write an equation for 
the orbit of Pluto about the Sun. 


Show that an equation of the form 


AY’ +Cy+F=0, A#0,C4#0,F 40 


where A and C are of the same sign and F is of opposite sign, 

(a) Is the equation of an ellipse with center at (0,0) if 
A#C. 

(b) Is the equation of a circle with center (0, 0) if A = C. 
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84. Show that the graph of an equation of the form ; _ DE 
(b) is a point if — + —~- F=0. 
Ae +Cy+Dx+Ey+F=0, A¥0,C#0 4A 4C 
2 2 
where A and C are of the same sign, (c) contains no points if 7A a IC F is of opposite sign 
ne to A. 
: re ee F 
(a) is an ellipse if 4A Fe F is the same sign as A 


Explaining Concepts: Discussion and Writing 


85. The eccentricity e of an ellipse is defined as the number —, where a is the distance of a vertex from the center and c is the distance 
a 


of a focus from the center. Because a > c, it follows that e < 1. Write a brief paragraph about the general shape of each of the 
following ellipses. Be sure to justify your conclusions. 


(a) Eccentricity close to 0 (b) Eccentricity = 0.5 (c) Eccentricity close to 1 


‘Are You Prepared?’ Answers 


1. V13 2. - 3. (—2,0), (2,0), (0, —4), (0, 4) 4. (2,5) 5. left; 1; down: 4 6. (x -— 2/7 + (y+3P=1 


6.4 The Hyperbola 


PREPARING FOR THIS SECTION Before getting started, review the following: 


Distance Formula (Section 1.1, p. 3) e Graphing Techniques: Transformations (Section 1.6, 
Completing the Square (Appendix A, Section A.3, pp. 61-70) 

pp. A25—-A26) Square Root Method (Appendix A, Section A.4, 
Intercepts (Section 1.2, pp. 11-12) p.A32) 

Symmetry (Section 1.2, pp. 12-14) 


\ Now Work the ‘Are You Prepared?’ problems on page 408. 


OBJECTIVES 1 Analyze Hyperbolas with Center at the Origin (p.398) 
2 Find the Asymptotes of a Hyperbola (p.403) 
3 Analyze Hyperbolas with Center at (h,k) (p.405) 
4 Solve Applied Problems Involving Hyperbolas (p.406) 


DEFINITION A hyperbola is the collection of all points in the plane, the difference of whose 


: distances from two fixed points, called the foci, is a constant. J 
Figure 31 


Figure 31 illustrates a hyperbola with foci F,; and fF’. The line containing the 
Conjugate foci is called the transverse axis. The midpoint of the line segment joining the foci is 
bia Transverse the center of the hyperbola. The line through the center and perpendicular to the 
transverse axis is the conjugate axis. The hyperbola consists of two separate curves, 
called branches, that are symmetric with respect to the transverse axis, conjugate 
axis, and center. The two points of intersection of the hyperbola and the transverse 
axis are the vertices, V; and V>, of the hyperbola. 


1 Analyze Hyperbolas with Center at the Origin 


With these ideas in mind, we are now ready to find the equation of a hyperbola 
in the rectangular coordinate system. First, place the center at the origin. Next, 


Figure 32 


d(F,P) — d(FyP) = + 


Transverse 
axis 


P= (x,y) 
d(F>, P 


Fy = (¢, 0) 


< 
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position the hyperbola so that its transverse axis coincides with a coordinate axis. 
Suppose that the transverse axis coincides with the x-axis, as shown in Figure 32. 

If c is the distance from the center to a focus, one focus will be at F; = (—c, 0) 
and the other at F, = (c,0). Now we let the constant difference of the distances 
from any point P = (x, y) on the hyperbola to the foci F,; and Fy be denoted 
by +2a. (If P is on the right branch, the + sign is used; if P is on the left branch, 
the — sign is used.) The coordinates of P must satisfy the equation 


Difference of the distances from 
P to the foci equals +2a. 


d(F,, P) = d(F, P) = +2a 


(x cy y (x ey 4 = +2a — Use the Distance Formula. 
(x ey y = +2a 4 (x ey y’ Isolate one radical. 
(x ey y = 4a° + 4a\/ (x — ey oy y’ Square both sides. 


e+ 2ext e+ y =40 + 4a\/(x-cP t+ y4+xr-2%x4+Cet+y 


Simplify; isolate the radical. 


cx —- @ = +a\/(x -cP + y Divide each side by 4. 


Square both sides. 


Simplify. 


Remove parentheses and simplify. 


(PC -—@)x-a@y=ae-a 


ay = a(e a’) 


Rearrange terms. 


Factor a“ on the right side. (1) 


To obtain points on the hyperbola off the x-axis, it must be that a < c. To see 
why, look again at Figure 32. 


d(F,,P) < d(F>, P) + d(F,, Fo) 
d(F,, P) — d(F.,P) < d(F,, Fo) 


Use triangle F;PFo. 


2a < 2c P is on the right branch, 0 
a(F;, P) i A(Fo, P) = 2a; 
a(F,, Fo) = 2¢; 
a<c 


Since a < c, we also have a < c?, so’ —a@ > 0. Let Ph =C—a’,b> 0. 
Then equation (1) can be written as 
Px — ay? = ab? 


2 
2 


N 


rea 


- =1 Divide each side by a*b*. 
a 


> 


To find the vertices of the hyperbola defined by this equation, let y = 0. 
2 


; e : x , : 
The vertices satisfy the equation —; = 1, the solutions of which are x = +a. 
a 


Consequently, the vertices of the hyperbola are V; = (—a,0) and V, = (a, 0). 
Notice that the distance from the center (0,0) to either vertex is a. 
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Figure 33 

2 2 
x Y=1 8 
a ob 


THEOREM Equation of a Hyperbola: Center at (0, 0); Transverse Axis along the x-Axis 


An equation of the hyperbola with center at (0, 0), foci at (—c, 0) and (c, 0), 
and vertices at (—a, 0) and (a, 0) is 


The transverse axis is the x-axis. J 


See Figure 33. As you can verify, the hyperbola defined by equation (2) is 
symmetric with respect to the x-axis, y-axis, and origin. To find the y-intercepts, if 
2 


V; = (a, 0) 

Transverse = 

axis . t 
Fy = (=6 0) 


any, let x = 0 in equation (2). This results in the equation Y= —1, which has no 
b? 


real solution, so the hyperbola defined by equation (2) has no y-intercepts. In fact, 
2 2 2 
since = -1= o = 0, it follows that = = 1. There are no points on the graph for 
a a 


~—a=x <a. 


EXAMPLE 1 Finding and Graphing an Equation of a Hyperbola 


Figure 34 


Find an equation of the hyperbola with center at the origin, one focus at (3, 0), and 
one vertex at (—2, 0). Graph the equation. 


Solution The hyperbola has its center at the origin. Plot the center, focus, and vertex. Since 
they all lie on the x-axis, the transverse axis coincides with the x-axis. One focus is 
at (c,0) = (3,0), so c = 3. One vertex is at (—a,0) = (—2,0), so a=2. 
From equation (2), it follows that b? = c? — a” = 9 — 4 = 5, so an equation of the 
hyperbola is 


ee 
4.5 


To graph a hyperbola, it is helpful to locate and plot other points on the graph. 


For example, to find the points above and below the foci, we let x = +3. Then 
2 2 
ae ee 
4 5 
4 y 2 
ay = x — i x= +3 
4 5) 
2 
9 ¥_, 
4 5 
Toe 
5 4 
25 
Die oo) 
yn" 
=a 
a 


3 5 
The points above and below the foci are (3.3) and (+3.-3). These points 


determine the “opening” of the hyperbola. See Figure 34. an 
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2 2 
x 
a COMMENT To graph the hyperbola A = = | discussed in Example 1, we need to graph the two 


x2 
4 
Figure 54. a 


2 
functions Y,; = V5 = —1tand Y= —~V5,/~ —1. Do this and compare what you see with 
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An equation of the form of equation (2) is the equation of a hyperbola with 
center at the origin, foci on the x-axis at (—c, 0) and (c, 0), where c? = a? + b’, and 
transverse axis along the x-axis. 

For the next two examples, the direction “Analyze the equation” will mean to 
find the center, transverse axis, vertices, and foci of the hyperbola and graph it. 


EXAMPLE 2 Analyzing the Equation of a Hyperbola 


a 
4 


= 
is) 


Analyze the equation: 1 


oN 


Solution The given equation is of the form of equation (2), with a? = 16 and b? = 4. The 
graph of the equation is a hyperbola with center at (0, 0) and transverse axis along 
the x-axis. Also, we know that c* = a’ + b* = 16 + 4 = 20. The vertices are at 

(+a, 0) = (+4, 0), and the foci are at (+c, 0) = (+2V5,0). 

To locate the points on the graph above and below the foci, we let x = +2V5. 


Then 
2. 2 
ale eae | 
16 4 
(42V5) 
y 
=1 = +2 
16 ri x V5 
Figure 35 20 7 ca = 
i 16 4 
4r 5 y 
(-2\5,1 + (25, 1) ia wal 
| lL \ 4 4 
aa O)/V» = (4, 0) . 
l | | 4 | 1 Ls |_ ye = i 
5 7 XS x 4 4 
7° (2246, 0) + (2V5, 0) / y= +1 
(-215, -1) r (25, -1) 
The points above and below the foci are (+2V5,1) and (+2V5,~-1). See 
Figure 35. “7 
THEOREM Equation of a Hyperbola: Center at (0, 0); Transverse Axis along the y-Axis 


An equation of the hyperbola with center at (0,0), foci at (0, —c) and (0, c), 
and vertices at (0, —a) and (0, a) is 


The transverse axis is the y-axis. J 
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Figure 36 Figure 36 shows the graph of a typical hyperbola defined by equation (3). 
2 2 
r “ 10° =c-@ An equation of the form of equation (2), = = - = 1, is the equation of a 
a 


hyperbola with center at the origin, foci on the x-axis at (—c,0) and (c, 0), where 


+ c? = a + Db’, and transverse axis along the x-axis. 
Fy = (0, ¢ y x 
46 An equation of the form of equation (3), 2 Bp = 1, is the equation of a 
eee) hyperbola with center at the origin, foci on the y-axis at (0, —c) and (0, c), where 
? X c’ = a + b’, and transverse axis along the y-axis. 
V; = (0, -a) Notice the difference in the forms of equations (2) and (3). When the y’-term is 
ie ee subtracted from the x*-term, the transverse axis is along the x-axis. When the 
Fy =(0,—c} x’-term is subtracted from the y’-term, the transverse axis is along the y-axis. 
,=(0,- 


EXAMPLE 3 Analyzing the Equation of a Hyperbola 
Analyze the equation: y* — 4x” = 4 


Solution To put the equation in proper form, divide each side by 4: 


Since the x’-term is subtracted from the y’-term, the equation is that of a hyperbola 
with center at the origin and transverse axis along the y-axis. Also, comparing 
the above equation to equation (3), we find a’ = 4, b* = 1,andc” = a’? + b* = 5.The 
Figure 37 vertices are at (0, +a) = (0, +2), and the foci are at (0, +c) = (0, +V5). 
To locate other points on the graph, let x = +2.Then 


Va 
12,218) \ °F A 2,298) y— 4x7 = 4 
y — 4427 =4 x= +42 
y -16=4 
= 20 


i. ao +2V/5 


Four other points on the graph are (+2, 2V5) and (+2, —-2V5). See Figure 37. ad 


EXAMPLE 4 Finding an Equation of a Hyperbola 


Find an equation of the hyperbola having one vertex at (0,2) and foci at (0, —3) 
and (0, 3). Graph the equation. 


Solution — Since the foci are at (0, —3) and (0,3), the center of the hyperbola, which is at 
Figure 38 their midpoint, is the origin. Also, the transverse axis is along the y-axis. The given 
information also reveals that c = 3,a = 2, and b? = c? — a =9-—4=5S. The 


at F,=(0,3) form of the equation of the hyperbola is given by equation (3): 
L 2 2 
(-§,3)—a__ #h_e—_(5. 3) Vk a4 
xe 
[Vo = (0, 2) 7 i 
Piri piruriy, yo x 1 
Vs = (0,-2) + 2 
(-3,-3)—s L <—(3,-3) Let y = +3 to obtain points on the graph on either side of each focus. See Figure 38. 
5 [ft = (0,-3) 
erm -Now Work proBLem 21 
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Look at the equations of the hyperbolas in Examples 2 and 4. For the hyperbola 
in Example 2, a’ = 16 and b* = 4,soa > b; for the hyperbola in Example 4, a” = 4 
and b* = 5, so a < b. We conclude that, for hyperbolas, there are no requirements 
involving the relative sizes of a and b. Contrast this situation to the case of an ellipse, 
in which the relative sizes of a and b dictate which axis is the major axis. Hyperbolas 
have another feature to distinguish them from ellipses and parabolas: Hyperbolas 
have asymptotes. 


2 Find the Asymptotes of a Hyperbola 


An oblique asymptote of the graph of a function y = R(x) is the line y = mx + b, 
m # 0, if R(x) approaches mx + b as x >—©o or as x > ©o. Such asymptotes 
provide information about the end behavior of the graph of a hyperbola. 


THEOREM Asymptotes of a Hyperbola 
2 2 
The hyperbola = = a = 1 has the two oblique asymptotes 
a 


b b 
yy. a and y Pa ( )) 


Proof We begin by solving for y in the equation of the hyperbola. 


x2 y’ 

eo 2 
eg 
b’ a 


2 
a 


Since x # 0, we can rearrange the right side in the form 


> b*x* 1 a 
ars ae 


bx : 


a 
a x2 


2 
a . 

Now, as x — — 09 or as x — 00, the term — approaches 0, so the expression under the 
x 


b 
radical approaches 1. So, as x — —0o or as x — ov, the value of y approaches + a 


that is, the graph of the hyperbola approaches the lines _ 


> 


a and eu 
y= a er 


These lines are oblique asymptotes of the hyperbola. rT 


The asymptotes of a hyperbola are not part of the hyperbola, but they do serve 
as a guide for graphing a hyperbola. For example, suppose that we want to graph 
the equation 

x 2 


a 
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Figure 39 Begin by plotting the vertices (—a, 0) and (a, 0). Then plot the points (0, —b) and 
re y ‘ (0, b) and use these four points to construct a rectangle, as shown in Figure 39. 
e b b b 

o 2 . The diagonals of this rectangle have slopes . and — “ai and their extensions are the 


b b 
asymptotes y = a and y = — ae of the hyperbola. If we graph the asymptotes, we 


can use them to establish the “opening” of the hyperbola and avoid plotting other 
points. 


THEOREM Asymptotes of a Hyperbola 


2 2 
The hyperbola _ = = 1 has the two oblique asymptotes 
a 


yon and ya-px (5) 


= 


You are asked to prove this result in Problem 84. 

For the remainder of this section, the direction “Analyze the equation” will mean 
to find the center, transverse axis, vertices, foci, and asymptotes of the hyperbola and 
graph it. 


Analyzing the Equation of a Hyperbola 
2 

Figure 40 Analyze the equation: a —x=1 
y= —2x 
A Solution Since the x’-term is subtracted from the y’-term, the equation is of 
the form of equation (3) and is a hyperbola with center at the origin and transverse 
Jr —F, = (0, 5) axis along the y-axis. Also, comparing this equation to equation (3), we find 
\ Lt Vy = (0, 2) that a* = 4, b? = 1, and c* = a’ + b* = 5. The vertices are at (0, +a) = (0, +2), 
fit ~ and the foci are at (0, +c) = (0, + V5). Using equation (5) with a = 2 and b = 1, 


the asymptotes are the lines y = ee =2x and y=— ox = —2x. Form the rectangle 


containing the points (0, +a) = (0, +2) and (+b, 0) = (+1, 0). The extensions of 
the diagonals of this rectangle are the asymptotes. Now graph the rectangle, the 
asymptotes, and the hyperbola. See Figure 40. 


EXAMPLE 6 Analyzing the Equation of a Hyperbola 


Analyze the equation: 9x? — 4y” = 36 
Solution _ Divide each side of the equation by 36 to put the equation in proper form. 
2 2 

ee 4 

4 9 

The center of the hyperbola is the origin. Since the x?-term is first in the equation, 
the transverse axis is along the x-axis and the vertices and foci will lie on the x-axis. 
Using equation (2), we find a = 4,b? = 9,andc* = a? + b? = 13. The vertices are 
a = 2 units left and right of the center at (+a,0) = (+2,0), the foci are c = V13 
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Figure 41 units left and right of the center at (+c,0) = (+V13, 0), and the asymptotes have 
the equations 
We gage gine 
a(S sf a” a 


To graph the hyperbola, form the rectangle containing the points (+a, 0) and 
(0, +b), that is, (—2, 0), (2,0), (0, -3), and (0,3). The extensions of the diagonals 
- of this rectangle are the asymptotes. See Figure 41 for the graph. Pe 
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3 Analyze Hyperbolas with Center at (h, k) 


If a hyperbola with center at the origin and transverse axis coinciding with a 
coordinate axis is shifted horizontally h units and then vertically k units, the result is 
a hyperbola with center at (h, k) and transverse axis parallel to a coordinate axis. 
The equations of such hyperbolas have the same forms as those given in equations 
(2) and (3), except that x is replaced by x — h (the horizontal shift) and y is replaced 
by y — k (the vertical shift). Table 4 gives the forms of the equations of such 
hyperbolas. See Figure 42 for typical graphs. 


Table 4 


Equations of a Hyperbola: Center at (h, k); Transverse Axis Parallel to a Coordinate Axis 


Transverse 
Center Axis Foci Vertices Equation Asymptotes 


Parallel to the b 
x-axis (h + c,k) (h + a,k) y-k= +5 % — h) 


Parallel to the a 
y-axis (h,k + ©) (h,k 4 y-k= ane = {n) 


Figure 42 V4 | Transverse 
axis 
COMMENT It is not recommended 

that Table 4 be memorized. Rather use 

the ideas of transformations (shift 

horizontally h units, vertically k units) Transverse 
along with the fact that a represents axis 

the distance from the center to the 

vertices, c represents the distance 

from the center to the foci, and 

b* = o* — a? (or ce? = a* + b*). / 


xv 


EXAMPLE 7 Finding an Equation of a Hyperbola, Center Not at the Origin 


Find an equation for the hyperbola with center at (1, —2), one focus at (4, —2), and 
one vertex at (3, —2). Graph the equation. 


Solution The center is at (h,k) = (1, -2),soh = 1 andk = —2. Since the center, focus, and 
vertex all lie on the line y = —2, the transverse axis is parallel to the x-axis. The 
distance from the center (1, —2) to the focus (4, —2) is c = 3; the distance from 
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Figure 43 


the center (1, —2) to the vertex (3, —2) isa = 2. Then Bb? = c? - a =9-4=5,. 
The equation is 


San var. 


a b? : 
G1? Geo 
4 5 


EXAMPLE 8 


Figure 44 


Transverse 


axis 


Figure 45 


EXAMPLE 9 


Analyzing the Equation of a Hyperbola 


Analyze the equation: —x* + 4y* — 2x — l6éy + 11 =0 


Complete the squares in x and in y. 


x + 4y — 2x - loy+ 11 =0 
(x? + 2x) + 4(y* - 4y) = -11 Group terms. 
(x? + 2x +1) + 4(y? — 4y + 4) = -11 —14+ 16 Complete each square. 
(x + 1)? + 4(y - 2)? =4 Factor. 
(x +1)? 
(y 2) 4 =1 Divide each side by 4. 


This is the equation of a hyperbola with center at (—1,2) and transverse axis 
parallel to the y-axis. Also, a@ = 1landb* = 4,soc* = a + b* = 5. Since the transverse 
axis is parallel to the y-axis, the vertices and foci are located a and c units above and 
below the center, respectively. The vertices are at (4,k + a) = (—1,2 + 1), or 


* (1,1) and (1,3). The foci are at (h,k +c) = (-1,2 + V5). The asymptotes 


1 1 
arey—2= 3 (x + 1)andy-2= 5% + 1). Figure 44 shows the graph. 
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4 Solve Applied Problems Involving Hyperbolas 


Look at Figure 45. Suppose that three microphones are located at points O,, O2, 
and O; (the foci of the two hyperbolas). In addition, suppose that a gun is fired at S 
and the microphone at O, records the gun shot 1 second after the microphone at O). 
Because sound travels at about 1100 feet per second, we conclude that the microphone 
at O; is 1100 feet farther from the gunshot than O,. We can model this situation by 
saying that S lies on a branch of a hyperbola with foci at O; and O,. (Do you see 
why? The difference of the distances from S to O; and from S to QO, is the constant 
1100.) If the third microphone at O; records the gunshot 2 seconds after O,, then S 
will lie on a branch of a second hyperbola with foci at O, and O3. In this case, the 
constant difference will be 2200. The intersection of the two hyperbolas will identify 
the location of S. 


Lightning Strikes 


Suppose that two people standing 1 mile apart both see a flash of lightning. After a 
period of time, the person standing at point A hears the thunder. One second later, 
the person standing at point B hears the thunder. If the person at B is due west of 


Solution 


Figure 46 
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the person at A and the lightning strike is known to occur due north of the person 
standing at point A, where did the lightning strike occur? 


See Figure 46 in which the ordered pair (x, y) represents the location of the lightning 
strike. We know that sound travels at 1100 feet per second, so the person at point A 
is 1100 feet closer to the lightning strike than the person at point B. Since the 
difference of the distance from (x, y) to B and the distance from (x, y) to A is the 
constant 1100, the point (x, y) lies on a hyperbola whose foci are at A and B. 


North 
A 


(x, Y) 


| 

! 

| 

+ 
A= 


e= a East 
B = (—2640, 0) | (—4: 9) (a, 0) (2640, 0) 
kk 1 mile = 5280 feet >| 
An equation of the hyperbola is 
a ce 
eo Fr 


where 2a = 1100, so a = 550. 
Because the distance between the two people is 1 mile (5280 feet) and each person 
is at a focus of the hyperbola, we have 


2c = 5280 
5280 
a con 2640 


Since b* = c* — a’? = 2640" — 550? = 6,667,100, the equation of the hyperbola that 
describes the location of the lightning strike is 


x2 y’ 


5502 6,667,100 _ 


Refer to Figure 46. Since the lightning strike occurred due north of the individual at the 
point A = (2640, 0), we let x = 2640 and solve the resulting equation. 


1 


26402 — F 
5507 6,667,100 
2. 2 
= ATARI = —22.04 Subtract = from both sides. 
y* = 146,942,884 Multiply both sides by —6,667,100. 
y = 12,122 y > O since the lightning strike 


occurred in quadrant |. 
The lightning strike occurred 12,122 feet north of the person standing at point A. 


Check: The difference between the distance from (2640, 12,122) to the person at 
the point B = (—2640,0) and the distance from (2640, 12,122) to the 
person at the point A = (2640,0) should be 1100. Using the distance 
formula, we find the difference in the distances is 


\/[2640 — (—2640)? + (12,122 — 0)? — \/(2640 — 2640)? + (12,122 — 0)? = 1100 


as required. el 
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6.4 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The distance d from P, = (3,—4) to P, = (—2,1) is 5. To graph y = (x — 5)? — 4, shift the graph of y = x° to the 
d= . (p. 3) (left/right) unit(s) and then (up/down) unit(s). 
2. To complete the square of x? + 5x, add . (pp. A25—A26) (pp. 61-70) 
3. Find the intercepts of the equation y* =9 + 4x’. 6. Solve the equation: (x — 3)? = 25. (p.A32) 
(pp. 11-12) 


4. True or False The equation y* = 9 + x’ is symmetric with 
respect to the x-axis, the y-axis, and the origin. (pp. 12-14) 


Concepts and Vocabulary 


7. A(n) is the collection of points in the plane 9, The equation of the hyperbola is of the form 
the difference of whose distances from two fixed points is (x — hy? (y - kp 
a constant. (a) ; Pp 1 
8. For a hyperbola, the foci lie on a line called the “ : ; 
oy Y=* (x — h) j 
a Lb 
Answer Problems 9-LI using the figure. 10. If the center of the hyperbola is (2, 1) and a = 3, then the 
Yk | Transverse coordinates of the vertices are and ; 
axis 11. If the center of the hyperbola is (2, 1) and c = 5, then the 
coordinates of the foci are and F 
12. Ina hyperbola, if a = 3 andc = 5, then b = 
aes 
13. For the hyperbola Zo 1, the value of a is , the 
value of b is , and the transverse axis is the -axis. 
2 2 
14. For the hyperbola = = a = |, the asymptotes are 
and 
Skill Building 
In Problems 15-18, the graph of a hyperbola is given. Match each graph to its equation. 
2 2 2 2 
are re ae yo pe 2 8 _ 
(A) P-yel G)e= <1 (Qi oP st ) ¥-7=1 
15. 16. Va 17. Va 18. yh 


“3 E Pa 
In Problems 19-28, find an equation for the hyperbola described. Graph the equation. 
\C19. Center at (0, 0); focus at (3, 0); vertex at (1, 0) 20. Center at (0, 0); focus at (0, 5); vertex at (0, 3) 
\Q21. Center at (0, 0); focus at (0, —6); vertex at (0, 4) 22. Center at (0, 0); focus at (—3, 0); vertex at (2, 0) 
23. Foci at (—5, 0) and (5, 0); vertex at (3, 0) 24. Focus at (0, 6); vertices at (0, —2) and (0, 2) 
25. Vertices at (0, —6) and (0, 6); asymptote the line y = 2x 26. Vertices at (—4, 0) and (4, 0); asymptote the line y = 2x 


27. Foci at (—4, 0) and (4, 0); asymptote the line y = —x 28. Foci at (0, —2) and (0, 2); asymptote the line y = —x 
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In Problems 29-36, find the center, transverse axis, vertices, foci, and asymptotes. Graph each equation. 


2 2 2 2 
ee ee : 


. . 
; =i NBL 42 - ¥ = 16 
25 «9 16. 4 le 


32. 4y? — x? = 16 


35. y> — x? = 25 


33. y? — 9x7 = 9 36. 2x7 - y = 4 


In Problems 37-40, write an equation for each hyperbola. 


38. Va 40. y = 
= Sao 4+ yoex 
x al a Pe be 
N Z oy of 
= fv is Le i 
ey Z Wi am er ae 
ia e id 
pitii tj 1 41, fea Se Nef pe fe fs. 
-3 | Faia, 3 Xx =5 NK 5X 
vag x yy 
¢ S.. ly Nl 
Y Hs ~ WA cr | 
4 N vet ae 
# —3F \ Fio5t 
3 yay 5 N 
In Problems 41-48, find an equation for the hyperbola described. Graph the equation. 
\4L. Center at (4, —1); focus at (7, —1); vertex at (6, —1) 42. Center at (—3, 1); focus at (—3, 6); vertex at (—3, 4) 
43. Center at (—3, —4); focus at (—3, —8); vertex at (—3, —2) 44, Center at (1, 4); focus at (—2, 4); vertex at (0, 4) 
45. Foci at (3,7) and (7,7); vertex at (6, 7) 46. Focus at (—4, 0) vertices at (—4, 4) and (—4, 2) 
47. Vertices at (—1,—1) and (3,—-1); asymptote the line 48. Vertices at (1,—3) and (1,1); asymptote the line 
3 3 
ye I=Se=1) yt 1=5(x-1) 
In Problems 49-62, find the center, transverse axis, vertices, foci, and asymptotes. Graph each equation. 
x — 2) y +3) y +3) x — 2) 
49. \ mi \ 9 50. \ i ) \ 9 1 51. (y — 2)? — 4(x + 2)? =4 


52. (x + 4)? — Wy - 3)? =9 


53. (x +1) —(y +2 =4 


X55. 2 — y — 2x -2y -1=0 56. v2 — x2 — dy + 4x — 1 =0 


58. 2x7 — y+ 4x + 4y—-4=0 


59. 4x? — y* — 24x — 4y + 16 =0 


In Problems 63-66, graph each function. Be sure to label any intercepts. 


[Hint: Notice that each function is half a hyperbola.| 
65. f(x) = —\/—-25 + x 


63. f(x) = \/16 + 42 64. f(x) = -\/9 + 9x2 


Mixed Practice 


66. f(x) =\/-1 +x 


In Problems 67-74, analyze each conic. 

=3)  ¥ +2) =a) 

Sy Fy og OF _ @=2) 
4 25 16 4 


—12(x + 1) 71. 25x? + 9y* — 250x + 400 = 0 


1 69. x? = 16(y — 3) 


72. x? + 36y? — 2x + 288y 


74, 9x7 — y? — 18x — 8y — 88 = 0 


Applications and Extensions 


burst. One second later, the second person standing at point 
B hears the burst. If the person at point B is due west of the 
person at point A and if the display is known to occur due 


\ 75. Fireworks Display Suppose that two people standing 2 miles 
ez both see the burst from a fireworks display. After a 
period of time, the first person standing at point A hears the 
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77. 


78. 


79. 
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north of the person at point A, where did the fireworks 
display occur? 

Lightning Strikes Suppose that two people standing 1 mile 
apart both see a flash of lightning. After a period of time, the 
first person standing at point A hears the thunder. Two 
seconds later, the second person standing at point B hears 
the thunder. If the person at point B is due west of the person 
at point A and if the lightning strike is known to occur due 
north of the person standing at point A, where did the 
lightning strike occur? 


Nuclear Power Plant Some nuclear power plants utilize 
“natural draft” cooling towers in the shape of a hyperboloid, 
a solid obtained by rotating a hyperbola about its conjugate 
axis. Suppose that such a cooling tower has a base diameter 
of 400 feet and the diameter at its narrowest point, 360 feet 
above the ground, is 200 feet. If the diameter at the top of the 
tower is 300 feet, how tall is the tower? 

Source: Bay Area Air Quality Management District 


An Explosion Two recording devices are set 2400 feet 
apart, with the device at point A to the west of the device at 
point B. At a point between the devices, 300 feet from point B, 
a small amount of explosive is detonated. The recording 
devices record the time until the sound reaches each. How 
far directly north of point B should a second explosion be 
done so that the measured time difference recorded by the 
devices is the same as that for the first detonation? 


Rutherford’s Experiment In May 1911, Ernest Rutherford 
published a paper in Philosophical Magazine. In this article, 
he described the motion of alpha particles as they are shot at 
a piece of gold foil 0.00004 cm thick. Before conducting this 
experiment, Rutherford expected that the alpha particles 
would shoot through the foil just as a bullet would shoot 
through snow. Instead, a small fraction of the alpha particles 
bounced off the foil. This led to the conclusion that the 
nucleus of an atom is dense, while the remainder of the atom 
is sparse. Only the density of the nucleus could cause the 
alpha particles to deviate from their path. The figure shows a 
diagram from Rutherford’s paper that indicates that the 
deflected alpha particles follow the path of one branch of a 
hyperbola. 


<Y 


(a) Find an equation of the asymptotes under this scenario. 

(b) If the vertex of the path of the alpha particles is 10 cm 
from the center of the hyperbola, find a model that 
describes the path of the particle. 


‘Are You Prepared?’ Answers 


1. 


= 3. (0,-3), (0,3) 4. True 


5V2 2. — 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


5. right; 5; down; 4 


Hyperbolic Mirrors Hyperbolas have interesting reflective 
properties that make them useful for lenses and mirrors. For 
example, if a ray of light strikes a convex hyperbolic mirror 
on a line that would (theoretically) pass through its rear 
focus, it is reflected through the front focus. This property, 
and that of the parabola, were used to develop the 
Cassegrain telescope in 1672. The focus of the parabolic 
mirror and the rear focus of the hyperbolic mirror are the 
same point. The rays are collected by the parabolic mirror, 
reflected toward the (common) focus, and thus are reflected 
by the hyperbolic mirror through the opening to its front 


focus, where the eyepiece is located. If the equation of the 
2 2 


hyperbola is D = a = 1 and the focal length (distance from 


the vertex to the focus) of the parabola is 6, find the equation 
of the parabola. 


Source: www.enchantedlearning.com 


The eccentricity e of a hyperbola is defined as the number =, 


where a is the distance of a vertex from the center and c is ne 
distance of a focus from the center. Because c > a, it follows 
that e > 1. Describe the general shape of a hyperbola whose 
eccentricity is close to 1. What is the shape if e is very large? 


A hyperbola for which a = bis called an equilateral hyperbola. 
Find the eccentricity e of an equilateral hyperbola. 


[Note: The eccentricity of a hyperbola is defined in 
Problem 81.] 


Two hyperbolas that have the same set of asymptotes are 
called conjugate. Show that the hyperbolas 


x x 


7 a and P= = 


are conjugate. Graph each hyperbola on the same set of 
coordinate axes. 


Prove that the hyperbola 


has the two oblique asymptotes 


== and ae 
y a y rhs 


Show that the graph of an equation of the form 
AV+Cy+F=0 <A#0,C4#0,F 40 


where A and C are of opposite sign, is a hyperbola with 
center at (0, 0). 


Show that the graph of an equation of the form 
Ax? + Cy’ 4 A#0,C #0 


Dx + Ey + F=0 
where A and C are of opposite sign, 
D 2 

ff = 
(a) is a hyperbola if dA ae F#0 
yf 

b) is two int ting lines if — + -~ — F = 0. 
(b) is two intersecting lines i 4A‘ aC 


6. {—2, 8} 
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6.5 Rotation of Axes; General Form of a Conic 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Sum Formulas for Sine and Cosine (Section 3.5, e Double-angle Formulas for Sine and Cosine 
pp. 218 and 221) (Section 3.6, p. 230) 


e Half-angle Formulas for Sine and Cosine 
(Section 3.6, p. 234) 


\ Now Work the ‘Are You Prepared?’ problems on page 417. 


OBJECTIVES 1 Identify a Conic (p.411) 
2 Use a Rotation of Axes to Transform Equations (p.412) 


3 Analyze an Equation Using a Rotation of Axes (p.414) 
4 Identify Conics without a Rotation of Axes (p.416) 


In this section, we show that the graph of a general second-degree polynomial 
containing two variables x and y, that is, an equation of the form 


Ax? + Bxy + Cy? + Dx + Ey + F=0 (1) 


where A, B, and C are not simultaneously 0, is a conic. We shall not concern 
ourselves here with the degenerate cases of equation (1),such as x7 + y” = 0, whose 
graph is a single point (0, 0); or x7 + 3y* + 3 = 0, whose graph contains no points; 
or x? — 4y* = 0, whose graph is two lines, x — 2y = 0 and x + 2y = 0. 

We begin with the case where B = 0. In this case, the term containing xy is not 
present, so equation (1) has the form 


Ax’ + Cy + Dx + Ey+F=0 
where either A # OorC # 0. 


1 Identify a Conic 


We have already discussed the procedure for identifying the graph of this kind of 
equation; we complete the squares of the quadratic expressions in x or y, or both. 
Once this has been done, the conic can be identified by comparing it to one of the 
forms studied in Sections 6.2 through 6.4. 

In fact, though, we can identify the conic directly from the equation without 
completing the squares. 


THEOREM Identifying Conics without Completing the Squares 


Excluding degenerate cases, the equation 


Ax? + Cy + Dx + Ey+F=0 (2) 


where A and C cannot both equal zero: 
(a) Defines a parabola if AC = 0. 
(b) Defines an ellipse (or a circle) if AC > 0. 


(c) Defines a hyperbola if AC < 0. =) 
Proof 
(a) If AC = 0, then either A = 0 or C = 0, but not both, so the form of equation (2) 
is either 


Ax? + Dx + Ey + F =0, A#0 
or 


Cy’ + Dx + Ey + F=0, C#0 
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Using the results of Problems 78 and 79 in Exercise 6.2, it follows that, except 
for the degenerate cases, the equation is a parabola. 


(b) If AC > 0, then A and C are of the same sign. Using the results of Problem 84 
in Exercise 6.3, except for the degenerate cases, the equation is an ellipse. 

(c) If AC < 0, then A and C are of opposite sign. Using the results of Problem 86 in 
Exercise 6.4, except for the degenerate cases, the equation is a hyperbola. m= 


We will not be concerned with the degenerate cases of equation (2). However, 
in practice, you should be alert to the possibility of degeneracy. 


EXAMPLE 1 Identifying a Conic without Completing the Squares 
Identify the graph of each equation without completing the squares. 
(a) 3x? + 6y* + 6x — 12y =0 (b) 2x? — 3y° + 6y +4=0 
(c) yy -2x+4=0 


Solution (a) Compare the given equation to equation (2) and conclude that A = 3 and 
C = 6. Since AC = 18 > 0, the equation defines an ellipse. 


(b) Here A = 2andC = —3,so AC = —6 < 0. The equation defines a hyperbola. 
(c) Here A = OandC = 1,so AC = 0. The equation defines a parabola. es 


ovm=======-Now Work problem 11 


Although we can now identify the type of conic represented by any equation of 
the form of equation (2) without completing the squares, we will still need to complete 
the squares if we desire additional information about the conic, such as its graph. 


2 Use a Rotation of Axes to Transform Equations 


Now we turn our attention to equations of the form of equation (1), where B # 0. To 
discuss this case, we introduce a new procedure: rotation of axes. 
In a rotation of axes, the origin remains fixed while the x-axis and y-axis are 
rotated through an angle @ to a new position; the new positions of the x-axis and 
the y-axis are denoted by x’ and y’, respectively, as shown in Figure 47(a). 
Figure 47 Now look at Figure 47(b). There the point P has the coordinates (x, y) relative 
, to the xy-plane, while the same point P has coordinates (x', y’) relative to the 


? - x'y'-plane. We seek relationships that will enable us to express x and y in terms of 
9 x’, y’, and 6. 
<F x’ As Figure 47(b) shows, r denotes the distance from the origin O to the point P, 
and a denotes the angle between the positive x’-axis and the ray from O through P. 
8 5 Then, using the definitions of sine and cosine, we have 
8g 
0 x 
x’ =rcosa y' =rsina (3) 
x = rcos(@ + a) y=rsin(@ + a) (4) 
(a) Now 
x = rcos(@ + a) 
= r(cos @ cos a — sin @ sin a) Apply the Sum Formula for cosine. 
= (rcos a)(cos 8) — (r sin a)(sin 6) 
= x'cos@ — y’ sin@ By equation (3) 
Similarly, 
y=rsin(@ + a) 


r(sin @ cosa + cos@sina@) Apply the Sum Formula for sine. 
(b) = x'sin@ + y' cos@ By equation (3) 


Figure 48 


THEOREM 


EXAMPLE 2 


Solution 
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Rotation Formulas 


If the x- and y-axes are rotated through an angle 0, the coordinates (x, y) of a 
point P relative to the xy-plane and the coordinates (x’, y’) of the same point 
relative to the new x’- and y’-axes are related by the formulas 


x = x'cos@— y’ sind y = x’ sin@ + y' cos 


2) 


Rotating Axes 


Express the equation xy = 1 in terms of new x'y’-coordinates by rotating the axes 
through a 45° angle. Discuss the new equation. 


Let 6 = 45° in equation (5). Then 


= i 45° _ r 4 45° —_ is uf = f f 

x = x' cos y’ sin x ar 5 (x' — y’) 
2 2 2 

y= x! sin ds? + y' cosas? = v2 ee ae + y') 


1 
7” = y'”) =] 


aaa 


This is the equation of a hyperbola with center at (0,0) and transverse axis 
along the x’-axis. The vertices are at (+V2,0) on the x’-axis; the asymptotes are 
y’ = x’ and y’ = —x’ (which correspond to the original x- and y-axes). See Figure 48 


for the graph. re 


As Example 2 illustrates, a rotation of axes through an appropriate angle can 
transform a second-degree equation in x and y containing an xy-term into one in x’ 
and y’ in which no x’y'-term appears. In fact, we will show that a rotation of axes 
through an appropriate angle will transform any equation of the form of equation (1) 
into an equation in x’ and y’ without an x’ y’-term. 

To find the formula for choosing an appropriate angle @ through which to rotate 
the axes, begin with equation (1), 

Ax? + Bry + Cy? + Dx + Ey+F=0 BO 
Next rotate through an angle 6 using the rotation formulas (5). 


A(x' cos @ — y’ sin 6)” + B(x' cos @ — y' sin @)(x' sin @ + y' cos @) 
+ C(x’ sin @ + y' cos 0)” + D(x' cos @ — y’ sin 6) 


+ E(x'sin@ + y’cos@) + F=0 


By expanding and collecting like terms, we obtain 


(A cos? 6 + Bsin @ cos @ + C sin’ @)x'? + [B(cos” @ — sin? 9) + 2(C — A)(sin 6 cos 6) ]x' y’ 


+ (Asin? 6 — Bsin @ cos 6 + C cos’ 0) y'"” 
+ (Dcos@ + Esin6@)x' 
+ (-Dsiné + Ecos6@)y'’ + F =0 (6) 


In equation (6), the coefficient of x’y’ is 


B(cos* 6 — sin? 6) + 2(C — A)(sin @ cos 0) 
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THEOREM 


WARNING Be careful if you use a 
calculator to solve equation (7). 


1. 


If cot(20) = O, then 26 = 90° and 
9 = 45°. 


. If cot(20) # O, first find cos(20). 


Then use the inverse cosine function 
key(3) to obtain 20, O° < 20 < 180°. 
Finally, divide by 2 to obtain the 
correct acute angle 6. a 


Since we want to eliminate the x’y’-term, we select an angle @ so that this 
coefficient is 0. 


B(cos” 6 — sin? @) + 2(C — A)(sin @ cos 0) = 0 
Bcos(20) + (C — A) sin(26) = 0 Double-angle 


Formulas 


Bcos(26) = (A — C) sin(20) 


cot(20) = ane B#O0 


To transform the equation 


Ax’ + Bxy + Cy? + Dx + Ey + F=0 B#O0 


into an equation in x’ and y’ without an x’ y’-term, rotate the axes through an 
angle 6 that satisfies the equation 


2) 


Equation (7) has an infinite number of solutions for 6. We shall adopt 


the convention of choosing the acute angle @ that satisfies (7). There are two 
possibilities: 

If cot(20) = 0, then 0° < 20 = 90°, so 0° < @ = 45°. 

If cot(26) < 0, then 90° < 20 < 180°, so 45° < @ < 90°. 


Each of these results in a counterclockwise rotation of the axes through an 


acute angle 0.* 


3 Analyze an Equation Using a Rotation of Axes 


EXAMPLE 3 


Solution 


* Any rotation through an angle 6 that satisfies cot(20) = 


For the remainder of this section, the direction “Analyze the equation” will mean to 
transform the given equation so that it contains no xy-term and to graph the 
equation. 


Analyzing an Equation Using a Rotation of Axes 
Analyze the equation: x? + V3xy + 2y°-10=0 
Since an xy-term is present, we must rotate the axes. Using A = 1, B = V3, and 


C = 2 in equation (7), the appropriate acute angle 6 through which to rotate the 
axes Satisfies the equation 


A-C_-1_ V3 
B As | 


0° < 20 < 180° 


cot(20) = 


3 
Since cot(26) = aed we find 20 = 120°, so @ = 60°. Using @ = 60° in the rotation 


3 


formulas (5), we find 


t fe} xs. fe} 1 f V3 € 1 ul € 
x = x'cos 60° — y’sin 60 7% 5 =5lz V3y') 
1 1 
y = x’sin 60° + y'cos 60° = V3 y ay = 5 (V 3x" + y’) 


IG Bee ane 
will eliminate the x’ y’-term. However, 


the final form of the transformed equation may be different (but equivalent), depending on the angle 
chosen. 
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Substituting these values into the original equation and simplifying, we have 
+ V3xy + 2y?- 10 =0 


ie — Vay)? + V3] 5 (x — Vay’) | 530 + »)] + 2] F(v3x' + y’P] = 10 


Multiply both sides by 4 and expand to obtain 
x2 — 2V3x'y' + ay" Se V3(V3x"2 = 2x y' = V3y"2) + 2(34° + 2V3x'y' + y”) = 40 


10x’ + 2y’? = 40 


x! yi 


+ = 
4 20 


1 


Figure 49 


This is the equation of an ellipse with center at (0,0) and major axis along the 
y’-axis. The vertices are at (0, +25) on the y’-axis. See Figure 49 for the prapn 


oom=======-low Work prosLem 31 


In Example 3, the acute angle 6 through which to rotate the axes was easy to 
find because of the numbers that we used in the given equation. In general, 


C..., : : 
will not have such a “nice” solution. As the next 


A = 
the equation cot(26) = 


example shows, we can still find the appropriate rotation formulas without using a 
calculator approximation by applying Half-angle Formulas. 


EXAMPLE 4 Analyzing an Equation Using a Rotation of Axes 
Analyze the equation: 4x? — 4xy + y? +5V5x+5=0 


Solution Letting A = 4, B = —4, and C = 1 in equation (7), the appropriate angle 6 through 
which to rotate the axes satisfies 


A—'¢ 3 3 
t(20) = = = 
cone) B a CO 
To use the rotation formulas (5), we need to know the values of sin @ and cos 0. 
Since we seek an acute angle 6, we know that sin@ > 0 and cos @ > 0. Use the 
Half-angle Formulas in the form 


; 1 — cos(26) 1 + cos(26) 
sin 6 = 5 cos 6 = 5 


3 
Now we need to find the value of cos(20). Since cot(26) = i, then 


3 
90° < 20 < 180° (Do you know why?), so cos(20) = 5: Then 


aes As) 
3 

2. pes) a .. Ws 

cos 0 5 > 5 Ws 5 


With these values, the rotation formulas (5) are 
Wa < OVG., Won ay 


ya 2¥5,,, V5, MS 


) | ae een 
5 5 5 (2"' + y’) 


5 5 5 
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Substituting these values in the original equation and simplifying, we obtain 
4x2 — Axy + P +5V5x+5=0 


(Se anf 3 v3 


“P(x = (x! 2y')]] = (2x' 4 y)) 
[Saw y] sv3] cw 2y')| = 5 


Multiply both sides by 5 and expand to obtain 
At x 4x'y' 4 4y'?) A(2x"* — 3x'y’ — ay") 


Figure 50 + da’? + Ax’y’ + y? + 25(x" — 2y’) = —25 
25y'2 — 5Oy’ + 25x’ = —25 Combine like terme. 
y’? — 2y' + x! =-1 Divide by 25. 
y'* — 2y' + 1 =—x"' Complete the square in y’. 
(y' — 1) = -x' 


a5 
5 


find that 6 ~ 63.4°. See Figure 50 for the graph. 
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4 Identify Conics without a Rotation of Axes 


Suppose that we are required only to identify (rather than analyze) the graph of an 


equation of the form 
Ax? + Bxy + Cy? + Dx + Ey + F=0 B#0 


If we apply the rotation formulas (5) to this equation, we obtain an equation of the 


form 


A'x'? + B’x'y’ } Cy? - Dx’ 4 E'y' + fF’ =(0 


where A’, B’,C’, D’, E’, and F’ can be expressed in terms of A, B, C, D, E, F and 
the angle 6 of rotation (see Problem 53). It can be shown that the value of 
B’ — 4AC in equation (8) and the value of B'’* — 4A'C’ in equation (9) are equal 
no matter what angle 6 of rotation is chosen (see Problem 55). In particular, if the 
angle @ of rotation satisfies equation (7), then B’ = 0 in equation (9), and 


B’ — 4AC = —4A'C’. Since equation (9) then has the form of equation (2), 
A'x'? 4 Cy”? + D'x' + E'y' + F'’ =0 


we can identify its graph without completing the squares, as we did in the beginning 
of this section. In fact, now we can identify the conic described by any equation of 


the form of equation (8) without a rotation of axes. 


THEOREM Identifying Conics without a Rotation of Axes 


Except for degenerate cases, the equation 


Ax? + Bxy + Cy? + Dx + Ey + F=0 


(a) Defines a parabola if B? — 4AC = 0. 
(b) Defines an ellipse (or a circle) if B? — 4AC < 0. 
(c) Defines a hyperbola if B? — 4AC > 0. 


You are asked to prove this theorem in Problem 56. 


This is the equation of a parabola with vertex at (0,1) in the x’y’-plane. The axis 


of symmetry is parallel to the x'-axis. Using a calculator to solve sin 6 = —_, we 
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EXAMPLE 5 Identifying a Conic without a Rotation of Axes 
Identify the graph of the equation: 8x?— 12xy + 17y?—4V/5x —2V/5y — 15 =0 


Solution Here A = 8, B = —12, and C = 17, so B* — 4AC = —400. Since B? — 4AC < 0, 
the equation defines an ellipse. _) 


om======-Now Work prosLem 43 


6.5 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The sum formula for the sine function is sin(A + B) = 3. If @ is acute, the Half-angle Formula for the sine function is 
—— (p. 221) aoe . (p.234) 
2. The Double-angle Formula for the sine function is 2 
sin(20) = . (p. 230) 4. If 6 is acute, the Half-angle Formula for the cosine function 
0 
is cos, = . (p. 234) 


Concepts and Vocabulary 


5. To transform the equation 8. True or False The equation ax” + 6y” — 12y = 0 defines 


Ax? + Bxy + Cy? + Dx + Ey + F =0, BO an ellipse it a > 0. 


9. True or False The equation 3x” + Bxy + 12y’ = 10 


into one in x’ and y’ without an x’ y’-term, rotate the axes . : 
2 4 defines a parabola if B = —12. 


through an acute angle 6 that satisfies the equation 


6. Except for degenerate cases, the equation 10. True or False To eliminate the xy-term from the equation 
Ax’ + Bry + Cy? + Dx + Ey+ F=0 defines a(n) x? —-Axy+y—-2x+3y+5=0, rotate the axes 
if B? — 4AC = 0. through an angle @, where cot 9 = B? — 4AC. 


7. Except for degenerate cases, the equation 
Ax’? + Bxy + Cy? + Dx + Ey + F = 0 defines an ellipse 


if 
Skill Building 
In Problems 11-20, identify the graph of each equation without completing the squares. 
Noa 2+ 4x + y+3=0 12. 2y? — 3y + 3x =0 

13. 6x? + 3y? — 12x + 6y =0 14. 2x7 + yw — 8x + 4y+2=0 
15. 3x? — 2y° + 6x +4=0 16. 4x? — 3y? — 8x + 6y +1=0 
17. 2y —-x-y+x=0 18. y* — 8x7 — 2x —-y=0 
19. x7 + y? — 8x + 4y =0 20. 2x? + 2y? — 8x + 8y =0 


In Problems 21-30, determine the appropriate rotation formulas to use so that the new equation contains no xy-term. 


21. x7 + 4xy + y? -3 =0 22. x7 — 4xy + y?-3=0 

23. 5x? + 6xy + Sy? - 8 =0 24. 3x? — 10xy + 3y? — 32 =0 

25. 13x2 — 6V3xy + 7y? — 16 =0 26. 11x? + 10V3xy + y>-4=0 
27. 4x2 — 4xy + v2 — 8V5x — 16V5y = 0 28. x2 + 4xy + 4+ 5V5y+5=0 


29. 25x2 — 36xy + 40y? — 12V/13x — 8V/13y = 0 30. 34x? — 24xy + 41y* — 25 = 0 
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In Problems 31-42, rotate the axes so that the new equation contains no xy-term. Analyze and graph the new equation. Refer to 
Problems 21-30 for Problems 31-40. 


Nake Gap P= s6 ee Pode tye sai 
33. Sx? + 6xy + Sy? - 8 =0 34. 3x? — 10xy + 3y* — 32 =0 
35. 13x2 — 6V/3xy + Ty? — 16 =0 36. 11x2 + 10V3xy + y2>-4=0 
\ 37. 4x2 = dxy + y? - 8V5x - 16V/5y = 0 38. x2 + 4xy + 4y2 + 5V5y+5=0 
39, 25x — 36xy + 40y? — 12V/13x — 8V/13y = 0 40. 34x° — 24xy + 41y* — 25 = 0 
41. 16x? + 24xy + 9y? — 130x + 90y = 0 42. 16x? + 24xy + 9y? — 60x + 80y =0 


In Problems 43-52, identify the graph of each equation without applying a rotation of axes. 


\ 4. 2 + 3xy — 29? + 3x + 2y +5 =0 44, 2x? — 3xy + 4y° + 2x + 3y -5=0 
45. x7 — Txy + 3y7- y-10=0 46. 2x7 — 3xy + 2y? — 4x —-2=0 
47. 9x? + 12xy + 4y?7-x- y=0 48. 10x7 + 12xy + 4y>-x-y+10=0 
49. 10x? — 12xy + 4y>-x-y-10=0 50. 4x7 + 12xy + 9 —x- y=0 
51. 3x7 — 2xy + yy? + 4x 4+ 2y-1=0 52. 3x7 + 2xy + y? + 4x —- 2y +10 =0 


Applications and Extensions 


In Problems 53-56, apply the rotation formulas (5) to 56. Prove that, except for degenerate cases, the equation 
Ax + Bry+ Cy + Dx+ Ey + F=0 Ax? + Bry + Cy? + Dx + Ey + F =0 
poabiaripcauanon (a) Defines a parabola if B? — 4AC = 0. 
A’x'? + B'x'y' + C'y? + D'x' + E'y' + F'=0 (b) Defines an ellipse (or a circle) if B? — 4AC < 0. 
- . 2 cas 
53. Express A’, B’,C', D’, E', and F’ in terms of A, B, C, D, E, (c) Defines a hyperbola if 8 anh). 
F, and the angle 6 of rotation. 57. Use the rotation formulas (5) to show that distance is 
[Hint: Refer to equation (6).] invariant under a rotation of axes. That is, show that the 
a bn : distance from P; = (x;, y,) to P2 = (X2, yz) in the xy-plane 
54. Show that A + C = A’ + C’, and thus show that A + Cis equals the distance from P, = (x1, yj) to P) = (x5, y4) in 
pean that is, its value does not change under a rotation the x’ y’-plane. 
of axes. 


58. Show that the graph of the equation x? + y!/? = q'/? is 


2 _ . . . 
55. Refer to Problem 54. Show that B 4AC is invariant. part of the graph of a parabola. 


Explaining Concepts: Discussion and Writing 


59. Formulate a strategy for discussing and graphing an 60. How does your strategy change if the equation is of the 
equation of the form following form? 
Av’ + Cy + Dx+Ey+F=0 Ax’ + Bxy + Cy? + Dx + Ey + F=0 


‘Are You Prepared?’ Answers 


/1— /1 + 
1. sin Acos B + cos Asin B 2. 2 sin 0 cos 0 3. Laese 4, i teese 
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6.6 Polar Equations of Conics 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Polar Coordinates (Section 5.1, pp. 304-311) 


\ Now Work the ‘Are You Prepared?’problems on page 423. 


OBJECTIVES 1 Analyze and Graph Polar Equations of Conics (p.419) 
2 Convert the Polar Equation of a Conic to a Rectangular Equation (p.423) 


1 Analyze and Graph Polar Equations of Conics 


In Sections 6.2 through 6.4, we gave separate definitions for the parabola, ellipse, 
and hyperbola based on geometric properties and the distance formula. In this 
section, we present an alternative definition that simultaneously defines all these 
conics. As we shall see, this approach is well suited to polar coordinate representation. 
(Refer to Section 5.1.) 


DEFINITION Let D denote a fixed line called the directrix; let F denote a fixed point called 
the focus, which is not on D; and let e be a fixed positive number called the 
eccentricity. A conic is the set of points P in the plane such that the ratio of 
the distance from F to P to the distance from D to P equals e. That is, a conic 
is the collection of points P for which 


If e = 1, the conic is a parabola. 
If e < 1, the conic is an ellipse. 
Ife > 1, the conic is a hyperbola. | 


Observe that if e = 1 the definition of a parabola in equation (1) is exactly the 
same as the definition used earlier in Section 6.2. 

In the case of an ellipse, the major axis is a line through the focus perpendicular 
to the directrix. In the case of a hyperbola, the transverse axis is a line through the focus 
perpendicular to the directrix. For both an ellipse and a hyperbola, the eccentricity e 
satisfies 


e=< (2) 
a 


where c is the distance from the center to the focus and a is the distance from the 
center to a vertex. 

Just as we did earlier using rectangular coordinates, we derive equations for the 
pncotie conics in polar coordinates by choosing a convenient position for the focus F and 
the directrix D. The focus F is positioned at the pole, and the directrix D is either 
parallel or perpendicular to the polar axis. 

Suppose that we start with the directrix D perpendicular to the polar axis at a 
distance p units to the left of the pole (the focus F). See Figure 51. 

If P = (r, 6) is any point on the conic, then, by equation (1), 


Figure 51 


d(F,P) _ F — 
{ d(D,P) ° or (F,P) =e: (D, P) (3) 
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THEOREM 


EXAMPLE 1 


Solution 


Now use the point Q obtained by dropping the perpendicular from P to the polar 


axis to calculate d(D, P). 


d(D, P) = p + d(O,Q) = p + rcosé@ 


Using this expression and the fact that d(F, P) = d(O, P) =r in equation (3), 


we get 


d(F, P) = 


—_ 


e-d(D, P) 
e(p + rcos@) 
r=ep + ercosé 


r — ercos@=ep 
r(1 — ecos@) = ep 
___ © 
a 1 — ecosdé 


Polar Equation of a Conic; Focus at the Pole; Directrix Perpendicular 


to the Polar Axis a Distance p to the Left of the Pole 


The polar equation of a conic with focus at the pole and directrix perpendicular 


to the polar axis at a distance p to the left of the pole is 


ep 


ti eco 


where e is the eccentricity of the conic. 


Analyzing and Graphing the Polar Equation of a Conic 


4 


Anal d h th tion: r = ——— 
nalyze and graph the equation: 7 = 7 


(4) 


J 


The given equation is not quite in the form of equation (4), since the first term in 
the denominator is 2 instead of 1. Divide the numerator and denominator by 2 to 


obtain 
= 2 - ve 
— 1 eT — bene 8 
4 ee 7008 0 


This equation is in the form of equation (4), with 


and ep=2 


_t 
ie: 


Then 


1 
Sy =4 
7P » SO Pp 


a: : : 1 . 
We conclude that the conic is an ellipse, since e = 3 < 1. One focus is at the 


pole, and the directrix is perpendicular to the polar axis, a distance of p = 4 units to 
the left of the pole. It follows that the major axis is along the polar axis. To find the 


vertices, we let 6 = 0 and 6 = 7. The vertices of the ellipse are (4,0) and 


() 


The midpoint of the vertices, (z. 0) in polar coordinates, is the center of the ellipse. 


Figure 52 


Directrix 
A 


Table 5 
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4 
[Do you see why? The vertices (4,0) and (. n) in polar coordinates are (4, 0) 


3 


4 4 
@ 0), which is also @ 0) in polar coordinates.] Then a = distance from the 


and (- =, 0) in rectangular coordinates. The midpoint in rectangular coordinates is 


8 : 8 Le ; c : 
center to a vertex = 3° Using a = 3 and e = i equation (2), e = —, we find 
a 
4 a . 8 . 2 2 2 
Ce ae 5: Finally, using a = 3 and c = ~in b* = a’ — c’, we have 
R= @ a2 0 16 48 
9 9 9 
,-4V3 
3 
Figure 52 shows the graph. al 
Exploration 
4 
Graph r, = ae and compare the result with Figure 52.What do you conclude? Clear the screen 
d h oe d th ey. h of th hs with Fi 52 
and graph r, = o= ane an enn = ca aan ompare each of these graphs wi igure 52. 


What do you conclude? 


owm======-Now Work prosBLEM 11 


Equation (4) was obtained under the assumption that the directrix was 
perpendicular to the polar axis at a distance p units to the left of the pole. A similar 
derivation (see Problem 43), in which the directrix is perpendicular to the polar axis 
at a distance p units to the right of the pole, results in the equation 


ep 


LS 
1+ ecosé 


In Problems 44 and 45, you are asked to derive the polar equations of conics 
with focus at the pole and directrix parallel to the polar axis. Table 5 summarizes the 
polar equations of conics. 


Polar Equations of Conics (Focus at the Pole, Eccentricity e) 


Equation 


(a) r= ae 


oe 


ep 


(c)r= 


1 + esind 


ep 


Ue 1 —esin@ 


Eccentricity 


| = eos 


1+ ecosé 


Description 


Directrix is perpendicular to the polar axis at a distance p units to the left of the pole. 


Directrix is perpendicular to the polar axis at a distance p units to the right of the pole. 


Directrix is parallel to the polar axis at a distance p units above the pole. 


Directrix is parallel to the polar axis at a distance p units below the pole. 


Ife = 1, the conic is a parabola; the axis of symmetry is perpendicular to the directrix. 


Ife < 1, the conic is an ellipse; the major axis is perpendicular to the directrix. 


Ife > 1, the conic is a hyperbola; the transverse axis is perpendicular to the directrix. 
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EXAMPLE 2 Analyzing and Graphing the Polar Equation of a Conic 


6 


Anal d graph th tion: = 3 734an0 
Hebe and Erap me COMenOM: FS ae aad) 


Solution To place the equation in proper form, divide the numerator and denominator by 3 
to get 


ees 2 
1+ sind 


Referring to Table 5, we conclude that this equation is in the form of equation (c) with 


e=1 and ep=2 
p=2 e=1 


Figure 53 


The conic is a parabola with focus at the pole. The directrix is parallel to the 
polar axis at a distance 2 units above the pole; the axis of symmetry is perpendicular 


Directrix 


Polar to the polar axis. The vertex of the parabola is at a . (Do you see why?) See 
axis 


Figure 53 for the graph. Notice that we plotted two additional points, (2,0) and 
(2, 77), to assist in graphing. gil 
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EXAMPLE 3 Analyzing and Graphing the Polar Equation of a Conic 


3 


Anal d h th tion: 4 =~ 
nalyze and graph the equation: r => 


Solution This equation is in the form of equation (b) in Table 5. We conclude that 
e=3 and ep=3 
p=1 e=3 


This is the equation of a hyperbola with a focus at the pole. The directrix is 
perpendicular to the polar axis, 1 unit to the right of the pole. The transverse axis is 
along the polar axis. To find the vertices, we let 6 = 0 and 0 = 7. The vertices are 


3 3 3 
@ 0) and (- > nw), The center, which is at the midpoint of @ 0) and (- = n), 


iS (2. 0). Then c = distance from the center to a focus = ~ Since e = 3, it follows 


3 9 
Finally, using a= — and c=-< in 


Cc 3 
fi ti 2 =-—, that a=— 
rom equation (2), e ~ at a 3 3 


* 
b? = c* — a’, we find 


Figure 54 


b2 = 2 a = = 


a. 32 


b ae eat 


a2 4 


a Figure 54 shows the graph. Notice that we plotted two additional points, (3, =) and 


3 
(3, =), on the left branch and used symmetry to obtain the right branch. The 


asymptotes of this hyperbola were found in the usual way by constructing the 
rectangle shown. ‘6s 


omm=====-Now Work prRosBLEM 17 
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2 Convert the Polar Equation of a Conic 
to a Rectangular Equation 


EXAMPLE 4 Converting a Polar Equation to a Rectangular Equation 


Convert the polar equation 
7 1 
"3 — 300s 0 


to a rectangular equation. 


Solution The strategy here is first to rearrange the equation and square each side before 
using the transformation equations. 


1 
"3 —3c0s0 
3r — 3rcos@ = 1 

3r = 1+ 3rcosé Rearrange the equation. 
Or? = (1 + 3rcos@)? Square each side. 

9(x? + y’) = (1 + 3x)? x + y? = rsx = rcos 0 

9x? + Oy? = 9x7 + 6x + 1 
Oy = 6x +1 

This is the equation of a parabola in rectangular coordinates. gl 


ommmms- Now Work prosLem 25 


6.6 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. If (x,y) are the rectangular coordinates of a point P 2. Transform the equation r = 6 cos @ from polar coordinates 
and (r,@) are its polar coordinates, then x = and to rectangular coordinates. (pp. 304-311) 
y= . (pp. 304-311) 


Concepts and Vocabulary 


3. A __________ is the set of points P in the plane such that 5. True or False If (r, @) are polar coordinates, the equation 
the ratio of the distance from a fixed point called the 


to P to the distance from a fixed line called 7 


5. 5 ae defines a hyperbola. 


We ___._- eo PeGials a constant. 6. True or False The eccentricity e of any conic is = where 
4. The eccentricity e of a parabola is __________., of an ellipse . . a 
hig and of a hyperbola it is a is the distance of a vertex from the center and c is the 
———" distance of a focus from the center. 
Skill Building 
In Problems 7-12, identify the conic that each polar equation represents. Also, give the position of the directrix. 
1 3 4 
Lf =———— = Ir = 
" 1 + cos 0 axe 1 — sing < 2—3siné 
2 3 6 
10. r = ——— 11. r = ——__—_ 12. r = —__— 
1+ 2cosé \ " 4 — 2cos0 " 8 + 2sin@ 
In Problems 13-24, analyze each equation and graph it. 
‘ 1 3 8 10 
XB. 7 = ———. 14. r = ——— b. r = —— 16. r = ———— 
j y 1+ cos . 1 — sin@ ad 4+ 3sin0 ad 5 + 4cos 0 
‘ 9 12 8 8 
\7. r= ————. 18. , = ——___ 19. r = ————_ 20. r = ——_——_ 
; 3 — 6cos 0 " 4+ 8siné : 2 — sind 2+ 4cos 0 
21. r(3 — 2sin6) = 6 22. r(2 — cos 6) = 2 23, psec 4 po 


ET Fee — A a ee = 1 
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In Problems 25-36, convert each polar equation to a rectangular equation. 


1 3 8 10 
———— . ————— ————— 8. =—— — 
\2s ‘ 1+ cos@ aan 1 — sind ad 44+ 3sin0 a 5 + 4cos@ 
9 12 8 8 
ae ee TT iene eT aa rr feet = Se cond 
33. r(3 — 2sin 8) = 6 34, r(2 — cos@) = 2 pe cee 
2secO—-1 cscO— 1 


In Problems 37-42, find a polar equation for each conic. For each, a focus is at the pole. 


37. e = 1; directrix is parallel to the polar axis 1 unit above the 38. e = 1; directrix is parallel to the polar axis 2 units below the 
pole. pole. 
a as ee . ; ; Dias i's . ' 
39. e = 5° directrix is perpendicular to the polar axis 3 units to 40. e = 3° directrix is parallel to the polar axis 3 units above the 
the left of the pole. pole. 
41. e = 6; directrix is parallel to the polar axis 2 units below the 42. e = 5; directrix is perpendicular to the polar axis 5 units to 
pole. the right of the pole. 


Applications and Extensions 


43. Derive equation (b) in Table 5: where r is measured in miles and the Sun is at the pole. Find 
ep the distance from Mercury to the Sun at aphelion (greatest 
fa err distance from the Sun) and at perihelion (shortest distance 


from the Sun). See the figure. Use the aphelion and perihelion 


ap) SeoeNeequasion (Ghia Table: to graph the orbit of Mercury using a graphing utility. 


_ eP 
"1+ esind Mercury 
45. Derive equation (d) in Table 5: 
i= — Perihelion 
1—esiné 


a 46. Orbit of Mercury The planet Mercury travels around the 
Sun in an elliptical orbit given approximately by 


(3.442) 107 
"1 = 0.206 cos 6 


Aphelion 


‘Are You Prepared?’ Answers 


1. rcos 6; r sin @ 2..°° + y = 6xor(x - 3) + Y =9 


6.7 Plane Curves and Parametric Equations 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Amplitude and Period of Sinusoidal Graphs (Section 2.4, pp. 143-149) 


\ Now Work the ‘Are You Prepared?’ problem on page 434. 


OBJECTIVES 1 Graph Parametric Equations (p.425) 
2 Find a Rectangular Equation for a Curve Defined Parametrically (p.426) 


3 Use Time as a Parameter in Parametric Equations (p.428) 


4 Find Parametric Equations for Curves Defined by Rectangular 
Equations (p.431) 


Equations of the form y = f(x), where f is a function, have graphs that are intersected 
no more than once by any vertical line. The graphs of many of the conics and certain 
other, more complicated, graphs do not have this characteristic. Yet each graph, like 
the graph of a function, is a collection of points (x, y) in the xy-plane; that is, each is a 
plane curve. In this section, we discuss another way of representing such graphs. 
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DEFINITION Let x = f(t) and y = g(t), where f and g are two functions whose common 
domain is some interval J. The collection of points defined by 


(x,y) = (F(4), g(t) 
is called a plane curve. The equations 
x=f(t) y= a(t) 


where ¢ is in J, are called parametric equations of the curve. The variable f is 
called a parameter. J 


1 Graph Parametric Equations 


Parametric equations are particularly useful in describing movement along a curve. 
Suppose that a curve is defined by the parametric equations 


Figure 55 


x=f(t) y=g(t) ast=b 


where f and g are each defined over the interval a = t = b. For a given value of t, 
we can find the value of x = f(t) and y = g(t), obtaining a point (x, y) on the 
curve. In fact, as t varies over the interval from t = a to t = b, successive values 
of t give rise to a directed movement along the curve; that is, the curve is traced 
out in a certain direction by the corresponding succession of points (x, y). See 
Figure 55. The arrows show the direction, or orientation, along the curve as f varies 
from a to b. 


EXAMPLE 1 Graphing a Curve Defined by Parametric Equations 


Graph the curve defined by the parametric equations 
e257, 32 =22¢22 (1) 


Solution — For each number ¢, —2 = t S 2, there corresponds a number x and a number y. For 
example, when t = —2, then x = 3(—2)? = 12 and y = 2(—2) = —4. When t = 0, 
COMMENT Most graphing utilities then x = Oand y = O. Set up a table listing various choices of the parameter ¢ and the 
ie have the capability of graphing corresponding values for x and y, as shown in Table 6. Plotting these points and 
parametric equations. See Section B.7 connecting them with a smooth curve leads to Figure 56. The arrows in Figure 56 are 
in Appendix B. = used to indicate the orientation. 


Figure 56 


Table 6 
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a Exploration 


Graph the following parametric equations using a graphing utility with Xmin = 0, Xmax = 15, 
Ymin = —5, Ymax = 5,and Tstep = 0.1: 


_3t 
a 
2. x = 34+ 12t+ 12,y =2t+4,-4=<t=0 


1. x y=t,-4sts4 


2 - 
3. x = 38,y =27/t,-8<t<8 


Compare these graphs to the graph in Figure 56. Conclude that parametric equations defining a curve 


are not unique; that is, different parametric equations can represent the same graph. ] 


2 Find a Rectangular Equation for a Curve Defined 
Parametrically 


The curve given in Example 1 should be familiar. To identify it accurately, find the 
corresponding rectangular equation by eliminating the parameter ¢ from the 
parametric equations given in Example 1: 


x=3, y=2t, -25ts2 


Solve for fin y = 21, obtaining t = and substitute this expression in the other 
equation to get 


Exploration 2 
ie sae 4 y\? 3y 
In FUNCtion mode, graph x = 3 =3 ar 
3y* 4 4 ] 
x= uf (v= x and Y, = = y 
4 V3 V3 tee 
z 
with Xmin = 0,Xmax = 15, Ymin = —5, y 
Ymax = 5. Compare this graph with = This equation, x = ——, is the equation of a parabola with vertex at (0, 0) and axis 


Figure 56. Why do the graphs differ? 4 . 
of symmetry along the x-axis. 


Note that the parameterized curve defined by equation (1) and shown in 
2 


3 
Figure 56 is only a part of the parabola x = a The graph of the rectangular equation 


obtained by eliminating the parameter will, in general, contain more points than 
the original parameterized curve. Care must therefore be taken when a parameterized 
curve is graphed after eliminating the parameter. Even so, the process of eliminating 
the parameter ¢ of a parameterized curve to identify it accurately is sometimes a 
better approach than plotting points. However, the elimination process sometimes 
requires a little ingenuity. 


EXAMPLE 2 Finding the Rectangular Equation of a Curve 
Defined Parametrically 


Find the rectangular equation of the curve whose parametric equations are 
x = acost, y=asint, -—o <t<o 
where a > 0 is a constant. Graph this curve, indicating its orientation. 


Solution The presence of sines and cosines in the parametric equations suggests using a 


Pythagorean Identity. In fact, since 
x ; 
cost = — sint =~ 
a a 


we find that 
cos?t + sin?t = 1 


a ™~ 
Q |e 
pene 
NR 

+ 
————, 
gle 
a 
No 

ll 
= 


Figure 57 


Figure 58 


EXAMPLE 3 


Solution 


(a, 0) 


x 
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The curve is a circle with center at (0, 0) and radius a. As the parameter t increases, 
say from t = 0 [the point (a,0)] to t = a [the point (0, a)] to tf = a [the point 


(—a, 0)], we see that the corresponding points are traced in a counterclockwise 
direction around the circle. The orientation is as indicated in Figure 57. a 


om -Now Work pRoBLEMS 7 AND 19 


Let’s analyze the curve in Example 2 further. The domain of each parametric 
equation is —0co < ¢ < o, That means the graph in Figure 57 is actually being 
repeated each time that ¢ increases by 277. 

If we wanted the curve to consist of exactly 1 revolution in the counterclockwise 
direction, we could write 


x = acost, y = asint, 0Osts27 


This curve starts att = 0 [the point (a, 0)] and, proceeding counterclockwise around 
the circle, ends at t = 277 [also the point (a, 0)]. 

If we wanted the curve to consist of exactly three revolutions in the counter- 
clockwise direction, we could write 


x = acost, y = asint, 2 sts4r 
or 

x = acost, y = asint, 0Ostxs67 
or 

x = acost, y = asint, 27 =t=8r 


Describing Parametric Equations 


Find rectangular equations for the following curves defined by parametric equations. 
Graph each curve. 


(a) x =acost, y=asint, 0Sts<7, a>O0 
(b) x = -asint, y=-—acost, 0=t=7, a>0O 
(a) Eliminate the parameter ¢ using a Pythagorean Identity. 


cos*t + sin?t = 1 


Oa 
Q |e 
ee 2 
nN 

+ 
a ™~ 
glx 
Na a 
nN 

ll 

— 


r+yaa 


The curve defined by these parametric equations lies on a circle, with radius a and 
center at (0,0). The curve begins at the point (a, 0), t = 0; passes through the 
point (0, a), t = . and ends at the point (—a, 0), t = 7. 


The parametric equations define the upper semicircle of a circle of radius a 
with a counterclockwise orientation. See Figure 58. The rectangular equation is 


y=Va- x -asxza 


(b) Eliminate the parameter ¢ using a Pythagorean Identity. 


sin? t + cos?t = 1 
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Figure 59 The curve defined by these parametric equations lies on a circle, with radius a and 
center at (0, 0). The curve begins at the point (0, —a), t = 0; passes through the 


(0, a) point (—a,0),t = oi and ends at the point (0,a),¢ = 7. The parametric 


equations define the left semicircle of a circle of radius a with a clockwise 
orientation. See Figure 59. The rectangular equation is 


<V¥ 


(—a, 0) 5) 2 
LSS Vary -a=y=a Pe 


(0, —a) 


ie Seeing the Concept 


Graph x =cost, y=sint for 0=t <27. Compare to Figure 57. Graph x=cost, y=sint for 
0 <t <7. Compare to Figure 58.Graph x = — sint, y = —cost forO < t S 7. Compare to Figure 59. 


Example 3 illustrates the versatility of parametric equations for replacing 
complicated rectangular equations, while providing additional information about 
orientation. These characteristics make parametric equations very useful in 
applications, such as projectile motion. 


3 Use Time as a Parameter in Parametric Equations 


If we think of the parameter ¢ as time, then the parametric equations x = f(t) and 
y = g(t) of a curve C specify how the x- and y-coordinates of a moving point vary 
with time. 

For example, we can use parametric equations to model the motion of an object, 

eomone sometimes referred to as curvilinear motion. Using parametric equations, we can 

4 specify not only where the object travels, that is, its location (x, y), but also when it 

gets there, that is, the time ¢. 

When an object is propelled upward at an inclination @ to the horizontal with 

initial speed vp, the resulting motion is called projectile motion. See Figure 60(a). 

In calculus it is shown that the parametric equations of the path of a projectile 

(a) fired at an inclination @ to the horizontal, with an initial speed vp, from a height h 
above the horizontal are 


Figure 60 


oor. 


“7 T>s9 (x(t), Wit)) 1 F 
nie me x = (U9 Cos O)t y= aoe + (vp sin @)t + h 


x where fis the time and g is the constant acceleration due to gravity (approximately 
(b) 32 ft/sec/sec or 9.8 m/sec/sec). See Figure 60(b). 


EXAMPLE 4 Projectile Motion 


Suppose that Jim hit a golf ball with an initial velocity of 150 feet per second at an 


Bouse? angle of 30° to the horizontal. See Figure 61. 


(a) Find parametric equations that describe the position of the ball as a function 
of time. 


‘* (b) How long was the golf ball in the air? 


O° 
a (c) When was the ball at its maximum height? Determine the maximum height of 
ae the ball. 


(d) Determine the distance that the ball traveled. 


a (ec) Using a graphing utility, simulate the motion of the golf ball by simultaneously 
graphing the equations found in part (a). 


Figure 62 


246 


—156 
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Solution (a) We have vp = 150 ft/sec, 0 = 30°, h = Oft (the ball is on the ground), and 


g = 32 ft/sec’ (since the units are in feet and seconds). Substitute these values 
into equations (2) to get 


x = (vp cos 6)t = (150 cos 30°)t = 75V3t 


1 1 
=r + (vpsiné)t + h= 5 (320° + (150 sin 30°)t + 0 


y => 
= -160 + 75t 
(b) To determine the length of time that the ball was in the air, solve the equation 
y = 0. 
—16r? + 75t = 0 


t(—16t + 75) =0 
7 
t=Osec or t= a 4.6875 sec 
The ball struck the ground after 4.6875 seconds. 
(c) Notice that the height y of the ball is a quadratic function of t, so the maximum 


height of the ball can be found by determining the vertex of y = —16t? + 75t. 
The value of ¢ at the vertex is 

= pi. == 15 
_ om = 32 = 2.34375 sec 
The ball was at its maximum height after 2.34375 seconds. The maximum height 
of the ball is found by evaluating the function y at t = 2.34375 seconds. 


Maximum height = —16(2.34375)* + 75(2.34375) ~ 87.89 feet 


(d) Since the ball was in the air for 4.6875 seconds, the horizontal distance that the 
ball traveled is 


t 


x = (75V3)4.6875 ~ 608.92 feet 


EB (e) Enter the equations from part (a) into a graphing utility with Tmin = 0, 
Tmax = 4.7, and Tstep = 0.1. We use ZOOM-SQUARE to avoid any distortion 
to the angle of elevation. See Figure 62. “) 


610 


Exploration 

Simulate the motion of a ball thrown straight up with an initial speed of 100 feet per second from a 
height of 5 feet above the ground. Use PARametric mode with Tmin = 0, Tmax = 6.5, 
Tstep = 0.1,Xmin = 0, Xmax = 5, Ymin = 0, and Ymax = 180. What happens to the speed with 
which the graph is drawn as the ball goes up and then comes back down? How do you interpret this 
physically? Repeat the experiment using other values for Tstep. How does this affect the experiment? 


[Hint: In the projectile motion equations, let 9 = 90°, vy = 100,h = 5, and g = 32. Use x = 3 
instead of x = 0 to see the vertical motion better.] 
Result In Figure 63(a) the ball is going up. In Figure 63(b) the ball is near its highest point. Finally, in 
Figure 63(c) the ball is coming back down. 

Figure 63 


180 180 180 


0 (t~ 0.7) 0 (t~ 3) 0 (t~ 4) 
(a) (b) (c) 


Notice that, as the ball goes up, its speed decreases, until at the highest point it is zero. Then the 


speed increases as the ball comes back down. 
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A graphing utility can be used to simulate other kinds of motion as well. 


EXAMPLE 5 Simulating Motion 


Tanya, who is a long distance runner, runs at an average speed of 8 miles per hour. Two 
hours after Tanya leaves your house, you leave in your Honda and follow the same 
route. If your average speed is 40 miles per hour, how long will it be before you catch 
up to Tanya? See Figure 64. Use a simulation of the two motions to verify the answer. 


Figure 64 “ Time t e 
= t=0 t=2 
r ~ 2 hr > =~< > 
| ©, © ©, ) 


Solution —_ Begin with two sets of parametric equations: one to describe Tanya’s motion, 
the other to describe the motion of the Honda. We choose time t = 0 to be when 
Tanya leaves the house. If we choose y; = 2 as Tanya’s path, then we can use 
y2 = 4as the parallel path of the Honda. The horizontal distances traversed in time ¢ 
(Distance = Rate X Time) are 


Tanya: x, = 8f Honda: x, = 40(t — 2) 
The Honda catches up to Tanya when x, = x. 


8t = 40(t — 2) 
8t = 40t — 80 
—32t = —80 
—80 
= —— = 255 
e230 


The Honda catches up to Tanya 2.5 hours after Tanya leaves the house. 
In PARametric mode with Tstep = 0.01, simultaneously graph 


Tanya: x, = 8 Honda: x, = 40(t — 2) 
Par 2 4 


forO sts 3. 
Figure 65 shows the relative position of Tanya and the Honda for ¢ = 0, 
t= 2,t = 2.25,t = 2.5, andt = 2.75. 


Figure 65 


t= 2.5 t= 2.75 
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4 Find Parametric Equations for Curves Defined 
by Rectangular Equations 
We now take up the question of how to find parametric equations of a given curve. 
If a curve is defined by the equation y = f(x), where f is a function, one way of 
finding parametric equations is to let x = t. Then y = f(t) and 


x=t, y= f(t), t in the domain of f 


are parametric equations of the curve. 


EXAMPLE 6 Finding Parametric Equations for a Curve Defined 


by a Rectangular Equation 


Find two different parametric equations for the equation y = x” — 4. 


Solution For the first parametric equation, let x = t. Then the parametric equations are 


sey yer =4 oc 7 = os 


A second parametric equation is found by letting x = 7°. Then the parametric 
equations become 


FoF). potas co<t< oe 


Care must be taken when using the second approach in Example 6, since the 
substitution for x must be a function that allows x to take on all the values stipulated 
by the domain of f. For example, letting x = f° so that y = ¢* — 4 does not result in 
equivalent parametric equations for y = x” — 4, since only points for which x = 0 
are obtained; yet the domain of y = x° — 4 is {x | x is any real number}. 
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EXAMPLE 7 Finding Parametric Equations for an Object in Motion 


Find parametric equations for the ellipse 


where the parameter f¢ is time (in seconds) and 

(a) The motion around the ellipse is clockwise, begins at the point (0,3), and 
requires 1 second for a complete revolution. 

(b) The motion around the ellipse is counterclockwise, begins at the point (1, 0), 
and requires 2 seconds for a complete revolution. 


Figure 66 
f) ie’ Solution 
(a) See Figure 66. Since the motion begins at the point (0,3), we want x = 0 and 
y = 3 when? = 0. Furthermore, since the given equation is an ellipse, we begin 
by letting 
2 x =sin(@t) y = 3cos(at) 
(-1, 0) (1, 0) x 


for some constant w. These parametric equations satisfy the equation of the 

ellipse. Furthermore, with this choice, when tf = 0, we have x = 0 and y = 3. 

For the motion to be clockwise, the motion will have to begin with the value 

(0, —3) of x increasing and y decreasing as ¢ increases. This requires that w > 0. [Do you 
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know why? If w > 0, then x = sin(@f) is increasing when t > 0 is near zero and 
y = 3 cos(@t) is decreasing when ¢t > 0 is near zero.] See the red part of the 
graph in Figure 66. 


: . ; : . 27 
Finally, since 1 revolution requires 1 second, the period — = 1,sow = 277. 

@ 

Parametric equations that satisfy the conditions stipulated are 


x = sin(27t), y = 3cos(2mt), a (3) 


Figure 67 (b) See Figure 67. Since the motion begins at the point (1,0), we want x = 1 and 
Vi y = Owhent = 0. The given equation is an ellipse, so we begin by letting 


x = cos(af) y = 3sin(at) 


for some constant w. These parametric equations satisfy the equation of 
the ellipse. Furthermore, with this choice, when t = 0, we have x = 1 and 
y=0. 

For the motion to be counterclockwise, the motion will have to begin with 
the value of x decreasing and y increasing as ¢ increases. This requires that 
w > 0. [Do you know why?] Finally, since 1 revolution requires 2 seconds, the 


«YY 


(-1, 0) 


vo ga. 2aT ; : ‘ _ 
(0, —3) period is — = 2,so w = 7. The parametric equations that satisfy the conditions 
@ 


stipulated are 


x = cos(7t), y = 3sin(zt), 0srs2 (4) 
Either equation (3) or (4) can serve as parametric equations for the ellipse 
2 


x? + . = 1 given in Example 7. The direction of the motion, the beginning point, 


and the time for 1 revolution give a particular parametric representation. 
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The Cycloid 


Suppose that a circle of radius a rolls along a horizontal line without slipping. As 
the circle rolls along the line, a point P on the circle will trace out a curve called 
a cycloid (see Figure 68). We now seek parametric equations* for a cycloid. 


Figure 68 


We begin with a circle of radius a and take the fixed line on which the circle rolls 
as the x-axis. Let the origin be one of the points at which the point P comes in 
contact with the x-axis. Figure 68 illustrates the position of this point P after the circle 
has rolled somewhat. The angle ¢ (in radians) measures the angle through which the 
circle has rolled. 


* Any attempt to derive the rectangular equation of a cycloid would soon demonstrate how complicated 
the task is. 


3 


Exploration 
Graph x=t-—sint.y =1— cost, 
0 St < 37, using your graphing utility 


. 7 
with Tstep = = and a square screen. 


Compare your results with Figure 68. 


Figure 69 


Figure 70 
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Since we require no slippage, it follows that 
Arc AP = d(O, A) 


The length of the arc AP is given by s = r0, where r = a and 6 = ¢ radians. 
Then 


at = d(O,A) 6=r6,wherer = aand@=t 


The x-coordinate of the point P is 


d(O, X) = d(O, A) — d(X, A) = at — asint = a(t — sint) 
The y-coordinate of the point P is equal to 
d(O,Y) = d(A,C) — d(B,C) = a-— acost = a(1 — cost) 


The parametric equations of the cycloid are 


x = a(t — sint) y = a(1 — cost) (5) 


Applications to Mechanics 


If a is negative in equation (5), we obtain an inverted cycloid, as shown in 
Figure 69(a). The inverted cycloid occurs as a result of some remarkable applications 
in the field of mechanics. We shall mention two of them: the brachistochrone and 
the tautochrone.* 


(a) Inverted cycloid (b) Curve of quickest descent (c) Allreach Qat 
the same time 


The brachistochrone is the curve of quickest descent. If a particle is constrained to 
follow some path from one point A to a lower point B (not on the same vertical 
line) and is acted on only by gravity, the time needed to make the descent is least 
if the path is an inverted cycloid. See Figure 69(b). This remarkable discovery, which 
is attributed to many famous mathematicians (including Johann Bernoulli and 
Blaise Pascal), was a significant step in creating the branch of mathematics known 
as the calculus of variations. 

To define the tautochrone, let Q be the lowest point on an inverted cycloid. If 
several particles placed at various positions on an inverted cycloid simultaneously 
begin to slide down the cycloid, they will reach the point Q at the same time, as 
indicated in Figure 69(c). The tautochrone property of the cycloid was used by 
Christiaan Huygens (1629-1695), the Dutch mathematician, physicist, and astronomer, 
to construct a pendulum clock with a bob that swings along a cycloid (see Figure 70). 
In Huygens’s clock, the bob was made to swing along a cycloid by suspending the 
bob on a thin wire constrained by two plates shaped like cycloids. In a clock of 
this design, the period of the pendulum is independent of its amplitude. 


* In Greek, brachistochrone means “the shortest time” and tautochrone means “equal time.” 
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6.7 Assess Your Understanding 
‘Are You Prepa red?’ The answer is given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. The function f(x) = 3 sin(4x) has amplitude and period . (pp. 143-149) 


Concepts and Vocabulary 


2. Let x = f(t) and y = g(t), where f and g are two functions 4. If a circle rolls along a horizontal line without slippage, a 
whose common domain is some interval /. The collection of fixed point P on the circle will trace out a curve called a(n) 
points defined by (x, y) = (f(t), g(t)) is called ais 


pine Namanleviscalled als) 5. True or False Parametric equations defining a curve are 


3. The parametric equations x = 2sint, y = 3cos?¢ define unique. 


a(n : , F ‘ : 
— 6. True or False Curves defined using parametric equations 
have an orientation. 


Skill Building 


In Problems 7-26, graph the curve whose parametric equations are given and show its orientation. Find the rectangular equation of 
each curve. 


Na x=3t+2, y=tt+h O5t=4 Bx=t-3, y=U+4 O<t=2 
%Rx=1t+2, y= Vt; t=0 10.x= V2t, y=4 t=0 
Wex=P +4, y=P-4, -w<t<o Wwx=Vi+4, y= vI-4 t=0 
13.x=37, y=tt+1,; -~<t<ow 14.x=2t-4, y=4P; -0o<t<o 
15.x=2e, y=1+e; t=0 16.x=e, y=e'; t=0 
2G, PSPs GSO 8.x=P?+1, y=vt; t=0 
\ 19. x = 2cost, y=3sne, OSts27 20. x =2cost, y=3sint; OSts7 
21. x =2cost, y=3sint; -7w=t=0 22. x =2cost, y=sint; 0<1 =, 
23. x = sect, y= tans; isre2 24. x =csct, y = coth; Pape 
4 4 2 
25. x =sin?t, y=cost, 0OSt<27 2.x=0, y=Int; t>0 
In Problems 27-34, find two different parametric equations for each rectangular equation. 
27. y= 4x —1 28. y = —8x + 3 Wy=xr41 30. y = -2x7 +1 
1. 32 y=xt+1 X\ 33. x = y?? 34. x = Vy 
In Problems 35-38, find parametric equations that define the curve shown. 
35. Va 36. Va 37. y 38. 
(-1, 2) 2 
6 (7, 5) 2 
4h 
2b 7 
[ (2, 0) : a 
| | ee LE De Le Le Ee 
Ie 6 x =9 
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In Problems 39-42, find parametric equations for an object that moves along the ellipse a + aa 1 with the motion described. 


\ 39. The motion begins at (2,0), is clockwise, and requires 


41. The motion begins at (0,3), is clockwise, and requires 


2 seconds for a complete revolution. 


1 second for a complete revolution. 


40. The motion begins at (0,3), is counterclockwise, and 


requires 1 second for a complete revolution. 


42. The motion begins at (2,0), is counterclockwise, and 


requires 3 seconds for a complete revolution. 


In Problems 43 and 44, the parametric equations of four curves are given. Graph each of them, indicating the orientation. 


43. 


Ci x=t, y=; 45154 
Cy: x = cost, y=1-sin’t; Osts7 
Cz x=e, y=e* O0=t<In4 
Cy x= Vi, y=t 0<t <= 16 


44. CC}: x=t, y 1-f; -1st<1 
Cy) x =sint, y=cost 0Sts 27 
C33 x =cost, y=sint; 0O=t=27 
Cyr x 1-f, y= -1lst<1 


* In Problems 45-48, use a graphing utility to graph the curve defined by the given parametric equations. 


45. 


47. 


x=tsint, y=tcost, t>0 
x = 4sint — 2 sin(2r) 


y = 4cost — 2 cos(2r) 


Applications and Extensions 


\ 49. 


Projectile Motion Bob throws a ball straight up with an 

initial speed of 50 feet per second from a height of 6 feet. 

(a) Find parametric equations that model the motion of the 
ball as a function of time. 

(b) How long is the ball in the air? 

(c) When is the ball at its maximum height? Determine the 
maximum height of the ball. 


6 (d) Simulate the motion of the ball by graphing the equations 


50. 


oD 


51. 


52. 


found in part (a). 


Projectile Motion Alice throws a ball straight up with an 

initial speed of 40 feet per second from a height of 5 feet. 

(a) Find parametric equations that model the motion of the 
ball as a function of time. 

(b) How long is the ball in the air? 

(c) When is the ball at its maximum height? Determine the 
maximum height of the ball. 

(d) Simulate the motion of the ball by graphing the equations 
found in part (a). 


Catching a Train  Bill’s train leaves at 8:06 AM and accelerates 

at the rate of 2 meters per second per second. Bill, who can 

run 5 meters per second, arrives at the train station 5 seconds 

after the train has left and runs for the train. 

(a) Find parametric equations that model the motions of the 
train and Bill as a function of time. 


[Hint: The position s at time ¢ of an object having 
: : 1, 
acceleration ais s = ait ‘|| 


(b) Determine algebraically whether Bill will catch the train. 
If so, when? 

(c) Simulate the motion of the train and Bill by simultaneously 
graphing the equations found in part (a). 


Catching a Bus Jodi’s bus leaves at 5:30 PM and accelerates 
at the rate of 3 meters per second per second. Jodi, who can 


46. x = sint + cost, 


y = sint — cost 


48. x = 4sin¢ + 2 sin(2r) 


oP) 


53. 


ra) 
ry 


54. 


y = 4cost + 2 cos(2r) 


run 5 meters per second, arrives at the bus station 2 seconds 

after the bus has left and runs for the bus. 

(a) Find parametric equations that model the motions of the 
bus and Jodi as a function of time. 


[Hint: The position s at time ¢ of an object having 
1 
acceleration ais 5 = zu 


(b) Determine algebraically whether Jodi will catch the bus. 
If so, when? 

(c) Simulate the motion of the bus and Jodi by simultaneously 
graphing the equations found in part (a). 

Projectile Motion Ichiro throws a baseball with an initial 

speed of 145 feet per second at an angle of 20° to the 

horizontal. The ball leaves Ichiro’s hand at a height of 5 feet. 

(a) Find parametric equations that model the position of the 
ball as a function of time. 

(b) How long is the ball in the air? 

(c) Determine the horizontal distance that the ball travels. 

(d) When is the ball at its maximum height? Determine the 
maximum height of the ball. 

(ec) Using a graphing utility, simultaneously graph the 
equations found in part (a). 

Projectile Motion Mark Texeira hit a baseball with an 

initial speed of 125 feet per second at an angle of 40° to the 

horizontal. The ball was hit at a height of 3 feet off the 

ground. 

(a) Find parametric equations that model the position of the 
ball as a function of time. 

(b) How long was the ball in the air? 

(c) Determine the horizontal distance that the ball travelled. 

(d) When was the ball at its maximum height? Determine 
the maximum height of the ball. 


i (ec) Using a graphing utility, simultaneously graph the 


equations found in part (a). 
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57. 


58. 
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Projectile Motion Suppose that Adam hits a golf ball off 

a cliff 300 meters high with an initial speed of 40 meters 

per second at an angle of 45° to the horizontal. 

(a) Find parametric equations that model the position of the 
ball as a function of time. 

(b) How long is the ball in the air? 

(c) Determine the horizontal distance that the ball travels. 

(d) When is the ball at its maximum height? Determine the 
maximum height of the ball. 

(e) Using a graphing utility, simultaneously graph the 
equations found in part (a). 

Projectile Motion Suppose that Karla hits a golf ball off a 

cliff 300 meters high with an initial speed of 40 meters per 

second at an angle of 45° to the horizontal on the Moon 

(gravity on the Moon is one-sixth of that on Earth). 

(a) Find parametric equations that model the position of the 
ball as a function of time. 

(b) How long is the ball in the air? 

(c) Determine the horizontal distance that the ball travels. 

(d) When is the ball at its maximum height? Determine the 
maximum height of the ball. 

(e) Using a graphing utility, simultaneously graph the 
equations found in part (a). 

Uniform Motion A Toyota Camry (traveling east at 40 mph) 

and a Chevy Impala (traveling north at 30 mph) are heading 

toward the same intersection. The Camry is 5 miles from 

the intersection when the Impala is 4 miles from the 

intersection. See the figure. 


(a) Find parametric equations that model the motion of the 
Camry and Impala. 

(b) Find a formula for the distance between the cars as a 
function of time. 

(c) Graph the function in part (b) using a graphing utility. 

(d) What is the minimum distance between the cars? When 
are the cars closest? 

(e) Simulate the motion of the cars by simultaneously 
graphing the equations found in part (a). 

Uniform Motion A Cessna (heading south at 120 mph) 

and a Boeing 747 (heading west at 600 mph) are flying 

toward the same point at the same altitude. The Cessna is 

100 miles from the point where the flight patterns intersect, 

and the 747 is 550 miles from this intersection point. See 

the figure. 

(a) Find parametric equations that model the motion of the 
Cessna and the 747. 


(b) Find a formula for the distance between the planes as a 
function of time. 


& (c) Graph the function in part (b) using a graphing utility. 
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(d) What is the minimum distance between the planes? 
When are the planes closest? 

(ec) Simulate the motion of the planes by simultaneously 
graphing the equations found in part (a). 

The Green Monster The left field wall at Fenway Park is 
310 feet from home plate; the wall itself (affectionately 
named the Green Monster) is 37 feet high. A batted ball 
must clear the wall to be a home run. Suppose a ball leaves 
the bat 3 feet off the ground, at an angle of 45°. Use g = 32 feet 
per second’ as the acceleration due to gravity and ignore 
any air resistance. 

(a) Find parametric equations that model the position of the 
ball as a function of time. 

(b) What is the maximum height of the ball if it leaves the bat 
with a speed of 90 miles per hour? Give your answer in 
feet. 

(c) How far is the ball from home plate at its maximum 
height? Give your answer in feet. 

(d) If the ball is hit straight down the left field wall, will it 
clear the Green Monster? If it does, by how much does 
it clear the wall? 

Source: The Boston Red Sox 


Projectile Motion The position of a projectile fired with 
an initial velocity vp feet per second and at an angle 6 to the 
horizontal at the end of ¢ seconds is given by the parametric 


equations 
xX = (v9 cos 0)t y = (vp sin d)t — 161? 


See the illustration. 


peer ese55 
-7 I 

~ 
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x 

x 

— 


x R 


(a) Obtain the rectangular equation of the trajectory and 
identify the curve. 
(b) Show that the projectile hits the ground (y = 0) when 


t Uo sin 6. 


~ 16 
(c) How far has the projectile traveled (horizontally) when 
it strikes the ground? In other words, find the range R. 
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(d) Find the time ¢ when x = y. Then find the horizontal 61. Show that the parametric equations for a line passing 
distance x and the vertical distance y traveled by the through the points (x,, y,) and (x, y2) are 
projectile in this time. Then compute V x” + y’. This is 
the distance R, the range, that the projectile travels up a 
plane inclined at 45° to the horizontal (x = y). See the y= CS ye is 
following illustration. (See also Problem 97 in Section 7.6.) What is the orientation of this line? 


X= (X. — Xy)t + xy 


o<<t< © 


62. Hypocycloid The hypocycloid is a curve defined by the 
parametric equations 


x(t)=cos*t, y(t)=sin't, 0<t = 20 


| (a) Graph the hypocycloid using a graphing utility. 
~ (b) Find a rectangular equation of the hypocycloid. 


Explaining Concepts: Discussion and Writing 


63. In Problem 62, we graphed the hypocycloid. Now graph the 64. Look up the curves called hypocycloid and epicycloid. Write 
rectangular equations of the hypocycloid. Did you obtain a a report on what you find. Be sure to draw comparisons with 
complete graph? If not, experiment until you do. the cycloid. 


‘Are You Prepared?’Answer 


7 
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CHAPTER REVIEW 


Things to Know 


Equations 
Parabola (pp. 379-385) See Tables 1 and 2 (pp. 381 and 382). 
Ellipse (pp. 388-395) See Table 3 (p. 393). 
Hyperbola (pp. 398-407) See Table 4 (p. 405). 
General equation of a conic (p. 416) Ax? + Bxy + Cy? + Dx + Ey + F=0 Parabola if B? — 4AC = 0 


Ellipse (or circle) if B? — 4AC <0 
Hyperbola if B? — 4AC > 0 


Polar equations of a conic with focus 


at the pole (pp. 419-423) See Table 5 (p. 421). 
Parametric equations of a curve (p. 425) x = f(t), y = g(t), tis the parameter 
Definitions 

Parabola (p. 379) Set of points P in the plane for which d(F, P) = d(P, D), where F is the focus 
and D is the directrix 

Ellipse (p. 388) Set of points P in the plane, the sum of whose distances from two fixed points 
(the foci) is a constant 

Hyperbola (p. 398) Set of points P in the plane, the difference of whose distances from two fixed points 
(the foci) is a constant 

Conic in pol di 419 = Parabola if e = 1 

tes (p. ——_ = = 
onic in polar coordinates (p ) d(P, D) e arabola if e 


Ellipse ife < 1 


Hyperbola if e > 1 
Formulas 


Rotation formulas (p. 413) 


tad 
i 


x' cos @ — y' siné 


x’ sin@ + y’ cos 0 


< 
ll 


Angle 6 of rotation that Ae 
eliminates the x’ y’-term (p. 414) cot(20) = Fa 0° < 6 < 90° 
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Objectives 


Section You should be ableto ... 
6.1 Know the names of the conics (p. 378) 


6.2 Analyze parabolas with vertex at the origin (p. 379) 
Analyze parabolas with vertex at (h, k) (p. 382) 
Solve applied problems involving parabolas (p. 384) 


Analyze ellipses with center at the origin (p. 388) 
Analyze ellipses with center at (h, k) (p. 392) 
Solve applied problems involving ellipses (p. 394) 


Analyze hyperbolas with center at the origin (p. 398) 
Find the asymptotes of a hyperbola (p. 403) 

Analyze hyperbolas with center at (h, k) (p. 405) 
Solve applied problems involving hyperbolas (p. 406) 


Identify a conic (p. 411) 

Use a rotation of axes to transform equations (p. 412) 
Analyze an equation using a rotation of axes (p. 414) 
Identify conics without a rotation of axes (p. 416) 


Analyze and graph polar equations of conics (p. 419) 


Convert the polar equation of a conic to a rectangular equation (p. 423) 


Graph parametric equations (p. 425) 


Find a rectangular equation for a curve defined parametrically (p. 426) 


Use time as a parameter in parametric equations (p. 428) 
Find parametric equations for curves defined by rectangular 
equations (p. 431) 


Review Exercises 


Example(s) Review Exercises 


1-5 
6,7 


1-32 

1,2, 21, 24 

7, 11, 12, 17, 18, 27, 30 
77,78 


5,6, 10, 22,25 
14-16, 19, 28, 31 
79, 80 


3,4, 8, 9, 23, 26 
3,4,8,9 

13, 20, 29, 32-36 
81 


37-40 
47-52 
47-52 
41-46 


53-58 
59-62 
63-68 
63-68 
82, 83 


69-72 


In Problems 1-20, identify each equation. If it is a parabola, give its vertex, focus, and directrix; if it is an ellipse, give its center, vertices, 


and foci; if it is a hyperbola, give its center, vertices, foci, and asymptotes. 


14. 4x? + y+ 8x —4y 4+ 4 


1. y? = -16x 2. 16x? = y 3. yal 42-2- ee 
Txe+4y=4 8. 3y- x =9 947 - y= 

VW. x? — 4x = 2y 12. 2 -4y=x-2 13. y? — 4y — 4x7 + 8x =4 
15. 4x7 + 9y? — 16x — 18y = 11 16. 4x7 + 9y’ — 16x + 18y = 11 17. 4x? 
18. 4y? + 3x — ly + 19=0 19. 9x? + 4y? — 18x + 8y = 23 


In Problems 21-36, find an equation of the conic described. Graph the equation. 


16x + loy + 32 =0 


20. — Wy —2x-2y=1 


21. Parabola; focus at (—2, 0); directrix the line x = 2 22. Ellipse; center at (0, 0); focus at (0,3); vertex at (0, 5) 


23. Hyperbola; center at (0, 0); focus at (0, 4); vertex at (0,-—2) | 24. Parabola; vertex at (0, 0); directrix the line y = —3 


25. Ellipse; foci at (—3, 0) and (3, 0); vertex at (4, 0) 26. Hyperbola; vertices at (—2, 0) and (2, 0); focus at (4, 0) 
27. Parabola; vertex at (2, —3); focus at (2, —4) 28. Ellipse; center at (—1, 2); focus at (0, 2); vertex at (2, 2) 
29. Hyperbola; center at (—2, —3); focus at (—4, —3); vertex at 30. Parabola; focus at (3,6); directrix the line y = 8 

(~3, -3) 
31. Ellipse; foci at (—4, 2) and (—4, 8); vertex at (—4, 10) 32. Hyperbola; vertices at (—3, 3) and (5, 3); focus at (7, 3) 


33. Center at (—1,2); a= 3; c = 4; transverse axis parallel 34. Center at (4,-2); a= 1; 


to the x-axis to the y-axis 


c = 4; transverse axis parallel 


35. Vertices at (0,1) and (6,1); asymptote the line 3y + 2x =9 36. Vertices at (4,0) and (4, 4); asymptote the line y + 2x = 10 
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In Problems 37-46, identify each conic without completing the squares and without applying a rotation of axes. 


37. y + 4x + 3y —-8 =0 38. 2x7 — y + 8x =0 
39. x7 + 2y? + 4x — 8y +2=0 40. x? — 8y? — x - 2y =0 
41. 9x° — 12xy + dy? + 8x + 12y =0 42. 4x2 + 4xy + 2 — 8V5x + 16V5y = 0 
43. 4x? + 10xy + 4y7-9=0 44. 4x? — 10xy + 47-9 =0 
45. x* — 2xy + 3y° + 2x + 4y-1=0 46. 4x? + 12xy — 10y?> + x+y—-10=0 
In Problems 47-52, rotate the axes so that the new equation contains no xy-term. Analyze and graph the new equation. 
9 9 
AT. 2x7 + Sxy + 2y? 5 0 48. 2x” — Sxy + 2y’ 5 0 
49, 6x’ + 4xy + Sy’ — 20 = 0 50. x2 + 4xy + 4y? + 16V/5x — 8V5y = 0 
51. 4x? — 12xy + Oy? + 12x + 8y = 0 52. 9x? — 24xy + 16y’ + 80x + 60y = 0 
In Problems 53-58, identify the conic that each polar equation represents and graph it. 
4 6 
fF = ———— 4.7 = —_— 6 => 
i eae een eT ane 2 52 ine 
2 8 10 
1 = > 7.6 = ———— 6 = > 
oe 3 + 2cos 0 ee 4 + 8cos6 ~ 5 + 20 sin @ 
In Problems 59-62, convert each polar equation to a rectangular equation. 
4 6 8 2 
. 7 = ——_— . 7 => 1. r = __.—_, 2. 6 = > 
a 1 — cosé ead 2 — sind cd 4+ 8cos0 oo 3 + 2cos 0 


In Problems 63-68, graph the curve whose parametric equations are given and show its orientation. Find the rectangular equation of 
each curve. 


63.x=4t—- 2, y=1—-t -w<t< om 64.x=2P +6, y=5-—t; -c <t< oo 
65. x =3sint, y=4cost+2; 0=St= 27 66.x=Int, y=; t>0 

3 
67. x = sec’t, y= tant; Ostet 6. x=, y=2+4 t=0 


In Problems 69 and 70, find two different parametric equations for each rectangular equation. 


69. y= —-2x + 4 70. y = 2x — 8 
a e 
In Problems 71 and 72, find parametric equations for an object that moves along the ellipse 16 + 97 1 with the motion described. 
71. The motion begins at (4,0), is counterclockwise, and 72. The motion begins at (0,3), is clockwise, and requires 
requires 4 seconds for a complete revolution. 5 seconds for a complete revolution. 


73. Find an equation of the hyperbola whose foci are the vertices 78. Parabolic Arch Bridge A bridge is built in the shape of 
of the ellipse 4x? + 9y* = 36 and whose vertices are the w a parabolic arch. The bridge has a span of 60 feet and a 
foci of this ellipse. maximum height of 20 feet. Find the height of the arch at 


74. Find an equation of the ellipse whose foci are the vertices of distances of 5, 10, and 20 feet from the center. 
2 Ad = : 

the hyperbola x" — 4y" = 16 and whose vertices are the 79, Semielliptical Arch Bridge A bridge is built in the shape 

foci of this hyperbola. of a semielliptical arch. The bridge has a span of 60 feet and 
75. Describe the collection of points in a plane so that the a maximum height of 20 feet. Find the height of the arch at 

distance from each point to the point (3, 0) is three-fourths distances of 5,10, and 20 feet from the center. 

16 
of its distance from the line x = 3° 80. Whispering Gallery The figure below shows the 


specifications for an elliptical ceiling in a hall designed to be 


a Dees eee ee ee a whispering gallery. Where are the foci located in the hall? 


distance from each point to the point (5, 0) is five-fourths of 


how deep should the mirror be in order to reflect the light 6' 
rays parallel to the axis of symmetry? 


16 ls 
its distance from the line x = —. < Bg ss a 
5 On ee 
oun ele ca \ 
77. Searchlight A searchlight is shaped like a paraboloid of : AE > = \ 
w revolution. If a light source is located 1 foot from the vertex ; i } we al | re on. : : 
along the axis of symmetry and the opening is 2 feet across, a. rie W Xp byl 
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81. 


82. 


CH 
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Calibrating Instruments In a test of their recording devices, 
a team of seismologists positioned two of the devices 
2000 feet apart, with the device at point A to the west of the 
device at point B. At a point between the devices and 200 feet 
from point B, a small amount of explosive was detonated 
and a note made of the time at which the sound reached each 
device. A second explosion is to be carried out at a point 
directly north of point B. How far north should the site of 
the second explosion be chosen so that the measured time 
difference recorded by the devices for the second detonation 
is the same as that recorded for the first detonation? 


Uniform Motion Mary’s train leaves at 7:15 AM and 

accelerates at the rate of 3 meters per second per second. 

Mary, who can run 6 meters per second, arrives at the train 

station 2 seconds after the train has left. 

(a) Find parametric equations that model the motion of the 
train and Mary as a function of time. 


[Hint: The position s at time ¢ of an object having 


acceleration ais 5 = zl 


(b) Determine algebraically whether Mary will catch the 
train. If so, when? 


*| (c) Simulate the motions of the train and Mary by simulta- 


neously graphing the equations found in part (a). 


83. Projectile Motion Drew Brees throws a football with an 


initial speed of 80 feet per second at an angle of 35° to the 

horizontal. The ball leaves Brees’s hand at a height of 6 feet. 

(a) Find parametric equations that model the position of 
the ball as a function of time. 

(b) How long is the ball in the air? 

(c) When is the ball at its maximum height? Determine the 
maximum height of the ball. 

(d) Determine the horizontal distance that the ball travels. 


4 (ec) Using a graphing utility, simultaneously graph the 


equations found in part (a). 


84. Formulate a strategy for discussing and graphing an equation 


of the form 


The Chapter Test Prep Videos are step-by-step test solutions available in the 


CHAPTER 


Test Prep 


VIDEOS 


APTER TEST 


Video Resources DVD, in MyMathtab\j, or on this text's You’ Channel. Flip 
back to the Student Resources page to see the exact web address for this 
text’s YouTube channel. 


In Problems 1-3, identify each equation. [f it is a parabola, give its vertex, focus, and directrix; if an ellipse, give its center, vertices, and foci; 
if a hyperbola, give its center, vertices, foci, and asymptotes. 


pee 


4 9 


= 2. 8y = (x - 1)? -4 


In Problems 4-6, find an equation of the conic described; graph the equation. 


4. 


Parabola: focus (—1, 4.5), vertex (—1, 3) 


5. Ellipse: center (0, 0), vertex (0, —4), focus (0, 3) 


6. Hyperbola: center (2, 2), vertex (2, 4), contains the point (2 ar Wil). 5) 


In Problems 7-9, identify each conic without completing the square or rotating axes. 


7. 
10. 


11. 
12. 


13. 


CU 


1. 


2x? + Sxy + 3y? + 3x-7=0 


8. 3x7 — xy + 2y* + 3y 


10 9. x? — 6xy + Dy? + 2x - 3y -2=0 


Given the equation 41x? — 24xy + 34y” — 25 


Identify the conic represented by the polar equation r = 


a 
1 —2cosé 


0, rotate the axes so that there is no xy-term. Analyze and graph the new equation. 


. Find the rectangular equation. 


Graph the curve whose parametric equations are given and show its orientation. Find the rectangular equation for the curve. 


Ke Sto. Ty 


Ve ra 9 


A parabolic reflector (paraboloid of revolution) is used by TV crews at football games to pick up the referee’s announcements, 
quarterback signals, and so on. A microphone is placed at the focus of the parabola. If a certain reflector is 4 feet wide and 1.5 feet 


deep, where should the microphone be placed? 


MULATIVE REVIEW 
For f(x) = —3x” + 5x — 2, find 


f(x + h) — f(x) 


h h#0 


2. Find an equation for each of the following graphs: 
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(a) Line: YA (b) Circle: yh (c) Ellipse: Va 
2 Oe 
Si = > 
= o. x -3 BLT 8s 
a) E —s 
(d) Parabola: Vy (e) Hyperbola: Yh 
- Ne 2) 
ii] 
-1 1 x 
E 
-2 2 x 
—2 = 
3. Find all the solutions of the equation sin(20) = 0.5. 6. What is the domain of the function f(x) = ia 


4. Find a polar equation for the line containing the origin that 
makes an angle of 30° with the positive x-axis. 


5. Find a polar equation for the circle with center at the point 
(0, 4) and radius 4. Graph this circle. 


CHAPTER PROJECTS 


@) Internet-based Project 


I. The Hale-Bopp Comet The orbits of planets and some 
comets about the Sun are ellipses, with the Sun at one focus. 
The aphelion of a planet is its greatest distance from the Sun 


Mean distance 
| —__ Aphelion pete Major 
axis 


Center 
a 


Tes) 


sin x + cos x 
olve the equation cot(20) = 1, where 0° < 6 < 90°. 


8. Find the rectangular equation of the curve 


and 


T 


aT 
= 5tant, y = 5sec*?t, -~ <t< 
‘ - a a 


the perihelion is its shortest distance. The mean distance of 


a planet from the Sun is the length of the semimajor axis of the 
elliptical orbit. See the illustration. 


1. 


Research the history of the Hale-Bopp on the Internet. In 
particular, determine the aphelion and perihelion. Often 
these values are given in terms of astronomical units. What is 
an astronomical unit? What is it equivalent to in miles? In 
kilometers? What is the orbital period of the Hale-Bopp 
Comet? When will it next be visible from Earth? How close 
does it come to Earth? 

Find a model for the orbit of the Hale-Bopp Comet 
around the Sun. Use the x-axis as the major axis. 

The Hale-Bopp Comet has an orbit that is roughly 
perpendicular to that of Earth. Find a model for the orbit 
of Earth using the y-axis as the major axis. 

Use a graphing utility or some other graphing technology 
to graph the paths of the orbits. Based on the graphs, do the 
paths of the orbits intersect? Does this mean the Hale-Bopp 
Comet will collide with Earth? 


The following projects can be found at the Instructor’s Resource Center (IRC): 


II. The Orbits of Neptune and Pluto Pluto and Neptune travel around the Sun in elliptical orbits. Pluto, at times, comes closer to the 
Sun than Neptune, the outermost planet. This project examines and analyzes the two orbits. 


III. Project at Motorola Distorted Deployable Space Reflector Antennas An engineer designs an antenna that will deploy in space 


to collect sunlight. 


IV. Constructing a Bridge over the East River The size of ships using a river and fluctuations in water height due to tides or flooding 
must be considered when designing a bridge that will cross a major waterway. 


V. Systems of Parametric Equations Choosing an approach to use when solving a system of equations depends on the form of the 


system and on the domains of the equations. 


Exponential and 
Logarithmic Functions 


Outline 


7.1 Exponential Functions 7.5. Financial Models 7.7 Building Exponential, Logarithmic, 
7.2 Logarithmic Functions 7.6 Exponential Growth and Decay and Logistic Models from Data 
7.3 Properties of Logarithms Models; Newton's Law; Logistic © Chapter Review 
7.4 Logarithmic and Exponential Growth and Decay Models e Chapter Test 

Equations © Cumulative Review 


© Chapter Projects 


Depreciation of Cars 


You are ready to buy that first new car. You know that cars lose value over time due to 

depreciation and that different cars have different rates of depreciation. So you will 

research the depreciation rates for the cars you are thinking of buying. After all, 
the lower the depreciation rate is, the more the car will be worth each year. 


@) —See the Internet-based Chapter Project I— 


4 A Look Back In Chapter 1 we created a library of functions, naming key functions and listing their 
properties, including the graph. These functions belong to the class of algebraic functions, that is, functions that can be 
expressed in terms of sums, differences, products, quotients, powers, or roots of polynomials. Functions that are not 
algebraic are termed transcendental (they transcend, or go beyond, algebraic functions). 


A Look Ahead > In this chapter, we study two transcendental functions: the exponential function 
and the logarithmic function. These functions occur frequently in a wide variety of applications, such as biology, chemistry, 
economics, and psychology. 
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7.1 Exponential Functions 


PREPARING FOR THIS SECTION Before getting started, review the following: 
Exponents (Appendix A, Section A.1, pp. A7-A9, e Average Rate of Change (Section 1.4, 
and Section A.7, pp. A55-A61) pp. 48-49) 
Graphing Techniques: Transformations (Section 1.6, Horizontal Asymptotes (Section 1.6, 
pp. 61-69) pp. 69-70) 
Solving Equations (Appendix A, Section A.4, Average Rate of Change of a Line (Appendix A, 
pp. A28-A35) Section A.8, p. A65) 


\ Now Work the ‘Are You Prepared?’ problems on page 454. 
OBJECTIVES 1 Evaluate Exponential Functions (p.443) 
2 Graph Exponential Functions (p.447) 
3 Define the Number e (p.450) 
4 Solve Exponential Equations (p.452) 


1 Evaluate Exponential Functions 
In Appendix A, Section A.7, we give a definition for raising a real number a to 
a rational power. Based on that discussion, we gave meaning to expressions of 
the form 


a’ 


where the base a is a positive real number and the exponent r is a rational 
number. 

mS But what is the meaning of a*, where the base a is a positive real number and 
the exponent x is an irrational number? Although a rigorous definition requires 
methods discussed in calculus, the basis for the definition is easy to follow: Select a 
rational number r that is formed by truncating (removing) all but a finite number of 
digits from the irrational number x. Then it is reasonable to expect that 


Sa 


For example, take the irrational number 7 = 3.14159....Then an approximation 
to a” is 


where the digits after the hundredths position have been removed from the value 
for 7. A better approximation would be 


Gt a guia 


where the digits after the hundred-thousandths position have been removed. 
Continuing in this way, we can obtain approximations to a” to any desired degree 
of accuracy. 

Most calculators have an| x” | key oracaret key} / | for working with exponents. 


To evaluate expressions of the form a’, enter the base a, then press the | x” | key 


(or the | A | key), enter the exponent x, and press | = | (or |ENTER)). 
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EXAMPLE 1 Using a Calculator to Evaluate Powers of 2 


Using a calculator, evaluate: 


(a) 214 (b) gil (c) gial4 (d) 21.4142 (e) v2 
Solution = (a) 2!4 = 2.639015822 (6) 2°! © 2.657371628 

(c) 2!414 ~ 2.66474965 (d) 2'4! ~ 2665119089 

(ce) 2%? & 2.665144143 “i 
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It can be shown that the familiar laws for rational exponents hold for real 
exponents. 


THEOREM Laws of Exponents 


If s,t,a, and b are real numbers with a > 0 and b > 0, then 


Introduction to Exponential Growth 
Suppose a function fhas the following two properties: 
1. The value of f doubles with every 1-unit increase in the independent 
variable x. 
2. The value of f at x = 0 is 5,so f(0) = S. 
Table 1 shows values of the function f for x = 0,1, 2,3, and 4. 


We seek an equation y = f(x) that describes this function f. The key fact is that 
the value of f doubles for every 1-unit increase in x. 


Table 1 


f(0) =5 

fC) = 2f(0) =2-5=5:- o Double the value of f at O to get the value at 1. 
f(2) = 2f(1) = 2(5+2) = 5+2? Double the value of fat 1 to get the value at 2. 
(3) = 2f(2) = 2(5-2?) = 5+2? 

F(A) = 2f(3) = 2(5-2?) = 5-24 


The pattern leads us to 


f(a) S2fes 1) = 2692") = 59" 


DEFINITION An exponential function is a function of the form 


where a is a positive real number (a > 0),a 4 1,andC # Ois areal number. 
The domain of f is the set of all real numbers. The base a is the growth factor, 
and because f(0) = Ca® = C, we call C the initial value. J 


WARNING It is important to distinguish 
a power function, g(x) = ax",n = 2, 
an integer, from an exponential function, 
f(x) = C-a,a #1, a> O. In a power 
function, the base is a variable and the 
exponent is a constant. In an exponential 
function, the base is a constant and 
the exponent is a variable. rT] 


THEOREM 


In Words 

For 1-unit changes in the input x 
of an exponential function 

f(x) = C: a’, the ratio 

of consecutive outputs is the 

- constant a. 


EXAMPLE 2 
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In the definition of an exponential function, we exclude the base a = 1 because 
this function is simply the constant function f(x) = C-1* = C. We also need to 
exclude bases that are negative; otherwise, we would have to exclude many values of x 


1 3 
from the domain, such as x = 3 and x = 1 [Recall that (—2)"”? = V-2, 


(—3)°/4 = \/ (—3)° = W—27, and so on, are not defined in the set of real numbers.] 
Finally, transformations (vertical shifts, horizontal shifts, reflections, and so on) of a 
function of the form f(x) = Ca” also represent exponential functions. 

Some examples of exponential functions are 


1 


f(x) = 2" F(x) = (3) +S Gaya 23 


Notice for each function that the base of the exponential expression is a constant 
and the exponent contains a variable. 

In the function f(x) = 5-2*, notice that the ratio of consecutive outputs is 
constant for 1-unit increases in the input. This ratio equals the constant 2, the base of 
the exponential function. In other words, 

EO) 32g 

f(0) 5 fl) 5+2° f(2) 5-2? 


=2 andsoon 


This leads to the following result. 


For an exponential function f(x) = Ca‘, where a > Oanda # 1, if x is any 
real number, then 


Proof 


f(x a 1) = ca" _ qiti-*x 1 
f(x) Ca* 


Identifying Linear or Exponential Functions 


Determine whether the given function is linear, exponential, or neither. For those 
that are linear, find a linear function that models the data. For those that are 
exponential, find an exponential function that models the data. 
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Solution For each function, compute the average rate of change of y with respect to x and the 
ratio of consecutive outputs. If the average rate of change is constant, then the function 
is linear. If the ratio of consecutive outputs is constant, then the function is exponential. 


Table 2 


Average Rate of Change Ratio of Consecutive Outputs 


Average Rate of Change Ratio of Consecutive Outputs 


> BIN 
= 


ala ~! 


(c) 


(a) See Table 2(a). The average rate of change for every 1-unit increase in x is —3. 
Therefore, the function is a linear function. In a linear function the average rate 
of change is the slope m, so m = —3. The y-intercept b is the value of the 
function at x = 0, so b = 2. The linear function that models the data is 
f(x) = mx + b = -3x + 2. 

(b) See Table 2(b). For this function, the average rate of change from —1 to 0 is —16, 
and the average rate of change from 0 to 1 is —8. Because the average rate of 
change is not constant, the function is not a linear function. The ratio of 


: ee : . ; 1 
consecutive outputs for a 1-unit increase in the inputs is a constant, > Because 
the ratio of consecutive outputs is constant, the function is an exponential 


function with growth factor a = > The initial value of the exponential function 
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is C = 16. Therefore, the exponential function that models the data is 
: 1\* 
g(x) = Ca* = 16: (5) : 


See Table 2(c). For this function, the average rate of change from —1 to 0 is 2, 
and the average rate of change from 0 to 1 is 3. Because the average rate of 
change is not constant, the function is not a linear function. The ratio of 
consecutive outputs from —1 to 0 is 2, and the ratio of consecutive outputs from 0 


(c 


wa 


. 7 : : ; : 
to Lis r Because the ratio of consecutive outputs is not a constant, the function 


« 


is not an exponential function. 
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2 Graph Exponential Functions 


If we know how to graph an exponential function of the form f(x) = a‘, then we 
could use transformations (shifting, stretching, and so on) to obtain the graph of any 
exponential function. 

First, we graph the exponential function f(x) = 2*. 


EXAMPLE 3 Graphing an Exponential Function 


Graph the exponential function: f(x) = 2* 


Solution The domain of f(x) = 2* is the set of all real numbers. We begin by locating some 
points on the graph of f(x) = 2*, as listed in Table 3. 

Since 2* > 0 for all x, the range of f is (0, 00). From this, we conclude that the 
graph has no x-intercepts, and, in fact, the graph will lie above the x-axis for all x. 
As Table 3 indicates, the y-intercept is 1. Table 3 also indicates that as x — —0o the 
values of f(x) = 2* get closer and closer to 0. We conclude that the x-axis (y = 0) is 
a horizontal asymptote to the graph as x — —©o. This gives us the end behavior for 
x large and negative. 

To determine the end behavior for x large and positive, look again at Table 3. As 
x — 00, f(x) = 2* grows very quickly, causing the graph of f(x) = 2* to rise very 
rapidly. It is apparent that f is an increasing function and hence is one-to-one. 

Using all this information, we plot some of the points from Table 3 and connect 
them with a smooth, continuous curve, as shown in Figure 1. 


Table 3 


Figure 1 


As we shall see, graphs that look like the one in Figure 1 occur very frequently in 
a variety of situations. For example, the graph in Figure 2 on page 448 illustrates the 
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Figure 2 


Figure 3 


Figure 4 


number of cellular telephone subscribers at the end of each year from 1985 to 
2008. We might conclude from this graph that the number of cellular telephone 
subscribers is growing exponentially. 


Number of Cellular Phone Subscribers at Year End 


Number of Subscribers (in millions) 


eo nr A CO FT WW © - oo 
eo co oa 2 oo. 2 a2 2 & 
a 2 2a 2 2 96 2 2 & 
NNNNN NN NN 


a eo ee eo od 


Source: ©2010 CTIA-The Wireless Association®. All rights reserved. Used with permission. 


We shall have more to say about situations that lead to exponential growth later 
in this chapter. For now, we continue to seek properties of exponential functions. 

The graph of f(x) = 2* in Figure 1 is typical of all exponential functions of the 
form f(x) = a* with a > 1. Such functions are increasing functions and hence are 
one-to-one. Their graphs lie above the x-axis, pass through the point (0,1), and 
thereafter rise rapidly as x > co. As x > —©, the x-axis (y = 0) is a horizontal 
asymptote. There are no vertical asymptotes. Finally, the graphs are smooth and 
continuous with no corners or gaps. 

Figure 3 illustrates the graphs of two more exponential functions whose bases 
are larger than 1. Notice that the larger the base, the steeper the graph is when 
x > 0,and when x < 0, the larger the base, the closer the graph of the equation is to 
the x-axis. 


Seeing the Concept 
Graph Y, = 2” and compare what you see to Figure 1.Clear the screen and graph Y, = 3% and Y, = 6* 


and compare what you see to Figure 3. Clear the screen and graph Y, = 10” and Y, = 100%. 


Properties of the Exponential Function f(x) = a“,a > 1 


1. The domain is the set of all real numbers or (—0°o,0o) using interval 
notation; the range is the set of positive real numbers or (0,00) using 
interval notation. 

2. There are no x-intercepts; the y-intercept is 1. 

3. The x-axis (y = 0) is a horizontal asymptote as x — —co [ lim a* = OF 


x——00 


4. f(x) = a‘, where a > 1, is an increasing function and is one-to-one. 
1 
5. The graph of f contains the points (0, 1), (1, a), and (-1 *). 
6. The graph of f is smooth and continuous, with no corners or gaps. See 


Figure 4. 


Now consider f(x) = a* when0 <a < 1. 
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EXAMPLE 4 Graphing an Exponential Function 


1 x 
Graph the exponential function: f(x) = (5) 


1 x 
Solution = The domain of f(x) = (5) consists of all real numbers. As before, we locate some 


1 x 
Table 4 points on the graph by creating Table 4. Since (5) > 0 for all x, the range of f is 
the interval (0, 00). The graph lies above the x-axis and so has no x-intercepts. The 


1 4 
y-intercept is 1. As x >—00, f(x) = (5) grows very quickly. As x — oo, the 


values of f(x) approach 0. The x-axis (y = 0) is a horizontal asymptote as x — 00. 
It is apparent that f is a decreasing function and so is one-to-one. Figure 5 
illustrates the graph. 


Figure 5 


- 


1 \% ; 
We could have obtained the graph of y = (3) from the graph of y = 2* using 


1\* : 
transformations. The graph of y = (5) = 2* is a reflection about the y-axis of 


the graph of y = 2* (replace x by —x). See Figures 6(a) and (b). 


Figure 6 
Seeing the Concept 
Using a graphing utility, simultaneously a) y= 0% Replace xby —xX; (py y= o-x = (1)* 
graph: ey Reflect about ery (2) 
1\* the y-axis 
(a) Y; = 3% Y = (2) 


1 x 
The graph of f(x) = (3) in Figure 5 is typical of all exponential functions of 
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1\« the form f(x) = a” with 0 < a < 1. Such functions are decreasing and one-to-one. 
Conclude that the graph of Y = (2). Their graphs lie above the x-axis and pass through the point (0,1). The graphs 
fora & 6. is the iefiection about the “MS Fapidly asx =e el As x—> oar the x-axis (y = 0) is a horizontal asymptote. 

There are no vertical asymptotes. Finally, the graphs are smooth and continuous, 


y-axis of the graph of Y; = a%. : 
ee with no corners or gaps. 
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Figure 7 Figure 7 illustrates the graphs of two more exponential functions whose bases 
_ Alyx are between 0 and 1. Notice that the smaller base results in a graph that is steeper 
y=(6) 4 when x < 0. When x > 0, the graph of the equation with the smaller base is closer 

(-1,6)@ 6F to the x-axis. 


Properties of the Exponential Function f(x) = a“, 0 < a < 1 


1. The domain is the set of all real numbers or (—°O,©o) using interval 
notation; the range is the set of positive real numbers or (0,00) using 
interval notation. 


2. There are no x-intercepts; the y-intercept is 1. 
3. The x-axis (y = 0) is a horizontal asymptote as x — 00 [ lim a= 0]. 
4. f(x) = a*,0 < a < 1, isa decreasing function and is one-to-one. 
1 
5. The graph of f contains the points (-1 *), (0, 1), and (1, a). 


6. The graph of f is smooth and continuous, with no corners or gaps. See 
Figure 8. 


EXAMPLE 5 Graphing Exponential Functions Using Transformations 


Graph f(x) = 2* — 3 and determine the domain, range, and horizontal asymptote 


of f. 
Solution — Begin with the graph of y = 2*. Figure 9 shows the stages. 


Figure 9 


a) y=2* Replace xby — xX; (phy y=2-* Subtract 3; c) y=2-*-3 
oy reflect yy shift down () y 
about y-axis 3 units 


As Figure 9(c) illustrates, the domain of f(x) = 2-* — 3 is the interval (—0o, co) 
and the range is the interval (—3, co). The horizontal asymptote of f is the line 


y= -3. =) 
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3 Define the Number e 


As we shall see shortly, many problems that occur in nature require the use of an 
exponential function whose base is a certain irrational number, symbolized by the 
letter e. 
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One way of arriving at this important number e is given next. 


DEFINITION The number e is defined as the number that the expression 


€ ae +)’ (2) 
n 


KX approaches as n — ©0. In calculus, this is expressed using limit notation as 


eal 


Table 5 illustrates what happens to the defining expression (2) as n takes on 
increasingly large values. The last number in the right column in the table is correct 
to nine decimal places and is the same as the entry given for e on your calculator 
(if expressed correctly to nine decimal places). 

The exponential function f(x) = e*, whose base is the number e, occurs with 
such frequency in applications that it is usually referred to as the exponential 


function. Indeed, most calculators have the key | e* | or | exp(x) |, which may be 


used to evaluate the exponential function for a given value of x.* 


Table 5 1 1 Table 6 


1 


0.5 le Ds 
0.2 12 2.48832 
10 0.1 ‘lel 2.59374246 
100 0.01 1.01 2.704813829 
1,000 0.001 1.001 2.716923932 
10,000 0.0001 1.0001 2.718145927 
100,000 0.00001 1.00001 2.718268237 
1,000,000 0.000001 1.000001 2.718280469 
1,000,000,000 10° 1+ 10° 2.718281827 
Figure 10 Vi 
y=e L Now use your calculator to approximate e* for x 2,Xx 1,x=0,x =1, 
L (2, e?) and x = 2, as we have done to create Table 6. The graph of the exponential function 


f(x) = e* is given in Figure 10. Since 2 < e < 3, the graph of y = e* lies between 
the graphs of y = 2* and y = 3*. Do you see why? (Refer to Figures 1 and 3.) 


ie Seeing the Concept 


Graph Y, = e* and compare what you see to Figure 10. Use eVALUEate or TABLE to verify the points on 
the graph shown in Figure 10. Now graph Y, = 2% and Y; = 3% on the same screen as Y; = e*. Notice 


that the graph of Y; = e* lies between these two graphs. 


(1, €) 


EXAMPLE 6 Graphing Exponential Functions Using Transformations 


Graph f(x) = —e*~? and determine the domain, range, and horizontal asymptote 


of f. 
Solution Begin with the graph of y = e*. Figure 11 on page 452 shows the stages. 


*Tf your calculator does not have one of these keys, refer to your Owner’s Manual. 


452 
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Figure 11 


[ (5, -e”) 
—————— _ ——— o3 8 
(a) y= e* Multiply by-1;  (b) y= —@* Replace x by (ce) y= —e* 
Reflect about x-3; 
x-axis. Shift right 
3 units. 
As Figure 11(c) illustrates, the domain of f(x) = —e*~3 is the interval (—00, 00), 


and the range is the interval (—°0, 0). The horizontal asymptote is the line y = 0. 
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4 Solve Exponential Equations 


Equations that involve terms of the form a*, where a > 0 and a # 1, are referred to 
as exponential equations. Such equations can sometimes be solved by appropriately 
applying the Laws of Exponents and property (3): 


If a‘ =a",wherea > Oanda #1, then u =v. (3) 


When two exponential expressions 


with the same base are equal, 
© then their exponents are equal. 


Property (3) is a consequence of the fact that exponential functions are one-to- 
one. To use property (3), each side of the equality must be written with the same base. 


EXAMPLE 7 Solving Exponential Equations 


Solve each exponential equation. 
(a) gxt1 = 81 (b) 42x-1 = grt 
Solution (a) Since 81 = 34, write the equation as 
eae Mee 
Now we have the same base, 3, on each side. Set the exponents equal to each 
other to obtain 
x+1=4 
x =3 
The solution set is {3}. 
(b) 42x-1 = grt3 
CD ame, = (eye 4= 24.8 = 23 
92(2x-1) = 23(+3) (a’)? = gi’ 
2(2x — 1) = 3(x + 3) Ifa" = a’, then u = v. 
4x -2=3x+9 
x = 11 
The solution set is {11}. 


om=====-Now Work prosLem 63 


SECTION 7.1 Exponential Functions 453 
EXAMPLE 8 Solving an Exponential Equation 
1 
Solve: e* = (eyes 
e 


Solution —_ Use the Laws of Exponents first to get a single expression with the base e on the 


right side. 
1 
(ey = = pt.g3 = gt-3 
e 
As a result, 
oe = ex-3 
-x? =2x -3 Apply property (3). 
x +2x-3=0 Place the quadratic equation in standard form. 
(x + 3)\(x - 1) =0 Factor. 
x=-3 or x=1 Use the Zero-Product Property. 
The solution set is {—3, 1}. “J 


EXAMPLE 9 Exponential Probability 


Between 9:00 Pm and 10:00 pM cars arrive at Burger King’s drive-thru at the rate of 
12 cars per hour (0.2 car per minute). The following formula from statistics can be 
used to determine the probability that a car will arrive within f minutes of 9:00 PM. 


F(t)=1-e° 


(a) Determine the probability that a car will arrive within 5 minutes of 9 pM (that is, 
before 9:05 PM). 


(b) Determine the probability that a car will arrive within 30 minutes of 9 pm 
(before 9:30 pM). 


(c) Graph F using your graphing utility. 
(d) What value does F approach as t increases without bound in the positive direction? 


Solution (a) The probability that a car will arrive within 5 minutes is found by evaluating 
F(t) att =5. 
F(5) =1 — e 90) = 0.63212 


Use a calculator. 


We conclude that there is a 63% probability that a car will arrive within 5 minutes. 
(b) The probability that a car will arrive within 30 minutes is found by evaluating 


F(t) att = 30. 
F(30) = 1 — 09) = 0.9975 
Figure 12 
1 Use a calculator. 
There is a 99.75% probability that a car will arrive within 30 minutes. 
(c) See Figure 12 for the graph of F. 
(d) As time passes, the probability that a car will arrive increases. The value that F 
1 
approaches can be found by letting t > 00. Since e?! = a; it follows that 
oe 
i 30 e 9!» () as t— co. We conclude that F approaches 1 as f gets large. The 
algebraic analysis is confirmed by Figure 12. Pa 
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SUMMARY Properties of the Exponential Function 


Domain: the interval (—©o, 00); range: the interval (0, 00) 
x-intercepts: none; y-intercept: 1 
Horizontal asymptote: x-axis (y = 0) as x > —oo 
Increasing; one-to-one; smooth; continuous 
See Figure 4 for a typical graph. 
Domain: the interval (— 00, 00); range: the interval (0, 00) 
x-intercepts: none; y-intercept: 1 
Horizontal asymptote: x-axis (y = 0) as x > co 
Decreasing; one-to-one; smooth; continuous 
See Figure 8 for a typical graph. 

If a” = a’, where a > Oanda # 1, thenu = v. 


7.1 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. 4 = 5873 = oo5= . (pp. A7-A9 and 4, Find the average rate of change of f(x) = 3x — 5 from 
pp. A55-A61) —_ x = Oto x = 4. (pp. 48-49) 
2. Solve: x7 + 3x = 4 (pp. A28-A35) 5. True or False The average rate of change of a line is a 


constant, and equals the slope of the line. (p. A65) 
3. True or False To graph y = (x — 2)°, shift the graph of 


y = x° to the left 2 units. (pp. 61-69) 


Concepts and Vocabulary 


6. A(n) is a function of the form 10. True or False The graph of the exponential function 
f(x) = Ca*,wherea > 0,a#1, and C#0 are real f(x) = a‘, where a > O anda # 1,has no x-intercept. 
numbers. The base a is the and C is the F . ‘ 

————=-— = 11. The graph of every exponential function f(x) = a’, where 
$= f(x + 1) a > Oand a # 1, passes through three points: ; A 

7. For an exponential function f(x) = Ca’, F(x) — and ; 

8. True or False The domain of the exponential function 12. If the graph of the exponential function f(x) = a", 
f(x) =a", wherea > Oanda #1, is the set of all real where a > Oanda # 1, is decreasing, then a must be less 
numbers. than 


x _ 24 = 
9. True or False The range of the exponential function 13. 1f3"=3',thenx = 


= 7k i 1\* 
f(x) = a‘, where a > Oanda # 1, is the set of all real 1d Tine or False. The giaphy of y— 2% andy = (3) _ 


numer identical. 
Skill Building 
In Problems 15-24, approximate each number using a calculator. Express your answer rounded to three decimal places. 
N45. (a) 322 (b) 3223 (c) 3223 (d) 3V5 16. (a) 517 (b) 5173 (c) 54722 (d) 53 
17. (a) 23.14 (b) 23.141 (c) 23.1415 (d) QF 18. (a) Q7 (b) 22-71 (c) 22-718 (d) 2 
19. (a) 3.177 (b) 3.1477! (c) 3.141778 = (d) a° 20. (a) 2.77! (b) 2.7134 (c) 2.71894! (d) e” 


21. el? 22. e 13 23, e085 24, e! 
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In Problems 25-32, determine whether the given function is linear, exponential, or neither. For those that are linear functions, find a linear 
function that models the data; for those that are exponential, find an exponential function that models the data. 


X\ 25. 


In Problems 33-40, the graph of an exponential function is given. Match each graph to one of the following functions. 


(a) y= 3" (b) y=3" (c) y= -3* 
Qyaa =i ayes” gyas 
33. 34. y 
3 
y=0 


In Problems 41-52, use transformations to graph each function. Determine the domain, range, and horizontal asymptote of each function. 


\ 41. f(x) = 2% +1 42. f(x) =3*-2 43. f(x) = 3°! 44, f(x) = 2**? 
45. f(x) =3- (3) 46. f(x) =4- (3) 47, f(x) = 3" =2 48. f(x) = -3* +1 
49. f(x) =2+ 41 50. f(x) =1—-2"+3 51. f(x) =2 + 3°? 52. f(x) =1-278 


In Problems 53-60, begin with the graph of y = e* [Figure 10] and use transformations to graph each function. Determine the domain, 
range, and horizontal asymptote of each function. 


N 33. f(x) = 54. f(x) = —e* 55. f(x) = 6°? 56. f(x) =e -1 
57. f(x) =5-—e* 58. f(x) = 9 — 3e* 59, f(x) =2-e7? 60. f(x) = 7 — 3e* 
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In Problems 61-80, solve each equation. 


61. 7 = 7 62, 5° =5" 
ty iy a 

65. (2) = 25 66. (z) = 64. 

O..3° =o 70. 4° = 2" 


Bs a2 74, 5° *8 = 125% 
77, eX = rts 78. e =e * 


81. If 4* = 7, what does 4~** equal? 


83. If 3-* = 2, what does 37* equal? 


Nea 2 = 46 64. 3" = 81 

1 

67, 2* 1=4 68. 5°43 = . 
71. 8**"4 = 16° 72, 9) = 27 


75, 4°-2" = 162 76. 9-27" = 37 
79. e =e” “> 80. (ct)*+e* = el 


82. If 2* = 3, what does 4 * equal? 


84. If 5~* = 3, what does 5** equal? 


In Problems 85-88, determine the exponential function whose graph is given. 


85. 


89. Find an exponential function with horizontal asymptote y = 2 
whose graph contains the points (0,3) and (1,5). 


Mixed Practice 


91. Suppose that f(x) = 2”. 
(a) What is f(4)? What point is on the graph of f ? 


(b) If f(x) = what is x? What point is on the graph 


16 
of f? 


93. Suppose that g(x) = 4* + 2. 
(a) What is g(—1)? What point is on the graph of g? 
(b) If g(x) = 66, what is x? What point is on the graph 
of g? 


Al! x 
95. Suppose that H(x) = (3) — 4, 


(a) What is H(—6)? What point is on the graph of H? 

(b) If H(x) = 12, what is x? What point is on the graph 
of H? 

(c) Find the x-intercept of the graph of H. 


86. 


88. 


90. Find an exponential function with horizontal asymptote 
y = —3 whose graph contains the points (0, —2) and (—2, 1). 


92. Suppose that f(x) = 3*. 
(a) What is f(4)? What point is on the graph of f? 
(b) If f(x) = = what is x? What point is on the graph 
of f? 


94. Suppose that g(x) = 5* — 3. 
(a) What is g(—1)? What point is on the graph of g? 
(b) If g(x) = 122, what is x? What point is on the graph 
of g? 
1 x 
96. Suppose that F(x) = (3) = 3. 
(a) What is F(—5)? What point is on the graph of F? 
(b) If F(x) = 24, what is x? What point is on the graph 
of F? 
(c) Find the x-intercept of the graph of F. 
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In Problems 97-100, graph each function. Based on the graph, state the domain and the range and find any intercepts. 


97. f(x) = { 


e* ifx <0 
e ifx=0 


e ifx<0 


99. f(x) = { a 


e ifx = 0 


e* 1.x%<= 0 
7 FR) he ifx =0 

-e* ifx<0O 
Be Fey = a ifx =0 


Applications and Extensions 


101. 


102. 


103. 


104. 


105. 


106. 


\ 107. 


Optics Ifa single pane of glass obliterates 3% of the light 
passing through it, the percent p of light that passes through 
n successive panes is given approximately by the function 


p(n) = 100(0.97)” 


(a) What percent of light will pass through 10 panes? 
(b) What percent of light will pass through 25 panes? 


Atmospheric Pressure The atmospheric pressure p on a 
balloon or plane decreases with increasing height. This 
pressure, measured in millimeters of mercury, is related to 
the height / (in kilometers) above sea level by the function 


p(h) = 760¢e°'" 


(a) Find the atmospheric pressure at a height of 2 kilo- 
meters (over a mile). 
(b) What is it at a height of 10 kilometers (over 30,000 feet)? 


Depreciation The price p, in dollars, of a Honda Civic DX 
Sedan that is x years old is modeled by 


p(x) = 16,630(0.90)* 


(a) How much should a 3-year-old Civic DX Sedan cost? 
(b) How much should a 9-year-old Civic DX Sedan cost? 


Healing of Wounds = The normal healing of wounds can be 
modeled by an exponential function. If Ap represents the 
original area of the wound and if A equals the area of the 
wound, then the function 


A(n) _ Age °" 


describes the area of a wound after n days following an 

injury when no infection is present to retard the healing. 

Suppose that a wound initially had an area of 100 square 

millimeters. 

(a) If healing is taking place, how large will the area of the 
wound be after 3 days? 

(b) How large will it be after 10 days? 


Drug Medication The function 
D(h) — 5e 04h 


can be used to find the number of milligrams D of a certain 
drug that is in a patient’s bloodstream h hours after the drug 
has been administered. How many milligrams will be 
present after 1 hour? After 6 hours? 


Spreading of Rumors A model for the number N of people 
in a college community who have heard a certain rumor is 


N=P=¢°") 
where P is the total population of the community and d is 
the number of days that have elapsed since the rumor 
began. In a community of 1000 students, how many students 
will have heard the rumor after 3 days? 


Exponential Probability Between 12:00 pm and 1:00 pM, 
cars arrive at Citibank’s drive-thru at the rate of 6 cars per 


108. 


109. 


110. 


hour (0.1 car per minute). The following formula from 
probability can be used to determine the probability that a 
car will arrive within ¢ minutes of 12:00 PM: 


F(t) =1- 6°" 


(a) Determine the probability that a car will arrive within 
10 minutes of 12:00 PM (that is, before 12:10 PM). 

(b) Determine the probability that a car will arrive within 
40 minutes of 12:00 pM (before 12:40 pm). 

(c) What value does F approach as t becomes unbounded in 
the positive direction? 

(d) Graph F using a graphing utility. 

(e) Using INTERSECT, determine how many minutes are 
needed for the probability to reach 50%. 


Exponential Probability Between 5:00 Pm and 6:00 pM, 
cars arrive at Jiffy Lube at the rate of 9 cars per hour 
(0.15 car per minute). The following formula from probabil- 
ity can be used to determine the probability that a car will 
arrive within ¢ minutes of 5:00 PM: 


F(t) =1- e 0-15t 


(a) Determine the probability that a car will arrive within 
15 minutes of 5:00 Po (that is, before 5:15 PM). 

(b) Determine the probability that a car will arrive within 
30 minutes of 5:00 Pm (before 5:30 PM). 

(c) What value does F approach as t becomes unbounded in 
the positive direction? 

(d) Graph F using a graphing utility. 

(ec) Using INTERSECT, determine how many minutes are 
needed for the probability to reach 60%. 

Poisson Probability Between 5:00 pm and 6:00 PM, cars 

arrive at McDonald’s drive-thru at the rate of 20 cars per 

hour. The following formula from probability can be used to 

determine the probability that x cars will arrive between 

5:00 pm and 6:00 PM. 


20* e 20 
x! 


P(x) = 


where 


x!=x-(x —1)+(x% — 2)----+3-+2-1 

(a) Determine the probability that x = 15 cars will arrive 
between 5:00 PM and 6:00 PM. 

(b) Determine the probability that x = 20 cars will arrive 


between 5:00 PM and 6:00 PM. 


Poisson Probability People enter a line for the Demon 
Roller Coaster at the rate of 4 per minute. The following 
formula from probability can be used to determine the 
probability that x people will arrive within the next minute. 


4*e4 


x! 


P(x) = 


458 


111. 


112. 


113. 
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where 


1) +(x — 2)e06++3+201 


(a) Determine the probability that x = 5 people will arrive 
within the next minute. 

(b) Determine the probability that x = 8 people will arrive 
within the next minute. 


x!=x-+(x 


Relative Humidity The relative humidity is the ratio 
(expressed as a percent) of the amount of water vapor in the 
air to the maximum amount that it can hold at a specific 
temperature. The relative humidity, R, is found using the 
following formula: 

+2) 


where T is the air temperature (in °F) and D is the dew point 

temperature (in °F). 

(a) Determine the relative humidity if the air temperature is 
50° Fahrenheit and the dew point temperature is 41° 
Fahrenheit. 

(b) Determine the relative humidity if the air temperature is 
68° Fahrenheit and the dew point temperature is 59° 
Fahrenheit. 

(c) What is the relative humidity if the air temperature and 
the dew point temperature are the same? 


4221 4221 
T+459.4 D+459.4 


R=10 


Learning Curve Suppose that a student has 500 vocabulary 
words to learn. If the student learns 15 words after 5 minutes, 
the function 


Li = 501 =) 


approximates the number of words L that the student will 
learn after ¢ minutes. 

(a) How many words will the student learn after 30 minutes? 
(b) How many words will the student learn after 60 minutes? 


Current in a RL Circuit The equation governing the 
amount of current J (in amperes) after time f¢ (in seconds) in 
a single RL circuit consisting of a resistance R (in ohms), an 
inductance L (in henrys), and an electromotive force F (in 
volts) is 


p= =i — any 
R 


(a) If E = 120 volts, R = 10 ohms, and L = 5 henrys, 
how much current J, is flowing after 0.3 second? After 
0.5 second? After 1 second? 

(b) What is the maximum current? 

(c) Graph this function J = /,(t), measuring J along the 
y-axis and ¢ along the x-axis. 

(d) If E = 120 volts, R = 5 ohms, and L = 10 henrys, 
how much current /, is flowing after 0.3 second? After 
0.5 second? After 1 second? 

(e) What is the maximum current? 

(f) Graph the function J = /,(t) on the same coordinate 
axes as I,(f). 


114. Current in a RC Circuit The equation governing the 
amount of current J (in amperes) after time ¢ (in microseconds) 
in a single RC circuit consisting of a resistance R (in ohms), a 
capacitance C (in microfarads), and an electromotive force E 
(in volts) is 


pa Eero) 
R 
I 
—_—_—- 
R 
+ 
E c 


(a) If E = 120 volts, R = 2000 ohms, and C = 1.0 micro- 
farad, how much current J, is flowing initially (t = 0)? 
After 1000 microseconds? After 3000 microseconds? 

(b) What is the maximum current? 

(c) Graph the function J = /,(t), measuring J along the 
y-axis and ¢ along the x-axis. 

(d) If E = 120 volts, R = 1000 ohms, and C = 2.0 micro- 
farads, how much current /, is flowing initially? After 
1000 microseconds? After 3000 microseconds? 

(ec) What is the maximum current? 

(f) Graph the function J = J,(t) on the same coordinate axes 
as I(t). 

5. If fis an exponential function of the form f(x) = C-a* with 

growth factor 3 and f(6) = 12, what is f(7)? 


116. Another Formula for e Use a calculator to compute the 
values of 
1 1 1 
PET Bee 
for n = 4, 6, 8, and 10. Compare each result with e. 
[Hint: 1! = 1,2! = 2-1,3! = 3-2-1, 
nt = n(n — 1)++-* (3)(2)(1)-J 
117. Another Formula for e Use a calculator to compute the 


various values of the expression. Compare the values to e. 


etc. 


X 118. Difference Quotient If f(x) = a‘, show that 


fat h)-f) at -a 
i — h#0 
119. If f(x) = a‘, show that f(A + B) = f(A)-f(B). 
120. If f(x) = a‘, show that f(—x) = a 


121. If f(x) = a‘, show that f(ax) = [f(x)]*. 


Problems 122 and 123 provide definitions for two other transcen- 
dental functions. 


122. The hyperbolic sine function, designated by sinh x, is defined 
as 


sinh x = xe =e) 
(a) Show that f(x) = sinh x is an odd function. 
“ (b) Graph f(x) = sinh x using a graphing utility. 


123. The hyperbolic cosine function, designated by cosh x, is 
defined as 


1 
cosh x = 5 (e* + e*) 


(a) Show that f(x) = cosh x is an even function. 


Explaining Concepts: Discussion and Writing 


125. The bacteria in a 4-liter container double every minute. After 
60 minutes the container is full. How long did it take to fill 
half the container? 


126. Explain in your own words what the number e is. Provide at 
least two applications that use this number. 


127. Do you think that there is a power function that increases 
more rapidly than an exponential function whose base is 
greater than 1? Explain. 


‘Are You Prepared?’ Answers 


1. 64; 4; 2 


: 2. {-4, 1) 


3. False 4.3 


7.2 Logarithmic Functions 
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= ral x) = cosh x using a graphing utility. 

> (b) Graph h g a graphing utility. 

(c) Refer to Problem 122. Show that, for every x, 
(cosh x)? — (sinh x)* = 


Historical Problem Pierre de Fermat (1601-1665) conjec- 
tured that the function 


f(x) =2@ 41 


124. 


for x = 1,2,3, ..., would always have a value equal to a 
prime number. But Leonhard Euler (1707-1783) showed 
that this formula fails for x = 5. Use a calculator to deter- 
mine the prime numbers produced by f for x = 1,2,3, 4. 
Then show that f(5) = 641 X 6,700,417, which is not prime. 


128. As the base a of an exponential function f(x) = a‘, where 
a > 1 increases, what happens to the behavior of its graph 
for x > 0? What happens to the behavior of its graph for 


x <0? 


1 x 
129. The graphs of y = a * and y = (2) are identical. Why? 


5. True 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Solving Inequalities (Appendix A, Section A.6, 
pp. A49-A52) 

e One-to-One Functions; Inverse Functions 
(Section 1.7, pp. 75-83) 


e Solving Equations (Appendix A, Section A.4, 
pp. A28-A35) 


& Now Work the ‘Are You Prepared?’ problems on page 468. 


OBJECTIVES 1 Change Exponential Statements to Logarithmic Statements and 
Logarithmic Statements to Exponential Statements (p.460) 


2 Evaluate Logarithmic Expressions (p.460) 


3 Determine the Domain of a Logarithmic Function (p.461) 


4 Graph Logarithmic Functions (p.462) 


5 Solve Logarithmic Equations (p.466) 


Recall that a one-to-one function y = f(x) has an inverse function that is defined 
(implicitly) by the equation x = f(y). In particular, the exponential function 
y = f(x) = a‘, where a > 0 and a # 1, is one-to-one and hence has an inverse 
function that is defined implicitly by the equation 


x=a, a> 0, a#él 


This inverse function is so important that it is given a name, the logarithmic function. 
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DEFINITION The logarithmic function to the base a, where a > 0 and a # 1, is denoted by 
y = log, x (read as “y is the logarithm to the base a of x”) and is defined by 


ss 
_ In Words = y =log,x ifandonlyif x =a’ 

es When you read log,x, think to | 

- yourself “a raised to what power The domain of the logarithmic function y = log, x is x > 0. J 
_ gives me x.” | 


As this definition illustrates, a logarithm is a name for a certain exponent. So, 
log, x represents the exponent to which a must be raised to obtain x. 


EXAMPLE 1 Relating Logarithms to Exponents 


(a) If y = log; x, then x = 3”. For example, the logarithmic statement 4 = log; 81 
is equivalent to the exponential statement 81 = 37. 


1 1 
(b) If y = logs x, then x = 5”. For example, —1 = loas( +) is equivalent to 5 a, 


1 Change Exponential Statements to Logarithmic Statements 
and Logarithmic Statements to Exponential Statements 


We can use the definition of a logarithm to convert from exponential form to 
logarithmic form, and vice versa, as the following two examples illustrate. 


EXAMPLE 2 Changing Exponential Statements to Logarithmic Statements 


Change each exponential statement to an equivalent statement involving a 
logarithm. 


(a) 12 =m (b) e? =9 (c) at = 24 
Solution Use the fact that y = log, x and x = a’, where a > O anda # 1, are equivalent. 
(a) If 1.23 = m, then 3 = log,, m. 
(b) Ife’ = 9, then b = log, 9. 
(c) Ifa* = 24, then 4 = log, 24. -! 


om======-Now Work prosBLem 9 


EXAMPLE 3 Changing Logarithmic Statements to Exponential Statements 
Change each logarithmic statement to an equivalent statement involving an 
exponent. 

(a) log, 4 = 5 (b) log, b = —3 (c) log; 5 =c 


Solution (a) If log, 4 = 5, thena’ = 4. 
(b) Iflog. b = —3, thene? = 
(c) Iflog;5 = c, then 3° = 5. 


- 


om=====-Now Work prosBL—em 17 


2 Evaluate Logarithmic Expressions 


To find the exact value of a logarithm, we write the logarithm in exponential 
notation using the fact that y = log, x is equivalent to a” = x and use the fact that if 
a“ = a’, thenu = v. 
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EXAMPLE 4 Finding the Exact Value of a Logarithmic Expression 
Find the exact value of: 
1 
(a) log, 16 (b) logs55 


I. 
Solution (a) To evaluate log, 16, think “2 raised | (b) To evaluate log; 7 think “3 raised 
to what power yields 16.” So, : = 
to what power yields 7 So, 
y = log, 16 1 
2” = 16 Change to exponential y= logs55 
form. 1 
Pa? C=? 3% = 7 Change to exponential 
y=4 Equate exponents. form 
37 = 33 eT 
Therefore, log, 16 = 4. 27 mS 
y=-3 Equate exponents. 
1 
Therefore, log3;—~ = —3. 
erefore, log; 7 


J 
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3 Determine the Domain of a Logarithmic Function 


The logarithmic function y = log,x has been defined as the inverse of the 
exponential function y = a*. That is, if f(x) = a‘, then f~'(x) = log, x. Based on 
the discussion given in Section 1.7 on inverse functions, for a function f and its 
inverse f_', we have 

Domain of f-! = Range of f and Range of f-' = Domain of f 


Consequently, it follows that 


Domain of the logarithmic function = Range of the exponential function = (0, co) 


Range of the logarithmic function = Domain of the exponential function = (— 00, co) 


In the next box, we summarize some properties of the logarithmic function: 


y =log,x (defining equation: x = a’) 
Domain: 0 < x < © Range: —co<y<o 


The domain of a logarithmic function consists of the positive real numbers, so 
the argument of a logarithmic function must be greater than zero. 


EXAMPLE 5 Finding the Domain of a Logarithmic Function 


Find the domain of each logarithmic function. 
1+x 
(a) F(x) = loss(x +3) (b) g(x) = tox(4**) (©) A(x) = towel 


Solution —=_ (a) The domain of F consists of all x for which x + 3 > 0, that is, x > —3. Using 
interval notation, the domain of f is (—3, 00). 


(b) The domain of g is restricted to 
1+x 
l= 
Solving this inequality, we find that the domain of g consists of all x between —1 
and 1, that is, -1 < x < 1 or, using interval notation, (—1, 1). 


>0 
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Figure 13 


(c) 


Since |x| > 0, provided that x # 0, the domain of / consists of all real numbers 
except zero or, using interval notation, (—°°0,0) U (0, ©). a 


-Now Work problems 39 AND 45 


Graph Logarithmic Functions 


Since exponential functions and logarithmic functions are inverses of each other, 


the 


y= 


graph of the logarithmic function y = log, x is the reflection about the line 
x of the graph of the exponential function y = a‘, as shown in Figure 13. 


y — 
line 


Figu 


(a) 0<a<t1 (b) a>1 


For example, to graph y = log) x, graph y = 2* and reflect it about the line 


1 x 
x. See Figure 14.To graph y = log)/3 x, graph y = (3) and reflect it about the 
y = x. See Figure 15. 


re14 Figure 15 
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The 


P 


1. 


n WN mw NW 


graphs of y = log, x in Figures 13(a) and (b) lead to the following properties. 


roperties of the Logarithmic Function f(x) = log,x 


The domain is the set of positive real numbers or (0, 00) using interval 
notation; the range is the set of all real numbers or (— 09, Co) using interval 
notation. 


. The x-intercept of the graph is 1. There is no y-intercept. 
. The y-axis (x = 0) is a vertical asymptote of the graph. 
. A logarithmic function is decreasing if 0 < a < 1 and increasing if a > 1. 


. The graph of f contains the points (1,0), (a, 1), and (2. -1) 


. The graph is smooth and continuous, with no corners or gaps. 
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If the base of a logarithmic function is the number e, then we have the natural 


cr 


_ In Words logarithm function. This function occurs so frequently in applications that it is given 
 y = log,x io written y = In x a special symbol, In (from the Latin, /ogarithmus naturalis). That is, 
y=Inx ifandonlyif x =e’ (1) 


Since y = In x and the exponential function y = e* are inverse functions, we 
can obtain the graph of y = In x by reflecting the graph of y = e* about the line 
y = x. See Figure 16. 

Using a calculator with an | In | key, we can obtain other points on the graph of 
f(x) = In x. See Table 7. 


Figure 16 


ey Seeing the Concept 


Graph Y, = e* and Y, =Inx on the 
same square screen. Use eVALUEate to 
verify the points on the graph given in y=0—3 
Figure 16. Do you see the symmetry of 
the two graphs with respect to the line 


y=x? 


EXAMPLE 6 Graphing a Logarithmic Function and Its Inverse 


(a) Find the domain of the logarithmic function f(x) = —In(x — 2). 

(b) Graph f. 

(c) From the graph, determine the range and vertical asymptote of f. 

(d) Find f |, the inverse of f. 

(e) Find the domain and the range of f~!. 

(f) Graph ft. 

Solution (a) The domain of f consists of all x for which x — 2 > O or, equivalently, x > 2. 

The domain of f is {x|x > 2} or (2, 00) in interval notation. 

(b) To obtain the graph of y = —In(x — 2), we begin with the graph of y = Inx 
and use transformations. See Figure 17. 


Figure 17 


og by = 1; byl 
reflect x= 2shi 
(a) y=Inx about x-axis (b) y= —Inx right 2 units. (c) y= —In(x— 2) 


(c) The range of f(x) = —In(x — 2) is the set of all real numbers. The vertical 
asymptote is x = 2. [Do you see why? The original asymptote (x = 0) is shifted 
to the right 2 units. ] 
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d) To find f', begin with y = —In(x — 2). The inverse function is defined 
8g 
(implicitly) by the equation 
x = —In(y — 2) 
Proceed to solve for y. 


—x = In(y — 2) Isolate the logarithm. 


— 


e*=y-2 Change to an exponential statement. 


y=e*+2 Solve for y. 


The inverse of f is f-'(x) = e* + 2. 


(e) The domain of f ~! equals the range of f, which is the set of all real numbers, from 
part (c). The range of f' is the domain of f, which is (2, 00) in interval notation. 

(f) To graph f~!, use the graph of f in Figure 17(c) and reflect it about the 
line y = x. See Figure 18. We could also graph f '(x) =e * + 2 using 
transformations. 


Figure 18 


Figure 19 


ia e 
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If the base of a logarithmic function is the number 10, then we have the 
common logarithm function. If the base a of the logarithmic function is not 
indicated, it is understood to be 10. That is, 


y=logx ifandonlyif x = 10” 


Since y = log x and the exponential function y = 10* are inverse functions, we 
can obtain the graph of y = log x by reflecting the graph of y = 10* about the line 
y = x. See Figure 19. 


y=logx 


EXAMPLE 7 Graphing a Logarithmic Function and Its Inverse 


(a) Find the domain of the logarithmic function f(x) = 3log (x — 1). 

(b) Graph f. 

(c) From the graph, determine the range and vertical asymptote of f. 

(d) Find f ~} the inverse of f. 

(e) Find the domain and the range of f~!. 

(f) Graph f71 

Solution —_ (a) The domain of f consists of all x for which x — 1 > Oor, equivalently, x > 1. 

The domain of f is {x|x > 1}or(1, ©) in interval notation. 

(b) To obtain the graph of y = 3 log(x — 1), begin with the graph of y = log x and 
use transformations. See Figure 20. 
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Figure 20 


Replace x by x- 1; Multiply by 3; vertical 


horizontal shift right stretch by a factor of 3. 
1 unit 
(a) y = log x (b) y = log (x — 1) (c) y = 3 log (x — 1) 


(c) The range of f(x) = 3 log(x — 1) is the set of all real numbers. The vertical 
asymptote is x = 1. 
(d 


wa 


Begin with y = 3 log(x — 1). The inverse function is defined (implicitly) by the 
equation 


x = 3log(y — 1) 
Proceed to solve for y. 


x 
37 log (y — 1) _ Isolate the logarithm. 


10° = y-1 Change to an exponential statement. 
y=10°7 +1 Solve for y. 


The inverse of f is f'(x) = 10°? + 1. 
(e) The domain of f~! is the range of f, which is the set of all real numbers, from 
part (c). The range of f~! is the domain of f, which is (1, 00) in interval notation. 
(f) To graph f~!, we use the graph of f in Figure 20(c) and reflect it about the 
line y = x. See Figure 21. We could also graph f-'(x) = 10%? + 1 using 
transformations. 


Figure 21 
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5 Solve Logarithmic Equations 


Equations that contain logarithms are called logarithmic equations. Care must be 
taken when solving logarithmic equations algebraically. In the expression log, M, 
remember that a and M are positive and a # 1. Be sure to check each apparent 
solution in the original equation and discard any that are extraneous. 

Some logarithmic equations can be solved by changing the logarithmic equation 
to exponential form using the fact that y = log, x means a” = x. 


EXAMPLE 8 Solving Logarithmic Equations 


Solve: 
(a) log;(4x — 7) = 2 (b) log, 64 = 2 
Solution (a) We can obtain an exact solution by changing the logarithmic equation to 
exponential form. 
log3(4x — 7) = 2 


4x —-7 = 37 Change to exponential form using y = log,x 
means aY = x. 


4x —-7=9 
4x = 16 
x=4 


SCheck: log;(4x — 7) = log,(4-4 — 7) =log,9 =2 3°=9 


The solution set is {4}. 


(b) We can obtain an exact solution by changing the logarithmic equation to 
exponential form. 


log,64 = 2 
= h4 Change to exponential form. 
x = +V64 = +8 Square Root Method 


The base of a logarithm is always positive. As a result, we discard —8. We check 
the solution 8. 


SCheck: log,64=2 8-64 
The solution set is {8}. A 


EXAMPLE 9 Using Logarithms to Solve an Exponential Equation 


Solve: e7* = 5 


Solution = We can obtain an exact solution by changing the exponential equation to logarithmic 


form. 
ex = 
In5 = 2x Change to logarithmic form using the 
fact that if ey = xtheny = Inx. 
In5 
x= a Exact solution 


= 0.805 = Approximate solution 


In5 
The solution set is i} 


omm====-Now Work PROBLEMS 87 AND 99 
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(EXAMPLE 10 ] 10 Alcohol and Driving 


Solution 


COMMENT A BAC of 0.30% results 
in a loss of consciousness in most 
people. tT] 


COMMENT Most states use 0.08% or 
O10% as the blood alcohol content at 
which a DUI citation is given. a 


Blood alcohol concentration (BAC) is a measure of the amount of alcohol in a 
person’s bloodstream. A BAC of 0.04% means that a person has 4 parts alcohol per 
10,000 parts blood in the body. Relative risk is defined as the likelihood of one event 
occurring divided by the likelihood of a second event occurring. For example, if an 
individual with a BAC of 0.02% is 1.4 times as likely to have a car accident as an 
individual that has not been drinking, the relative risk of an accident with a BAC of 
0.02% is 1.4. Recent medical research suggests that the relative risk R of having an 
accident while driving a car can be modeled by an equation of the form 


R=e™ 
where x is the percent of concentration of alcohol in the bloodstream and k is a 
constant. 


(a) Research indicates that the relative risk of a person having an accident with a 
BAC of 0.02% is 1.4. Find the constant k in the equation. 

(b) Using this value of k, what is the relative risk if the concentration is 0.17%? 

(c) Using this same value of k, what BAC corresponds to a relative risk of 100? 


(d) If the law asserts that anyone with a relative risk of 5 or more should not have 
driving privileges, at what concentration of alcohol in the bloodstream should a 
driver be arrested and charged with a DUI (driving under the influence)? 


(a) For a concentration of alcohol in the blood of 0.02% and a relative risk of 1.4, 
we let x = 0.02 and R = 1.4 in the equation and solve for k. 


R=¢" 
fA= ee" R = 14:x = 0.02 
0.02k = In 1.4 Change to a logarithmic statement. 
In 1.4 
k= ~ 16.82 Ive for k. 
0.02 Solve for 


(b) For a concentration of 0.17%, we have x = 0.17. Using k = 16.82 in the equation, 

we find the relative risk R to be 
R = e = (16820017) ~ 475 

For a concentration of alcohol in the blood of 0.17%, the relative risk of an 
accident is about 17.5. That is, a person with a BAC of 0.17% is 17.5 times as 
likely to have a car accident as a person with no alcohol in the bloodstream. 

(c) For a relative risk of 100, we have R = 100. Using k = 16.82 in the equation 
R = e*, we find the concentration x of alcohol in the blood obeys 


100 = eS R= eR = 100:k = 16.82 
16.82x = In 100 Change to a logarithmic statement. 
In 100 
x= 16.82 = 0.27 Solve for x. 


For a concentration of alcohol in the blood of 0.27%, the relative risk of an 
accident is 100. 


(d) For a relative risk of 5, we have R = 5. Using k = 16.82 in the equation 
R = e™, we find the concentration x of alcohol in the bloodstream obeys 


5= e)6.82x 
16.82x = In5 
In 5 
*= F680” 0.096 


A driver with a BAC of 0.096% or more should be arrested and charged with 


DUL ra 
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SUMMARY _ Properties of the Logarithmic Function 


jee) = lleyg,23, a = Il Domain: the interval (0, 00); Range: the interval (— 00, co) 


(y = log, x means x x-intercept: 1; y-intercept: none; vertical asymptote: x = 0 (y-axis); increasing; 


one-to-one 


See Figure 22(a) for a typical graph. 


f(x) = log, x, 0< Domain: the interval (0, co); Range: the interval (—©o, 00) 


(y = log, x means x = x-intercept: 1; y-intercept: none; vertical asymptote: x = 0 (y-axis); decreasing; 


one-to-one 


See Figure 22(b) for a typical graph. 


Figure 22 


7.2 Assess Your Understanding 


(b) 0<a<1 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Solve the inequality: 3x — 7 = 8 — 2x 2. 


(pp. A49-A52) 


Concepts and Vocabulary 


4. The domain of the logarithmic function f(x) = log, x is 6. 


5. The graph of every logarithmic function f(x) = log, x, where 


a>0QO and a #1, passes through three points: ; 7. 
, and : 8. 


True or False A one-to-one function y = f(x) has an 
inverse function that is defined by the equation x = f(y). 
(pp. 75-83) 


. Solve: 2x + 3 = 9 (pp. A28-A35) 


If the graph of a logarithmic function f(x) = log, x, where 
a > 0 and a # 1, is increasing, then its base must be larger 
than 


True or False If y = log, x, then y = a‘. 


True or False The graph of f(x) = log, x, where a > 0 
and a # 1, has an x-intercept equal to 1 and no y-intercept. 


a =1.6 12.2 = 21 


Skill Building 
In Problems 9-16, change each exponential statement to an equivalent statement involving a logarithm. 
Xo. 9 =? 10. 16 = 4 11. 
13. 2* = 7.2 14. 3° = 4.6 15. 


e = 8 16. °? =M 


In Problems 17-24, change each logarithmic statement to an equivalent statement involving an exponent. 


if 
\C17. log: 8 = 3 18. lons( 3) = —2 19. log, 3 = 6 20. log, 4 = 2 


21. log; 2 = x 22. log, 6 = x 23. n4d=x 24. Inx =4 
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In Problems 25-36, find the exact value of each logarithm without using a calculator. 


NX 25. log, 1 26. logs 8 27. logs 25 28. loas( 2) 
29. logiy2 16 30. logi/39 31. logiyV10 32. logs\/25 
33. logys4 34. logy39 35. Inve 36. Ine? 


In Problems 37-48, find the domain of each function. 


37. f(x) = In(x — 3) 38. g(x) = In(x — 1) \. 39. F(x) = logy x? 

40. H(x) = logs x° 41. f(x) =3- 2Io2,|* 2 5| 42, g(x) = 8 + 5In(2x + 3) 
43. f(x) = in(- : ;) 44. ¢(x) = in(- : 3) \ 45. 9(x) = loss(* : *) 
46. h(x) = loss(~ = -) 47. f(x) = Vinx 48. g(x) = ae 


In Problems 49-56, use a calculator to evaluate each expression. Round your answer to three decimal places. 


In = In 2 

5 In 5 3 3 

49. In, 50. “Sir 51. 0.04 52. [01 
53 In4 + In2 5 log 15 + log 20 55 21In5 + log 50 3 log 80 — In5 
* log 4 + log 2 * In 15 + In 20 * log 4 - In2 * log 5 + In20 


57. Find a so that the graph of f(x) = log, x contains the point (2,2). 
1 
58. Find a so that the graph of f(x) = log, x contains the point (4 4). 


In Problems 59-62, graph each function and its inverse on the same Cartesian plane. 


\ 59. f(x) = 3% f(x) = logs x 60. f(x) = 4 f(x) = logy x 
1\* = TN —| 
61. f(x) = (5) s #12) = low x 62. F(x) = (5) sf (x) = low x 
In Problems 63-70, the graph of a logarithmic function is given. Match each graph to one of the following functions: 
(a) y = log; x (b) y = log;(—x) (c) y = —logs x (d) y = —log;(—x) 
(e) y = logsx — 1 (f) y = logs(x — 1) (g) y = logs(1 — x) (h) y = 1 — logs x 


64. y 
3 


ot 
x<V 


—3 


In Problems 71-86, use the given function f to: 


(a) Find the domain of f- (b) Graph f: (c) From the graph, determine the range and any asymptotes of f. 
(d) Find f—, the inverse off (e) Find the domain and the range of f-'. (f) Graph f. 


Noob f(x) = In(x + 4) 72. f(x) = In(x — 3) 73. f(x) =2+Inx 74, f(x) = —In(—x) 
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75. f(x) = In(2x) — 3 76. f(x) = —2In(x + 1) 77. f(x) = log(x — 4) +2 78. f(x) = Slogx =5 
X79. f(x) = : log(2x) 80. f(x) = log(—2x) 81. f(x) = 3 + log3(x + 2) 82. f(x) = 2 — log3(x + 1) 
83. f(x) = ext? — 3 84. f(x) = 3e% + 2 85. f(x) = 344 86. f(x) = —3x+1 


In Problems 87-110, solve each equation. 


\ 87. logs x = 2 88. logs x = 3 89. logo(2x + 1) =3 90. log;(3x — 2) = 2 
91. log,4 = 2 92. 1oa,(2) =3 93. Ine* = 5 94. Ine = 8 
95. log, 64 = x 96. logs 625 = x 97. log; 243 = 2x + 1 98. log,36 = 5x + 3 
AQ 99. &* = 10 100. e2* = ; 101. 2kt5 =8 102, e241 = 13 
103. log;(x? + 1) = 2 104. logs(x* + x + 4) =2 105. log, 8* = —3 106. log;3* = —1 
107. 5e°* = 7 108. 8-10°*7 = 3 109. 2-107 * = 5 110. 4et! = 5 


Mixed Practice 


111. Suppose that G(x) = log;(2x + 1) — 2. . Suppose that F(x) = log,(x + 1) — 3. 


(a) What is the domain of G? (a) What is the domain of F’? 

(b) What is G(40)? What point is on the graph of G? (b) What is F(7)? What point is on the graph of F? 

(c) If G(x) = 3, what is x? What point is on the graph (c) If F(x) = —1, what is x? What point is on the graph 
of G? of F? 

(d) What is the x-intercept of the graph of G? (d) What is the x-intercept of the graph of F? 


In Problems 113-116, graph each function. Based on the graph, state the domain and the range and find any intercepts. 
In(-x) ifx <0 ene tx —1 
In x ifx > 0 -In(-x) if-l<x<0 


-Inx if0<x<1 _ if#0<x<1l 
In x ifx =1 . ifx=1 


113. f(x) = { 


115. f(x) = { 


Applications and Extensions 


117. Chemistry The pH of a chemical solution is given by the where p, is the proportion of the population that is species 1, 
formula P2 is the proportion of the population that is species 2, and 
pH = —logi[H'] an 


(a) According to the U.S. Census Bureau, the distribution of 


fas : ; : . 
where [H’] is the concentration of hydrogen ions in moles sacs da the Unie Siaiesin 2007 was as tallawe 


per liter. Values of pH range from 0 (acidic) to 14 (alkaline). 
(a) What is the pH of a solution for which [H‘] is 0.1? 

(b) What is the pH of a solution for which [H*] is 0.01? 
(c) What is the pH of a solution for which [H*] is 0.001? 

(d) What happens to pH as the hydrogen ion concentration 


American Indian or Native Alaskan 


decreases? Asian 
(e) Determine the hydrogen ion concentration of an orange Black or African American 
(pH = 3.5). : Hispanic 
(f) Determine the hydrogen ion concentration of human 
blood (pH = 7.4) Native Hawaiian or Pacific Islander 


White 


118. Diversity Index Shannon’s diversity index is a measure of 
the diversity of a population. The diversity index is given by 


Source: U.S. Census Bureau 
the formula 


H = —(p, log py + pz log pz + ++ + pn log Pn) Compute the diversity index of the United States in 2007. 


119. 


120. 


121. 


122. 


(b) The largest value of the diversity index is given by 
Hyax = log(S), where S is the number of categories of 
race. Compute H,,,x- 


(c) The evenness ratio is given by Ey = , where 


H 

FAinax 
0 = Ey, = 1. If Ey, = 1, there is complete evenness. 
Compute the evenness ratio for the United States. 

(d) Obtain the distribution of race for the United States in 
2010 from the Census Bureau. Compute Shannon’s 
diversity index. Is the United States becoming more 
diverse? Why? 


Atmospheric Pressure The atmospheric pressure p on an 
object decreases with increasing height. This pressure, 
measured in millimeters of mercury, is related to the height h 
(in kilometers) above sea level by the function 


p(h) a 760e 02-1454 


(a) Find the height of an aircraft if the atmospheric pressure 
is 320 millimeters of mercury. 

(b) Find the height of a mountain if the atmospheric pressure 
is 667 millimeters of mercury. 


Healing of Wounds The normal healing of wounds can 
be modeled by an exponential function. If Ag represents the 
original area of the wound and if A equals the area of the 
wound, then the function 


A(n) = Age 5” 


describes the area of a wound after n days following an 

injury when no infection is present to retard the healing. 

Suppose that a wound initially had an area of 100 square 

millimeters. 

(a) If healing is taking place, after how many days will the 
wound be one-half its original size? 

(b) How long before the wound is 10% of its original size? 


Exponential Probability Between 12:00 pm and 1:00 PM, 
cars arrive at Citibank’s drive-thru at the rate of 6 cars per 
hour (0.1 car per minute). The following formula from 
statistics can be used to determine the probability that a car 
will arrive within ¢ minutes of 12:00 PM. 


F(t) =1- e Olt 


(a) Determine how many minutes are needed for the 
probability to reach 50%. 

(b) Determine how many minutes are needed for the 
probability to reach 80%. 

(c) Is it possible for the probability to equal 100%? Explain. 

Exponential Probability Between 5:00 PM and 6:00 PM, cars 

arrive at Jiffy Lube at the rate of 9 cars per hour (0.15 car per 

minute). The following formula from statistics can be used to 


123. 


124. 


125. 


126. 
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determine the probability that a car will arrive within 
t minutes of 5:00 PM. 


F(t) =|- e 01st 


a) Determine how many minutes are needed for the 
(a) y 

probability to reach 50%. 
b) Determine how many minutes are needed for the 
( y 

probability to reach 80%. 


Drug Medication The formula 


D= 5e 04h 


can be used to find the number of milligrams D of a certain 
drug that is in a patient’s bloodstream h hours after the drug 
was administered. When the number of milligrams reaches 2, 
the drug is to be administered again. What is the time 
between injections? 


Spreading of Rumors A model for the number N of people 
in a college community who have heard a certain rumor is 


N= P(1 _ er) 
where P is the total population of the community and d is the 
number of days that have elapsed since the rumor began. In 


a community of 1000 students, how many days will elapse 
before 450 students have heard the rumor? 


Current in a RL Circuit The equation governing the 
amount of current J (in amperes) after time f (in seconds) in 
a simple RL circuit consisting of a resistance R (in ohms), an 
inductance L (in henrys), and an electromotive force EF 
(in volts) is 


pa 2p = (WE 
R 


If E = 12 volts, R = 10 ohms, and L = 5 henrys, how long 
does it take to obtain a current of 0.5 ampere? Of 1.0 ampere? 
Graph the equation. 


Learning Curve Psychologists sometimes use the function 
L(t) = A(1 — e*) 

to measure the amount L learned at time ¢. The number A 

represents the amount to be learned, and the number k 

measures the rate of learning. Suppose that a student has an 

amount A of 200 vocabulary words to learn. A psychologist 

determines that the student learned 20 vocabulary words 

after 5 minutes. 

(a) Determine the rate of learning k. 

(b) Approximately how many words will the student have 

learned after 10 minutes? 
(c) After 15 minutes? 
(d) How long does it take for the student to learn 180 words? 


Loudness of Sound = Problems 127-130 use the following discussion: The loudness L(x), measured in decibels (dB), of a sound of 


x _ : : 
intensity x, measured in watts per square meter, is defined as L(x) = 10 log I’ where In = 10°” watt per square meter is the least intense 
0 


sound that a human ear can detect. Determine the loudness, in decibels, of each of the following sounds. 


127. 


128. 


Normal conversation: intensity of x = 10°’ watt per square 
meter. 


Amplified rock music: intensity of 10°! watt per square 
meter. 


129. 


130. 


Heavy city traffic: intensity of x = 10° watt per square 
meter. 
Diesel truck traveling 40 miles per hour 50 feet away: intensity 


10 times that of a passenger car traveling 50 miles per hour 
50 feet away whose loudness is 70 decibels. 
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The Richter Scale Problems 131 and 132 use the following discussion: The Richter scale is one way of converting seismographic 
readings into numbers that provide an easy reference for measuring the magnitude M of an earthquake. All earthquakes are compared to 
a zero-level earthquake whose seismographic reading measures 0.001 millimeter at a distance of 100 kilometers from the epicenter. An 
earthquake whose seismographic reading measures x millimeters has magnitude M(x), given by 


M(x) = io( *) 


where x) = 10°? is the reading of a zero-level earthquake the same distance from its epicenter. In Problems 131 and 132, determine the 


magnitude of each earthquake. 


131. Magnitude of an Earthquake Mexico City in 1985: seismo- (a) Suppose that a concentration of alcohol in the blood- 
graphic reading of 125,892 millimeters 100 kilometers from stream of 0.03 percent results in a relative risk of an 
the center accident of 1.4. Find the constant k in the equation. 

132. Magnitude of an Earthquake San Francisco in 1906: (b) Using this value of k, what is the relative risk if the 
seismographic reading of 50,119 millimeters 100 kilometers concentration is 0.17 percent? 
from the center (c) Using the same value of k, what concentration of alcohol 

133. Alcohol and Driving The concentration of alcohol in a EOE sponds teiatve Dey 


person’s bloodstream is measurable. Suppose that the relative 
risk R of having an accident while driving a car can be 
modeled by an equation of the form 


R= e& 


where x is the percent of concentration of alcohol in the 
bloodstream and k is a constant. 


Explaining Concepts: Discussion and Writing 


134. 


Is there any function of the form y = x*,0 < a < 1, that 


(d) If the law asserts that anyone with a relative risk of 
having an accident of 5 or more should not have driving 
privileges, at what concentration of alcohol in the blood- 
stream should a driver be arrested and charged with a 
DUI? 

(ec) Compare this situation with that of Example 10. If you 
were a lawmaker, which situation would you support? 
Give your reasons. 


: . . ‘ Age in Years 
increases more slowly than a logarithmic function whose 
: : New 1 2 3 4 5 
base is greater than 1? Explain. 
135. In the definition of the logarithmic function, the base a is not $38,000 $36,600 $32,400 $28,750 $25,400 $21,200 
allowed to equal 1. Why? 
136. Critical Thinking In buying a new car, one consideration Use the formula New = Old(e*’) to find R, the annual 


might be how well the price of the car holds up over time. 
Different makes of cars have different depreciation rates. 
One way to compute a depreciation rate for a car is given 
here. Suppose that the current prices of a certain automobile 


depreciation rate, for a specific time t. When might be the 
best time to trade in the car? Consult the NADA (“blue”) 
book and compare two like models that you are interested 
in. Which has the better depreciation rate? 


are as shown in the table. 
‘Are You Prepared?’ Answers 


1. x <3 2. True 3. {3} 


7.3 Properties of Logarithms 


OBJECTIVES 1 Work with the Properties of Logarithms (p.472) 


2 Write a Logarithmic Expression as a Sum or Difference of 
Logarithms (p.474) 


3 Write a Logarithmic Expression as a Single Logarithm (p.475) 
4 Evaluate Logarithms Whose Base Is Neither 10 Nore (p.477) 


1 Work with the Properties of Logarithms 


Logarithms have some very useful properties that can be derived directly from the 
definition and the laws of exponents. 


EXAMPLE 1 


Solution 


THEOREM 
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Establishing Properties of Logarithms 
(a) Show that log, 1 = 0. (b) Show that log, a = 1. 


(a) This fact was established when we graphed y = log, x (see Figure 13 on page 462). 
To show the result algebraically, let y = log, 1. Then 


y = log, 1 
ae=1 Change to an exponential statement. 
a = a a =(\sincea > 0,a#1 
y=0 Solve for y. 
log, 1 = 0 y = log, 1 
(b) Let y = log, a. Then 
y = log,a 
we=a Change to an exponential statement. 
=a a= a! 
y=1 Solve for y. 
log,a=1 y = log, a 


To summarize: 


log, 1 = 0 log,a =1 


Properties of Logarithms 


In the properties given next, M and a are positive real numbers, a # 1, and r is 
any real number. 

The number log, M is the exponent to which a must be raised to obtain M. 
That is, 


G%aM =M (1) 
The logarithm to the base a of a raised to a power equals that power. That is, 


logga’ =r (2) 


a) 


The proof uses the fact that y = a‘ and y = log, x are inverses. 


Proof of Property(1) For inverse functions, 
f(f(x)) = x forall x in the domain of f~! 
Using f(x) = a and f!(x) = log, x, we find 
f(f (x) = @* =x forx > 0 
Now let x = M to obtain a'°2a“ = M, where M > 0. : 
Proof of Property (2) For inverse functions, 
f"(f(x)) = x for all x in the domain of f 
Using f(x) = a‘ and f(x) = log, x, we find 
f‘(f(x)) = log, a* = x for all real numbers x 


Now let x = r to obtain log, a” = r, where r is any real number. = 
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EXAMPLE 2 


THEOREM 


Using Properties (1) and (2) 


(a) 287 = a (b) logy, 02°”? = -V2 (c) Ine = kt 


J 


om=======-Now Work prosLem 15 


Other useful properties of logarithms are given next. 


Properties of Logarithms 

In the following properties, M, N, and a are positive real numbers, a # 1, andr 
is any real number. 

The Log of a Product Equals the Sum of the Logs 


log,(MN) = log, M + log, N (3) 


The Log of a Quotient Equals the Difference of the Logs 
lon,( ) = log, M — log, N (4) 


The Log of a Power Equals the Product of the Power and the Log 


log, M’ = rlog, M (5) 


a=e Ina (6) 


We shall derive properties (3), (5), and (6) and leave the derivation of property (4) 
as an exercise (see Problem 107). 


Proof of Property (3) Let A = log, M and let B = log, N. These expressions are 
equivalent to the exponential expressions 
a“=M and a®=N 
Now 
log,(MN) = log,(a4a®) = log, a4*# Law of Exponents 

=A+B Property (2) of logarithms 

= log, M + log, N a 
Proof of Property (5) Let A = log, M. This expression is equivalent to 

C=M 

Now 


log, M" = log,(a“)’ = log, a4 


Law of Exponents 
=rA Property (2) of logarithms 
=rlog,M : 
Proof of Property (6) From property (1), with a = e, we have 
en M _ M 
Now let M = a“ and apply property (5). 
Pi a = er Ina x 


=a a 


om=m=====-Now Work problem 19 


Write a Logarithmic Expression as a Sum 
or Difference of Logarithms 


Logarithms can be used to transform products into sums, quotients into differences, 
and powers into factors. Such transformations prove useful in certain types of calculus 
problems. 
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EXAMPLE 3 Writing a Logarithmic Expression as a Sum of Logarithms 
Write logy(2x\ / x? + 1), x > 0, as asum of logarithms. Express all powers as factors. 


Solution loga(x\/ x? + 1) = log, x + log, \/x? +1 log4(M*N) = logaM + log, N 


= log, x + log,(x? + 1)!” 


1 
= log, x + 7 logal x” +1) log,M" = rlog,M 


ad 


EXAMPLE 4 Writing a Logarithmic Expression as a Difference of Logarithms 
Write 


2 
"(x — 17 


as a difference of logarithms. Express all powers as factors. 


] x>1 


x 


Solution a eT = Inx? - In(x — 1 = 2Inx — 3 In(x - 1) 
aS 
t t 


M 
log. (*) =10g,M—log,N log,M’ = rlog,M 


EXAMPLE 5 Writing a Logarithmic Expression as a Sum 
and Difference of Logarithms 


; Vxwr+1 . 
02,—>-—— Ok > 
a x(x + 1)4 . 


Write 


as a sum and difference of logarithms. Express all powers as factors. 


rt 
Solution log, = ——, = log, V x’ + 1 — log,[.x°(x + 1)*] Property (4) 
x(x + 1) 
WARNING In using properties (3) = / 2 _ 3 4 
through (5), be careful about the values = loga Vx" + 1 — [loga x” + loga(x + 1)"] Property (5) 
that the variable may assume. For = log, (x2 a: (Peg — log, ao log,(x + 17" 


example, the domain of the variable for 
log, x is x > O and for log,(x — 1) itis 
x > 1. If we add these functions, the 
domain is x > 1. That is, the equality | 


1 
5 logal x” + 1) — 3log, x — 4log,(x + 1) Property (5) 


log, x + log,(x — 1) = log.[x(x — 1) 


is true only for x > 1. a 


om======-Now Work prosLem 51 


3 Write a Logarithmic Expression as a Single Logarithm 


Another use of properties (3) through (5) is to write sums and/or differences of 
logarithms with the same base as a single logarithm. This skill will be needed to 
solve certain logarithmic equations discussed in the next section. 


EXAMPLE 6 Writing Expressions as a Single Logarithm 


Write each of the following as a single logarithm. 


2 
(a) log, 7 + 4log,3 (b) 3 in 8 — In(5* — 1) 


(c) log, x + log, 9 + log,(x” + 1) — log, 5 


476 
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Solution 


THEOREM 


a) lo + 4lo = lo mig () rlog,M = log,M" 
log, 7 + 4 log, 3 = log, 7 + log, 3* log, ' 


= log, 7 + log, 81 
= log, (7-81) logaM + log,N = log,(M-N) 
= log, 567 


2 
(b) 5In8 In(5* — 1) = In 877 — In(25 — 1) rlog,M = log,M” 


= In4 — In24 ero =e a4 


=] = log,M — log,N = | () 
= In 24 Ga 0g,'N = 10g N 


= In1l — In6 
= —In6 Ini =O 
(c) log, x + log, 9 + log,(x”* + 1) — log, 5 = log,(9x) + log,(x” + 1) — log, 5 
= log,[9x(x? + 1)] — log, 5 


Ee + 2) 
_ log, 5 
J 


WARNING A common error made by some students is to express the logarithm of a sum as the 
sum of logarithms. 


og,(M+N) isnot equalto log,M + log,N 

Correct statement log,(MN) = log,M + log,N Property (3) 

Another common error is to express the difference of logarithms as the quotient of logarithms. 
log, M 

log, N 


0g,M — log,N is not equal to 


M 
Correct statement log,M — log,N = cos( “) Property (4) 


A third common error is to express a logarithm raised to a power as the product of the power times 
the logarithm. 


(log, M)" isnot equalto rlog,M 
Correct statement log, M" = rlog,M Property (5) rT] 


ovm=m====-NMow Work prosLem 57 


Two other properties of logarithms that we need to know are consequences of 
the fact that the logarithmic function y = log, x is a one-to-one function. 


Properties of Logarithms 


In the following properties, M, N, and a are positive real numbers, a # 1. 


If M = N, then log, M = log, N. 


Iflog, M = log, N, then M = N. 


=) 


When property (7) is used, we start with the equation M = N and say “take the 
logarithm of both sides” to obtain log, M = log, N. 

Properties (7) and (8) are useful for solving exponential and logarithmic 
equations, a topic discussed in the next section. 
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4 Evaluate Logarithms Whose Base Is Neither 10 Nore 


Logarithms to the base 10, common logarithms, were used to facilitate arithmetic 
computations before the widespread use of calculators. (See the Historical Feature 
at the end of this section.) Natural logarithms, that is, logarithms whose base is the 
number e, remain very important because they arise frequently in the study of 
natural phenomena. 

Common logarithms are usually abbreviated by writing log, with the base 
understood to be 10, just as natural logarithms are abbreviated by In, with the base 
understood to be e. 

Most calculators have both | log | and | In | keys to calculate the common 
logarithm and natural logarithm of a number. Let’s look at an example to see how to 
approximate logarithms having a base other than 10 or e. 


EXAMPLE 7 Approximating a Logarithm Whose Base Is Neither 10 Nor e 


Approximate log, 7. Round the answer to four decimal places. 


Solution Remember, log, 7 means “2 raised to what exponent equals 7.” If we let y = log, 7, 
then 2” = 7. Because 2? = 4 and 2° = 8, we expect log, 7 to be between 2 and 3. 
2=7 

In 2” = In7 Property (7) 

yln2 = I1n7 Property (5) 
_ In7 
* In2 
y © 2.8074 Approximate value rounded to four decimal places 


Exact value 


ai 


Example 7 shows how to approximate a logarithm whose base is 2 by changing 
to logarithms involving the base e. In general, we use the Change-of-Base Formula. 


THEOREM Change-of-Base Formula 


Ifa # 1,5 # 1, and M are positive real numbers, then 


log, M 
log, M = (9) 
log, a a 
Proof We derive this formula as follows: Let y = log, M. Then 
a’ = M 
log, a” = log, M Property (7) 
y log, a = log, M_ Property (5) 
log, M 
= Sb Solve for y. 
log, a 
log, M 
] M= = log, M 
O8a log, a ¥ = 1092 a: 


Since calculators have keys only for | log | and | In J, in practice, the Change-of- 
Base Formula uses either b = 10 or b = e. That is, 


log M In M 
log, M = zoe and log, M = Z 
log a 


(10) 


Ina 
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EXAMPLE 8 


Approximate: 
(a) log; 89 


Using the Change-of-Base Formula 


(b) log. 5 V5 


Round answers to four decimal places. 


= log 5 
log 89 1,949390007 log V5 2 
I lope80' = wx b) 1 = = 
Solution (a) logs 89 = Tos ~ 9,6989700043 | ©) !8vs vs V2 1,5 
~ 2.7889 208 
or _ log 5 7 
Joe, 39 — 1289 448863637 =i 
8s In5  1.609437912 or , 
~ 2.7889 in 5 
Ve inv5 _2 " 
eae ae ae 
~In2 
2 
In 5 
= > 2.3219 


ommmm===- Now Work 


3 


In x tori 
ae Ml II, 
ogg 


om -Now Work 


SUMMARY 


Properties of Logarithms 


PROBLEMS 23 AND 71 


PROBLEM 79 


In the list that follows, a,b, M, N, and r are real numbers. Also,a > 0,a 4 1,b > 0,b#41,M >0,and N > 0. 


Definition 


Properties of logarithms log, 1 = 0; 


q&a! — M; 


_ log, M 


Change-of-Base Formula log, M = 


log, a 


Historical Feature 


ogarithms were invented about 1590 
by John Napier (1550-1617) and 


Joost Burgi (1552-1632), working 

independently. Napier, whose work had the 

greater influence, was a Scottish lord, a 

secretive man whose neighbors were 

inclined to believe him to be in league with 

John Napier the devil. His approach to logarithms was 
(1550-1617) very different from ours; it was based on the 
relationship between arithmetic and geometric sequences, 
discussed in a later chapter, and not on the inverse function relationship 
of logarithms to exponential functions (described in Section 7.2). 


log,a = 1 
log, a’ =r 


log,(MN) = log, M + log, N 


M 
toss( 4) = log, M 


y = log, x means x = a” 


log, M" 


xX 


r log, M 


ex Ina 


a 


If M = N, then log, M = log, N. 


= loge Ni Iflog, M = log, N, then M = N. 


Napier’s tables, published in 1614, listed what would now be 
called natural logarithms of sines and were rather difficult to use. 
A London professor, Henry Briggs, became interested in the tables 
and visited Napier. In their conversations, they developed the idea 
of common logarithms, which were published in 1617. Their 
importance for calculation was immediately recognized, and by 
1650 they were being printed as far away as China. They remained 
an important calculation tool until the advent of the inexpensive 
handheld calculator about 1972, which has decreased their 
calculational, but not their theoretical, importance. 

A side effect of the invention of logarithms was the popularization 
of the decimal system of notation for real numbers. 


COMMENT To graph logarithmic functions when the base is different from e or 10 requires 
the Change-of-Base Formula. For example, to graph y = logzx, we would instead graph 


7.3, Assess Your Understanding 
Concepts and Vocabulary 


- log, 1 = 


. log,a = 
q@°8eM — 


. log,a’ = 
. log (MN) = + 


6. toa,( *) = - 


7. log, M" = 


AP WN 


Skill Building 
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8. Iflog, x = log, 6, then x = 


logs 7 
9. If logs M = , then M = 

logs 8 — => 

10. 7 False | 3) — In(2. end 
. True or False \n(x + 3) — In(2x) In(2x) 
1. True or False \og>(3x*) = 4 log,(3x) 
12. True or False = 
In 4 


In Problems 13-28, use properties of logarithms to find the exact value of each expression. Do not use a calculator. 


13. log; 3” 14. log, 2-8 
17, 2!°827 18. en8 
21. log, 18 — log, 3 22. logs 16 — logs 2 


25. 3!og35—log3 4 5logs6+logs7 


26. 


\ 15. Ine 


\ 19. logg2 + loge 4 


\ 23. logs 6: log, 8 


27. el08.2 16 


16; tae” 


20. loge 9 + logs 4 


24. log; 8: logs 9 


28, €!82” 


In Problems 29-36, suppose that In 2 = aand \n3 = b. Use properties of logarithms to write each logarithm in terms of a and b. 


2 
29. In 6 30. In 5 31. In 1.5 32. In 0.5 
2 
33. In 8 34. In 27 35. In ¥/6 36. In 2 
In Problems 37-56, write each expression as a sum and/or difference of logarithms. Express powers as factors. 
37. logs(25x) 38. logs 5 39. log, z? 40. log, x° 
e x 
41. In(ex) 42. In 43. In — 44, In(xe*) 
ie 
45. log,(wv?) u>0,v>0 46. loa( 5) a>0,b>0 47. In(xe°V1—x) 0<x<1 
b 


logs| ~———-]} x >1 


3 
48. In(x\/1+ 2) x>0 49. =e ~ ;) ee 50. 4 
_ ye - 
‘ | ate 2) | BVxt1 lx2?—-x-2 |! 
51. log) ————> >0 52. log) ———.- >2 . In| ————- >2 
\ ne: Ga 3p | x ost (x - 2° i x 53. A (et ay | x 
| (@- 4) Pe 5xV1 + 3 5eW1 — 
ie x>4 55, In-———__* 4 Pee ane O<x<1 
|. ee (x — 4) | 4(x +1) | 
In Problems 57-70, write each expression as a single logarithm. 
X57. 3 logs u + 4 logs v 58. 2 log; u — log; v 59. log, Vx — log x° 
1 1 2 2 
60. log, ] + logs| = 61. logy(x“ — 1) — 5 logy(x + 1) 62. log(x" + 3x + 2) — 2 log(x + 1) 
Xx 


x 
63. in( ;) T 


x1 2 _ wy) 
in( ) In(x? 1) b ln gO die | x+7x+6 
7 64. log Zod log ane 


» SlogysV 3x — 2 — loss( *) + log, 4 
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66. 21 log, Wx + log;(9x?) — log; 9 


69. 2 logo(x + 1) — logo(x + 3) — logo(x — 1) 


1 
67. 2 log,(5x*) — 7 loga(2x + 3) 


1 34 \ u 24 
68. 3 lost + 1) 4 7 log + 1) 


70. 3 logs(3x + 1) — 2 logs(2x — 1) — logs x 


In Problems 71-78, use the Change-of-Base Formula and a calculator to evaluate each logarithm. Round your answer to three decimal 


places. 
NC -7L log; 21 72. logs 18 
75. logy/27 76. logy/s 8 


73. logi/3 71 74. logi/2 15. 


TT MOE Ge 78. log, V2 


a In Problems 79-84, graph each function using a graphing utility and the Change-of-Base Formula. 


\ 79. y = logs x 80. y = logs x 


82. y = log,(x — 3) 


Applications and Extensions 


83. y = log,_;(x + 1) 


81. y = log)(x + 2) 


84. y = logys2(x — 2) 


In Problems 85-94, express y as a function of x. The constant C is a positive number. 


85. In y = Inx + InC 


87. Iny = Inx + In(x +1) +InC 

89. In y = 3x + InC 

91. In(y — 3) = —4x + Inc 

93, 3Iny = 5 In(2x + 1) = In(x + 4) + Inc 


95. Find the value of log, 3+ log; 4+ logy 5+ logs 6+ logs 7+ log; 8. 


97. Find the value of log, 3- log; 4: --- -log,(m + 1)-log,.; 2. 


VV x2 — 1) + log,(x x7 -1)=0. 


99. Show that log,(x 4 


86. In y = In(x + C) 


88. In y = 2Inx — In(x +1) + Inc 

90. In y = —2x + InC 

92. In(y + 4) = 5x +InC 

94, 2 In y 5inx 4 = In(x? +1)+mc 


96. Find the value of log, 4: log, 6+ log, 8. 


98. Find the value of log, 2 logy 4+ «++ + logy 2”. 


100. Show that log,(Vx + Vx — 1) + log,(Vx — Vx — 1) =0 
101. Show that In(1 + e?*) = 2x + In(1 + e*). 
f(x +h) — f(x) h\vr 
4X 102. Difference Quotient If f(x) = log, x, show that A toa 1 ) , A#O0.z 
x 
103. If f(x) = log, x, show that —f(x) = logj/q x. 104. If f(x) = log, x, show that f(AB) = f(A) + f(B). 
1 
105. If f(x) = log, x, show that (4) = —f(x). 106. If f(x) = log, x, show that f(x*) = af (x). 
M 1 ve 
107. Show that log, Ww)” log, M — log, N, where a,M,and N 108. Show that log, w) —log, N, where a and N are positive 
are positive real numbers and a # 1. real numbers and a # 1. 
Explaining Concepts: Discussion and Writing 
a 109. Graph Y, = log(x”) and Y, = 2log(x) using a graphing 111. Write an example that illustrates why 
utility. Are they equivalent? What might account for any logo(x + y) 4 logy x + logy y. 
differences in the two functions? 112. Does 3°25) = —5? Why or why not? 


110. Write an example that illustrates why (log, x)’ # rlog, x. 
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7.4 Logarithmic and Exponential Equations 


PREPARING FOR THIS SECTION Before getting started, review the following: 


e Solving Equations Using a Graphing Utility e Solving Quadratic Equations (Appendix A, 
(Appendix B, Section B.4, pp. B6-B7) Section A.4, pp. A31-A35) 


\ Now Work the ‘Are You Prepared?’ problems on page 485. 


OBJECTIVES 1 Solve Logarithmic Equations (p.481) 
2 Solve Exponential Equations (p.483) 


* 3 Solve Logarithmic and Exponential Equations Using a Graphing 
Utility (p.484) 


1 Solve Logarithmic Equations 


In Section 7.2 we solved logarithmic equations by changing a logarithmic expression 
to an exponential expression. That is, we used the definition of a logarithm: 


y = log,x isequivalentto x = a’ a>0,a#41 


For example, to solve the equation log,(1 — 2x) = 3, we write the logarithmic 
equation as an equivalent exponential equation 1 — 2x = 23 and solve for x. 


logo(1 — 2x) = 3 
1—2x=23 Change to an exponential statement. 


—2x = 7 — Simplify. 


== ‘Sole: 


2 


x 


You should check this solution for yourself. 

For most logarithmic equations, some manipulation of the equation (usually 
using properties of logarithms) is required to obtain a solution. Also, to avoid 
extraneous solutions with logarithmic equations, we determine the domain of the 
variable first. 

We begin with an example of a logarithmic equation that requires using the fact 
that a logarithmic function is a one-to-one function: 


Iflog, M = log, N, then M = N M, N, and aare positive anda # 1. 


EXAMPLE 1 Solving a Logarithmic Equation 


Solve: 2 logs x = logs 9 


Solution — The domain of the variable in this equation is x > 0. Because each logarithm is to 
the same base, 5, we can obtain an exact solution as follows: 


2 logs x = logs 9 


logs x” = logs 9 rlog,M = log, M" 
gas If log M = log, N, then M = N. 
x=3 or x=-3 


Recall that the domain of the variable is x > 0. Therefore, —3 is extraneous and we 
discard it. 
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Acheck: 2 logs 3 = logs 9 
logs 3” = logs9 rlog,M = log, M" 

logs 9 = logs 9 

The solution set is {3}. 


a 
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Often we need to use one or more properties of logarithms to rewrite the 
equation as a single logarithm. In the next example we employ the log of a product 
property to solve a logarithmic equation. 


EXAMPLE 2 Solving a Logarithmic Equation 


Solve: logs(x + 6) + logs(x + 2) =1 


Solution — The domain of the variable requires that x + 6 > Oandx + 2 > 0,sox > —6 and 
x > —2. This means any solution must satisfy x > —2.To obtain an exact solution, 
we need to express the left side as a single logarithm. Then we will change the 
equation to an equivalent exponential equation. 


logs(x + 6) + logs(x + 2) =1 


logs[(x + 6)(x + 2)] =1 log, M + log, N = log,(MN) 
(x + 6)(x + 2) =5'=5 Change to an exponential statement. 
x7 + 8x+12=5 Simplify. 
WARNING A negative solution is not x7 + 8x+7=0 Place the quadratic equation in standard form. 
automatically extraneous. You must 
determine whether the potential (x + 7)(x +1) =0 Factor. 
solution causes the argument of any x=-7 or x=-l Zero-Product Property 


logarithmic expression in the equation 
to be negative. | 


Only x = —1 satisfies the restriction that x > —2, so x = —7 is extraneous. The 
solution set is {—1}, which you should check. i 
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EXAMPLE 3 Solving a Logarithmic Equation 


Solve: In x = In(x + 6) — In(x — 4) 


Solution The domain of the variable requires that x > 0,x +6>0,andx—4>0.Asa 
result, the domain of the variable here is x > 4. We begin the solution using the log 
of a difference property. 


x+6 M 
Inx = In InM — InN = Inf — 
x-4 N 


ee fin M = InN, thenM = N. 
x-—4 
x(x— 4) =x+ 6 Multiply both sides by x — 4. 
x - 4x =x+6 Simplify. 
x*- 5x-6=0 Place the quadratic equation in standard form. 
(x — 6)(x + 1) =0 Factor. 
x=6 or x=-1 Zero-Product Property 


Since the domain of the variable is x > 4, we discard —1 as extraneous. The solution 
set is {6}, which you should check. =f 
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WARNING In using properties of logarithms to solve logarithmic equations, avoid using the 
property log, x’ = rlog, x, when ris even. The reason can be seen in this example: 


Solve: logs x = 4 


Solution: The domain of the variable x is all real numbers except O. 


(a) logzx*=4 


(b) 


= 34=81 Changeto exponential form. 


x=—-9orx=9 


log, x*=4 log,x'=rlog,x 
2 log3x=4 Domain of variable is x > 0. 
logg x=2 
x=Q 


Both —9 and 9 are solutions of logs x = 4 (as you can verify). The solution in part (b) does not 
find the solution —9 because the domain of the variable was further restricted due to the 
application of the property log, x"= r log, x. 
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2 Solve Exponential Equations 


In Sections 7.1 and 7.2, we solved exponential equations algebraically by expressing 
each side of the equation using the same base. That is, we used the one-to-one 
property of the exponential function: 


Ifa“ =a", wherea > Oanda#1, thenu = v 


For example, to solve the exponential equation 4**! = 16, notice that 16 


apply the property above to obtain 2x + 1 = 2, from which we find x = —. 


= 47 and 
1 
2 


For most exponential equations, we cannot express each side of the equation 
using the same base. In such cases, algebraic techniques can sometimes be used to 


obtain exact solutions. 


EXAMPLE 4 Solving Exponential Equations 


Solve: (a) 2* = 5 


(b) 8-3 = 5 


Solution (a) Since 5 cannot be written as an integer power of 2 (27 = 4 and 23 = 8), write 
the exponential equation as the equivalent logarithmic equation. 


X= 5 


In5 


x = log, 5 = —~— 


In 2 


Change-of-Base Formula (10), Section 7.3 


Alternatively, we can solve the equation 2* = 5 by taking the natural logarithm 
(or common logarithm) of each side. Taking the natural logarithm, 


. . It 
The solution set is { 


(b) 8-3° = 5 
5 


38 = 5 
8 


Ins 
In 2 


2*=5 
In 2* = In5 
xIn2 = 1n5 
In5 
~ In2 
~ 2.322 
Solve for 3%. 


If M = N, then In M = InN. 
In M" = rin M 


Exact solution 


Approximate solution 
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in( 3) 
5 8 
x = log; 8) ha Exact solution 


—0.428 — Approximate solution 


g 


The solution set is 
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EXAMPLE 5 Solving an Exponential Equation 


Solve: 5*7? = 39x? 


Solution Because the bases are different, we first apply property (7), Section 7.3 (take the 
natural logarithm of each side), and then use a property of logarithms. The result is 
an equation in x that we can solve. 


5x72 = 33xt2 


5? = In 3°"? If M = N,InM=InN, 
(x — 2)In5 = (3x + 2) In3 InM = rlnM 
(In 5)x — 2In5 = (31n3)x + 21n3 Distribute. 
(In 5)x — (31In3)x = 2In3 + 21n5 Place terms involving x on the left. 
(In 5 — 31n3)x = 2(In3 + In5) Factor. 
2(In 3 + In 5) 
x= ns —3in3 Exact solution 
x= —3.212 Approximate solution 
_ (2(In3 + In5) 
The solution set is neo}. 
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EXAMPLE 6 Solving an Exponential Equation That Is Quadratic in Form 
Solve: 4% — 2*—-12=0 


Solution = We note that 4* = (27)* = 209 (By so the equation is quadratic in form, and 
we can rewrite it as 


(27)? — 2-12 =0 Letu = 2% thenu2 -u-12=0. 
Now we can factor as usual. 
(2*— 4)(2*+3)=0 (u-4)u+3)=0 
2*-4=0 or 2*+3=0 u-4=0 or ut+3=0 
2* = 2* = -3 u=2=4 u= 2 = —3 


The equation on the left has the solution x = 2,since2* = 4 = 27; the equation on the 
right has no solution, since 2* > 0 for allx.The only solution is 2.The solution set is {2}. 
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ie 3 Solve Logarithmic and Exponential Equations 

Using a Graphing Utility 
The algebraic techniques introduced in this section to obtain exact solutions apply 
only to certain types of logarithmic and exponential equations. Solutions for other 


types are usually studied in calculus, using numerical methods. For such types, we 
can use a graphing utility to approximate the solution. 
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EXAMPLE 7 Solving Equations Using a Graphing Utility 


Solve: x + e* = 
Express the solution(s) rounded to two decimal places. 
. Solution The solution is found by graphing Y; = x + e* and Y, = 2. Since Y;, is an increasing 
Figure 23 function (do you know why?), there is only one point of intersection for Y; and Y>. 


4 Figure 23 shows the graphs of Y; and Y>. Using the INTERSECT command, the 
solution is 0.44 rounded to two decimal places. J 
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7.4 Assess Your Understanding 


‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Solve x? — 7x — 30 = 0. (pp. A31-A35) = 3. Approximate the solution(s) to x°> = x? — 5 using a graphing 
2. Solve (x + 3)? — 4(x + 3) + 3 = 0. (pp. A31-A35) utility. (pp. B6-B7) 
4, Approximate the solution(s) to x7 — 2x + 2 = 0 using a 
~ graphing utility. (pp. Bo-B7) 


Skill Building 


In Problems 5-32, solve each logarithmic equation. Express irrational solutions in exact form and as a decimal rounded to three decimal 
places. 


5. logyx = 2 6. log(x + 6) = 1 7. log,(5x) = 4 
8. log3(3x — 1) = 2 9. logy(x + 2) = log, 8 10. log;(2x + 3) = log; 3 
uu. 5 los; x = 2logs2 12. —2 log, x = logy 9 \ 13. 3 logy x = —logy 27 
14. 2 logs x = 3 logs 4 15. 3 logo(x — 1) + log. 4 = 5 16. 2 log3(x + 4) — log39 = 2 
17. log x + log(x + 15) = 2 18. log x + log (x — 21) = 2 19. log(2x + 1) = 1 + log(x — 2) 
20. log(2x) — log(x — 3) =1 \ 21. logo(x + 7) + logo(x + 8) =1 22. logs(x + 4) + loge(x + 3) = 1 
23. logs(x + 6) = 1 — logs(x + 4) 24. logs(x + 3) = 1 — logs(x — 1) 25. Inx + In(x + 2) =4 
26. In(x + 1) — Inx = 2 27. log3(x + 1) + log3(x + 4) = 2 28. logo(x + 1) + logo(x + 7) = 3 
29. logy3(x? + x) — logy3(x? — x) = -1 30. logy(x? — 9) — logy(x + 3) =3 

XQ 31 logg(x — 1) — logy(x + 6) = log,(x — 2) — log,(x + 3) 32. log, x + log,(x — 2) = log,(x + 4) 


In Problems 33-60, solve each exponential equation. Express irrational solutions in exact form and as a decimal rounded to three decimal 
places. 


33. 2°5 = 8 34, 5-* = 25 \ 35. 27 = 10 36. 3° = 14 

37. 8 * = 1.2 38. 2* = 15 39, 5(2**) = 8 40. 0.3(4°7*) = 0.2 
3 x 4 1=x 

41, 31" = 4* 42, 2x+1 = 51° 43. (2) =7* 44, (4) = 5* 


\ 45. 1.2" = (05) 46. 0.3147 = 1.7771 47, q* = e 48. 3 = 7 
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0.2 2 = 12 = 0 50. 3°* + 3*-2=0 


N\ 53. 16 + 4742-3 =0 54, 9° — 341 41=0 


57. 3-4" + 4-27 + 8 =0 58. 2-49% + 11-7*°+5=0 


Bly oe ae = 52, 2% + 2°? —-12=0 


55. 25* — 8-5* = —16 56. 36* — 6:6* = —9 


59. 4* — 10-4* = 3 60. 3* — 14-37% =5 


a In Problems 61-74, use a graphing utility to solve each equation. Express your answer rounded to two decimal places. 


61. logs(x + 1) — logy(x — 2) =1 


\ 63. ef = -x 64.7% =x+2 
67. Inx = —x 68. In(2x) = —x + 2 


71. eX + Inx =4 72. e —Inx =4 


Mixed Practice 


62. logo(x — 1) — loge(x + 2) = 2 

65. e* = x’ 66. eX = x? 

69. Inx =x -1 70. Inx = —x* 
73. e* =Inx 74.e* = —Inx 


In Problems 75-86, solve each equation. Express irrational solutions in exact form and as a decimal rounded to three decimal places. 


75. logo(x + 1) — logy x = 1 
[Hint: Change log, x to base 2.] 


» logo x + 3 log; x = 14 
ete 


2 
{Hint: Multiply each side by e*.] 


1 


85. logs x + logs x = 1 


76. logo(3x + 2) — logyx = 3 


77. logig x + logy x + logy x = 7 


80. log, x°&* = 4 


86. log, x + loge x = 3 


[Hint: Use the Change-of-Base Formula. ] 


. f(x) = logo(x + 3) and g(x) = log,(3x + 1). 
(a) Solve f(x) = 3. What point is on the graph of f? 
(b) Solve g(x) = 4. What point is on the graph of g? 
(c) Solve f(x) = g(x). Do the graphs of fand g intersect? 
If so, where? 


. f(x) = log;(x + 5) and g(x) = log3(x — 1). 
(a) Solve f(x) = 2. What point is on the graph of f? 
(b) Solve g(x) = 3. What point is on the graph of g? 
(c) Solve f(x) = g(x). Do the graphs of fand g intersect? 
If so, where? 


. (a) If f(x) = 3**! and g(x) = 2**?, graph fand g on the 
same Cartesian plane. 
(b) Find the point(s) of intersection of the graphs of f and 
g by solving f(x) = g(x). Round answers to three 
decimal places. Label any intersection points on the 
graph drawn in part (a). 
(c) Based on the graph, solve f(x) > g(x). 


. (a) If f(x) = 5*7! and g(x) = 2**!, sraph f and g on the 
same Cartesian plane. 
(b) Find the point(s) of intersection of the graphs of f and 
g by solving f(x) = g(x). Label any intersection 
points on the graph drawn in part (a). 
(c) Based on the graph, solve f(x) > g(x). 
. (a) Graph f(x) = 3* and g(x) = 10 on the same 
Cartesian plane. 
(b) Shade the region bounded by the y-axis, f(x) = 3", 
and g(x) = 10 on the graph drawn in part (a). 


(c) Solve f(x) = g(x) and label the point of intersection 
on the graph drawn in part (a). 


. (a) Graph f(x) = 2* and g(x) =12 on the same 
Cartesian plane. 
(b) Shade the region bounded by the y-axis, f(x) = 2’, 
and g(x) = 12 on the graph drawn in part (a). 
(c) Solve f(x) = g(x) and label the point of intersection 
on the graph drawn in part (a). 


. (a) Graph f(x) = 2**! and g(x) = 2~**? on the same 
Cartesian plane. 
(b) Shade the region bounded by the y-axis, f(x) = 2**1, 
and g(x) = 2-**? on the graph draw in part (a). 
(c) Solve f(x) = g(x) and label the point of intersection 
on the graph drawn in part (a). 


. (a) Graph f(x) = 3-**! and g(x) = 3*-* on the same 
Cartesian plane. 
(b) Shade the region bounded by the y-axis, f(x) = 3°71, 
and g(x) = 3*-? on the graph draw in part (a). 
(c) Solve f(x) = g(x) and label the point of intersection 
on the graph drawn in part (a). 


. (a) Graph f(x) = 2* — 4. 

(b) Based on the graph, solve f(x) < 0. 
. (a) Graph g(x) = 3* — 9. 

(b) Based on the graph, solve g(x) > 0. 


97. A Population Model 


98. A Population Model 


Applications and Extensions 


The resident population of the 

United States in 2008 was 304 million people and was 

growing at a rate of 0.9% per year. Assuming that this 

growth rate continues, the model P(t) = 304(1.009)'~708 

represents the population P (in millions of people) in year t. 

(a) According to this model, when will the population of 
the United States be 354 million people? 

(b) According to this model, when will the population of the 
United States be 416 million people? 

Source: Statistical Abstract of the United States, 125th ed., 2009 


99. 
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(b) According to this model, when will the population of the 
world be 14 billion people? 
Source: U.S. Census Bureau. 


Depreciation The value V of a Chevy Cobalt that is ¢ years 

old can be modeled by V(t) = 16,500(0.82)'. 

(a) According to the model, when will the car be worth 
$9000? 

(b) According to the model, when will the car be worth 
$4000? 

(c) According to the model, when will the car be worth 
$2000? 

Source: Kelley Blue Book 


The population of the world in 2009 

was 6.78 billion people and was growing at a rate of 1.14% 

per year. Assuming that this growth rate continues, the 

model P(t) = 6.78(1.0114)'*" represents the population 

P (in billions of people) in year t. 

(a) According to this model, when will the population of 
the world be 8.7 billion people? 


Explaining Concepts: Discussion and Writing 


101. Fill in reasons for each step in the following two solutions. 


Solve: log3(x — 1)? = 2 


Solution A 
logs3(x — 1)? = 2 
(x-1P7% =3? =9 


Solution B 


log;(x — 1)? = 2 
2 log3(x — 1) =2 


100. 


Depreciation The value V of a Honda Civic DX that is 

t years old can be modeled by V(t) = 16,775(0.905)'. 

(a) According to the model, when will the car be worth 
$15,000? 

(b) According to the model, when will the car be worth 
$8000? 

(c) According to the model, when will the car be worth 
$4000? 

Source: Kelley Blue Book 


(x = 1) = 43 log3(x = 1) =1 
x-1=-30rx-1=3 x-1=3'=3 
x= -2orx = x=4 
Both solutions given in Solution A check. Explain what caused the solution x = —2 to be lost in Solution B. 
‘Are You Prepared?’ Answers 
1. {—3, 10} 2. {—2, 0} 3. {—1.43} 4. {-1.77} 
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7.5 Financial Models 


OBJECTIVES 1 Determine the Future Value of a Lump Sum of Money (p.488) 
2 Calculate Effective Rates of Return (p.491) 
3 Determine the Present Value of a_Lump Sum of Money (p.492) 


4 Determine the Rate of Interest or Time Required to Double a Lump 
Sum of Money (p.493) 


1 Determine the Future Value of a Lump Sum of Money 


Interest is money paid for the use of money. The total amount borrowed (whether 
by an individual from a bank in the form of a loan or by a bank from an individual 
in the form of a savings account) is called the principal. The rate of interest, 
expressed as a percent, is the amount charged for the use of the principal for a given 
period of time, usually on a yearly (that is, per annum) basis. 


THEOREM Simple Interest Formula 


If a principal of P dollars is borrowed for a period of ¢ years at a per annum 
interest rate r, expressed as a decimal, the interest J charged is 


I = Prt (1) 


Interest charged according to formula (1) is called simple interest. J 


In working with problems involving interest, we define the term payment 
period as follows: 


Annually: Once per year Monthly: 12 times per year 
Semiannually: Twice per year Daily: 365 times per year* 
Quarterly: Four times per year 


When the interest due at the end of a payment period is added to the principal 
so that the interest computed at the end of the next payment period is based on this 
new principal amount (old principal + interest), the interest is said to have been 
compounded. Compound interest is interest paid on the principal and previously 
earned interest. 


EXAMPLE 1 Computing Compound Interest 


A credit union pays interest of 8% per annum compounded quarterly on a certain 
savings plan. If $1000 is deposited in such a plan and the interest is left to accumulate, 
how much is in the account after 1 year? 


Solution Use the simple interest formula, J = Prt. The principal P is $1000 and the rate of 


; : ; : _ 
interest is 8% = 0.08. After the first quarter of a year, the time f is ri year, so the 
interest earned is 


I = Prt = ($1000)(0.08)( +) = $20 


* Most banks use a 360-day “year.” Why do you think they do? 


THEOREM 
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The new principal is P + J = $1000 + $20 = $1020. At the end of the second 
quarter, the interest on this principal is 


f= ($1020)(0.08)( +) = $20.40 


At the end of the third quarter, the interest on the new principal of 
$1020 + $20.40 = $1040.40 is 


1 
I= ($1040.40)(0.08)( +) = $20.81 
Finally, after the fourth quarter, the interest is 
1 
I= ($1061.21)(0.08)( +) = $21.22 


After 1 year the account contains $1061.21 + $21.22 = $1082.43. a 


The pattern of the calculations performed in Example 1 leads to a general formula 
for compound interest. To fix our ideas, let P represent the principal to be invested at 
a per annum interest rate r that is compounded n times per year, so the time 


: bade a . : 
of each compounding period is — years. (For computing purposes, r is expressed as a 
n 


decimal.) The interest earned after each compounding period is given by formula (1). 


a : 1 r 
Interest = principal X rate X time = P+-r-— = P -( ) 
n n 


The amount A after one compounding period is 


aad a ao 


After two compounding periods, the amount A, based on the new principal 


p-(14+2).is 
n 


New Interest on Factor out P+ (1+ 
principal new principal 


315 
2 


After three compounding periods, the amount A is 


ane(rsty ree(1+2)(2)r(r+t)-(r4t)=r(142) 


Continuing this way, after n compounding periods (1 year), the amount A is 


a= P-(1+2) 
n 


Because ¢ years will contain n+ t compounding periods, after ¢ years we have 


nt 
a=p-(1+7) 
n 


Compound Interest Formula 


The amount A after ¢ years due to a principal P invested at an annual interest 
rate r compounded n times per year is 


a=p-(1+2)" (2) 
=) 
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Fa Exploration For example, to rework Example 1, use P = $1000, r = 0.08, n = 4 (quarterly 
To see the effects of compounding inter- compounding), and ¢ = 1 year to obtain 
est monthly on an initial deposit of $1, 
pe PA 0.08 \*" 
graph ¥, = (1+ 5) with r = 006 A=P-(1+—] =1000(1+——-) = $1082.43 
andr = 0.12 for0 = x = 30.Whatis the 
future value of $1 in 30 years when the In equation (2), the amount A is typically referred to as the future value of the 


interest rate per annum is r = 0.06 (6%)? = account, while P is called the present value. 
What is the future value of $1 in 30 years 
when the interest rate per annum is 
r= 0.12 (12%)? Does doubling the 


interest rate double the future value? 


EXAMPLE 2 Comparing Investments Using Different Compounding Periods 


Investing $1000 at an annual rate of 10% compounded annually, semiannually, 
quarterly, monthly, and daily will yield the following amounts after 1 year: 


om======-Now Work problem 7 


Annual compounding (7 = 1): A=P:(1+7r) 
= ($1000)(1 + 0.10) = $1100.00 


2 
Semiannual compounding (n = 2): A=P: (1 oe *) 


($1000)(1 + 0.05)? = $1102.50 


4 
($1000)(1 + 0.025)* = $1103.81 


r 12 
P-(1+— 
(+) 


12 
($1000)( 1 + om) = $1104.71 


r 365 
. + a 
3 (1 <) 


0.10 \3° 
($1000)( 1 + ) = $1105.16 


365 
io! 


From Example 2, we can see that the effect of compounding more frequently is 
that the amount after 1 year is higher: $1000 compounded 4 times a year at 10% 
results in $1103.81, $1000 compounded 12 times a year at 10% results in $1104.71, 
and $1000 compounded 365 times a year at 10% results in $1105.16. This leads to the 
following question: What would happen to the amount after 1 year if the number of 
times that the interest is compounded were increased without bound? 

Let’s find the answer. Suppose that P is the principal, is the per annum interest 
rate, and n is the number of times that the interest is compounded each year. The 


amount after 1 year is 
A=P- (1 + ") 
n 


Rewrite this expression as follows: 


4 
Quarterly compounding (n = 4): A=P: (1 + ") 


Monthly compounding (n = 12): A 


a 
II 


Daily compounding (n = 365): 


n hq 
a=P-(1+7) 2pl ies |= Ps) (ae -p|(1+7) | @ 
n n n t h 
r cE 
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Now suppose that the number n of times that the interest is compounded per year 
gets larger and larger; that is, suppose that n— oo. Then h = aS oo, and the 
expression in brackets in equation (3) equals e. That is, A > Pe’. ’ 

Table 8 compares € + oy for large values of n, to e” a r = 0.05, r = 0.10, 
r = 0.15, andr = 1. The larger that n gets, the closer (1 a ") gets to e’. No matter 


how frequent the compounding, the amount after 1 year has the definite ceiling Pe’. 


Table 8 
n = 10,000 
1.0512580 1.0512698 1.051271 1.0512711 
1.1051157 1.1051654 1.1051704 1.1051709 
1.1617037 1.1618212 1.1618329 1.1618342 
2.7048138 2.7169239 2.7181459 2.7182818 
When interest is compounded so that the amount after 1 year is Pe’, we say that 
the interest is compounded continuously. 
THEOREM Continuous Compounding 


The amount A after ¢ years due to a principal P invested at an annual interest 
rate r compounded continuously is 


A = Pe’ (4) 


- 
EXAMPLE 3 Using Continuous Compounding 


The amount A that results from investing a principal P of $1000 at an annual rate r 
of 10% compounded continuously for a time ¢ of 1 year is 


A = $1000e°'° = ($1000)(1.10517) = $1105.17 


ai 


om=====-Now Work pros_Lem 13 


2 Calculate Effective Rates of Return 


Suppose that you have $1000 and a bank offers to pay you 3% annual interest on a 
savings account with interest compounded monthly. What annual interest rate do 
you need to earn to have the same amount at the end of the year if the interest is 
compounded annually (once per year)? To answer this question, first determine the 
value of the $1000 in the account that earns 3% compounded monthly. 


0.03 \? r\" 
A = $1000{ 1 + an UseA = PI 1+ a with P = $1000,r = 0.03,n = 12. 


= $1030.42 


So the interest earned is $30.42. Using J = Prt with t = 1, J = $30.42, and 
P = $1000, we find the annual simple interest rate is 0.03042 = 3.042%. This 
interest rate is known as the effective rate of interest. 

The effective rate of interest is the equivalent annual simple interest rate that 
would yield the same amount as compounding n times per year, or continuously, 
after 1 year. 
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THEOREM Effective Rate of Interest 


The effective rate of interest r, of an investment earning an annual interest 


rate r is given by 
€ “ “) = 
n 


Continuous compounding: r-= e — 1 J 


Compounding n times per year: r, 


EXAMPLE 4 Computing the Effective Rate of Interest—Which Is 
the Best Deal? 


Suppose you want to open a money market account. You visit three banks to 
determine their money market rates. Bank A offers you 6% annual interest 
compounded daily and Bank B offers you 6.02% compounded quarterly. Bank C 
offers 5.98% compounded continuously. Determine which bank is offering the 
best deal. 


Solution — The bank that offers the best deal is the one with the highest effective interest rate. 


Bank A Bank B Bank C 
0.06 \3° 0.0602 \* 
re (1 | 1 n= (14 ) 1 Bao ay 
= 1.06183 — 1 = 1.06157 — 1 = 1.06162 — 1 
= 0.06183 = 0.06157 = 0.06162 
= 6.183% = 6.157% = 6.162% 


Since the effective rate of interest is highest for Bank A, Bank A is offering the best 


deal. 
a2 


-Now Work prosLem 23 


3 Determine the Present Value of a Lump Sum of Money 


When people in finance speak of the “time value of money,” they are usually referring 
to the present value of money. The present value of A dollars to be received at a 
future date is the principal that you would need to invest now so that it will grow to 
A dollars in the specified time period. The present value of money to be received at 
a future date is always less than the amount to be received, since the amount to be 
received will equal the present value (money invested now) plus the interest accrued 
over the time period. 

We use the compound interest formula (2) to get a formula for present value. 
If P is the present value of A dollars to be received after ¢ years at a per annum 
interest rate r compounded n times per year, then, by formula (2), 


nt 
A= p-(1 + “) 
n 


nt 
To solve for P, divide both sides by (1 So “) . The result is 


=nt 
ee p=a-(1+2) 
n 


a 
nN 
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THEOREM Present Value Formulas 


The present value P of A dollars to be received after tf years, assuming a per 
annum interest rate r compounded n times per year, is 


r Sik 
p= a-(1+7) (5) 


If the interest is compounded continuously, 


P= Ae™ (6) 


To derive (6), solve formula (4) for P. 


EXAMPLE 5 Computing the Value of a Zero-coupon Bond 


A zero-coupon (noninterest-bearing) bond can be redeemed in 10 years for $1000. 
How much should you be willing to pay for it now if you want a return of 


(a) 8% compounded monthly? (b) 7% compounded continuously? 


Solution (a) We are seeking the present value of $1000. Use formula (5) with A = $1000, 
n = 12,r = 0.08, andt = 10. 


=nt ~12(10) 
P a-(1 “) = s1000( 1 + a = $450.52 


For a return of 8% compounded monthly, you should pay $450.52 for the bond. 
(b) Here use formula (6) with A = $1000, r = 0.07, andt = 10. 


P = Ae” = $1000e (99709) — $496.59 


For a return of 7% compounded continuously, you should pay $496.59 for the 


bond. 
Ji 


Now Work prosLem 15 


4 Determine the Rate of Interest or Time Required to Double 
a Lump Sum of Money 


EXAMPLE 6 Rate of Interest Required to Double an Investment 


What annual rate of interest compounded annually should you seek if you want to 
double your investment in 5 years? 


Solution If Pis the principal and we want P to double, the amount A will be 2P. We use the 
compound interest formula with n = 1 andt = 5 to find r. 


nt 
a= p-(1+2) 
n 


2P = P-(1+,r) A=2Pn=1%=5 
2=(1+,r) Divide both sides by F 
1+r=W2 Take the fifth root of each side. 


r= W2—1 © 1.148698 — 1 = 0.148698 


The annual rate of interest needed to double the principal in 5 years is 14.87%. 


om======-Now Work prosLem 31 
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EXAMPLE 7 Time Required to Double or Triple an Investment 


(a) How long will it take for an investment to double in value if it earns 5% 
compounded continuously? 


(b) How long will it take to triple at this rate? 


Solution (a) If Pis the initial investment and we want P to double, the amount A will be 2P. 
We use formula (4) for continuously compounded interest with r = 0.05. Then 


A = Pe" 
2P = pe A= 2h = 006 
Lag Cancel the P's. 
0.05¢ = In2 Rewrite as a logarithm. 
In2 


0.05 = 13.86 Solve fort. 


It will take about 14 years to double the investment. 
(b) To triple the investment, we set A = 3P in formula (4). 


A = Pe" 
ea Pe A= 3P,r = 0.05 
Zee" Cancel the P’s. 
0.05t = In3 Rewrite as a logarithm. 
In3 


0.05 = 21.97 Solve fort. 


It will take about 22 years to triple the investment. 


om=====-Now Work prosLem 35 


7.5 Assess Your Understanding 


Concepts and Vocabulary 


1. What is the interest due if $500 is borrowed for 6 months at 
a simple interest rate of 6% per annum? 


2. If you borrow $5000 and, after 9 months, pay off the loan in 
the amount of $5500, what per annum rate of interest was 
charged? 


3. The total amount borrowed (whether by an individual from 
a bank in the form of a loan or by a bank from an individual 
in the form of a savings account) is called the 


4. Ifa principal of P dollars is borrowed for a period of t years 


at a per annum interest rate r, expressed as a decimal, the 
interest J charged is = . Interest charged 
according to this formula is called 


» In working problems involving interest, if the payment 


period of the interest is quarterly, then interest is paid 
times per year. 


. The is the equivalent annual 


simple interest rate that would yield the same amount as 
compounding n times per year, or continuously, after 1 year. 


Skill Building 


In Problems 7-14, find the amount that results from each investment. 


% 7. $100 invested at 4% compounded quarterly after a period of 
2 years 


9. $500 invested at 8% compounded quarterly after a period of 


1 
25 years 


8. 


10. 


$50 invested at 6% compounded monthly after a period of 
3 years 


$300 invested at 12% compounded monthly after a period of 


1 
1 3 years 


11. 


\ 2. 


$600 invested at 5% compounded daily after a period of 
3 years 


$1000 invested at 11% compounded continuously after a 
period of 2 years 


12. 


14. 
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$700 invested at 6% compounded daily after a period of 
2 years 


$400 invested at 7% compounded continuously after a 
period of 3 years 


In Problems 15-22, find the principal needed now to get each amount; that is, find the present value. 


Ns. 


17. 


19, 


21. 


To get $100 after 2 years at 6% compounded monthly 


1 
To get $1000 after 25 years at 6% compounded daily 


To get $600 after 2 years at 4% compounded quarterly 


1 
To get $80 after 37 years at 9% compounded continuously 


In Problems 23-26, find the effective rate of interest. 


\ 23. 


25. 


In Problems 27-30, determine the rate that represents the better deal. 


27. 


29. 


3a 
33. 


Nas. 


37. 


For 5% compounded quarterly 


For 5% compounded continuously 


1 
6% compounded quarterly or 64% compounded annually 


9% compounded monthly or 8.8% compounded daily 


What rate of interest compounded annually is required to 
double an investment in 3 years? 


What rate of interest compounded annually is required to 
triple an investment in 5 years? 


(a) How long does it take for an investment to double in 
value if it is invested at 8% compounded monthly? 

(b) How long does it take if the interest is compounded 
continuously? 


What rate of interest compounded quarterly will yield an 
effective interest rate of 7%? 


Applications and Extensions 


39. 


40. 


41. 
42. 


43. 


Time Required to Reach a Goal If Tanisha has $100 to 
invest at 8% per annum compounded monthly, how long will 
it be before she has $150? If the compounding is continuous, 
how long will it be? 


Time Required to Reach a Goal If Angela has $100 to 
invest at 10% per annum compounded monthly, how long will 
it be before she has $175? If the compounding is continuous, 
how long will it be? 


Time Required to Reach a Goal How many years will it 
take for an initial investment of $10,000 to grow to $25,000? 
Assume a rate of interest of 6% compounded continuously. 


Time Required to Reach a Goal How many years will it 
take for an initial investment of $25,000 to grow to $80,000? 
Assume a rate of interest of 7% compounded continuously. 


Price Appreciation of Homes What will a $90,000 condo- 
minium cost 5 years from now if the price appreciation 
for condos over that period averages 3% compounded 
annually? 


16. 


18. 


20. 


22. 


24. 


26. 


28. 


30. 


32. 


34. 


36. 


38. 


44, 


45. 


46. 


47. 


To get $75 after 3 years at 8% compounded quarterly 


1 
To get $800 after 35 years at 7% compounded monthly 


To get $300 after 4 years at 3% compounded daily 


1 
To get $800 after 25 years at 8% compounded continuously 


For 6% compounded monthly 


For 6% compounded continuously 


1 
9% compounded quarterly or 94% compounded annually 


8% compounded semiannually or 7.9% compounded daily 


What rate of interest compounded annually is required to 
double an investment in 6 years? 


What rate of interest compounded annually is required to 
triple an investment in 10 years? 


(a) How long does it take for an investment to triple in 
value if it is invested at 6% compounded monthly? 

(b) How long does it take if the interest is compounded 
continuously? 


What rate of interest compounded continuously will yield an 
effective interest rate of 6%? 


Credit Card Interest A department store charges 1.25% 
per month on the unpaid balance for customers with charge 
accounts (interest is compounded monthly). A customer 
charges $200 and does not pay her bill for 6 months. What is 
the bill at that time? 


Saying for a Car Jerome will be buying a used car for 
$15,000 in 3 years. How much money should he ask his 
parents for now so that, if he invests it at 5% compounded 
continuously, he will have enough to buy the car? 


Paying off a Loan John requires $3000 in 6 months to pay 
off a loan that has no prepayment privileges. If he has the 
$3000 now, how much of it should he save in an account 
paying 3% compounded monthly so that in 6 months he will 
have exactly $3000? 


Return on a Stock George contemplates the purchase of 
100 shares of a stock selling for $15 per share. The 
stock pays no dividends. The history of the stock indicates 
that it should grow at an annual rate of 15% per year. 
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48. 


49. 


50. 


51. 


52. 


53. 
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How much should the 100 shares of stock be worth in 
5 years? 

Return on an Investment A _ business purchased for 
$650,000 in 2005 is sold in 2008 for $850,000. What is the 
annual rate of return for this investment? 


Comparing Savings Plans Jim places $1000 in a bank 
account that pays 5.6% compounded continuously. After 
1 year, will he have enough money to buy a computer 
system that costs $1060? If another bank will pay Jim 5.9% 
compounded monthly, is this a better deal? 


Savings Plans On January 1, Kim places $1000 in a certificate 
of deposit that pays 6.8% compounded continuously and 
matures in 3 months. Then Kim places the $1000 and the 
interest in a passbook account that pays 5.25% compounded 
monthly. How much does Kim have in the passbook account 
on May 1? 

Comparing IRA Investments Will invests $2000 in his IRA 
in a bond trust that pays 9% interest compounded 
semiannually. His friend Henry invests $2000 in his IRA 


in a certificate of deposit that pays 85% compounded 


continuously. Who has more money after 20 years, Will or 
Henry? 


Comparing Two Alternatives Suppose that April has access 
to an investment that will pay 10% interest compounded 
continuously. Which is better: to be given $1000 now so that 
she can take advantage of this investment opportunity or to 
be given $1325 after 3 years? 


College Costs The average annual cost of college at 4-year 
private colleges was $25,143 in the 2008-2009 academic year. 
This was a 5.9% increase from the previous year. 

Source: The College Board 


(a) If the cost of college increases by 5.9% each year, what 
will be the average cost of college at a 4-year private 
college for the 2028-2029 academic year? 


54. 


55. 


56. 


(b) College savings plans, such as a 529 plan, allow individuals 
to put money aside now to help pay for college later. If one 
such plan offers a rate of 4% compounded continuously, 
how much should be put in a college savings plan in 2010 
to pay for 1 year of the cost of college at a 4-year private 
college for an incoming freshman in 2028? 


Analyzing Interest Rates on a Mortgage Colleen and Bill 
have just purchased a house for $650,000, with the seller 
holding a second mortgage of $100,000. They promise to pay 
the seller $100,000 plus all accrued interest 5 years from now. 
The seller offers them three interest options on the second 
mortgage: 

(a) Simple interest at 12% per annum 


1 
(b) 11 3 interest compounded monthly 


1 
(c) 11 4° interest compounded continuously 


Which option is best; that is, which results in the least interest 
on the loan? 


2009 Federal Stimulus Package In February 2009, President 
Obama signed into law a $787 billion federal stimulus 
package. At that time, 20-year Series EE bonds had a fixed 
rate of 1.3% compounded semiannually. If the federal 
government financed the stimulus through EE bonds, how 
much would it have to pay back in 2029? How much interest 
was paid to finance the stimulus? 

Source: U.S. Treasury Department 


Per Capita Federal Debt In 2008, the federal debt was 
about $10 trillion. In 2008, the U.S. population was about 
304 million. Assuming that the federal debt is increasing 
about 7.8% per year and the U.S. population is increasing 
about 0.9% per year, determine the per capita debt (total 
debt divided by population) in 2020. 


Inflation 


Problems 57-62 require the following discussion. Inflation is a term used to describe the erosion of the purchasing power 


of money. For example, if the annual inflation rate is 3%, then $1000 worth of purchasing power now will have only $970 worth of 
purchasing power in 1 year because 3% of the original $1000 (0.03 X 1000 = 30) has been eroded due to inflation. In general, if the rate of 
inflation averages r per annum over n years, the amount A that $P will purchase after n years is 


A=P+(1-r)" 


where r is expressed as a decimal. 


57. 


58. 


59. 


Inflation If the inflation rate averages 3%, how much will 
$1000 purchase in 2 years? 

Inflation If the inflation rate averages 2%, how much will 
$1000 purchase in 3 years? 

Inflation If the amount that $1000 will purchase is only $950 
after 2 years, what was the average inflation rate? 


60. 


61. 


62. 


Inflation If the amount that $1000 will purchase is only $930 
after 2 years, what was the average inflation rate? 


Inflation If the average inflation rate is 2%, how long is it 
until purchasing power is cut in half? 
Inflation If the average inflation rate is 4%, how long is it 
until purchasing power is cut in half? 


Problems 63-66 involve zero-coupon bonds. A zero-coupon bond is a bond that is sold now at a discount and will pay its face value at the 
time when it matures; no interest payments are made. 


63. 


Zero-Coupon Bonds A_ zero-coupon bond can_ be 
redeemed in 20 years for $10,000. How much should you 
be willing to pay for it now if you want a return of: 

(a) 10% compounded monthly? 

(b) 10% compounded continuously? 


64. 


Zero-Coupon Bonds A child’s grandparents are considering 
buying a $40,000 face-value, zero-coupon bond at birth so 
that she will have enough money for her college education 
17 years later. If they want a rate of return of 8% compounded 
annually, what should they pay for the bond? 


65. 
© 


67. 


Zero-Coupon Bonds How much should a $10,000 face- 
value, zero-coupon bond, maturing in 10 years, be sold for 
now if its rate of return is to be 8% compounded annually? 


Time to Double or Triple an Investment The formula 


Inm 
n in(1 + ") 
n 
can be used to find the number of years ¢ required to multiply 
an investment m times when r is the per annum interest rate 
compounded n times a year. 
(a) How many years will it take to double the value of an 
IRA that compounds annually at the rate of 12%? 
(b) How many years will it take to triple the value of a 
savings account that compounds quarterly at an annual 


rate of 6%? 
(c) Give a derivation of this formula. 


t= 


66. 


68. 
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Zero-Coupon Bonds If Pat pays $12,485.52 for a $25,000 
face-value, zero-coupon bond that matures in 8 years, what is 
his annual rate of return? 


Time to Reach an Investment Goal The formula 
fe In A —InP 
r 


can be used to find the number of years ¢ required for an 

investment P to grow to a value A when compounded 

continuously at an annual rate r. 

(a) How long will it take to increase an initial investment of 
$1000 to $8000 at an annual rate of 10%? 

(b) What annual rate is required to increase the value of a 
$2000 IRA to $30,000 in 35 years? 

(c) Give a derivation of this formula. 


Problems 69-72 require the following discussion. The Consumer Price Index (CPI) indicates the relative change in price over time for a 
fixed basket of goods and services. It is a cost of living index that helps measure the effect of inflation on the cost of goods and services. The 
CPI uses the base period 1982-1984 for comparison (the CPI for this period is 100). The CPI for January 2006 was 198.3. This means that 
$100 in the period 1982-1984 had the same purchasing power as $198.30 in January 2006. In general, if the rate of inflation averages r per 
annum over n years, then the CPI index after n years is 


69. 


70. 


r n 
PI = CPI,( 1 + —— 
. : ( =) 


where CPI is the CPI index at the beginning of the n-year period. 
Source: U.S. Bureau of Labor Statistics 


Consumer Price Index 


(a) The CPI was 163.0 for 1998 and 215.3 for 2008. Assuming 
that annual inflation remained constant for this time 
period, determine the average annual inflation rate. 

(b) Using the inflation rate from part (a), in what year will 
the CPI reach 300? 


Consumer Price Index If the current CPI is 234.2 and the 
average annual inflation rate is 2.8%, what will be the CPI in 
5 years? 


Explaining Concepts: Discussion and Writing 


73. 


74. 
73. 


Explain in your own words what the term compound interest 
means. What does continuous compounding mean? 


Explain in your own words the meaning of present value. 


Critical Thinking You have just contracted to buy a house 
and will seek financing in the amount of $100,000. You go to 
several banks. Bank 1 will lend you $100,000 at the rate of 
8.75% amortized over 30 years with a loan origination fee of 
1.75%. Bank 2 will lend you $100,000 at the rate of 8.375% 
amortized over 15 years with a loan origination fee of 1.5%. 
Bank 3 will lend you $100,000 at the rate of 9.125% amortized 
over 30 years with no loan origination fee. Bank 4 will lend 
you $100,000 at the rate of 8.625% amortized over 15 years 
with no loan origination fee. Which loan would you take? 
Why? Be sure to have sound reasons for your choice. Use the 


71. 


72. 


Consumer Price Index If the average annual inflation rate 
is 3.1%, how long will it take for the CPI index to double? (A 
doubling of the CPI index means purchasing power is cut in 
half.) 


Consumer Price Index The base period for the CPI 
changed in 1998. Under the previous weight and item 
structure, the CPI for 1995 was 456.5. If the average annual 
inflation rate was 5.57%, what year was used as the base 
period for the CPI? 


information in the table to assist you. If the amount of the 
monthly payment does not matter to you, which loan would 
you take? Again, have sound reasons for your choice. 
Compare your final decision with others in the class. Discuss. 


Monthly 
Payment 


Loan 
Origination Fee 


$1,750.00 
$1,500.00 
$0.00 
$0.00 


$786.70 
$977.42 
$813.63 
$992.08 
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7.6 Exponential Growth and Decay Models; 


Newton’s Law; Logistic Growth and Decay Models 


OBJECTIVES 1 Find Equations of Populations That Obey the Law of Uninhibited 
Growth (p.498) 


2 Find Equations of Populations That Obey the Law of Decay (p.500) 
3 Use Newton's Law of Cooling (p.501) 
4 Use Logistic Models (p.503) 


1 Find Equations of Populations That Obey the Law 
of Uninhibited Growth 


Many natural phenomena have been found to follow the law that an amount A 


Figure 24 varies with time ¢ according to the function 


Ah 
Ale) —= ine" qd) 


Here Ag is the original amount (¢ = 0) and k # 0 is a constant. 

Ag If k > 0, then equation (1) states that the amount A is increasing over time; if 
k <0, the amount A is decreasing over time. In either case, when an amount A 
varies over time according to equation (1), it is said to follow the exponential law or 
the law of uninhibited growth (k > 0) or decay (k < 0). See Figure 24. 

i For example, we saw in Section 7.5 that continuously compounded interest 
fe Ra follows the law of uninhibited growth. In this section we shall look at some additional 
Exponential growth phenomena that follow the exponential law. 

A Cell division is the growth process of many living organisms, such as amoebas, 
plants, and human skin cells. Based on an ideal situation in which no cells die and no 
0 by-products are produced, the number of cells present at a given time follows the 
law of uninhibited growth. Actually, however, after enough time has passed, growth 
at an exponential rate will cease due to the influence of factors such as lack of living 
space and dwindling food supply. The law of uninhibited growth accurately models 
only the early stages of the cell division process. 


af 


A 


* The cell division process begins with a culture containing No cells. Each cell in 
the culture grows for a certain period of time and then divides into two identical 
cells. We assume that the time needed for each cell to divide in two is constant and 

(b) A(t) = Aye", k<0 does not change as the number of cells increases. These new cells then grow, and 
Exponential decay eventually each divides in two, and so on. 


Uninhibited Growth of Cells 
A model that gives the number N of cells in a culture after a time ¢ has passed 
(in the early stages of growth) is 


Nig —wNge” = kh  0 (2) 


where No is the initial number of cells and k is a positive constant that 
represents the growth rate of the cells. 


In using formula (2) to model the growth of cells, we are using a function that 
yields positive real numbers, even though we are counting the number of cells, which 
must be an integer. This is a common practice in many applications. 
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EXAMPLE 1 Bacterial Growth 


A colony of bacteria that grows according to the law of uninhibited growth is 
modeled by the function N(t) = 100e°*’, where N is measured in grams and t 
is measured in days. 

(a) Determine the initial amount of bacteria. 

(b) What is the growth rate of the bacteria? 

(c) What is the population after 5 days? 

(d) How long will it take for the population to reach 140 grams? 

(e) What is the doubling time for the population? 


Solution (a) The initial amount of bacteria, Ng, is obtained when ¢ = 0, so 
No = N(0) = 100e° = 100 grams 


(b) Compare N(t) = 100e°%* to N(t) = Noe’. The value of k, 0.045, indicates a 
growth rate of 4.5%. 

(c) The population after 5 days is N(5) = 100e°°S() ~ 125.2 grams. 

(d) To find how long it takes for the population to reach 140 grams, solve the 
equation N(t) = 140. 


10029" = 140 


gh = A Divide both sides of the equation by 100. 
0.045¢ = In 1.4 Rewrite as a logarithm. 
t= ae Divide both sides of the equation by 0.045. 
0.045 
~ 7.5 days 


(e) The population doubles when N(t) = 200 grams, so we find the doubling time 
by solving the equation 200 = 100e”™ for t. 


200 = 100e°"* 


tee Divide both sides of the equation by 100. 
In2 = 0.045¢ Rewrite as a logarithm. 
t= pee Divide both sides of the equation by 0.045. 
0.045 
~ 15.4 days 


The population doubles approximately every 15.4 days. 


om=====-Now Work prosBLemM 1 


EXAMPLE 2 Bacterial Growth 


A colony of bacteria increases according to the law of uninhibited growth. 


(a) If Nis the number of cells and tis the time in hours, express N as a function of t. 


(b) If the number of bacteria doubles in 3 hours, find the function that gives the 
number of cells in the culture. 


(c) How long will it take for the size of the colony to triple? 


(d) How long will it take for the population to double a second time (that is, 
increase four times)? 


Solution —_(a) Using formula (2), the number N of cells at time ¢ is 
Nit) = Noe“ 


where N is the initial number of bacteria present and k is a positive number. 
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(b) We seek the number k. The number of cells doubles in 3 hours, so 


But N(3) = Noe*?), so 
Nye) =2ONy 
—_— Divide both sides by No. 
3k = In2 Write the exponential equation as a logarithm. 


k= zin2 = 0.23105 


The function that models this growth process is therefore 
N(t) = Noe02310 


(c) The time t needed for the size of the colony to triple requires that N = 3No. 
Substitute 3No for N to get 


3Ny = Noe?23105 
3 = 923105¢ 
0.23105¢ = In3 
In3 


t= 0.23105 = 4.755 hours 


It will take about 4.755 hours or 4 hours, 45 minutes for the size of the colony to 
triple. 


(d) Ifa population doubles in 3 hours, it will double a second time in 3 more hours, 
for a total time of 6 hours. oa 


2 Find Equations of Populations That Obey the Law of Decay 


Radioactive materials follow the law of uninhibited decay. 


Uninhibited Radioactive Decay 


The amount A of a radioactive material present at time fis given by 
A ne k<0 (3) 


where Apo is the original amount of radioactive material and k is a negative 
number that represents the rate of decay. 


All radioactive substances have a specific half-life, which is the time required for 
half of the radioactive substance to decay. In carbon dating, we use the fact that all 
living organisms contain two kinds of carbon, carbon 12 (a stable carbon) and carbon 14 
(a radioactive carbon with a half-life of 5600 years). While an organism is living, the 
ratio of carbon 12 to carbon 14 is constant. But when an organism dies, the original 
amount of carbon 12 present remains unchanged, whereas the amount of carbon 14 
begins to decrease. This change in the amount of carbon 14 present relative to the 
amount of carbon 12 present makes it possible to calculate when the organism died. 


EXAMPLE 3 Estimating the Age of Ancient Tools 


Traces of burned wood along with ancient stone tools in an archeological dig in Chile 
were found to contain approximately 1.67% of the original amount of carbon 14. If 
the half-life of carbon 14 is 5600 years, approximately when was the tree cut and 
burned? 
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Solution — Using formula (3), the amount A of carbon 14 present at time f is 
A(t) = Aye” 


where Ap is the original amount of carbon 14 present and k is a negative number. 
We first seek the number k. To find it, we use the fact that after 5600 years half of the 


1 
original amount of carbon 14 remains, so A(5600) = 3 Ao- Then 


5 Ay = Ager 


1 
oy = gs Divide both sides of the equation by Ao. 
He 
5600k = In 3 Rewrite as a logarithm. 
1 1 
k = ——In= ®& —0.000124 
5600 2 


Formula (3) therefore becomes 
A(t) = Ape~0:000124 


If the amount A of carbon 14 now present is 1.67% of the original amount, it 
follows that 


0.0167Ay = Age °°01*! 
O07 = Divide both sides of the equation by Ao. 
—0.000124t = In 0.0167 Rewrite as a logarithm. 
In 0.0167 
= ooo D4 y 33,003 years 


The tree was cut and burned about 33,003 years ago. Some archeologists use this 
conclusion to argue that humans lived in the Americas 33,000 years ago, much 
earlier than is generally accepted. Pe 


om=======-Now Work pRoBLEM 3 


3 Use Newton’s Law of Cooling 


Newton’s Law of Cooling* states that the temperature of a heated object decreases 
exponentially over time toward the temperature of the surrounding medium. 


Newton's Law of Cooling 


The temperature u of a heated object at a given time f can be modeled by the 
following function: 


u(t) =T+(um—-T)e k<0 (4) 


where T is the constant temperature of the surrounding medium, up is the 
initial temperature of the heated object, and k is a negative constant. 


EXAMPLE 4 Using Newton’s Law of Cooling 


An object is heated to 100°C (degrees Celsius) and is then allowed to cool in a room 
whose air temperature is 30°C. 


(a) If the temperature of the object is 80°C after 5 minutes, when will its 
temperature be 50°C? 

(b) Determine the elapsed time before the temperature of the object is 35°C. 

(c) What do you notice about the temperature as time passes? 


* Named after Sir Isaac Newton (1643-1727), one of the cofounders of calculus. 
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Solution (a) Using formula (4) with T = 30 and up = 100, the temperature u(t) (in degrees 
Celsius) of the object at time ¢ (in minutes) is 


u(t) = 30 + (100 — 30)e* = 30 + 70e 


where k is a negative constant. To find k, use the fact that u = 80 when ¢ = 5. 


Then 
u(t) = 30 + 70e 
80 = 30 + 70e*) u(5) = 80 
50 = 70e* Simplify. 
50 
a 70 Solve for e™, 
5 
5k = In 7 Take In of both sides. 


1. 5 
k= 5 in 7 = —0.0673 Solve for k. 


Formula (4) therefore becomes 
u(t) = 30 + 70¢e~°°° (5) 
We want to find t when u = 50°C, so 


50 = 30 + 70e~ 0.0673 


= her Simplify. 
20 
—0.06737 _ 4¥ 
° 70 
2 
—0.0673t = In= Take In of both sides. 
2 
In7 
t= 0.0673 = 18.6 minutes Solve for t. 


The temperature of the object will be 50°C after about 18.6 minutes or 
18 minutes, 36 seconds. 


(b) If uw = 35°C, then, based on equation (5), we have 
35 = 30 + 70¢e 90° 


5 = 70e~ 000 Simplity. 
5 
-0.0673r _ > 
70 
5 
—0.0673t = In-5 Take In of both sides. 
5 
| ee 
t 70 = 39.2 minutes Solve for t. 
—0.0673 ad e MM: olvé Tor wv. 


The object will reach a temperature of 35°C after about 39.2 minutes. 

(c) Look at equation (5). As ¢ increases, the exponent —0.0673t becomes 
unbounded in the negative direction. As a result, the value of e~ °°” approaches 
zero so the value of u, the temperature of the object, approaches 30°C, the air 
temperature of the room. gil 


om=m=====-Now Work prosLeEmM 13 
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Figure 25 


4 Use Logistic Models 


The exponential growth model A(t) = Age“, k > 0, assumes uninhibited growth, 
meaning that the value of the function grows without limit. Recall that we stated 
that cell division could be modeled using this function, assuming that no cells die 
and no by-products are produced. However, cell division eventually is limited 
by factors such as living space and food supply. The logistic model, given next, can 
describe situations where the growth or decay of the dependent variable is limited. 


Logistic Model 


In a logistic model, the population P after time f is given by the function 


ml G 
1+ ager? 


P(t) (6) 


where a, b, and c are constants with a > 0 and c > 0. The model is a growth 
model if b > 0; the model is a decay model if b < 0. 


The number c is called the carrying capacity (for growth models) because the 
value P(t) approaches c as t approaches infinity; that is, lim P(t) = c. The number 
t—>00 
|b| is the growth rate for b > 0 and the decay rate for b < 0. Figure 25(a) shows the 
graph of a typical logistic growth function, and Figure 25(b) shows the graph of a 
typical logistic decay function. 


P(t)a eee 


Inflection point 


(a) (b) 


Based on the figures, we have the following properties of logistic growth 
functions. 


Properties of the Logistic Model, Equation (6) 
1. The domain is the set of all real numbers. The range is the interval (0, c), 
where c is the carrying capacity. 
2. There are no x-intercepts; the y-intercept is P(0). 
3. There are two horizontal asymptotes: y = 0 and y = c. 
4. P(t) is an increasing function if b > 0 and a decreasing function if b < 0. 


1 
5. There is an inflection point where P(t) equals 3 of the carrying capacity. 


The inflection point is the point on the graph where the graph changes 
from being curved upward to curved downward for growth functions and 
the point where the graph changes from being curved downward to curved 
upward for decay functions. 


6. The graph is smooth and continuous, with no corners or gaps. 
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EXAMPLE 5 Fruit Fly Population 


Fruit flies are placed in a half-pint milk bottle with a banana (for food) and yeast 
plants (for food and to provide a stimulus to lay eggs). Suppose that the fruit fly 
population after ¢ days is given by 


230 


P() = ——__ 
(0) 1 + 56.5¢e 037 


(a) State the carrying capacity and the growth rate. 
(b) Determine the initial population. 
(c) What is the population after 5 days? 
(d) How long does it take for the population to reach 180? 
ie (ec) Use a graphing utility to determine how long it takes for the population to reach 


one-half of the carrying capacity by graphing Y,; = P(t) and Y, = 115 and 
using INTERSECT. 
‘ 0.371 230 : : : 
Solution § (a) Ast—o,e”’"—0 and P(t) mare The carrying capacity of the half-pint 


bottle is 230 fruit flies. The growth rate is |b] = |0.37| = 37% per day. 


(b) To find the initial number of fruit flies in the half-pint bottle, evaluate P(0). 
230 
PO) = 
1 + 56.5e°3) 
_ _ 230 
~aOS 


So, initially, there were 4 fruit flies in the half-pint bottle. 


(c) To find the number of fruit flies in the half-pint bottle after 5 days, evaluate 
P(5). 


230 a 
P(5) ia sesaue 23 fruit flies 


After 5 days, there are approximately 23 fruit flies in the bottle. 


(d) To determine when the population of fruit flies will be 180, solve the equation 
P(t) = 180. 
230 
Se pan, = 180 
1 + 56.52 °°" 
230 = 180(1 + 56.5e~°”) 
12778 =1 + 565e°"” Divide both sides by 180. 
0.2778 = 56.5e°°" Subtract 1 from both sides. 
0.0049 = e 37! Divide both sides by 56.5. 
In(0.0049) = —0.37t Rewrite as a logarithmic expression. 
Figure 26 t = 14.4 days Divide both sides by —0.37. 
250 It will take approximately 14.4 days (14 days, 10 hours) for the population to 
____ 230 seis 
%=7+565e03a7 reach 180 fruit flies. 


yee Ee (e) One-half of the carrying capacity is 115 fruit flies. We solve P(t) = 115 by graphing 
2= 230 
= 37, and Y> = 115 and using INTERSECT. See Figure 26. The 
1 + 36.56°°" 
population will reach one-half of the carrying capacity in about 10.9 days 
(10 days, 22 hours). a) 


1 


Z 


O) thtersection 
Hain S0ZEEs Y=1iE 


—50 
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mS Look back at Figure 26. Notice the point where the graph reaches 115 fruit flies 

(one-half of the carrying capacity): the graph changes from being curved upward to 
being curved downward. Using the language of calculus, we say the graph changes 
from increasing at an increasing rate to increasing at a decreasing rate. For any 
logistic growth function, when the population reaches one-half the carrying capacity, 
the population growth starts to slow down. 


om -ow Work proBLEM 23 


ia Exploration 


On the same viewing rectangle, graph 


500 500 


¥;= ss and Y,= ——— 
1+ ge 093" 2 1+ 24e° 008 


What effect does the growth rate |b| have on the logistic growth function? 


EXAMPLE 6 Wood Products 


The EFISCEN wood product model classifies wood products according to their life- 
span. There are four classifications: short (1 year), medium short (4 years), medium 
long (16 years), and long (50 years). Based on data obtained from the European 
Forest Institute, the percentage of remaining wood products after t years for wood 
products with long life-spans (such as those used in the building industry) is given by 


100.3952 
1 + 0.0316e°8!" 


P(t) = 


(a) What is the decay rate? 
(b) What is the percentage of remaining wood products after 10 years? 


(c) How long does it take for the percentage of remaining wood products to reach 
50%? 
(d) Explain why the numerator given in the model is reasonable. 


Solution (a) The decay rate is |b] = |—0.0581| = 5.81%. 
(b) Evaluate P(10). 


100.3952 
P(10) = . = 95.0 
1+ 003168 
So 95% of long-life-span wood products remain after 10 years. 


(c) Solve the equation P(t) = 50. 


100.3952 
1 + 0.0316¢e°%8! 


100.3952 = 50(1 + 0.031658!) 


= 50 


2.0079 = 1 + 0.0316e°8!" Divide both sides by 50. 
1.0079 = 0,03162°°"" Subtract | from both sides. 
31.8956 = e981 Divide both sides by 0.0316. 
In(31.8956) = 0.0581¢ Rewrite as a logarithmic expression. 
= 59.6 years Divide both sides by 0.0581. 


It will take approximately 59.6 years for the percentage of long-life-span wood 
products remaining to reach 50%. 


(d) The numerator of 100.3952 is reasonable because the maximum percentage of 
wood products remaining that is possible is 100%. ei 
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7.6 


CHAPTER 7 Exponential and Logarithmic Functions 


Assess Your Understanding 


Applications and Extensions 


Nou 


‘\S 


. Growth of Bacteria 


. Growth of a Colony of Mosquitoes 


. Bacterial Growth 


Growth of an Insect Population The size P of a certain 
insect population at time ¢ (in days) obeys the function 
P(t) = 500¢°", 

(a) Determine the number of insects at t = 0 days. 

(b) What is the growth rate of the insect population? 

(c) What is the population after 10 days? 

(d) When will the insect population reach 800? 

(e) When will the insect population double? 


The number N of bacteria present in a 
culture at time ¢ (in hours) obeys the law of uninhibited 
growth N(t) = 1000e°""” 

(a) Determine the number of bacteria at tf = 0 hours. 

(b) What is the growth rate of the bacteria? 

(c) What is the population after 4 hours? 

(d) When will the number of bacteria reach 1700? 

(e) When will the number of bacteria double? 


Radioactive Decay Strontium 90 is a radioactive material 
that decays according to the function A(t) = Age ?°™*", 
where Ap is the initial amount present and A is the amount 
present at time ¢ (in years). Assume that a scientist has a 
sample of 500 grams of strontium 90. 

(a) What is the decay rate of strontium 90? 

(b) How much strontium 90 is left after 10 years? 

(c) When will 400 grams of strontium 90 be left? 

(d) What is the half-life of strontium 90? 


. Radioactive Decay Iodine 131 is a radioactive material that 


decays according to the function A(t) = Age °°8”, where Ag 
is the initial amount present and A is the amount present 
at time ¢ (in days). Assume that a scientist has a sample of 
100 grams of iodine 131. 

(a) What is the decay rate of iodine 131? 

(b) How much iodine 131 is left after 9 days? 

(c) When will 70 grams of iodine 131 be left? 

(d) What is the half-life of iodine 131? 


The population of a 

colony of mosquitoes obeys the law of uninhibited growth. 

(a) If N is the population of the colony and ¢ is the time in 
days, express N as a function of t. 

(b) If there are 1000 mosquitoes initially and there are 
1800 after 1 day, what is the size of the colony after 
3 days? 

(c) How longis it until there are 10,000 mosquitoes? 


A culture of bacteria obeys the law of 

uninhibited growth. 

(a) If N is the number of bacteria in the culture and f is the 
time in hours, express N as a function of t. 

(b) If 500 bacteria are present initially and there are 800 
after 1 hour, how many will be present in the culture 
after 5 hours? 

(c) How long is it until there are 20,000 bacteria? 


- Population Growth The population of a southern city 


follows the exponential law. 
(a) If N is the population of the city and ¢ is the time in 
years, express N as a function of t. 


10. 


11. 


12. 


Noa 


14. 


(b) If the population doubled in size over an 18-month 
period and the current population is 10,000, what will 
the population be 2 years from now? 


. Population Decline The population of a midwestern city 


follows the exponential law. 

(a) If N is the population of the city and ¢ is the time in 
years, express N as a function of t. 

(b) If the population decreased from 900,000 to 800,000 
from 2008 to 2010, what will the population be in 2012? 


. Radioactive Decay The half-life of radium is 1690 years. 


If 10 grams is present now, how much will be present in 
50 years? 


Radioactive Decay The half-life of radioactive potassium 
is 1.3 billion years. If 10 grams is present now, how much will 
be present in 100 years? In 1000 years? 


Estimating the Age of a Tree A piece of charcoal is found 
to contain 30% of the carbon 14 that it originally had. 
When did the tree die from which the charcoal came? Use 
5600 years as the half-life of carbon 14. 


Estimating the Age of a Fossil A fossilized leaf contains 
70% of its normal amount of carbon 14. How old is the 
fossil? 


Cooling Time of a Pizza Pan A pizza pan is removed at 

5:00 pm from an oven whose temperature is fixed at 450°F 

into a room that is a constant 70°F. After 5 minutes, the pan 

is 300°F. 

(a) At what time is the temperature of the pan 135°F? 

(b) Determine the time that needs to elapse before the pan 
is 160°F. 

(c) What do you notice about the temperature as time 
passes? 


Newton’s Law of Cooling A thermometer reading 72°F is 

placed in a refrigerator where the temperature is a constant 

38°F. 

(a) If the thermometer reads 60°F after 2 minutes, what will 
it read after 7 minutes? 

(b) How long will it take before the thermometer reads 
39°F? 

(c) Determine the time needed to elapse before the 
thermometer reads 45°F. 

(d) What do you notice about the temperature as time 
passes? 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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Newton’s Law of Heating A thermometer reading 8°C is 
brought into a room with a constant temperature of 35°C. If 
the thermometer reads 15°C after 3 minutes, what will it read 
after being in the room for 5 minutes? For 10 minutes? 


[Hint: You need to construct a formula similar to 
equation (4).] 


Warming Time of a Beer Stein A beer stein has a temper- 
ature of 28°F. It is placed in a room with a constant 
temperature of 70°F. After 10 minutes, the temperature of 
the stein has risen to 35°F. What will the temperature of 
the stein be after 30 minutes? How long will it take the 
stein to reach a temperature of 45°F? (See the hint given 
for Problem 15.) 


Decomposition of Chlorine in a Pool Under certain water 
conditions, the free chlorine (hypochlorous acid, HOCI) ina 
swimming pool decomposes according to the law of 
uninhibited decay. After shocking his pool, Ben tested the 
water and found the amount of free chlorine to be 2.5 parts 
per million (ppm). Twenty-four hours later, Ben tested the 
water again and found the amount of free chlorine to be 
2.2 ppm. What will be the reading after 3 days (that is, 
72 hours)? When the chlorine level reaches 1.0 ppm, Ben 
must shock the pool again. How long can Ben go before he 
must shock the pool again? 


Decomposition of Dinitrogen Pentoxide At 45°C, 
dinitrogen pentoxide (N05) decomposes into nitrous 
dioxide (NO) and oxygen (O,) according to the law of 
uninhibited decay. An initial amount of 0.25 M of 
dinitrogen pentoxide decomposes to 0.15 M in 17 minutes. 
How much dinitrogen pentoxide will remain after 30 minutes? 
How long will it take until 0.01 M of dinitrogen pentoxide 
remains? 


Decomposition of Sucrose Reacting with water in an 
acidic solution at 35°C, sucrose (Cj,H,.0;,) decomposes 
into glucose (CsHj,O¢) and fructose (CgH,,0,)* according 
to the law of uninhibited decay. An initial amount of 0.40 M 
of sucrose decomposes to 0.36 M in 30 minutes. How much 
sucrose will remain after 2 hours? How long will it take until 
0.10 M of sucrose remains? 


Decomposition of Salt in Water Salt (NaCl) decomposes 
in water into sodium (Na*) and chloride (CI) ions according 
to the law of uninhibited decay. If the initial amount of salt 
is 25 kilograms and, after 10 hours, 15 kilograms of salt is 
left, how much salt is left after 1 day? How long does it take 


1 
until 2 kilogram of salt is left? 


Radioactivity from Chernobyl After the release of 
radioactive material into the atmosphere from a nuclear 
power plant at Chernobyl (Ukraine) in 1986, the hay in 
Austria was contaminated by iodine 131 (half-life 8 days). 
If it is safe to feed the hay to cows when 10% of the iodine 
131 remains, how long did the farmers need to wait to use 
this hay? 


Pig Roasts The hotel Bora-Bora is having a pig roast. At 
noon, the chef put the pig in a large earthen oven. The pig’s 
original temperature was 75°F. At 2:00 pm the chef checked 
the pig’s temperature and was upset because it had reached 
only 100°F. If the oven’s temperature remains a constant 


a5 


24. 


25. 
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325°F, at what time may the hotel serve its guests, assuming 
that pork is done when it reaches 175°F? 


— 


Population of a Bacteria Culture The logistic growth model 
1000 
P(t) = ——— 
) = 15 30,33¢ 08m 


represents the population (in grams) of a bacterium after 

t hours. 

(a) Determine the carrying capacity of the environment. 

(b) What is the growth rate of the bacteria? 

(c) Determine the initial population size. 

(d) What is the population after 9 hours? 

(e) When will the population be 700 grams? 

(f) How long does it take for the population to reach one- 
half the carrying capacity? 


Population of an Endangered Species Often environmen- 
talists capture an endangered species and transport the 
species to a controlled environment where the species 
can produce offspring and regenerate its population. Suppose 
that six American bald eagles are captured, transported to 
Montana, and set free. Based on experience, the environmen- 
talists expect the population to grow according to the model 


500 
P(t) = ——_ 
OO Ty 93.3300 


where f is measured in years. 


(a) Determine the carrying capacity of the environment. 

(b) What is the growth rate of the bald eagle? 

(c) What is the population after 3 years? 

(d) When will the population be 300 eagles? 

(e) How long does it take for the population to reach one- 
half of the carrying capacity? 


The Challenger Disaster After the Challenger disaster in 
1986, a study was made of the 23 launches that preceded the 
fatal flight. A mathematical model was developed involving 
the relationship between the Fahrenheit temperature x 
around the O-rings and the number y of eroded or leaky 
primary O-rings. The model stated that 


6 
y 1 $e (5.085—0.1156x) 


where the number 6 indicates the 6 primary O-rings on the 
spacecraft. 


* Author’s Note: Surprisingly, the chemical formulas for glucose and fructose are the same: This is not a typo. 


508 CHAPTER7 Exponential and Logarithmic Functions 


(a) What is the predicted number of eroded or leaky 
primary O-rings at a temperature of 100°F? 
(b) What is the predicted number of eroded or leaky primary 
O-rings at a temperature of 60°F? 
(c) What is the predicted number of eroded or leaky primary 
O-rings at a temperature of 30°F? 
‘= (d) Graph the equation using a graphing utility. At what 
- temperature is the predicted number of eroded or leaky 
O-rings 1? 3? 5? 


Source: Linda Tappin, “Analyzing Data Relating to the 
Challenger Disaster,” Mathematics Teacher, Vol. 87, No. 6, 
September 1994, pp. 423-426. 


7.7 Building Exponential, Logarithmic, and Logistic 
Models from Data 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Building Linear Models from Data (Appendix A, Section A.9, pp. A79-A82) 


1 Build an Exponential Model from Data (p.509) 
2 Build a Logarithmic Model from Data (p.510) 
3 Build a Logistic Model from Data (p.511) 


OBJECTIVES © 


her 
te 


®™ In Appendix A, Section A.9, we discussed how to find the linear function of best fit 
g (y= ax+t+b). 

In this section we discuss how to use a graphing utility to find equations 
of best fit that describe the relation between two variables when the relation is 
thought to be exponential (y = ab*), logarithmic (y = a + bln x), or logistic 


( y= a ee . As before, we draw a scatter diagram of the data to help to 
ae 


determine the appropriate model to use. 

Figure 27 shows scatter diagrams that will typically be observed for the three 
models. Below each scatter diagram are any restrictions on the values of the 
parameters. 


Figure 27 
YA 7 YA VR, 


= a = “aa a aaa 
x x x oa x x 


y=ab%a>0,b>1 y=abX0<b<1,a>0 y=a+binx,a>0,b<0 y=a+binxa>0,b>0 Y= ow a> 0, b>0,c>0 


Exponential Exponential Logarithmic Logarithmic Logistic 
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Most graphing utilities have REGression options that fit data to a specific type 
of curve. Once the data have been entered and a scatter diagram obtained, the type 
of curve that you want to fit to the data is selected. Then that REGression option is 
used to obtain the curve of best fit of the type selected. 

The correlation coefficient r will appear only if the model can be written as a 
linear expression. As it turns out, r will appear for the linear, power, exponential, 
and logarithmic models, since these models can be written as a linear expression. 
Remember, the closer |r is to 1, the better the fit. 


1 Build an Exponential Model from Data 


We saw in Section 7.5 that the future value of money behaves exponentially, and we 
saw in Section 7.6 that growth and decay models also behave exponentially. The 
next example shows how data can lead to an exponential model. 


EXAMPLE 1 Fitting an Exponential Function to Data 


Kathleen is interested in finding a function that explains the growth of cell phone 
usage in the United States. She gathers data on the number (in millions) of U.S. cell 
Table 9 phone subscribers from 1985 through 2008. The data are shown in Table 9. 


(a) Using a graphing utility, draw a scatter diagram with year as the independent 
N variable. 

umber of 
Subscribers (b) Using a graphing utility, build an exponential model from the data. 

pein (c) Express the function found in part (b) in the form A = Age”. 

(d) Graph the exponential function found in part (b) or (c) on the scatter diagram. 


1986 (x = 2) (e) Using the solution to part (b) or (c), predict the number of U.S. cell phone 
1987 (x = 3) subscribers in 2009. 


1988 (x = 4) (f) Interpret the value of & found in part (c). 
1989 (x = 5) 
1990 (x = 6) 
1991 (x = 7) 
1992 (x = 8) 
1993 (x = 9) 
1994 (x = 10) 


1985 (x = 1) 


Solution 


(a) Enter the data into the graphing utility, letting 1 represent 1985, 2 represent 
1986, and so on. We obtain the scatter diagram shown in Figure 28. 

(b) A graphing utility fits the data in Figure 28 to an exponential function of the 

| form y = ab” using the EXPonential REGression option. From Figure 29 we 

1995 (x = 11) find that y = ab* = 0.86498(1.31855)*. Notice that |r| is close to 1, indicating a 

1996 (x = 12) good fit. 


1997 (x = 13) 
1998 (x = 14) Figure 28 Figure 29 
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1999 (x = 15) 
2000 (x = 16) 
2001 (x = 17) 
2002 (x = 18) 
2003 (x = 19) 
2004 (x = 20) 
2005 (x = 21) 
2006 (x = 22) 
2007 (x = 23) (c) To express y = ab* inthe form A = Age“, where x = t and y = A, proceed as 
2008 (x = 24) follows: 


Source: ©2010 CTIA-The Wireless bt = Avot = 
Association®. All rights reserved. ap = Age x =t 
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When x = t = 0, we find that a = Apo. This leads to 


a= Ag oe 
Pete) 
b = & x=t 


Since y = ab* = 0.86498(1.31855)*, we find that a = 0.86498 and b = 1.31855. 
a= Ap = 0.86498 and b = eX = 1.31855 
We want to find k,so we rewrite e* = 1.31855 as a logarithm and obtain 
k = In(1.31855) © 0.2765 


Asaresult, A = Age“ = 0.86498e°77", 
cells (d) See Figure 30 for the graph of the exponential function of best fit. 


275 (e) Lett = 25 (end of 2009) in the function found in part (c). The predicted number 
(in millions) of cell phone subscribers in the United States in 2009 is 


Age = 0.86498e°77625) = 869 


This prediction (869 million) far exceeds what the U.S. population was in 2009 
(currently the U.S. population is about 304 million). See the answer in part (f). 
(f) The value of k = 0.2765 represents the growth rate of the number of cell phone 
subscribers in the United States. Over the period 1985 through 2008, the 
number of cell phone subscribers grew at an annual rate of 27.65% 
compounded continuously. This growth rate is not sustainable as we learned in 
part (e). In Problem 10 you are asked to build a better model from these data. 


a! 


om=======-Now Work prosLiem 1 


a 2 Build a Logarithmic Model from Data 


Many relations between variables do not follow an exponential model; instead, the 
independent variable is related to the dependent variable using a logarithmic 
model. 


EXAMPLE 2 Fitting a Logarithmic Function to Data 


Jodi, a meteorologist, is interested in finding a function that explains the relation 

between the height of a weather balloon (in kilometers) and the atmospheric 
Aaoenhene pressure (measured in millimeters of mercury) on the balloon. She collects the data 
Pressure, p Height, h shown in Table 10. 


Table 10 


(a) Using a graphing utility, draw a scatter diagram of the data with atmospheric 
pressure as the independent variable. 

(b) It is known that the relation between atmospheric pressure and height follows a 
logarithmic model. Using a graphing utility, build a logarithmic model from the 
data. 

(c) Draw the logarithmic function found in part (b) on the scatter diagram. 

(d) Use the function found in part (b) to predict the height of the weather balloon 
if the atmospheric pressure is 560 millimeters of mercury. 
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Solution (a) After entering the data into the graphing utility, we obtain the scatter diagram 
shown in Figure 31. 

(b) A graphing utility fits the data in Figure 31 to a logarithmic function of the form 
y =a+ binx by using the LOGarithm REGression option. See Figure 32. The 
logarithmic model from the data is 


h(p) = 45.7863 — 6.9025 In p 


where h is the height of the weather balloon and p is the atmospheric pressure. 
Notice that |r| is close to 1, indicating a good fit. 


(c) Figure 33 shows the graph of h(p) = 45.7863 — 6.9025 In p on the scatter 


Figure 31 
2.4 


diagram. 
Figure 33 
Figure 32 24 
525 775 
—0.2 


(d) Using the function found in part (b), Jodi predicts the height of the weather 
balloon when the atmospheric pressure is 560 to be 


h(560) = 45.7863 — 6.9025 In 560 
~ 2.108 kilometers 


-j 


om======-Now Work prosLem 5 


a 3 Build a Logistic Model from Data 


Logistic growth models can be used to model situations for which the value of the 
dependent variable is limited. Many real-world situations conform to this scenario. 
For example, the population of the human race is limited by the availability of natural 
resources such as food and shelter. When the value of the dependent variable is 
limited, a logistic growth model is often appropriate. 


EXAMPLE 3 Fitting a Logistic Function to Data 


The data in Table 11 represent the amount of yeast biomass in a culture after ¢ hours. 


Table 11 Time Vonct Time Yeast 
(in hours) Biomass (in hours) Biomass 


0 
1 
2 
3 
4 
5 
6 
7} 
8 


wo 


Source: Tor Carlson (Uber Geschwindigkeit und Grosse der Hefevermehrung in Wiirze, 
Biochemische Zeitschrift, Bd. 57, pp. 313-334, 1913) 


(a) Using a graphing utility, draw a scatter diagram of the data with time as the 
independent variable. 


(b) Using a graphing utility, build a logistic model from the data. 
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(c) Using a graphing utility, graph the function found in part (b) on the scatter diagram. 
(d) What is the predicted carrying capacity of the culture? 


(ec) Use the function found in part (b) to predict the population of the culture at 


t = 19 hours. 


Solution (a) See Figure 34 for a scatter diagram of the data. 


(b) A graphing utility fits a logistic growth model of the form y = 


Figure 34 


Cc 


——— b 
1+ ae?* y 


700 using the LOGISTIC regression option. See Figure 35. The logistic model from 


the data is 


Figure 35 


663.0 
1 + 71.6 05470" 


y= 


where y is the amount of yeast biomass in the culture and x is the time. 
(c) See Figure 36 for the graph of the logistic model. 


Figure 36 
700 
—2 20 
0 


(d) Based on the logistic growth model found in part (b), the carrying capacity of 


the culture is 663. 


(e) Using the logistic growth model found in part (b), the predicted amount of yeast 
biomass at ¢ = 19 hours is 


663.0 


~ 1+ 71 .6e 0-5470(19) 


= 661.5 


a! 


ormm====-Now Work prosLem 7 


7.7 Assess Your Understanding 


‘s Applications and Extensions 


Na. 
w 


Biology A strain of E-coli Beu 397-recA441 is placed into 
a nutrient broth at 30° Celsius and allowed to grow. The 
following data are collected. Theory states that the number 
of bacteria in the petri dish will initially grow according to 
the law of uninhibited growth. The population is measured 
using an optical device in which the amount of light that 
passes through the petri dish is measured. 


TTime (hours), x Population, y 


Source: Dr. Polly Lavery, Joliet 
Junior College 


(a) Draw a scatter diagram treating time as the independ- 
ent variable. 

(b) Using a graphing utility, build an exponential model 
from the data. 

(c) Express the function found in part (b) in the form 
N(t) = Noe™. 

(d) Graph the exponential function found in part (b) or (c) 
on the scatter diagram. 

(e) Use the exponential function from part (b) or (c) to 
predict the population at x = 7 hours. 

(f) Use the exponential function from part (b) or (c) to 
predict when the population will reach 0.75. 


. Biology A strain of E-coli SC18del-recA718 is placed into 


a nutrient broth at 30° Celsius and allowed to grow. The data 
on the following page are collected. Theory states that the 
number of bacteria in the petri dish will initially grow 
according to the law of uninhibited growth. The population 


4. Cigarette Exports 


SECTION 7.7 


is measured using an optical device in which the amount of 
light that passes through the petri dish is measured. 


Time (hours), x 


Population, y 


Source: Dr. Polly Lavery, Joliet 
Junior College 


(a) Draw a scatter diagram treating time as the independ- 
ent variable. 

(b) Using a graphing utility, build an exponential model 
from the data. 

(c) Express the function found in part (b) in the form 
N (t) =WN oe. 

(d) Graph the exponential function found in part (b) or (c) 
on the scatter diagram. 

(e) Use the exponential function from part (b) or (c) to 
predict the population at x = 6 hours. 

(f) Use the exponential function from part (b) or (c) to 
predict when the population will reach 2.1. 


3. Chemistry A chemist has a 100-gram sample of a radioac- 


tive material. He records the amount of radioactive material 
every week for 7 weeks and obtains the following data: 


Weight 
(in Grams) 


(a) Using a graphing utility, draw a scatter diagram with 
week as the independent variable. 

(b) Using a graphing utility, build an exponential model 
from the data. 

(c) Express the function found in part (b) in the form 
A(t) = Age. 

(d) Graph the exponential function found in part (b) or (c) 
on the scatter diagram. 

(e) From the result found in part (b), determine the half- 
life of the radioactive material. 

(f) How much radioactive material will be left after 50 
weeks? 

(g) When will there be 20 grams of radioactive material? 


The following data represent the 
number of cigarettes (in billions) exported from the United 
States by year. 
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Cigarette Exports 
(in billions of pieces) 


Source: Statistical Abstract of the 
United States, 2006 


(a) Let ¢ = the number of years since 1995. Using a graphing 
utility, draw a scatter diagram of the data using ¢ as the 
independent variable and number of cigarettes as the 
dependent variable. 

(b) Using a graphing utility, build an exponential model 
from the data. 

(c) Express the function found in part (b) in the form 
A(t) = AgeK. 

(d) Graph the exponential function found in part (b) or (c) 
on the scatter diagram. 

(e) Use the exponential function from part (b) or (c) to 
predict the number of cigarettes that will be exported 
from the United States in 2010. 

(f) Use the exponential function from part (b) or (c) to 
predict when the number of cigarettes exported from 
the United States will decrease to 50 billion. 


. Economics and Marketing The following data represent 


the price and quantity demanded in 2009 for Dell personal 
computers. 


Quantity 


($/Computer) Demanded 


(a) Using a graphing utility, draw a scatter diagram of the 
data with price as the dependent variable. 

(b) Using a graphing utility, build a logarithmic model from 
the data. 

(c) Using a graphing utility, draw the logarithmic function 
found in part (b) on the scatter diagram. 

(d) Use the function found in part (b) to predict the number 
of Dell personal computers that will be demanded if the 
price is $1650. 


. Economics and Marketing The following data represent 


the price and quantity supplied in 2009 for Dell personal 
computers. 
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Price 
($/Computer) 


Quantity 
Supplied 


(a) Using a graphing utility, draw a scatter diagram of the 
data with price as the dependent variable. 

(b) Using a graphing utility, build a logarithmic model from 
the data. 

(c) Using a graphing utility, draw the logarithmic function 
found in part (b) on the scatter diagram. 

(d) Use the function found in part (b) to predict the number 
of Dell personal computers that will be supplied if the 
price is $1650. 


Population Model The following data represent the 
population of the United States. An ecologist is interested in 
building a model that describes the population of the United 
States. 


Population 
76,212,168 
92,228,496 

106,021,537 

123,202,624 

132,164,569 


151,325,798 
179,323,175 
203,302,031 
226,542,203 
248,709,873 
281,421,906 


Source: U.S. Census Bureau 


(a) Using a graphing utility, draw a scatter diagram of the 
data using years since 1900 as the independent variable 
and population as the dependent variable. 

(b) Using a graphing utility, build a logistic model from the 
data. 

(c) Using a graphing utility, draw the function found in 
part (b) on the scatter diagram. 

(d) Based on the function found in part (b), what is the 
carrying capacity of the United States? 

(e) Use the function found in part (b) to predict the 
population of the United States in 2004. 

(f) When will the United States population be 300,000,000? 

(g) Compare actual U.S. Census figures to the predictions 
found in parts (e) and (f). Discuss any differences. 


The following data represent the world 
population. An ecologist is interested in building a model 
that describes the world population. 


. Cable Subscribers 


Population 
(in Billions) 


Source: U.S. Census Bureau 


(a) Using a graphing utility, draw a scatter diagram of the 
data using years since 2000 as the independent variable 
and population as the dependent variable. 

(b) Using a graphing utility, build a logistic model from the 
data. 

(c) Using a graphing utility, draw the function found in 
part (b) on the scatter diagram. 

(d) Based on the function found in part (b), what is the 
carrying capacity of the world? 

(e) Use the function found in part (b) to predict the 
population of the world in 2015. 

(f) When will world population be 10 billion? 


The following data represent the 
number of basic cable TV subscribers in the United States. A 
market researcher believes that external factors, such as 
satellite TV, have affected the growth of cable subscribers. 
She is interested in building a model that can be used to 
describe the number of cable TV subscribers in the United 
States. 


Subscribers 
(1,000) 


1975 (t= 5) 9,800 
1980 (t= 10) 17,500 
1985 (t= 15) 35,440 
1990 (t= 20) 50,520 
1992 (t= 22) 54,300 
1994 (t= 24) 58,373 
1996 (t= 26) 62,300 
1998 (t= 28) 64,650 
2000 (t= 30) 66,250 
2002 (t= 32) 66,472 
2004 (t= 34) 65,727 
2006 (t= 36) 65,319 


Source: Statistical Abstract of the 
United States, 2009 


(a) Using a graphing utility, draw a scatter diagram of 
the data using the number of years after 1970, f, as the 
independent variable and number of subscribers as the 
dependent variable. 

(b) Using a graphing utility, build a logistic model from the 
data. 
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(c) Using a graphing utility, draw the function found in 
part (b) on the scatter diagram. 

(d) Based on the model found in part (b), what is the 
maximum number of cable TV subscribers in the United 
States? 

(e) Use the model found in part (b) to predict the number of 
cable TV subscribers in the United States in 2015. 

10. Cell Phone Users Refer to the data in Table 9. 
w (a) Using a graphing utility, build a logistic model from the 

data. 


Mixed Practice 


11. Age versus Total Cholesterol The following data repre- 
sent the age and average total cholesterol for adult males at 
various ages. 


Total 
Cholesterol 


(a) Using a graphing utility, draw a scatter diagram of the 
data using age, x, as the independent variable and total 
cholesterol, y, as the dependent variable. 

(b) Based on the scatter diagram drawn in part (a), decide 
on a model (linear, quadratic, cubic, exponential, 
logarithmic, or logistic) that you think best describes the 
relation between age and total cholesterol. Be sure to 
justify your choice of model. 

(c) Using a graphing utility, find the model of best fit. 

(d) Using a graphing utility, draw the model of best fit on the 
scatter diagram drawn in part (a). 

(e) Use your model to predict the total cholesterol of a 
35-year-old male. 


12. Income versus Crime Rate The following data represent 
crime rate against individuals (crimes per 1000 households) 
and their income in the United States in 2006. 


Income Crime Rate 


$5000 
11,250 
20,000 
30,000 


42,500 


62,500 


85,000 


Source: Statistical Abstract of the 
United States, 2009 
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(b) Graph the logistic function found in part (b) on a scatter 
diagram of the data. 

(c) What is the predicted carrying capacity of U.S. cell 
phone subscribers? 

(d) Use the model found in part (b) to predict the number of 
US. cell phone subscribers at the end of 2009. 

(e) Compare the answer to part (d) above with the answer 
to Example 1, part (ec). How do you explain the different 
predictions? 


(a) Using a graphing utility, draw a scatter diagram of the 
data using income, x, as the independent variable and 
crime rate, y, as the dependent variable. 

(b) Based on the scatter diagram drawn in part (a), decide 
on a model (linear, quadratic, cubic, exponential, 
logarithmic, or logistic) that you think best describes the 
relation between income and crime rate. Be sure to 
justify your choice of model. 

(c) Using a graphing utility, find the model of best fit. 


(d) Using a graphing utility, draw the model of best fit on the 
scatter diagram drawn in part (a). 

(e) Use your model to predict the crime rate of a household 
whose income is $55,000. 


Depreciation of a Chevrolet Impala The following data 
represent the asking price and age of a Chevrolet Impala SS. 


Asking Price 


$27,417 
26,750 
22,995 
23,195 
17,999 
16,995 
16,490 


Source: cars.com 


(a) Using a graphing utility, draw a scatter diagram of the 
data using age, x, as the independent variable and 
asking price, y, as the dependent variable. 

(b) Based on the scatter diagram drawn in part (a), decide 
on a model (linear, quadratic, cubic, exponential, 
logarithmic, or logistic) that you think best describes the 
relation between age and asking price. Be sure to 
justify your choice of model. 

(c) Using a graphing utility, find the model of best fit. 

(d) Using a graphing utility, draw the model of best fit on the 
scatter diagram drawn in part (a). 

(e) Use your model to predict the asking price of a 
Chevrolet Impala SS that is 5 years old. 


516 CHAPTER7 Exponential and Logarithmic Functions 


CHAPTER REVIEW 


Things to Know 


Properties of the exponential 
function (pp. 444, 448, 450) f(x) =Ca*, a>1,C>0 Domain: the interval (—0o, 00) 


Range: the interval (0, 00) 
x-intercepts: none; y-intercept: C 
Horizontal asymptote: x-axis (y = 0) as x > —00 
Increasing; one-to-one; smooth; continuous 
See Figure 4 for a typical graph. 
f(x) = Ca*, 0<a<1,C>0 Domain: the interval (—©, 00) 
Range: the interval (0, 00) 
x-intercepts: none; y-intercept: C 
Horizontal asymptote: x-axis (y = 0) as x > 00 
Decreasing; one-to-one; smooth; continuous 


See Figure 8 for a typical graph. 


Number e (p. 451) Value approached by the expression (1 + 1)" as n — ©; that is, im, (1 + 1)" =e. 
Property of exponents (p. 452) If a“ = a’, where a > Oanda # 1, thenu = v. 

Properties of the logarithmic f(x) = log, x, a>1 Domain: the interval (0, 00) 

function (pp. 459-462) (y = log, x means x = a”) Range: the interval (—0o, co) 


x-intercept: 1; y-intercept: none 
Vertical asymptote: x = 0 (y-axis) 
Increasing; one-to-one; smooth; continuous 
See Figure 22(a) for a typical graph. 

f(x) = log, x, O<a<1 Domain: the interval (0, 00) 


(y = log, x means x = a”) Range: the interval (—00, 00) 
x-intercept: 1; y-intercept: none 
Vertical asymptote: x = 0 (y-axis) 
Decreasing; one-to-one; smooth; continuous 
See Figure 22(b) for a typical graph. 
Natural logarithm (p. 463) y = Inx means x = e”. 
Properties of logarithms (pp. 473-474, 476) log,1=0 log,a=1 ad%”“=M — log,a =r 


log,(MN) = log, M + log, N ton,( “) = log, M — log, N 
log, M" = rlog,M 

If M = N,thenlog,M =log,N. at =e*™4 

If log, M = log, N, then M = N. 


Formulas 

log, M 
Change-of-Base Formula (p. 477) log, M = 

log, a 

nt 

Compound Interest Formula (p. 489) A=P:. (1 + ") 
Continuous compounding (p. 491) A= Pe" 
Effective rate of interest (p. 492) Compounding v times per year:r, = (1 + ") =k 


Continuous compounding: r, = e” — 1 


—nt 
Present Value Formulas (p. 493) P=A: (1 + ") or P= Ae" 


Growth and decay (pp. 498, 500) A(t) = Age* 
Newton’s Law of Cooling (p. 501) u(t) = T + (up — Tye’ k <0 
Logistic model (p. 503) P(t) =—— 

1+ae" 
Objectives 


Section 
TA 


You should be able to... Example(s) 
Evaluate exponential functions (p. 443) 1 

Graph exponential functions (p. 447) 3-6 
Define the number e (p. 450) pg. 451 
Solve exponential equations (p. 452) 7,8 
Change exponential statements to logarithmic statements 

and logarithmic statements to exponential statements (p. 460) 

Evaluate logarithmic expressions (p. 460) 


Determine the domain of a logarithmic function (p. 461) 
Graph logarithmic functions (p. 462) 
Solve logarithmic equations (p. 466) 


Work with the properties of logarithms (p. 472) 

Write a logarithmic expression as a sum or difference 

of logarithms (p. 474) 

Write a logarithmic expression as a single logarithm (p. 475) 
Evaluate logarithms whose base is neither 10 nor e (p. 477) 


Solve logarithmic equations (p. 481) 

Solve exponential equations (p. 483) 

Solve logarithmic and exponential equations using a 
graphing utility (p. 484) 

Determine the future value of a lump sum of money (p. 488) 
Calculate effective rates of return (p. 491) 

Determine the present value of a lump sum of money (p. 492) 


Determine the rate of interest or time required to double 
a lump sum of money (p. 493) 


Find equations of populations that obey the law of 
uninhibited growth (p. 498) 

Find equations of populations that obey the law of 
decay (p. 500) 

Use Newton’s Law of Cooling (p. 501) 

Use logistic models (p. 503) 


Build an exponential model from data (p. 509) 


Build a logarithmic model from data (p. 510) 
Build a logistic model from data (p. 511) 


Review Exercises 


In Problems 1 and 2, f(x) = 3* and g(x) = log; x. 
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Review Exercises 
1(a), (c), 2(a), (c), 65(a) 
33-38 

37,38 

41-44, 49, 50, 52-54 


3-6 
1(b), (d), 2(b), (d), 11, 12, 
61(b), 62(b), 63, 64, 66(a), 67 
7-10, 39(a), 40(a) 

39, 40, 61(a), 62(a) 

45, 46, 51, 61(c), 62(c), 66(b) 


13-16 


17-22 
23-28 
29, 30 


45, 46, 55, 56 
41-44, 47-50, 52-54, 57-60 


47-60 


68, 70,75 
68 
69 


68 


73 


1. Evaluate: 


(d) (=) 


(d) (54) 


In Problems 3 and 4, convert each exponential statement to an equivalent statement involving a logarithm. In Problems 5 and 6, convert 
each logarithmic statement to an equivalent statement involving an exponent. 


3.2% =z 5. logs u = 13 


(a) f(4) (b) g(9) (c) f(-2) 


2. Evaluate: (b) g(81) (c) f(-4) 


(a) fC) 


4. a =m 6. log, 4 = 3 
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In Problems 7-10, find the domain of each logarithmic function. 


7. f(x) = log(3x — 2) 8. F(x) = logs(2x + 1) 9. H(x) = logs(x? — 3x + 2) 10. F(x) = In(x? - 9) 
In Problems 11-16, evaluate each expression. Do not use a calculator. 
1 

11. losa( 12. log; 81 13. Inev? 14, en?! 15, 2!08)04 16. log, rh 

In Problems 17-22, write each expression as the sum and/or difference of logarithms. Express powers as factors. 
2 
17. ox u>0,v>0w>0 18 log(a’Vb)*, a>0,b>0 19. log(x*\/x3 +1), x>0 
24 2x +1 AV x2 2x + : 
20. ons 2 , x>0 21. (XS C33 22. In ae » &£>2 
x x-3 PP XO = Bx 2 
In Problems 23-28, write each expression as a single logarithm. 
1 1 1 
23. 3 logy x? oF 7 losaVx 24. —2 loss(+) a 3 lossVx 
25 n(2 = *) in( * ) In(x2 — 1) 26. log(x? — 9) — log(x? + 7x + 12) 
; x ee 1 si . 
1 1 2 L od 

27. 2log2 + 3 log x 7 Llog(x + 3) + log(x — 2)] 28. 5 In(x* + 1) 4 In, 5 [n(x 4) + In x] 
In Problems 29 and 30, use the Change-of-Base Formula and a calculator to evaluate each logarithm. Round your answer to three decimal 
places. 

29. logs 19 30. log, 21 


A In Problems 31 and 32, graph each function using a graphing utility and the Change-of-Base Formula. 
31. y = log; x 32. y = log; x 
In Problems 33-40, use the given function f to: 
(a) Find the domain of f(b) Graph f: (c) From the graph, determine the range and any asymptotes of f. 
(d) Find f"', the inverse of f. (e) Find the domain and the range of f '. (f) Graph f. 


33. f(x) =2"3 34, f(x) = -2* + 3 35. f(x) = 53") 36. f(x) =14+37" 


37. f(x) =1-e* 38. f(x) = 3e°? 39. f(x) = 5 In(x + 3) 40. f(x) = 3 + In(2x) 


In Problems 41-60, solve each equation. Express irrational solutions in exact form and as a decimal rounded to 3 decimal places. 


1 
41, 4“ = 2 42, got = 4 43, 3°" = 3 44, 4°" = 5 
45. log, 64 = -3 46. log. zx = —6 47, 5* = 3x"? 48. 5°02 SP 
0,9 = a7 50. 25°* = 5% 2 51. log; Vx — 2 = 2 5 ea 
53, 8 = 4" -25 54, 2*-5 = 10° 55. logs(x + 3) + log(x + 4) =1 
56. log(7x — 12) = 2log x 57. eb * = 5 58. el * = 4 
59. 9° + 4-3 -3 =0 60. 4° — 14-4* =5 
61. Suppose that f(x) = log)(x — 2) + 1. 62. Suppose that f(x) = log3(x + 1) — 4. 
(a) Graph f (a) Graph f 
(b) What is f(6)? What point is on the graph of f? (b) What is f (8)? What point is on the graph of f? 
(c) Solve f(x) = 4. What point is on the graph of f? (c) Solve f(x) = —3. What point is on the graph of f? 
(d) Based on the graph drawn in part (a), solve f(x) > 0. (d) Based on the graph drawn in part (a), solve f(x) < 0. 


(e) Find f-!(x). Graph f! on the same Cartesian plane as f (e) Find f-!(x). Graph f! on the same Cartesian plane as f 
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In Problems 63 and 64, use the following result: If x is the atmospheric pressure (measured in millimeters of mercury), then the formula 
for the altitude h(x) (measured in meters above sea level) is 


(2) 
h(x) = (30T + 8000) log 


20 
x 


where T is the temperature (in degrees Celsius) and Py is the atmospheric pressure at sea level, which is approximately 760 millimeters of 
mercury. 


63. 


Finding the Altitude of an Airplane At what height is a 
Piper Cub whose instruments record an outside temperature 
of 0°C and a barometric pressure of 300 millimeters of 
mercury? 


64. 


Finding the Height of a Mountain How high is a mountain 
if instruments placed on its peak record a temperature 
of 5°C and a barometric pressure of 500 millimeters of 
mercury? 


65. 


66. 


67. 


69. 


Amplifying Sound An amplifier’s power output P (in 
watts) is related to its decibel voltage gain d by the formula 
P = 25¢"14 


(a) Find the power output for a decibel voltage gain of 
4 decibels. 

(b) For a power output of 50 watts, what is the decibel 
voltage gain? 

Limiting Magnitude of a Telescope A telescope is limited 

in its usefulness by the brightness of the star that it is aimed 

at and by the diameter of its lens. One measure of a star’s 

brightness is its magnitude; the dimmer the star, the larger 

its magnitude. A formula for the limiting magnitude L of a 

telescope, that is, the magnitude of the dimmest star that it 

can be used to view, is given by 


L=9+5llogd 


where d is the diameter (in inches) of the lens. 
(a) What is the limiting magnitude of a 3.5-inch telescope? 
(b) What diameter is required to view a star of magnitude 14? 


Salvage Value The number of years n for a piece of 
machinery to depreciate to a known salvage value can be 
found using the formula 

log s — logi 

log(1 — d) 

where s is the salvage value of the machinery, i is its initial 

value, and d is the annual rate of depreciation. 

(a) How many years will it take for a piece of machinery to 
decline in value from $90,000 to $10,000 if the annual 
rate of depreciation is 0.20 (20%)? 

(b) How many years will it take for a piece of machinery to 
lose half of its value if the annual rate of depreciation is 
15%? 

Funding a College Education A _ child’s grandparents 

purchase a $10,000 bond fund that matures in 18 years to 

be used for her college education. The bond fund pays 4% 

interest compounded semiannually. How much will the bond 

fund be worth at maturity? What is the effective rate of 
interest? How long will it take the bond to double in value 
under these terms? 

Funding a College Education A _ child’s grandparents 

wish to purchase a bond that matures in 18 years to be 

used for her college education. The bond pays 4% interest 


70. 


71. 


72. 


73. 


74. 


75. 


compounded semiannually. How much should they pay so 
that the bond will be worth $85,000 at maturity? 


Funding an IRA First Colonial Bankshares Corporation 
advertised the following IRA investment plans. 


Target IRA Plans 


For each $5000 Maturity 
Value Desired 


At a Term of: 


Deposit: 
$620.17 
$1045.02 


20 Years 
15 Years 
10 Years 


$1760.92 
$2967.26 


5 Years 


(a) Assuming continuous compounding, what annual rate of 
interest did they offer? 

(b) First Colonial Bankshares claims that $4000 invested 
today will have a value of over $32,000 in 20 years. Use 
the answer found in part (a) to find the actual value of 
$4000 in 20 years. Assume continuous compounding. 


Estimating the Date That a Prehistoric Man Died The 
bones of a prehistoric man found in the desert of New Mexico 
contain approximately 5% of the original amount of carbon 14. 
If the half-life of carbon 14 is 5600 years, approximately how 
long ago did the man die? 


Temperature of a Skillet A skillet is removed from an oven 
whose temperature is 450°F and placed in a room whose 
temperature is 70°F. After 5 minutes, the temperature of the 
skillet is 400°F. How long will it be until its temperature is 
150°F? 

World Population The annual growth rate of the world’s 
population in 2005 was k = 1.15% = 0.0115. The popula- 
tion of the world in 2005 was 6,451,058,790. Letting t = 0 
represent 2005, use the uninhibited growth model to predict 
the world’s population in the year 2015. 

Source: U.S. Census Bureau 


Radioactive Decay The half-life of radioactive cobalt 
is 5.27 years. If 100 grams of radioactive cobalt is present 
now, how much will be present in 20 years? In 40 years? 
Federal Deficit In fiscal year 2005, the federal deficit was 
$319 billion. At that time, 10-year treasury notes were paying 
4.25% interest per annum. If the federal government 
financed this deficit through 10-year notes, how much would 
it have to pay back in 2015? 

Source: U.S. Treasury Department 
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76. Logistic Growth The logistic growth model 


0.8 
P(t) = —————— 
) 1+ 1.67e 01% 


represents the proportion of new cars with a global 

positioning system (GPS). Let t = 0 represent 2006, t = 1 

represent 2007, and so on. 

(a) What proportion of new cars in 2006 had a GPS? 

(b) Determine the maximum proportion of new cars that 
have a GPS. 


5) (c) Using a graphing utility, graph P = P(t). 


(d) When will 75% of new cars have a GPS? 


77. CBL Experiment The following data were collected by 


& 78. 


placing a temperature probe in a portable heater, removing 
the probe, and then recording temperature over time. 


ae Time (sec.) Temperature (°F) 
: 0 


2 
3 
4 
3) 
6 
7 
8 
9 


According to Newton’s Law of Cooling, these data 

should follow an exponential model. 

(a) Using a graphing utility, draw a scatter diagram for the 
data. 

(b) Using a graphing utility, build an exponential model 
from the data. 

(c) Graph the exponential function found in part (b) on the 
scatter diagram. 

(d) Predict how long it will take for the probe to reach a 
temperature of 110°F. 


Wind Chill Factor The following data represent the wind 

speed (mph) and wind chill factor at an air temperature of 

15°F. 

(a) Using a graphing utility, draw a scatter diagram with 
wind speed as the independent variable. 

(b) Using a graphing utility, build a logarithmic model from 
the data. 

(c) Using a graphing utility, draw the logarithmic function 
found in part (b) on the scatter diagram. 
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(d) Use the function found in part (b) to predict the wind 
chill factor if the air temperature is 15°F and the wind 
speed is 23 mph. 


Wind Speed 
(mph) 


Wind Chill Factor (°F) 


Source: U.S. National Weather Service 


. Spreading of a Disease Jack and Diane live in a small town 
of 50 people. Unfortunately, both Jack and Diane have a 
cold. Those who come in contact with someone who has this 
cold will themselves catch the cold. The following data 
represent the number of people in the small town who have 
caught the cold after ¢ days. 


Number of People with Cold, € 


0 
1 
2 
3 
4 
5 
6 
7 
8 


(a) Using a graphing utility, draw a scatter diagram of the 
data. Comment on the type of relation that appears to 
exist between the days and number of people with a 


cold. 

(b) Using a graphing utility, build a logistic model from the 
data. 

(c) Graph the function found in part (b) on the scatter 
diagram. 


(d) According to the function found in part (b), what is the 
maximum number of people who will catch the cold? In 
reality, what is the maximum number of people who 
could catch the cold? 

(e) Sometime between the second and third day, 10 people 
in the town had a cold. According to the model found in 
part (b), when did 10 people have a cold? 

(f) How long will it take for 46 people to catch the cold? 


The Chapter Test Prep Videos are step-by-step test solutions available in the 


CHAPTER 


Test Prep 


VIDEOS 


CHAPTER TEST 


Video Resources DVD, in MyMathLab\§, or on this text's You)" Channel. Flip 
back to the Student Resources page to see the exact web address for this 
text's YouTube channel. 


In Problems 1-3, solve each equation. 


1. 3° = 243 2. log, 16 = 2 3. logs x = 4 


In Problems 4-7, use a calculator to evaluate each expression. 
Round your answer to three decimal places. 

4.e+2 5. log 20 

6. log; 21 7. In 133 


In Problems & and 9, use the given function f to: 
(a) Find the domain of f: 
(b) Graph f. 
(c) From the graph, determine the range and any asymptotes 
of f 
(d) Find f~', the inverse of f 
(e) Find the domain and the range of f~'. 
(f) Graph f—'. 


8. f(x) =471-2 9 9, f(x) =1—- logs(x — 2) 


In Problems 10-15, solve each equation. 
10; 5772 = 125 1. log(x + 9) =2 


12. 8 — 2e* = 13. log(x? + 3) = log(x + 6) 
14742 rer 15. log(x — 4) + log,(x + 4) =3 
4x? 
16. Write logo| >, ] as the sum and/or difference of 
ee == She — IN) 


logarithms. Express powers as factors. 


CUMULATIVE REVIEW 


1. Is the following graph the graph of a function? If it is, is the 
function one-to-one? 


2. For the function f(x) = 2x? — 3x + 1, find the following: 
(a) f(3) (b) f(-x) (c) F(x + A) 


3. Determine which of the following points are on the graph of 


e+ y’ = 1. 
eo.) 
D9) 2a?) 
. Solve the equation 3(x — 2) = 4(x + 5). 
. Graph the line 2x — 4y = 16. 
. Graph f(x) = 3(x + 1)? — 2 using transformations. 


NI Am & 


. For the function g(x) = 3* + 2: 
(a) Graph g using transformations. State the domain, range, 
and horizontal asymptote of g. 
(b) Determine the inverse of g. State the domain, range, 
and vertical asymptote of g!. 


17. A 50-mg sample of a radioactive substance decays to 34 mg 
after 30 days. How long will it take for there to be 2 mg 
remaining? 

18. (a) If $1000 is invested at 5% compounded monthly, how 

much is there after 8 months? 

(b) If you want to have $1000 in 9 months, how much do 
you need to place in a savings account now that pays 
5% compounded quarterly? 

(c) How long does it take to double your money if you can 
invest it at 6% compounded annually? 


19. The decibel level, D, of sound is given by the equation 


D 


I 
10 (4), where / is the intensity of the sound and 
0 


ll 


Io 

(a) If the shout of a single person measures 80 decibels, how 
loud will the sound be if two people shout at the same 
time? That is, how loud would the sound be if the 
intensity doubled? 

(b) The pain threshold for sound is 125 decibels. If the 
Athens Olympic Stadium 2004 (Olympiako Stadio 
Athinas ‘Spyros Louis’) can seat 74,400 people, how 
many people in the crowd need to shout at the same 
time for the resulting sound level to meet or exceed 
the pain threshold? (Ignore any possible sound 
dampening.) 


10” watt per square meter. 


(c) On the same graph as g, graph gl. 
8. Solve the equation 4*~> = 8. 
9. Solve the equation: log;(x + 1) + log;(2x — 3) = logy9 
10. Suppose that f(x) = log;(x + 2). Solve: 


(a) f(x) = 0 (b) f(x) > 0 (©) f(x) =3 


a 11. Data Analysis The following data represent the percent of 


w all drivers by age that have been stopped by the police for 
any reason within the past year. The median age represents 
the midpoint of the upper and lower limit for the age range. 
(a) Using your graphing utility, draw a scatter diagram of the 

data treating median age, x, as the independent variable. 
(b) Determine a model that you feel best describes the 
relation between median age and percentage stopped. 
You may choose from among linear, quadratic, cubic, 
exponential, logarithmic, or logistic models. 
(c) Provide a justification for the model that you selected in 


part (b). 


Age Range 


Median Age, x 


Percentage Stopped, y 
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CHAPTER PROJECTS 


(@) Internet-based Project 
I. Depreciation of Cars Kelley Blue Book is an official guide 
that provides the current retail price of cars. You can access the 
Kelley Blue Book at your library or online at www.kbb.com. 


1. Identify three cars that you are considering purchasing 


The following projects are available on the Instructor's Resource Center (IRC): 


and find the Kelley Blue Book value of the cars for 0 
(brand new), 1, 2, 3, 4, and 5 years of age. Online, the 
value of the car can be found by selecting Used Cars, 
then Used Car Values. Enter the year, make, and model 
of the car you are selecting. To be consistent, we will 
assume the cars will be driven 12,000 miles per year, so a 
1-year-old car will have 12,000 miles, a 2-year-old car 
will have 24,000 miles, and so on. Choose the same options 
for each year, and finally determine the suggested retail 
price for cars that are in Excellent, Good, and Fair 
shape. So, you should have a total of 16 observations 
(one for a brand new car, 3 for a 1-year-old car, 3 for a 
2-year-old car, and so on). 


Draw a scatter diagram of the data with age as the 
independent variable and value as the dependent 
variable using Excel, a TI-graphing calculator, or some 
other spreadsheet. 

Determine the exponential function of best fit. Graph 
the exponential function of best fit on the scatter diagram. 
To do this in Excel, click on any data point in the scatter 


Figure 37 format Irendline \@| & 


Trendline Options 


[ 
i 


[¥) Display Equation on chart 
[©] Display R squared value on chart 


Cae 


diagram. Now click the Layout menu, select Trendline 
within the Analysis region, select More Trendline Options. 
Select the Exponential radio button and select Display 
Equation on Chart. See Figure 37. Move the Trendline 
Options window off to the side and you will see the 
exponential function of best fit displayed on the scatter 
diagram. Do you think the function accurately describes 
the relation between age of the car and suggested 
retail price? 

The exponential function of best fit is of the form 
y = Ce” where y is the suggested retail value of the car 
and x is the age of the car (in years). What does the 
value of C represent? What does the value of r 
represent? What is the depreciation rate for each car 
that you are considering? 


Write a report detailing which car you would purchase 
based on the depreciation rate you found for each car. 


II. Hot Coffee A fast-food restaurant wants a special container to hold coffee. The restaurant wishes the container to quickly cool 
the coffee from 200° to 130°F and keep the liquid between 110° and 130°F as long as possible. The restaurant has three containers 
to select from. Which one should be purchased? 


III. Project at Motorola Thermal Fatigue of Solder Connections Product reliability is a major concern of a manufacturer. Here a 
logarithmic transformation is used to simplify the analysis of a cell phone’s ability to withstand temperature change. 


Citation: Excel © 2010 Microsoft Corporation. Used with permission from Microsoft. 
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A.1 Algebra Essentials 


PREPARING FOR THIS SECTION Before getting started, read “To the Student” on page ii at the beginning 
of this book. 
OBJECTIVES 1 Work with Sets (p.A1) 

Graph Inequalities (jp. A4) 

Find Distance on the Real Number Line (p. A5) 

Evaluate Algebraic Expressions (p. A6) 

Determine the Domain of a Variable (p. A7) 

Use the Laws of Exponents (p. A7) 

Evaluate Square Roots (p. A9) 

Use a Calculator to Evaluate Exponents (p. A10) 


1 Work with Sets 


A set is a well-defined collection of distinct objects. The objects of a set are called its 
elements. By well-defined, we mean that there is a rule that enables us to determine 
whether a given object is an element of the set. If a set has no elements, it is called 
the empty set, or null set, and is denoted by the symbol ©. 

For example, the set of digits consists of the collection of numbers 0, 1, 2,3, 4,5, 
6, 7, 8, and 9. If we use the symbol D to denote the set of digits, then we can write 


D = {0, 1,2, 3, 4, 5, 6, 7, 8, 9} 


In this notation, the braces { } are used to enclose the objects, or elements, in the 
set. This method of denoting a set is called the roster method. A second way to 
denote a set is to use set-builder notation, where the set D of digits is written as 


D= { x | xis a digit} 
: t i 


Read as "D is the set of all x such that x is a digit." 


Al 


A2 APPENDIX A _ Review 


EXAMPLE 1 Using Set-builder Notation and the Roster Method 
(a) E = {x|x is an even digit} = {0, 2, 4, 6, 8} 
(b) O = {x|x is an odd digit} = {1,3,5,7, 9} 


2 


Because the elements of a set are distinct, we never repeat elements. For example, 
we would never write {1, 2, 3,2}; the correct listing is {1, 2,3}. Because a set is a 
collection, the order in which the elements are listed is immaterial. {1, 2, 3}, 
{1, 3,2}, {2, 1, 3}, and so on, all represent the same set. 

If every element of a set A is also an element of a set B, then we say that A is a 
subset of B and write AC B. If two sets A and B have the same elements, then we 
say that A equals B and write A = B. 

For example, {1, 2,3} C {1, 2,3, 4,5} and {1, 2,3} = {2,3, 1}. 


DEFINITION If A and B are sets, the intersection of A with B, denoted AN B, is the set 
consisting of elements that belong to both A and B. The union of A with B, 
denoted A U B, is the set consisting of elements that belong to either A or B, 
or both. J 


EXAMPLE 2 Finding the Intersection and Union of Sets 
Let A = {1,3,5,8}, B = {3,5,7}, andC = {2,4, 6, 8}. Find: 


(a) ANB (b) AUB (c) BN(AUC) 


Solution (a) ANB = {1,3,5,8} 9 {3, 5,7} = {3,5} 
(b) AUB = {1,3, 5, 8} U {3, 5, 7} = {1,3, 5, 7, 8} 
(c) BN(AUC) = {3,5,7} N({1, 3, 5, 8} U {2, 4, 6, 8}) 
= {35,7} {1, 2, 3, 4, 5, 6, 8} = {3, 5} - 
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Usually, in working with sets, we designate a universal set U, the set consisting of 
all the elements that we wish to consider. Once a universal set has been designated, 
we can consider elements of the universal set not found in a given set. 


DEFINITION If A is a set, the complement of A, denoted A, is the set consisting of all the 
elements in the universal set that are not in A.* J 


EXAMPLE 3 Finding the Complement of a Set 


If the universal set is U = {1, 2,3, 4,5, 6,7, 8,9} and if A = {1,3,5,7,9}, then 
A = {2,4, 6, 8}. 


It follows from the definition of complement that AU A = Uand AN A = ©. 
Universal set Do you see why? 


Figure 1 
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It is often helpful to draw pictures of sets. Such pictures, called Venn diagrams, 
represent sets as circles enclosed in a rectangle, which represents the universal set. Such 
diagrams often help us to visualize various relationships among sets. See Figure 1. 


OD 


* Some books use the notation A’ or A‘ for the complement of A. 


C 
Figure4 7 = q 


i>) 


Figure 2 


Figure 3 


SECTION A.1 AlgebraEssentials A3 


If we know that AC B, we might use the Venn diagram in Figure 2(a). If we 
know that A and B have no elements in common, that is, if AM B = ©, we might 
use the Venn diagram in Figure 2(b). The sets A and B in Figure 2(b) are said to be 
disjoint. 


Universal set Universal set 
@) 
(a) ACB (bk) ANB=6 
subset disjoint sets 


Figures 3(a), 3(b), and 3(c) use Venn diagrams to illustrate the definitions of 
intersection, union, and complement, respectively. 


Universal set Universal set Universal set 
(a) ANB (b) AUB (c) A 
intersection union complement 


Real Numbers 


Real numbers are represented by symbols such as 


1 5 
25, 0, —3, a Tg 0.125, V2, 7, W-2, 0.666... 
The set of counting numbers, or natural numbers, contains the numbers in the 
set {1,2,3,4,...}. (The three dots, called an ellipsis, indicate that the pattern 
continues indefinitely.) The set of integers contains the numbers in the set 
{...,—3, -2, -1,0,1,2,3,...}. A rational number is a number that can be 


: a . ‘ 
expressed as a quotient — of two integers, where the integer b cannot be 0. Examples 


35 0 d Sj @ ons : 
479? 47 an 3° Since 7 = a for any integer a, every 
integer is also a rational number. Real numbers that are not rational are called 
irrational. Examples of irrational numbers are V2 and 7 (the Greek letter pi), 
which equals the constant ratio of the circumference to the diameter of a circle. 
See Figure 4. 

Real numbers can be represented as decimals. Rational real numbers have 
decimal representations that either terminate or are nonterminating with repeating 


of rational numbers are 


3 2 
blocks of digits. For example, ri = 0.75, which terminates; and 3 = 0.666..., in 


which the digit 6 repeats indefinitely. Irrational real numbers have decimal 
representations that neither repeat nor terminate. For example, V2 = 1.414213... 
and 7 = 3.14159.... In practice, the decimal representation of an irrational number 
is given as an approximation. We use the symbol ~ (read as “approximately equal 
to”) to write V2 © 1.4142 and m ~ 3.1416. 


A4 APPENDIX A_ Review 


In Words 


If a product equals O, then one or 
both of the factors is O. 


Figure 5 
Real number line 
2 units 
Scale 
kx—>| 
1 unit 
O 


DEFINITION 
Figure 6 
O 
! {oj oj jf ij of of jy | tl 
-3 -2-3-1-t0 4132 3 
Negative Positive 


realnumbers Zero real numbers 


Figure 7 
se e > 
b 
(a) a<b 
— >_ 
a 
b 
(b) a=b 
e > 
b a 
(c) a>b 


Two properties of real numbers that we shall use often are given next. 
Suppose that a, b, and c are real numbers. 


Distributive Property 


(10 ((o) ae (2) => Gis) Ae rele 


Zero-Product Property 
If ab = 0, then either a = 0 or b = 0 or both equal 0. 


The Distributive Property can be used to remove parentheses: 
2(x + 3) = 2x +2°3 =2x +6 
The Zero-Product Property will be used to solve equations (Section A.4). For 
example, if 2x = 0,then 2 = 0 or x = 0. Since 2 # 0, it follows that x = 0. 


The Real Number Line 


The real numbers can be represented by points on a line called the real number line. 
There is a one-to-one correspondence between real numbers and points on a 
line. That is, every real number corresponds to a point on the line, and each point on 
the line has a unique real number associated with it. 

Pick a point on the line somewhere in the center, and label it O. This point, 
called the origin, corresponds to the real number 0. See Figure 5. The point 1 unit to 
the right of O corresponds to the number 1. The distance between 0 and 1 determines 
the scale of the number line. For example, the point associated with the number 
2 is twice as far from O as 1. Notice that an arrowhead on the right end of the 
line indicates the direction in which the numbers increase. Points to the left of the 
origin correspond to the real numbers —1,—2, and so on. Figure 5 also shows 


‘ ; : . 1 1 i aud a 
the points associated with the rational numbers — 7) and 3 and with the irrational 
numbers V2 and 7. 


The real number associated with a point P is called the coordinate of P, and the 
line whose points have been assigned coordinates is called the real number line. 


The real number line consists of three classes of real numbers, as shown in 
Figure 6. 


1. The negative real numbers are the coordinates of points to the left of the 
origin O. 

2. The real number zero is the coordinate of the origin O. 

3. The positive real numbers are the coordinates of points to the right of the 
origin O. 
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Graph Inequalities 


An important property of the real number line follows from the fact that, given two 
numbers (points) a and b, either a is to the left of b, or ais at the same location as b, 
or a is to the right of b. See Figure 7. 

If a is to the left of b, we say that “a is less than b” and write a < b. If ais to the 
right of b, we say that “a is greater than b” and write a > b. If ais at the same location 
as b, then a = b. If a is either less than or equal to b, we write a = b. Similarly, 
a = b means that a is either greater than or equal to b. Collectively, the symbols 
<, >, <, and = are called inequality symbols. 


EXAMPLE 4 


Solution 
Figure 8 
| | | | | | 
—2-1 01 2 3 4 5 6 7 
Figure 9 
—2-10 123 45 6 7 
Figure 10 
4 units 3 units 
kK >< 

a Lr Coe” cae "°c 
-5 -4-3-2-1 01 2 3 4 

DEFINITION 


EXAMPLE 5 
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Note that a < band b > amean the same thing. It does not matter whether we 
write 2 < 30r3 > 2. 

Furthermore, if a < b or if b > a, then the difference b — a is positive. Do you 
see why? 

An inequality is a statement in which two expressions are related by an inequality 
symbol. The expressions are referred to as the sides of the inequality. Statements of 
the forma < borb > aare called strict inequalities, whereas statements of the form 
a = borb = aare called nonstrict inequalities. 

Based on the discussion so far, we conclude that 


a= 0 
a0 


is equivalent to a is positive 
is equivalent to a is negative 


We sometimes read a > 0 by saying that “a is positive.” If a = 0, then either a > 0 
or a = 0, and we may read this as “a is nonnegative.” 
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Graphing Inequalities 
(a) On the real number line, graph all numbers x for which x > 4. 
(b) On the real number line, graph all numbers x for which x = 5. 


(a) See Figure 8. Notice that we use a left parenthesis to indicate that the number 4 
is not part of the graph. 


(b) See Figure 9. Notice that we use a right bracket to indicate that the number 5 
is part of the graph. ae! 
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3 Find Distance on the Real Number Line 


The absolute value of a number a is the distance from 0 to a on the number line. For 
example, —4 is 4 units from 0, and 3 is 3 units from 0. See Figure 10. Thus, the 
absolute value of —4 is 4, and the absolute value of 3 is 3. 

A more formal definition of absolute value is given next. 


The absolute value of a real number a, denoted by the symbol |al, is defined by 
the rules 


lal =a ifa=0 —a ifa<0 


J 


For example, since —4 < 0, the second rule must be used to get |—4| = 
—(-4) =4. 


Computing Absolute Value 
(a) |8| = 8 (b) |o| = 0 


(c) |-15| = —(—15) = 15 


Look again at Figure 10. The distance from —4 to 3 is 7 units. This distance is the 
difference 3 — (—4), obtained by subtracting the smaller coordinate from the 


A6 APPENDIX A_ Review 


larger. However, since |3 — (—4)| = |7| = 7 and |—4 — 3] = |-7| = 7, we can 
use absolute value to calculate the distance between two points without being 
concerned about which is smaller. 


DEFINITION If P and Q are two points on a real number line with coordinates a and b, 
respectively, the distance between P and Q, denoted by d(P, Q), is 


d(P,Q) = |b - al 


J 


Since |b — al = la — b 


EXAMPLE 6 Finding Distance on a Number Line 


Let P, Q, and R be points on a real number line with coordinates —5, 7, and —3, 
respectively. Find the distance 


(a) between P and Q (b) between QO and R 


, it follows that d(P, Q) = d(Q, P). 


Solution — See Figure 11. 


Figure 11 P R Q 
4 | re | | | | | | | | | e > 
-§6 -4 -3 -2 -1 0 1 2 3 4 5 6 7 


kK atP, Q= [7 —(-5)| = 12 >| 
kK d(Q@,R)= | -3-7| = 10 >| 


(a) d(P,Q) = |7 — (-5)| = [12] = 12 
(b) d(Q, R) = |-3 — 7| = |-10| = 10 J 


ommmmmms=- Now Work pros_Lem 47 


4 Evaluate Algebraic Expressions 


In algebra we use letters such as x, y, a, b, and c to represent numbers. If the letter 
used is to represent any number from a given set of numbers, it is called a variable. 
A constant is either a fixed number, such as 5 or V3, or a letter that represents a 
fixed (possibly unspecified) number. 

Constants and variables are combined using the operations of addition, 
subtraction, multiplication, and division to form algebraic expressions. Examples of 
algebraic expressions include 


3 
+ 3 7 2 
x — x y 
To evaluate an algebraic expression, substitute for each variable its numerical 
value. 
EXAMPLE 7 Evaluating an Algebraic Expression 

Evaluate each expression if x = 3 and y = —1. 

3y 
(@x+3y Sry OS @ |-4 tI 


Solution —_(a) Substitute 3 for x and —1 for y in the expression x + 3y. 
x4 ay =3 b (1) =3 + (3) =0 


x=3,y=-1 
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(b) If x = 3 and y = —1, then 
5xy = 5(3)(-1) = —-15 
(c) Ifx = 3 and y = —1, then 


3y = (1) 3-3 3 
2-2x 2-273) 2-6 -4 4 


(d) If x = 3 and y = —1, then 
|-4x + y| = |-4(3) + (—1)| = |-12 + (-1)| = |-13] = 13 
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5 Determine the Domain of a Variable 


In working with expressions or formulas involving variables, the variables may be 
allowed to take on values from only a certain set of numbers. For example, in the 
formula for the area A of a circle of radius r, A = mr’, the variable r is necessarily 


restricted to the positive real numbers. In the expression —, the variable x cannot 
take on the value 0, since division by 0 is not defined. 


DEFINITION The set of values that a variable may assume is called the domain of the 
variable. J 


EXAMPLE 8 Finding the Domain of a Variable 


The domain of the variable x in the expression 


5 
x-2 


is {x|x # 2}, since, if x = 2, the denominator becomes 0, which is not defined. 


EXAMPLE 9 Circumference of a Circle 


In the formula for the circumference C of a circle of radius r, 
C =2ar 


the domain of the variable r, representing the radius of the circle, is the set of 
positive real numbers. The domain of the variable C, representing the circumference 
of the circle, is also the set of positive real numbers. i 


In describing the domain of a variable, we may use either set notation or words, 
whichever is more convenient. 
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6 Use the Laws of Exponents 


Integer exponents provide a shorthand notation for representing repeated 
multiplications of a real number. For example, 


23=2-:2:2=8 34 = 3+3+3-3 = 81 


A8 APPENDIX A_ Review 


DEFINITION If a is a real number and 7 is a positive integer, then the symbol a” represents 
the product of n factors of a. That is, 


n factors 


Here it is understood that a! = a. 3 


Then a? = a‘a,a° = a‘a-a,andso on. Inthe expression a”, a is called the base 


and n is called the exponent, or power. We read a” as “a raised to the power n” or as 
“a to the nth power.” We usually read a’ as “a squared” and a? as “a cubed.” 

In working with exponents, the operation of raising to a power is performed 
before any other operation. As examples, 


4-3%=4-9=36 22+37=4+9=13 
—24 = -16 5°37 4+2-4=5:94+2°:4=45 + 8 = 53 


Parentheses are used to indicate operations to be performed first. For example, 


(—2)* = (—2)(-2)(-2)(-2) = 16 (2+ 3)? =5? =25 


DEFINITION If a # 0, we define 


asd 


DEFINITION Ifa # 0 and if is a positive integer, then we define 


Whenever you encounter a negative exponent, think “reciprocal.” 


EXAMPLE 10 Evaluating Expressions Containing Negative Exponents 


1 1 1 ie as 1 1 
@M=a=3 Ort=z (5) ona 


1\2 
3) 3 


Nn 


~ 
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The following properties, called the Laws of Exponents, can be proved using 
the preceding definitions. In the list, a and b are real numbers, and m and n are 
integers. 


THEOREM Laws of Exponents 
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EXAMPLE 11 Using the Laws of Exponents 


Write each expression so that all exponents are positive. 


5.32 -3\-2 
(a) ~2— x #0, y#0 w (55) x#0, y#0 
uy 3y 
54,2 5 —2 2 
: wy xe ae aes Ee i 
Solution (a) = 9.2 a SP 3.y 2a Yy3 = 2.5 = 
xy x y y 3 
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7 Evaluate Square Roots 


In Words » Areal number is squared when it is raised to the power 2. The inverse of squaring is 
V/36 means “give me the finding a square root. For example, since 6° = 36 and (-6)" = 36, the numbers 6 
nonnegative number whose and —6 are square roots of 36. 

square is 36." The symbol V_, called a radical sign, is used to denote the principal, or 


nonnegative, square root. For example, V36 = 6. 


DEFINITION If a is anonnegative real number, the nonnegative number b, such that b” = a, is 
the principal square root of a and is denoted by b = Va. J 


The following comments are noteworthy: 


1. Negative numbers do not have square roots (in the real number system), because 
the square of any real number is nonnegative. For example, V —4 is not a real 
number, because there is no real number whose square is —4. 


2. The principal square root of 0 is 0, since 0? = 0. That is, VO = 0. 
3. The principal square root of a positive number is positive. 
4. If c = 0, then (Vc)? = c. For example, (V2)? = 2 and (V3)? = 3. 


EXAMPLE 12 Evaluating Square Roots 


(a) V64 =8 (b) \z = (c) (V4)? = 1.4 


-! 


Examples 12(a) and (b) are examples of square roots of perfect squares, since 
1 i 
64 = 8 and— = 
16 4 
Consider the expression Va. Since a = 0, the principal square root of a’ is 
defined whether a > 0 or a < 0. However, since the principal square root is 
nonnegative, we need an absolute value to ensure the nonnegative result. That is, 


Ve = |al a any real number (2) 
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EXAMPLE 13 


Simplifying Expressions Using Equation 2 


ay 4/23) = |23| =23 


(b) \/(-23) = |-23)=23 (2) x= i 
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Calculators 


Calculators are finite machines. As a result, they are incapable of displaying 
decimals that contain a large number of digits. For example, some calculators are 
capable of displaying only eight digits. When a number requires more than eight 
digits, the calculator either truncates or rounds. To see how your calculator handles 
decimals, divide 2 by 3. How many digits do you see? Is the last digit a 6 or a 7? If it 
is a 6, your calculator truncates; if it is a 7, your calculator rounds. 

There are different kinds of calculators. An arithmetic calculator can only add, 
subtract, multiply, and divide numbers; therefore, this type is not adequate for this course. 
Scientific calculators have all the capabilities of arithmetic calculators and also contain 
function keys labeled In, log, sin, cos, tan, x”, inv, and so on. Graphing calculators have 
all the capabilities of scientific calculators and contain a screen on which graphs can be 
displayed. We use the ® symbol whenever a graphing calculator needs to be used. In 
this book the use of a graphing calculator is optional. 


8 Use a Calculator to Evaluate Exponents 


Your calculator has either a caret key, ||, or an [x] 


SS 


key, which is used for 


computations involving exponents. 


ie EXAMPLE 14 


Evaluate: (2.3)° 


Solution 


Figure 12 
Zoe 


64. 36345 


A.1 Assess Your Understanding 


Concepts and Vocabulary 


1. 


A(n) is a letter used in algebra to represent any 
number from a given set of numbers. 


. On the real number line, the real number zero is the 


coordinate of the 


. An inequality of the form a> b is called a(n) 


inequality. 


. In the expression 2‘, the number 2 is called the and 4 


is called the 


Figure 12 shows the result using a TI-84 graphing calculator. 


Exponents on a Graphing Calculator 
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. True or False The product of two negative real numbers is 


always greater than zero. 


. True or False The distance between two distinct points on 


the real number line is always greater than zero. 


. True or False The absolute value of a real number is always 


greater than zero. 


. True or False To multiply two expressions having the same 


base, retain the base and multiply the exponents. 
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Skill Building 
In Problems 9-20, use U = universal set = {0, 1,2, 3, 4,5, 6,7, 8,9}, A = {1,3, 4,5, 9}, B = {2, 4, 6,7, 8}, and C = {1,3, 4, 6} to find 


each set. 

9, AUB 10. AUC 11. ANB 12, ANC 
\ 2B. (AUB)NC 14. (AN B)UC 15. A 16. C 
\ 17. ANB 18. BUC 19. AUB 20. BNC 
: : : . ‘ 5 3 
\ 21. On the real number line, label the points with coordinates 0, 1, —1, > = 2:5; 7 and 0.25. 

. : ‘ : 3:1 
22. On the real number line, label the points with coordinates 0, —2, 2, —1.5, 73> and 3 


In Problems 23-32, replace the question mark by <, >, or =, whichever is correct. 


1 - 
23. 520 24.576 Kes 12 26. -32-3 27. 723.14 
1 1 2 1 
28, V2? 1.41 29. = 70.5 30. = 70.33 31. =? 0.67 32. — 70.25 
2 3 3 4 
In Problems 33-38, write each statement as an inequality. 
33. x is positive 34. z is negative \ 35. x is less than 2 
36. y is greater than —5 37. x is less than or equal to 1 38. x is greater than or equal to 2 
In Problems 39-42, graph the numbers x on the real number line. 
39. x= -2 40. x <4 N41. x > -1 42.x<7 
In Problems 43-48, use the given real number line to compute each distance. 
A B EC OD E 
| | | | | | | | | | | ra 
-4-3-2-1 01 2 3 4 5 6 
43. d(C, D) 44, d(C, A) 45. d(D, E) 46. d(C, E) \ 47. d(A, E) 48. d(D, B) 
In Problems 49-56, evaluate each expression if x = —2 and y = 3. 
\ 49. «+ 2y 50. 3x + y 51. 5xy +2 52. —2x + xy 
2 x + 3x + 2 2x — 3 
53, 54, Fy ana 56. — 
x— y x~y 2+ y y 
In Problems 57-66, find the value of each expression if x = 3. and y = —2. Ix 
P ba 
\ 57. |x + y| 58. |x — 5] 59. |x| + |y| 60. |x| — |y| 61. — 
62. Iyl 63. [4x — 5y| 64. [3x + 2y| 65. ||4x| — |5y]| 66. 3|x| + 2I>| 


In Problems 67-74, determine which of the values (a) through (d), if any, must be excluded from the domain of the variable in each 
expression: 


(a) x =3 (b) x =1 (c) x =0 (d) x=-1 
9 vr-1 e+) 69 ga 70 & 
\ 67. : 68. — Y_9 Pas 
1 x? 7” x 7% x? + 5x — 10 74 —-9x7-x+1 
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In Problems 75-78, determine the domain of the variable x in each expression. 


4 —6 x x-2 
77. 78. 
, 18 ad x+4 at 


5 
In Problems 79-82, use the formula C = 9 (F — 32) for converting degrees Fahrenheit into degrees Celsius to find the Celsius measure of 
each Fahrenheit temperature. 


79, F = 32° 80. F = 212° 81. F = 77° 82. F = —4° 


In Problems 83-94, simplify each expression. 
83. (—4) 84. —4? \ 85. 4 86. —4 \ 87. 3-34 88. 42-43 


89. (32)! 90. (271)3 91. 25 92. 36 \ 93. (4)? 94. \/ (—3)" 


In Problems 95-104, simplify each expression. Express the answer so that all exponents are positive. Whenever an exponent is 0 or 


negative, we assume that the base is not 0. ae 
3)2 2)-1 ’ 2,-1)2 -1,,\3 aed 
95. (8x) 96. (—4x2) \ 97. (2y7) 98. (x ly) 99, 
xy 
xy =>) 3,4 yz 2, Ay 2 yz =f 3 -1\-2 5 —2\-3 
100. —> i ig = 103. (~~ 104. ( 
xy 3°xyz 2x y 4y 6y 


In Problems 105-116, find the value of each expression if x = 2. and y = —1. 


\ 105. 2xy7 106. —3x"'y 107. x2 + y? 108. x?y" 
109. (xy)? 110. (x + y)? m1. \/2 112, (Vx) 
113. \/2 + y? 114. \/2 + \/y 115. x’ 116. y* 


117. Find the value of the expression 2x* — 3x” + 5x — 4 if x = 2. What is the value if x = 1? 


118. Find the value of the expression 4x° + 3x? — x + 2if x = 1. What is the value if x = 2? 


(666)* 


7z 120. What is the value of (0.1)°(20)*? 
(222) 


119. What is the value of 


In Problems 121-128, use a calculator to evaluate each expression. Round your answer to three decimal places. 
121. (8.2)° 122. (3.7)° \ 123. (6.19? 124, (2.2)° 


125. (—2.8)° 126. —(2.8)° 127. (-—8.11)4 128. —(8.11)4 


Applications and Extensions 


In Problems 129-138, express each statement as an equation involving the indicated variables. 


129. Area ofa Rectangle The area A ofa rectangle is the product 131. Circumference of a Circle The circumference C of a circle 
of its length / and its width w. is the product of 7 and its diameter d. 


i C 


A w 


130. Perimeter of a Rectangle The perimeter P of a rectangle is 
twice the sum of its length / and its width w. 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


140. 


Area of a Triangle The area A of a triangle is one-half the 
product of its base b and its height h. 


ZS 


b 


Area of an Equilateral Triangle ~The area A of an equilateral 


3 
triangle is ae times the square of the length x of one side. 


Perimeter of an Equilateral Triangle The perimeter P of an 
equilateral triangle is 3 times the length x of one side. 


4 
Volume ofa Sphere The volume V ofa sphere is 5 times 77 
times the cube of the radius r. 


Surface Area of aSphere The surface area S of a sphere is 
4 times 7 times the square of the radius r. 


Volume of a Cube The volume V of a 
cube is the cube of the length x of a side. 


Surface Area of a Cube The surface area S of a cube is 
6 times the square of the length x of a side. 


Manufacturing Cost The weekly production cost C 
of manufacturing x watches is given by the formula 
C = 4000 + 2x, where the variable C is in dollars. 
(a) What is the cost of producing 1000 watches? 


(b) What is the cost of producing 2000 watches? 
Balancing a Checkbook At the beginning of the month, 


Mike had a balance of $210 in his checking account. During 
the next month, he deposited $80, wrote a check for $120, 


Explaining Concepts: Discussion and Writing 


149. 
150. 


Is there a positive real number “closest” to 0? 


Number Game _ [’m thinking of a number! It lies between 1 
and 10; its square is rational and lies between 1 and 10. The 
number is larger than 7. Correct to two decimal places (that 
is, truncated to two decimal places) name the number. Now 
think of your own number, describe it, and challenge a fellow 
student to name it. 
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made another deposit of $25, and wrote two checks: one for 
$60 and the other for $32. He was also assessed a monthly 
service charge of $5. What was his balance at the end of the 
month? 


In Problems 141 and 142, write an inequality using an absolute 
value to describe each statement. 


141. 
142. 
143. 


144. 


145. 


146. 


147. 


148. 


151. 


152. 


x is at least 6 units from 4. 
x is more than 5 units from 2. 


U.S. Voltage In the United States, normal household 
voltage is 110 volts. It is acceptable for the actual voltage x 
to differ from normal by at most 5 volts. A formula that 
describes this is 


|x — 110] = 5 


(a) Show that a voltage of 108 volts is acceptable. 

(b) Show that a voltage of 104 volts is not acceptable. 
Foreign Voltage In some countries, normal household 
voltage is 220 volts. It is acceptable for the actual voltage x 


to differ from normal by at most 8 volts. A formula that 
describes this is 


|x — 220| = 8 
(a) Show that a voltage of 214 volts is acceptable. 
(b) Show that a voltage of 209 volts is not acceptable. 


Making Precision Ball Bearings The FireBall Company 
manufactures ball bearings for precision equipment. One of 
its products is a ball bearing with a stated radius of 
3 centimeters (cm). Only ball bearings with a radius within 
0.01 cm of this stated radius are acceptable. If x is the radius 
of a ball bearing, a formula describing this situation is 


|x — 3| = 0.01 
(a) Is a ball bearing of radius x = 2.999 acceptable? 
(b) Is a ball bearing of radius x = 2.89 acceptable? 


Body Temperature Normal human body temperature is 
98.6°F. A temperature x that differs from normal by at least 
1.5°F is considered unhealthy. A formula that describes this is 


|x — 98.6] = 1.5 
(a) Show that a temperature of 97°F is unhealthy. 


(b) Show that a temperature of 100°F is not unhealthy. 


1 
Does 3 equal 0.333? If not, which is larger? By how much? 


2 
Does 3 equal 0.666? If not, which is larger? By how much? 


Write a brief paragraph that illustrates the similarities and 
differences between “less than” (<) and “less than or equal 
to” (S). 


Give a reason why the statement 5 < 8 is true. 
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A.2 Geometry Essentials 


OBJECTIVES 1 Use the Pythagorean Theorem and Its Converse (p. A14) 
2 Know Geometry Formulas (p.A15) 


3 Understand Congruent Triangles and Similar Triangles (p. A16) 


1 Use the Pythagorean Theorem and Its Converse 


Figure 13 The Pythagorean Theorem is a statement about right triangles. A right triangle is one 
that contains a right angle, that is, an angle of 90°. The side of the triangle opposite 
Hypotenuse b the 90° angle is called the hypotenuse; the remaining two sides are called legs. In 
2 Leg Figure 13 we have used c to represent the length of the hypotenuse and a and b to 
= represent the lengths of the legs. Notice the use of the symbol ' to show the 90° angle. 
a We now state the Pythagorean Theorem. 
Leg 
PY THAGOREAN In a right triangle, the square of the length of the hypotenuse is equal to the 
THEOREM sum of the squares of the lengths of the legs. That is, in the right triangle 


shown in Figure 13, 


e=a + b? (dD 


zz 


EXAMPLE 1 Finding the Hypotenuse of a Right Triangle 


In a right triangle, one leg has length 4 and the other has length 3. What is the length 
of the hypotenuse? 


Solution Since the triangle is a right triangle, we use the Pythagorean Theorem with a = 4 
and b = 3 to find the length c of the hypotenuse. From equation (1), we have 
fafa 
C=4P +3? = 1649 =25 
e=V25=5 Pa 
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The converse of the Pythagorean Theorem is also true. 


CONVERSE OF THE In a triangle, if the square of the length of one side equals the sum of the 
PYTHAGOREAN squares of the lengths of the other two sides, the triangle is a right triangle. The 
THEOREM 90° angle is opposite the longest side. J 


EXAMPLE 2 Verifying That a Triangle Is a Right Triangle 


Show that a triangle whose sides are of lengths 5, 12, and 13 is a right triangle. 
Identify the hypotenuse. 


Solution We square the lengths of the sides. 
S05, 12? = 144, 13* = 169 
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Figure 14 Notice that the sum of the first two squares (25 and 144) equals the third square 
(169). Hence, the triangle is a right triangle. The longest side, 13, is the hypotenuse. 


13 See Figure 14. ) 
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EXAMPLE 3 Applying the Pythagorean Theorem 


The tallest building in the world is Burj Khalifa in Dubai, United Arab Emirates, at 
2717 feet and 160 floors. The observation deck is 1450 feet above ground level. How 
far can a person standing on the observation deck see (with the aid of a telescope)? 
Use 3960 miles for the radius of Earth. 

Source: Wikipedia 2010 


Solution From the center of Earth, draw two radii: one through Burj Khalifa 
and the other to the farthest point a person can see from the observation deck. See 
Figure 15. Apply the Pythagorean Theorem to the right triangle. 


Since 1 mile = 5280 feet, then 1450 feet = ee mile. So we have 


5280 
1450 \7 
2 2 4 — 
d’ + (3960) (960 =) 
2 
eo (960 + ue) — (3960)* © 2175.08 


d = 46.64 


A person can see almost 47 miles from the observation tower. 


3960 mi 
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2 Know Geometry Formulas 


Certain formulas from geometry are useful in solving algebra problems. 


For a rectangle of length / and width w, 
Ww 
Area = lw Perimeter = 2/ + 2w 
For a triangle with base b and altitude h, 
Area = 1 bh 
2 
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For a circle of radius r (diameter d = 2r), 


Area = mr’ Circumference = 2ar = ad 


For a closed rectangular box of length /, width w, and height h, 


Volume = wh Surface area = 2/h + 2wh + 2lw 


For a sphere of radius r, 


4 
Volume = Pie Surface area = 4ar’ 


For a right circular cylinder of height / and radius r, 


2 


Volume = amr“h Surface area = 2ar? + 2arh 
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EXAMPLE 4 Using Geometry Formulas 


A Christmas tree ornament is in the shape of a semicircle on top of a triangle. How 
many square centimeters (cm) of copper is required to make the ornament if the 
height of the triangle is 6 cm and the base is 4 cm? 


Solution See Figure 16. The amount of copper required equals the shaded area. This area is 
the sum of the areas of the triangle and the semicircle. The triangle has height h = 6 


Figure 16 ee : : ee 
and base b = 4. The semicircle has diameter d = 4, so its radius is r = 2. 


Area = Area of triangle + Area of semicircle 
1 1, 1 1 


= 12 + 27 © 18.28 cm? 
About 18.28 cm? of copper is required. il 
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3 Understand Congruent Triangles and Similar Triangles 


r Throughout the text we will make reference to triangles. We begin with a discussion 
-~ In Words ~~ of congruent triangles. According to dictionary.com, the word congruent means 
- lwo triangles are congruent if coinciding exactly when superimposed. For example, two angles are congruent if 
Pe iiey Mave tne eae size ana they have the same measure and two line segments are congruent if they have the 
_. ghape. same length. 
DEFINITION Two triangles are congruent if each of the corresponding angles is the same 
measure and each of the corresponding sides is the same length. J 


In Figure 17, corresponding angles are equal and the lengths of the 
corresponding sides are equal: a = d, b = e, and c = f. We conclude that these 
triangles are congruent. 
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Figure 17 Congruent triangles 


100° 100° 
b 


30° 50° 30° 50° 


It is not necessary to verify that all three angles and all three sides are the same 
measure to determine whether two triangles are congruent. 


Determining Congruent Triangles 


1. Angle-Side-Angle Case Two triangles are congruent if two of the 
angles are equal and the lengths of the corresponding sides between 
the two angles are equal. 

For example, in Figure 18(a), the two triangles are congruent because 
two angles and the included side are equal. 

2. Side-Side-Side Case Two triangles are congruent if the lengths of the 
corresponding sides of the triangles are equal. 

For example, in Figure 18(b), the two triangles are congruent because 
the three corresponding sides are all equal. 

3. Side—Angle—-Side Case Two triangles are congruent if the lengths of two 
corresponding sides are equal and the angles between the two sides are 
the same. 

For example, in Figure 18(c), the two triangles are congruent because 
two sides and the included angle are equal. 


Figure 18 


15 15 
10 10 i 7 
8 8 
40° 40° 
(a) (b) 


(c) 


We contrast congruent triangles with similar triangles. 


DEFINITION Two triangles are similar if the corresponding angles are equal and the lengths 
of the corresponding sides are proportional. J 


For example, the triangles in Figure 19 are similar because the corresponding 


“In Words _ angles are equal. In addition, the lengths of the corresponding sides are proportional 
Two triangles are similar if they because each side in the triangle on the right is twice as long as each corresponding 
have the same shape, but (possibly) side in the triangle on the left. That is, the ratio of the corresponding sides 
different sizes. d e f 


- is aconstant:— = — =— = 2. 
a b Cc 
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Figure 19 


c f= 2c 


It is not necessary to verify that all three angles are equal and all three sides are 
proportional to determine whether two triangles are congruent. 


Determining Similar Triangles 


1. Angle—Angle Case Two triangles are similar if two of the corresponding 
angles are equal. 
For example, in Figure 20(a), the two triangles are similar because two 
angles are equal. 


2. Side-Side-Side Case Two triangles are similar if the lengths of all three 
sides of each triangle are proportional. 
For example, in Figure 20(b), the two triangles are similar because 


1@ > 6 il 


30 15 ie 3 


3. Side-Angle-Side Case Two triangles are similar if two corresponding 
sides are proportional and the angles between the two sides are equal. 
For example, in Figure 20(c), the two triangles are similar because 


+ a 
> = >> = and the angles between the sides are equal. 
6 18 3 

Figure 20 


15 
80° 
is 5 30 12 : 
18 
[7 ‘\ 120° 120° 
35° 35° 4 5 
(a) (b) (c) 


EXAMPLE 5 Using Similar Triangles 


Given that the triangles in Figure 21 are similar, find the missing length x and the 
angles A, B, and C. 


Figure 21 


60° 6 30° x 
3 : we 5 
90° 


Solution 


SECTION A.2 Geometry Essentials A19 


Because the triangles are similar, corresponding angles are equal. So A = 90°, 


B= 60°, and C = 30°. Also, the corresponding sides are proportional. That is, 


3 
5 


nN 
bad 


we RMON) w 


The missing length is 10 units. 


6 ‘ F 
= = —. We solve this equation for x. 
x 


. 

x 

5x4 Multiply both sides by 5x. 
30 Simplify. 

10 Divide both sides by 3. 


ommmms- Now Work prosiem 41 


A.2 Assess Your Understanding 


Concepts and Vocabulary 


1 


. Two triangles are 


4 
. True or False The volume of a sphere of radius r is aa 


A(n) triangle is one that contains an angle of 
90 degrees. The longest side is called the 


. For a triangle with base b and altitude h, a formula for the 


area A is 


. The formula for the circumference C of a circle of radius r is 


if corresponding angles 
are equal and the lengths of the corresponding sides are 
proportional. 


. True or False Inaright triangle, the square of the length of 


the longest side equals the sum of the squares of the lengths 
of the other two sides. 


. True or False The triangle with sides of length 6, 8, and 10 


is a right triangle. 


2 


. True or False The triangles shown are congruent. 


10 


Skill Building 
In Problems 11-16, the lengths of the legs of a right triangle are given. Find the hypotenuse. 


11. 


14. 


a=5, b=12 


a=4, b=3 15. 


12,.a=6, b=8 


a=7, b=24 


9. True or False The triangles shown are similar. 


10. True or False The triangles shown are similar. 


aK w= 1 bo 4 


16.a= 14, b= 48 
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In Problems 17-24, the lengths of the sides of a triangle are given. Determine which are right triangles. For those that are, identify 
the hypotenuse. 


17. 3,4,5 18. 6,8, 10 19. 4,5,6 20. 2,2,3 
X21. 7,24, 25 22. 10,24, 26 23. 6,4,3 24. 5,4,7 


25. Find the area A of a rectangle with length 4 inches and width 2 inches. 
26. Find the area A of a rectangle with length 9 centimeters and width 4 centimeters. 
27. Find the area A of a triangle with height 4 inches and base 2 inches. 
28. Find the area A of a triangle with height 9 centimeters and base 4 centimeters. 
\ 29, Find the area A and circumference C of a circle of radius 5 meters. 
30. Find the area A and circumference C of a circle of radius 2 feet. 
31. Find the volume V and surface area S' of a rectangular box with length 8 feet, width 4 feet, and height 7 feet. 
32. Find the volume V and surface area S' of a rectangular box with length 9 inches, width 4 inches, and height 8 inches. 
33. Find the volume V and surface area S of a sphere of radius 4 centimeters. 
34. Find the volume V and surface area S of a sphere of radius 3 feet. 
35. Find the volume V and surface area S of a right circular cylinder with radius 9 inches and height 8 inches. 


36. Find the volume V and surface area S of a right circular cylinder with radius 8 inches and height 9 inches. 


In Problems 37-40, find the area of the shaded region. 


37. , oN “TN 
C) y| @ 


In Problems 41-44, each pair of triangles is similar. Find the missing length x and the missing angles A, B, and C. 


\4L 60° » 42. 16 307 43, A Woy 
" T 4 20 /60 gi 
4 
95° 
30° 12 50 
x 5° 
x 
: Wy, 
8 
B 
30 
x 
¢ 
x 


Applications and Extensions 


45. How many feet does a wheel with a diameter of 16 inches 
travel after four revolutions? 


46. 


X47. 


How many revolutions will a circular disk with a diameter of 
4 feet have completed after it has rolled 20 feet? 


In the figure shown, ABCD is a square, with each side of 
length 6 feet. The width of the border (shaded portion) 
between the outer square EFGH and ABCD is 2 feet. Find 
the area of the border. 


48. Refer to the figure. Square ABCD has an area of 100 square 
feet; square BEFG has an area of 16 square feet. What is the 
area of the triangle CGF? 


A Bg 


52. 


49. Architecture A Norman window consists of a rectangle 
surmounted by a semicircle. Find the area of the Norman 
window shown in the illustration. How much wood frame is 
needed to enclose the window? 


50. Construction A circular swimming pool, 20 feet in diameter, 
is enclosed by a wooden deck that is 3 feet wide. What is the 
area of the deck? How much fence is required to enclose the 


deck? 


51. How Tall Is the Great Pyramid? 
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The ancient Greek 
philosopher Thales of Miletus is reported on one occasion to 
have visited Egypt and calculated the height of the Great 
Pyramid of Cheops by means of shadow reckoning. Thales 
knew that each side of the base of the pyramid was 252 paces 
and that his own height was 2 paces. He measured the length 
of the pyramid’s shadow to be 114 paces and determined the 
length of his shadow to be 3 paces. See the illustration. Using 
similar triangles, determine the height of the Great Pyramid 
in terms of the number of paces. 


3 PACES 


IMAGINARY VERTICAL 
LINE AT CENTER. OF 
PYRAMID 


240 DALES 


Source: Diggins, Julia E., illustrations by Corydon Bell, String, 
Straightedge and Shadow: The Story of Geometry, 2003 Whole Spirit 
Press, http://wholespiritpress.com. 


The Bermuda Triangle Karen is doing research on the 
Bermuda Triangle, which she defines roughly by Hamilton, 
Bermuda; San Juan, Puerto Rico; and Fort Lauderdale, 
Florida. On her atlas Karen measures the straight-line 
distances from Hamilton to Fort Lauderdale, Fort 
Lauderdale to San Juan, and San Juan to Hamilton to be 
approximately 57 millimeters (mm), 58 mm, and 53.5 mm, 
respectively. If the actual distance from Fort Lauderdale to 
San Juan is 1046 miles, approximate the actual distances from 
San Juan to Hamilton and from Hamilton to Fort Lauderdale. 


Source: Reprinted with permission from Red River Press, Inc., 
Winnipeg, Canada. 
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Review 


In Problems 53-55, use the facts that the radius of Earth is 3960 miles and I mile = 5280 feet. 


\ 53. 


54. 


55. 


How Far Can You See? The conning tower of the U.S.S. 
Silversides, a World War II submarine now permanently 
stationed in Muskegon, Michigan, is approximately 20 feet 
above sea level. How far can you see from the conning tower? 


How Far Can You See? A person who is 6 feet tall is 
standing on the beach in Fort Lauderdale, Florida, and looks 
out onto the Atlantic Ocean. Suddenly, a ship appears on the 
horizon. How far is the ship from shore? 


How Far Can You See? The deck of a destroyer is 100 feet 
above sea level. How far can a person see from the deck? 


Explaining Concepts: Discussion and Writing 
57. 


You have 1000 feet of flexible pool siding and wish to 
construct a swimming pool. Experiment with rectangular- 
shaped pools with perimeters of 1000 feet. How do their areas 
vary? What is the shape of the rectangle with the largest area? 
Now compute the area enclosed by a circular pool with a 
perimeter (circumference) of 1000 feet. What would be your 
choice of shape for the pool? If rectangular, what is your 
preference for dimensions? Justify your choice. If your only 
consideration is to have a pool that encloses the most area, 
what shape should you use? 


56. 


58. 


How far can a person see from the bridge, which is 150 feet 
above sea level? 


Suppose that m and n are positive integers with m > n. If 
a =m — n’, b = 2mn, and c = m? + n’, show that a, b, 
and c are the lengths of the sides of a right triangle. (This 
formula can be used to find the sides of a right triangle that 
are integers, such as 3, 4, 5; 5, 12, 13; and so on. Such triplets 


of integers are called Pythagorean triples.) 


The Gibb’s Hill Lighthouse, Southampton, Bermuda, in 
operation since 1846, stands 117 feet high on a hill 245 feet 
high, so its beam of light is 362 feet above sea level. A 
brochure states that the light itself can be seen on the horizon 
about 26 miles from the lighthouse. Verify the correctness of 
this information. The brochure further states that ships 
40 miles away can see the light and planes flying at 
10,000 feet can see it 120 miles away. Verify the accuracy of 
these statements. What assumption did the brochure make 
about the height of the ship? 


miles 


40 miles 


A.3 Factoring Polynomials; Completing the Square 


OBJECTIVES 1 Know Formulas for Special Products (jp. A22) 
2 Factor Polynomials (p.A24) 


3 Complete the Square (p.A25) 


1 Know Formulas for Special Products 


Certain products, which we call special products, occur frequently in algebra. For 
example, we can find the product of two binomials using the FOIL (First, Outer, 


Inner, Last) method. 
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Outer 


First 


(ax + b)(cx + d) = ax(cx + d) + b(cx + d) 


Inner First Outer Inner Last 
x : 
Last — 


=ax-cextax-d+tb-cx+b-d 
= acx’ + adx + bcx + bd 
= acx’? + (ad + be)x + bd 


EXAMPLE 1 Using FOIL 


(a) (x — 3)(x + 3) = x2 4+ 3x -3x-9=2x7-9 
F 


(b) (x + 2) 

(c) (x- 3) =(x-3 
(d) (x + 3)(xt+ 1 =x? +x4+3x4+3= 2° + 4x43 
(e) (2x + 1)(3x + 4) = 6x? + 8x + 3x4+4= 6x? + 11x +4 J 


omm- Now Work pros_em 7 
Some products have been given special names because of their form. In the list 
that follows, x, a, and b are real numbers. 
Difference of Two Squares 


(x -—a)\(x+a)=x-@ (1) 


Difference of Two Cubes 


(x -—a)(x*+ax+@)=x-@ (4) 
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COMMENT Over the real numbers, 
3x + 4 factors into 3(x + 4). It is the 


noninteger - that causes 3x + 4 to be 
prime over the integers. a 


EXAMPLE 2 


Sum of Two Cubes 


(x + a(x -axt+@)=xr+a 


(5) 


ommmms>- NOW Work prosLeEMS 11, 15, AND 19 


2 Factor Polynomials 


Consider the following product: 


(2x 


ax = 12 


+ 3)(x 


A) = 2x" 


The two polynomials on the left side are called factors of the polynomial on the 
right side. Expressing a given polynomial as a product of other polynomials, that is, 
finding the factors of a polynomial, is called factoring. 

We shall restrict our discussion here to factoring polynomials in one variable 
into products of polynomials in one variable, where all coefficients are integers. We 
call this factoring over the integers. 

Any polynomial can be written as the product of 1 times itself or as —1 times 
its additive inverse. If a polynomial cannot be written as the product of two other 
polynomials (excluding 1 and —1), then the polynomial is said to be prime. When a 
polynomial has been written as a product consisting only of prime factors, it is said 
to be factored completely. Examples of prime polynomials (over the integers) are 


a. 3. 


x bel, 


x = 1h 


3x +4 x7 +4 


The first factor to look for in a factoring problem is a common monomial factor 
present in each term of the polynomial. If one is present, use the Distributive 


Property to factor it out. 


Identifying Common Monomial Factors 


Common 
Monomial 

Polynomial Factor 

2x +4 2 

3x — 6 3 

2x7 -4x +8 2 

8x — 12 4 

xv+x x 

x3 — 3x? Ps 

6x? + 9x 3x 


Remaining 
Factor 
x+2 
x—2 
x>—2x +4 
2x = 3 
x+1 

x= 3 

2x + 3 


Factored Form 


2x + 4=2(x + 2) 
3x — 6 = 3(x — 2) 
2x? — 4x + 8 = 2(x 
8x — 12 = 4(2x — 3) 
x +x = x(x + 1) 
x? — 3x? = x*(x - 3) 
6x? + 9x = 3x(2x + 3) 


2x + 4) 


J 


Notice that, once all common monomial factors have been removed from a 
polynomial, the remaining factor is either a prime polynomial of degree 1 or a 
polynomial of degree 2 or higher. (Do you see why?) 

The list of special products (1) through (5) given earlier provides a list of 
factoring formulas when the equations are read from right to left. For example, 


equation (1) states that if the polynomial is the difference of two squares, x 


2 it 


can be factored into (x — a)(x + a). The following example illustrates several 


factoring techniques. 
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EXAMPLE 3 Factoring Polynomials 


Factor completely each polynomial. 


(a) x4 — 16 (b) x -1 (c) 9x? — 6x +1 
(d) x7 + 4x — 12 (e) 3x7 + 10x — 8 (f) x° — 4x? + 2x - 8 


Solution (a) x* — 16 = (x* — 4)(x?2 + 4) = (x — 2)(x + 2)(x* + 4) 


Difference of squares _— Difference of squares 
(b) 2-1 = (x -1)(xX2 + x +1) 
t 


Difference of cubes 
(c) 9x? — 6x + 1 = (3x — 1)’ 
i 


Ferfect square 


(d) x7 + 4x — 12 = (x + 6)(x — 2) 
t 


The product of 6 and —2 is —12, and the sum of 6 and —2 is 4. 
12x — 2x = 10x 

Vv Vv i) Vv 
(e) 3x* + 10x — 8 = (3x — 2)(x + 4) 
a» a» i) a» 


3? =6 


COMMENT The technique used in part = (f) x° — 4x? + 2x — 8 = (x9 — 4x”) + (2x — 8) 
(f) is called factoring by grouping. = 
Group terms 


= x*(x — 4) + 2(x - 4) ; (x? + 2)(x — 4) 


Distributive Property Distributive Property el 
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3 Complete the Square 
The idea behind completing the square in one variable is to “adjust” an expression 
of the form x” + bx to make it a perfect square. Perfect squares are trinomials of 
the form 


x? + Qax + a = (x + al or x’ — 2ax + & = (x — ay 


For example, x? + 6x + 9 is a perfect square because x”? + 6x + 9 = (x + 3)?.And 


p’ — 12p + 36 isa perfect square because p? — 12p + 36 = (p — 6)’. 

So how do we “adjust” x* + bx to make it a perfect square? We do it by 
adding a number. For example, to make x” + 6x a perfect square, add 9. But how do 
we know to add 9? If we divide the coefficient on the first-degree term, 6, by 2, and 
then square the result, we obtain 9. This approach works in general. 


Completing the Square 
1 
Identify the coefficient of the first-degree term. Multiply this coefficient by 3 


and then square the result. That is, determine the value of b in x* + bx and 


il 2 
compute @ 3 
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EXAMPLE 4 Completing the Square 


Determine the number that must be added to each expression to complete the 
square. Then factor the expression. 


Result Factored Form 


y? + 8y + 16 


x? + 12x + 36 


2 
-(-20)) = 100 a’ — 20a + 100 


2oe25 ‘ 25 
ao = = a 
( 5) 4 jor = 3p) A 


Notice that the factored form of a perfect square is either 


‘ b\? b\? Db bY 
Figure 22 24 2 
x bx (3) (: ”) or x bx (3) (: >) 


om=mm- Now Work problem 71 


Are you wondering why we call making an expression a perfect square “com- 
pleting the square”? Look at the square in Figure 22. Its area is (y + 4)’. The yellow 
area is y* and each orange area is 4y (for a total area of 8y). The sum of these areas 
is y? + 8y. To complete the square, we need to add the area of the green region: 
4-4 = 16.As aresult, y’ + 8y + 16 = (y + 4)”. 


A.3 Assess Your Understanding 


Concepts and Vocabulary 


1. (x? — 4)(x? + 4) = . 5. True or False The polynomial x? + 4 is prime. 
2. (x — 2)(x? + 2x + 4) 6. True or False 3x° — 2x* — 6x + 4 = (3x — 2)(x? + 2). 
3. If factored completely, 3x° — 12x = 


4. To complete the square of the expression x” + 5x, you would 


the number 


Skill Building 


In Problems 7-22, multiply out each expression. 


Nr. (x + 2)(2 +4) 8. (x + 3)(x +5) 9, (2x + 5)(x + 2) 
10. (3x + 1)(2x + 1) Na. (x = (x +7) 12. (x — 1)(x + 1) 
13. (2x + 3)(2x — 3) 14. (3x + 2)(3x — 2) Ns. (x + 4? 

16. (x — 5) 17. (2x — 3) 18. (3x — 4)? 
Nao. (x = 27 20. (x + 1)3 2. (2x + 1)3 


22. (3x — 2)% 
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In Problems 23-70, factor completely each polynomial. If the polynomial cannot be factored, say it is prime. 


23. x? — 36 24, x? -— 9 25. 2 — 8x" 26. 3 — 27x" 
27. x? + 11x + 10 28. x? + Sx +4 29. x? — 10x + 21 30. x7 — 6x + 8 
X31. 42 — 8x + 32 32. 3x7 — 12x + 15 33. x° + 4x + 16 34, x7 + 12x + 36 
35. 15 + 2x — x* 36. 14 + 6x — x° 37. 3x? — 12x — 36 38. x9 + 8x" — 20x 
39. yt + 11y? + 309" 40. 3y° — 18y? — 48y 41. 4x? + 12x + 9 42. 9x? — 12x + 4 
43. 6x7 + 8x +2 44, 8x7 + 6x — 2 45. x — 81 46. x'-1 
N47. x8 = 233 +1 48. x6 + 2x3 +1 49. x7 — 9 50. x8 — x9 
51. 16x’ + 24x + 9 52. 9x7 — 24x + 16 53. 5 + 16x — 16x” 54.5 + 11x — 16x? 
55. 4y* — loy + 15 56. 9y? + 9y — 4 57. 1 — 8x? — 9x4 58. 4 — 14x? — 8x7 
59. x(x + 3) — 6(x + 3) 60. 5(3x — 7) + x(3x — 7) 61. (x + 2)? — 5(x + 2) 62. (x — 1)? — 2(x - 1) 
63. (3x — 2)? — 27 64. (5x +1)? -1 65. 3(x? + 10x + 25) — 4(x + 5) 
66. 7(x? — 6x + 9) + 5(x — 3) 67. + 2x7 - x -2 68. x — 3x7 -— x +3 
69. x4 - x8 +x-1 0. xt +x24+x4+1 


In Problems 71-76, determine the number that should be added to complete the square of each expression. Then factor each expression. 


NTL. x2 + 10x 72. p? + 14p 73. y> — 6y 
1 1 
74. x? — 4x 75. x2 — a* 76. x2 + a* 


Applications and Extensions 


Xin Problems 77-86, expressions that occur in calculus are given. Factor completely each expression. 


TT. 2(3x + 4)? + (2x + 3)-2(3x + 4)-3 78. 5(2x + 1)° + (Sx — 6)-2(2x + 1)-2 
79, 2x(2x + 5) + x7+2 80. 3x7(8x — 3) + x°-8 
XQ 81. 2(x + 3)(x — 2)3 + (x + 3)?+3(x — 2) 82. 4(x + 5)°(x — 1)? + (x + 5)*+2(x — 1) 
83. (4x — 3)? + x-2(4x — 3)-4 84, 3x7(3x + 4)? + x3-2(3x + 4)-3 
85. 2(3x — 5)-3(2x + 1)? + (3x — 5)°-3(2x + 1)?-2 86. 3(4x + 5)°-4(5x + 1)? + (4x + 5)3-2(5x + 1)-5 
87. Show that x” + 4 is prime. 88. Show that x7 + x + 1 is prime. 


Explaining Concepts: Discussion and Writing 


89. Do you prefer to memorize the rule for the square of a 91. Explain to a fellow student what you look for first 
binomial (x + a)? or to use FOIL to obtain the product? when presented with a factoring problem. What do you do 
Write a brief position paper defending your choice. next? 


90. Make up a polynomial that factors into a perfect square. 
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A.4 Solving Equations 


PREPARING FOR THIS SECTION Before getting started, review the following: 
Factoring Polynomials (Appendix A, Section A.3, e Absolute Value (Appendix A, Section A.1, 
pp. A24-A25) p. A5) 


Zero-Product Property (Appendix A, Section A.1, * Complete the Square (Appendix A, Section A.3, 
p.A4) pp. A25—A26) 


Square Roots (Appendix A, Section A.1, pp. A9-A10) 


\ Now Work the ‘Are You Prepared?’ problems on page A35. 


OBJECTIVES 1 Solve Equations by Factoring (p.A30) 
2 Solve Equations Involving Absolute Value (p. A30) 


3 Solve a Quadratic Equation by Factoring (p.A31) 
4 Solve a Quadratic Equation by Completing the Square (p. A32) 
5 Solve a Quadratic Equation Using the Quadratic Formula (p. A33) 


An equation in one variable is a statement in which two expressions, at least one 
containing the variable, are equal. The expressions are called the sides of the 
equation. Since an equation is a statement, it may be true or false, depending on 
the value of the variable. Unless otherwise restricted, the admissible values of the 
variable are those in the domain of the variable. The admissible values of the variable, 
if any, that result in a true statement are called solutions, or roots, of the equation. 
To solve an equation means to find all the solutions of the equation. 
For example, the following are all equations in one variable, x: 


2 
—4 

x+5=9 x +5x=2x-2 cs =0 rP+9=5 
x+1 


The first of these statements, x + 5 = 9, is true when x = 4 and false for any other 
choice of x. That is, 4 is a solution of the equation x + 5 = 9. We also say that 
4 satisfies the equation x + 5 = 9, because, when we substitute 4 for x, a true 
statement results. 

Sometimes an equation will have more than one solution. For example, the 
equation 


2 
x 49 
x+1 


has x = —2 and x = 2 as solutions. 

Usually, we will write the solution of an equation in set notation. This set is 
called the solution set of the equation. For example, the solution set of the equation 
x* — 9 = Ois {-3, 3}. 

Some equations have no real solution. For example, x7 + 9 = 5 has no real 
solution, because there is no real number whose square when added to 9 equals 5. 

An equation that is satisfied for every value of the variable for which both sides 
are defined is called an identity. For example, the equation 


3x+5=x+34+2x+2 
is an identity, because this statement is true for any real number x. 
One method for solving an equation is to replace the original equation by a 


succession of equivalent equations until an equation with an obvious solution 
is obtained. 


WARNING Squaring both sides of an 
equation does not necesgarily lead to 
an equivalent equation. a 


EXAMPLE 1 


Solution 


SECTION A.4 Solving Equations 


For example, all the following equations are equivalent. 


2x +3 = 13 
2x = 10 
x=5 


We conclude that the solution set of the original equation is {5}. 


How do we obtain equivalent equations? In general, there are five ways. 


Procedures That Result in Equivalent Equations 


1. Interchange the two sides of the equation: 


Replace 3=x by x=3 


A29 


2. Simplify the sides of the equation by combining like terms, eliminating 


parentheses, and so on: 
Replace (e462) se © = Bee sb (ze ae Al) 
by 65> 3) he ap Il 


3. Add or subtract the same expression on both sides of the equation: 
Replace 3x —-5=4 
by (Ge = 5) SSA sr S 


4. Multiply or divide both sides of the equation by the same nonzero 


expression: 


Replace = xFl 


by (ey = 2 e-) 


5. If one side of the equation is 0 and the other side can be factored, then we 


may use the Zero-Product Property* and set each factor equal to 0: 
Replace de = 3) = © 
by x=0 or x«-3=0 


Whenever it is possible to solve an equation in your head, do so. For example, 


The solution of 2x = 8is x = 4. 
The solution of 3x — 15 = Oisx = 5. 
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Often, though, some rearrangement is necessary. 
Solving an Equation 
Solve the equation: 3x —5 = 4 


Replace the original equation by a succession of equivalent equations. 


3x -—-5=4 
(3x —5)+5=4+5 Add5 to both sides. 
3x =9 Simplify. 
3x 9 x 
3 = 3 Divide both sides by 3. 
x=3 Simplify. 


The last equation, x = 3, has the single solution 3. All these equations are equivalent, 


so 3 is the only solution of the original equation, 3x — 5 = 4. 


* The Zero-Product Property says that if ab = 0, then a = 0 or b = 0 or both equal 0. 
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of Check: It is a good practice to check the solution by substituting 3 for x in the 
original equation. 


3x — § = 3(3) -5=9-5=4 


The solution checks. 


") 
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1 Solve Equations by Factoring 


EXAMPLE 2 Solving Equations by Factoring 


Solve the equations: (a) x* = 4x (b) x8 — x? - 4x +4=0 


Solution (a) Begin by collecting all terms on one side. This results in 0 on one side and an 
expression to be factored on the other. 
x = dy 
x — 4x =0 
x(x*-— 4) =0 Factor. 
x(x — 2)(x + 2) =0 — Factor again. 
x=0 or x-2=0 or x+2=0 = Apply the Zero-Product Property. 
x=0 or x=2 or x = —2 Solve for x. 


The solution set is {—2, 0, 2}. 


U Check: x =—2: (—2)3 = -8 and 4(—2) = -8 —2 is a solution. 
x = 0: 0? = Oand4-0=0 O is a solution. 
x =2: 2 = 8and4:2=8 4 is a solution. 


b) Group the terms of x? — x? — 4x + 4 = 0as follows: 
Pp 


(x3 — x”) — (4x - 4) =0 

Factor out x” from the first grouping and 4 from the second. 
x*(x — 1) — 4(x - 1) =0 

This reveals the common factor (x — 1), so we have 


(x? — 4)(x — 1) =0 


(x — 2)(x + 2)(x — 1) =0 Factor again. 
x-2=0 or x+2=0 x-1=0 Apply the Zero-Product Property. 
x=2 x=-2 x=1 Solve for x. 


The solution set is {—2, 1, 2}. 


o Check: 

x= -2: (—2)3 — (-2)? — 4(-2) 4 
x=1: -1?-4(1)+4=1-1 
x=2; 3-2-4(2)+4=8-4 


4=-8-4+4+8+4+4=0 —2isa solution. 
4+4=0 1 is a solution. 
8 


4=0 2 is a solution. 


sil 


om - Now Work prosLem 37 


2 Solve Equations Involving Absolute Value 


On the real number line, there are two points whose distance from the origin is 
5 units, —5 and 5, so the equation |x| = 5 will have the solution set {—5, 5}. 
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EXAMPLE 3 Solving an Equation Involving Absolute Value 
Solve the equation: |x + 4| = 13 


Solution There are two possibilities. 


x+4=13 or x+4=-13 
x=9 or x=-17 


The solution set is {—17, 9}. ve 
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3 Solve a Quadratic Equation by Factoring 


DEFINITION A quadratic equation is an equation equivalent to one of the form 


ax’? + bx +c =0 (1) 


where a, b, and c are real numbers and a # 0. _J 


A quadratic equation written in the form ax’ + bx + c = 0 is said to be in 
standard form. 

Sometimes, a quadratic equation is called a second-degree equation, because 
the left side is a polynomial of degree 2. 

When a quadratic equation is written in standard form ax’ + bx + c = 0, it 
may be possible to factor the expression on the left side into the product of two 
first-degree polynomials. Then, by using the Zero-Product Property and setting each 
factor equal to 0, we can solve the resulting linear equations and obtain the 
solutions of the quadratic equation. 


EXAMPLE 4 Solving a Quadratic Equation by Factoring 


Solve the equation: 2x” = x + 3 


Solution Put the equation 2x” = x + 3 in standard form by adding —x — 3 to both sides. 


Ix =x+3 
2x7 -x-3=0 Add —x — 3 to both sides. 


The left side may now be factored as 
(2x — 3)(x + 1) = 0 Factor. 
so that 


2x -—3=0 or x+1=0 Apply the Zero-Product Property. 


x=> x=-1 Solve. 


3 
The solution set is {-1 a 


-! 


When the left side factors into two linear equations with the same solution, the 
quadratic equation is said to have a repeated solution. We also call this solution a 
root of multiplicity 2, or a double root. 
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EXAMPLE 5 Solving a Quadratic Equation by Factoring 
Solve the equation: 9x? — 6x + 1=0 
Solution This equation is already in standard form, and the left side can be factored. 


9x7 —- 6x +1=0 
(3x — 1)(3x — 1) =0 Factor 


SO 


1 
x=- or aa Solve for x. 


1 1 
This equation has only the repeated solution 3° The solution set is is} 


=i 
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The Square Root Method 


Suppose that we wish to solve the quadratic equation 
=p (2) 
where p = 0 is a nonnegative number. Proceed as in the earlier examples. 


x*- p=0 Put in standard form. 
(x — Vp)(x + Vp) =0 Factor (over the real numbers). 
x=Vp or x=-Vp Sole. 


We have the following result: 


ll 


If x* = pand p = 0, thenx = Vporx = —Vp. (3) 


When statement (3) is used, it is called the Square Root Method. In statement (3), 
note that if p > 0 the equation x” = p has two solutions, x = Vp and x = —Vp. 
We usually abbreviate these solutions as x = + Vp, read as “x equals plus or minus 
the square root of p.” 

For example, the two solutions of the equation 


= 
are 
x= +V4 Use the Square Root Method. 


and, since V4 = 2, we have 


x = +2 
The solution set is {—2, 2}. 
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4 Solve a Quadratic Equation by Completing the Square 


EXAMPLE 6 Solving a Quadratic Equation by Completing the Square 
Solve by completing the square: 2x? — 8x — 5 = 0 


Solution First, rewrite the equation as follows: 


2x? — 8x -5=0 
9x? — 8x = 5 
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Next, divide both sides by 2 so that the coefficient of x? is 1. (This enables us to 
complete the square at the next step.) 


2) 
2 
= 4 = — 
x eae 
1 2) 
Finally, complete the square by adding F-4)] = 4 to both sides. 


5 
ii oer 


13 


2 


13 
x-2= ae Use the Square Root Method. 


V26 RE Via _ Vis V2 _ V26 
Pg. Me ae ag ae a 


(x - 2)? 


x-2=4 


COMMENT If we wanted = an Bi ee 2 
approximation, say rounded to two 

decimal places, of these solutions, we 

would use a calculator to get The solution set is 12 
{-0.55, 4.55}. a 


V26 20 
a on 
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5 Solve a Quadratic Equation Using the Quadratic Formula 


We can use the method of completing the square to obtain a general formula for 
solving any quadratic equation 


ax>+ bx +c=0 a#0O 


COMMENT There is no loss in Asin Example 6, we rearrange the terms as 
generality to assume that a> 0, 
since if a < O we can multiply by —1 to 


obtain an equivalent equation with a — Since a > 0, we can divide both sides by a to get 
positive leading coefficient. a 


ax? + bx =-c a>O 
b Cc 
+ —x = —= 
a a 


Now the coefficient of x” is 1.To complete the square on the left side, add the square 


1 
of 5 of the coefficient of x; that is, add 


to both sides. Then 


(4) 


x b \? / b—4ac e be 4ac  b — 4ac 
4a 4a a Aa 4a? 4a" 


Provided that b? — 4ac = 0, we now can use the Square Root Method to get 


_éb b* — 4ac 
XT as 


2a 4a? 
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b 41 /y2 7 The square root of a quotient equals 


x4 = the quotient of the square roots. 
2a 2a 
Also, \/ 4a* = 2a since a > O. 
b b? — 4ac b 
x = Add to both sides. 
2a 2a 2a 
—bt\/P’ - 4ac 


= Combine the quotients on the right. 


What if b’ — 4ac is negative? Then equation (4) states that the left expression 
(a real number squared) equals the right expression (a negative number). Since this 
occurrence is impossible for real numbers, we conclude that if b? — 4ac < 0 the 
quadratic equation has no real solution. (We discuss quadratic equations for which 
the quantity b* — 4ac < 0 in detail in the next section.) 

We now state the quadratic formula. 


THEOREM Consider the quadratic equation 


axe + bx +c =0 at#0 


If b? — 4ac < 0, this equation has no real solution. 


If b’ — 4ac = 0, the real solution(s) of this equation is (are) given by the 
quadratic formula. 


Quadratic Formula 


J 


The quantity b? — 4ac is called the discriminant of the quadratic equation, 
because its value tells us whether the equation has real solutions. In fact, it also tells 
us how many solutions to expect. 


Discriminant of a Quadratic Equation 
For a quadratic equation ax” + bx + c = 0: 


1. If b’ — 4ac > 0, there are two unequal real solutions. 
2. If b’ — 4ac = 0, there is a repeated solution, a root of multiplicity 2. 
3. If b* — 4ac < 0, there is no real solution. 


When asked to find the real solutions, if any, of a quadratic equation, always 
evaluate the discriminant first to see how many real solutions there are. 


EXAMPLE 7 Solving a Quadratic Equation Using the Quadratic Formula 


Use the quadratic formula to find the real solutions, if any, of the equation 


3x7 -5x+1=0 


Solution — The equation is in standard form, so we compare it to ax” + bx + c = 0 to finda, 
b, and c. 
3x7 -5x+1=0 
ax’ t+ bx +c=0 a=3,b=-5,c=1 
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With a = 3,b = —5, andc = 1, evaluate the discriminant b* — 4ac. 


b? — 4ac = (—5)? — 4(3)(1) = 25 — 12 = 13 


Since b* — 4ac > 0, there are two real solutions, which can be found using the 
quadratic formula. 


—b+\/h-4ac -(-5)+ VIB 54 V3 


x= — = 


2a 2(3) 6 
5 Via s+ Vis} 


6 , 6 


The solution set is { 


EXAMPLE 8 Solving a Quadratic Equation Using the Quadratic Formula 


Use the quadratic formula to find the real solutions, if any, of the equation 


3x7 +2 = 4x 


Solution —_ The equation, as given, is not in standard form. 
3x°+2=4x 
3x? — 4x +2=0 Putin standard form. 


ax? + bx +c =0 Compare to standard form. 
With a = 3,b = —4, and c = 2, we find 
b? — 4ac = (—4)? — 4(3)(2) = 16 — 24 = -8 


Since b’ — 4ac < 0, the equation has no real solution. = 
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SUMMARY _ Procedure for Solving a Quadratic Equation 


To solve a quadratic equation, first put it in standard form: 

ax’ + bx +c =0 
Then: 
Step 1: Identify a, b, and c. 


Step 2: Evaluate the discriminant, b? — 4ac. 


Step 3: (a) If the discriminant is negative, the equation has no real solution. 
(b) If the discriminant is zero, the equation has one real solution, a repeated root. 
(c) If the discriminant is positive, the equation has two distinct real solutions. 


If you can easily spot factors, use the factoring method to solve the equation. Otherwise, use the quadratic formula 
or the method of completing the square. 


A.4 Assess Your Understanding 


‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Factor x* — 5x — 6. (pp. A24-A25) 4. True or False Wee = |x|. (pp. A9-A10) 
2. Factor 2x” — x — 3. (pp. A24-A25) 


3. The solution set of the equation (x — 3)(3x + 5) = 0 is 
. (p. A4) the number . (pp. A25-A26) 


5. To complete the square of x? + 5x, you would add/ subtract 
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Concepts and Vocabulary 
6. True or False Squaring both sides of an equation results in 10. The quantity b? — 4ac is called the of a 
an equivalent equation. quadratic equation. If it is , the equation has no 
7. An equation that is satisfied for every choice of the variable real solution. 
for which both sides are defined is called a(n) 11. True or False Quadratic equations always have two real 
8. True or False The solution of the equation 3x — 8 = 0 lo 
3 12. True or False If the discriminant of a quadratic equation is 
8 positive, then the equation has two solutions that are 
9. True or False Some equations have no solution. negatives of one another. 
Skill Building 
In Problems 13-78, solve each equation. 
\ 13. 3x = 21 14. 3x = —24 15. 5x + 15 =0 16. 3x + 18 = 0 
1 5 2 9 
. -35 . +4=—- 19. -x = — 20. =x ==> 
17. 2x —3 =5 18. 3x + 4 8 a* 49 0. 3% 5 
21.6-—x=2x+9 22.3 —2x =2-—x 23. 2(3 + 2x) = 3(x — 4) 24, 3(2 — x) =2x—-1 
‘ 3 1 
25. 8x — (2x +1) =3x- 10 26. 5 — (2x — 1) = 10 X27 x—-4= 9% 28. 1- 5x =5 
2 4 
29. 0.9t = 0.4 + 0.1t 30. 0.98 =1+1 31.—+-=3 ee eee 
y y 2y 
X33. (x + 7)(x — 1) = (x +1)? 34, (x + 2)(x — 3) = (x — 3)? 35.22 4+1)=34+2 
36. w(4 — w2) = 8 — w NX 37. x2 = 9x 38. x3 = x7 
3 2 
3_ 92 = 3. 42) = = 
39. fr — 9 =0 40. 4z° — 8z° = 0 41. aa Tae 
=2 =3 
42. on ea 43. (x + 2)(3x) = (x + 2)(6) 44, (x — 5)(2x) = (x — 5)(4) 
i} 10 1 1 1 
45. 46. 47, |2x| = 6 
x—-2 x45. (x +5)(x—2) 43 2-1 Get DGe-D [2x] 
48. |3x| = 12 \ 49. jax + 3] = 5 50. [3x — 1] = 2 
51. |1 — 4t| =5 52. |1 — 2z| =3 53. |-2x| = 54, |-x| = 1 
1 
55. |-2|x = 4 56. |3|x = 9 57. |x — 2| = =5 58. |2 — x| = -1 
59. |x’ — 4| =0 60. |x’ — 9| = 0 61. |x’ — 2x| = 3 62. |x? + x| = 12 
63. |x? +x —-1)=1 64, |x? + 3x — 2| =2 65. x° = 4x 66. x° = —8x 
\ 67. 2+ 42-12 =0 68. v? + 7v + 12 =0 69. 2x? — 5x —3 =0 70. 3x7 + 5x +2=0 
71. x(x — 7) + 12=0 72. x(x + 1) = 12 73. 4x7 + 9 = 12x 74, 25x* + 16 = 40x 
6 12 — = 
75. 6x —5 =~ 1.x += =7 7, 1) , 3 : a 
xX x x-3 x x(x — 3) x+4 B= 2 
In Problems 79-84, solve each equation by the Square Root Method. 
79, x° = 25 80. x” = 36 \ 81. (x - 1)? = 
82. (x + 2)? =1 83. (2y + 3)? =9 84. (3x — 2)? = 
In Problems 85-90, solve each equation by completing the square. 
: ae = 2S = 
X85. 22 + 4x = 21 86. x2 — 6x = 13 i a eee 
2 16 
2,2 1 2 1 2 
88. xt Bk = 89. 3x ras =e 90. 2x° — 3x —-1=0 
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In Problems 91-102, find the real solutions, if any, of each equation. Use the quadratic formula. 


X91. 2 -— 4x +2 =0 
94. x7 + 5x+3=0 


\ 97. 42 — y+2=0 98. 42 +41+1=0 


100. 2x? = 1 — 2x 


92. x7 +4x+2=0 


95. 2x7 - 5x +3=0 


101. 2° + V3x—-3=0 


93. x7 — 5x —-1=0 
96. 2x7 +5x+3=0 
99. 4x? = 1 — 2x 


102. 2 + V2x-2=0 


In Problems 103-108, use the discriminant to determine whether each quadratic equation has two unequal real solutions, a repeated real 


solution, or no real solution without solving the equation. 


103. x7 — 5x +7=0 


104. x7 + 5x +7=0 


105. 9x? — 30x + 25 =0 


106. 25x* — 20x + 4=0 107. 3x2 + 5x -8 =0 108. 2x7 — 3x —-4=0 
Applications and Extensions 
In Problems 109-114, solve each equation. The letters a, b, and c are constants. 
109. ax -—b=c, a#0 110.1 —ax=b, a#0 Lit. = =o, AZAObe044 5 
2 832g een 13, 1+ —1 2 tia *o2-* sepeee 

x x x =a xt+a x= 1 xta x-a 


Problems 115-120 list some formulas that occur in applications. Solve each formula for the indicated variable. 


1 il 
115. Electricity — = R + RB for R 116. Finance A= P(1+/rt) forr 
1 2 
mv 
117. Mechanics F = RR for R 118. Chemistry PV =nRT forT 
119. Mathematics S = a= for r 120. Mechanics v = —gt+ vu) fort 
b 
121. Show that the sum of the roots of a quadratic equationis——. 125. Show that the real solutions of the equation 
a 


122. Show that the product of the roots of a quadratic equation 
c 


is; 

a 
Find k such that the equation kx? + x + k = Ohasarepeated 
real solution. 
Find k such that the equation x” — kx + 4 = 0 has arepeated 
real solution. 


123. 


124. 


Explaining Concepts: Discussion and Writing 


127. Which of the following pairs of equations are equivalent? 
Explain. 


(a) 7 =9; x =3 


(b) x = V9; x=3 
(c) (x —1)(x- 2) =(x-1)% x-2=x-1 
128. The equation 
5, Sx 
x+30 x3 
has no solution, yet when we go through the process of 
solving it we obtain x = —3. Write a brief paragraph to 


explain what causes this to happen. 
129. Make up an equation that has no solution and give it to a 
fellow student to solve. Ask the fellow student to write a 


critique of your equation. 


‘Are You Prepared?’ Answers 


1. (x — 6)(x + 1) 2. (2x — 3)(x + 1) 


126. 


130. 
131. 


132. 


133. 


(55) 


ax’ + bx + c = 0 are the negatives of the real solutions of 
the equation ax” — bx + c = 0. Assume that b* — 4ac = 0. 
Show that the real solutions of the equation 
ax’ + bx + c = Oare the reciprocals of the real solutions of 
the equation cx? + bx + a = 0. Assume that b* — 4ac = 0. 


Describe three ways you might solve a quadratic equation. 
State your preferred method; explain why you chose it. 


Explain the benefits of evaluating the discriminant of a 
quadratic equation before attempting to solve it. 


Make up three quadratic equations: one having two distinct 
solutions, one having no real solution, and one having exactly 
one real solution. 


The word quadratic seems to imply four (quad), yet a 
quadratic equation is an equation that involves a polynomial 
of degree 2. Investigate the origin of the term quadratic as it 
is used in the expression quadratic equation. Write a brief 
essay on your findings. 


4. True 
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A.5 Complex Numbers; Quadratic Equations 


in the Complex Number System 


DEFINITION 


DEFINITION 


OBJECTIVES 1 Add, Subtract, Multiply, and Divide Complex Numbers (p. A38) 


2 Solve Quadratic Equations in the Complex Number System (p. A42) 


Complex Numbers 


One property of a real number is that its square is nonnegative. For example, there 
is no real number x for which 


To remedy this situation, we introduce a new number called the imaginary unit. 


The imaginary unit, which we denote by i, is the number whose square is —1. 
That is, 


a 


This should not surprise you. If our universe were to consist only of integers, 
there would be no number x for which 2x = 1. This unfortunate circumstance was 
remedied by introducing numbers such as : and <. the rational numbers. If our 
universe were to consist only of rational numbers, there would be no x whose square 
equals 2. That is, there would be no number x for which x? =2.To remedy this, we 
introduced numbers such as V2 and W5, the irrational numbers. The real numbers, 
you will recall, consist of the rational numbers and the irrational numbers. Now, if 
our universe were to consist only of real numbers, then there would be no number x 
whose square is —1. To remedy this, we introduce a number /, whose square is —1. 

In the progression outlined, each time we encountered a situation that was 
unsuitable, we introduced a new number system to remedy this situation. And each new 
number system contained the earlier number system as a subset. The number system 
that results from introducing the number / is called the complex number system. 


Complex numbers are numbers of the form a + bi, where a and 5 are real 
numbers. The real number a is called the real part of the number a + bi; the 
real number b is called the imaginary part of a + bi; and i is the imaginary 
unit,so i* = —1. J 


For example, the complex number —5 + 67 has the real part —5 and the 
imaginary part 6. 

When a complex number is written in the form a + bi, where a and b are real 
numbers, we say it is in standard form. However, if the imaginary part of a complex 
number is negative, such as in the complex number 3 + (—2)i, we agree to write it 
instead in the form 3 — 2i. 

Also, the complex number a + Oj is usually written merely as a. This serves to 
remind us that the real numbers are a subset of the complex numbers. The complex 
number 0 + bi is usually written as bi. Sometimes the complex number bi is called a 
pure imaginary number. 


Add, Subtract, Multiply, and Divide Complex Numbers 


Equality, addition, subtraction, and multiplication of complex numbers are defined so 
as to preserve the familiar rules of algebra for real numbers. Two complex numbers 
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are equal if and only if their real parts are equal and their imaginary parts are equal. 
That is, 


Equality of Complex Numbers 


a+bi=c+di _ ifandonlyifa=candb=d dd) 


Two complex numbers are added by forming the complex number whose real 
part is the sum of the real parts and whose imaginary part is the sum of the imaginary 
parts. That is, 


Sum of Complex Numbers 


(a + bi) + (c+ di) =(at+c)+(b+d)i (2) 


To subtract two complex numbers, we use this rule: 
Difference of Complex Numbers 


(Ge a) = (es a) = (a — ©) ae (a= ai (3) 


Adding and Subtracting Complex Numbers 
(a) (3 + 5i) + (-2 + 3’) = [3 + (-2)] + (5+ 3)i=1+4 83 
(b) (6 + 4) — (3 + 6i) = (6 — 3) + (4— 6)i =3 + (-2)i = 3 - 2i go 
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Products of complex numbers are calculated as illustrated in Example 2. 


EXAMPLE 2 Multiplying Complex Numbers 


(5 + 3i)+(2 + Ti) = 5+(2 + Ti) + 3i(2 + Ti) = 10 + 351 + 61 + 217° 
t t 


Distributive Property Distributive Property 
= 10 + 41i + 21(-1) 


Based on the procedure of Example 2, we define the product of two complex 
numbers as follows: 


Product of Complex Numbers 
(a + bi)+(c + di) = (ac — bd) + (ad + bc)i (4) 


Do not bother to memorize formula (4). Instead, whenever it is necessary to 
multiply two complex numbers, follow the usual rules for multiplying two binomials, 
as in Example 2, remembering that i? = —1. For example, 


(2i)(2i) = 47 = —4 
(2+i(1-i) =2-2+i-? =3-i 


ommmms- Now Work pros_em 19 
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Algebraic properties for addition and multiplication, such as the commutative, 
associative, and distributive properties, hold for complex numbers. The property 
that every nonzero complex number has a multiplicative inverse, or reciprocal, 
requires a closer look. 


DEFINITION If z = a+ bi is a complex number, then its conjugate, denoted by Z, is 
defined as 


Z— al =a — D1 


a) 


For example, 2 + 3i = 2 — 3iand —6 — 27 = —6 + 2i. 


EXAMPLE 3 Multiplying a Complex Number by Its Conjugate 


Find the product of the complex number z = 3 + 4i and its conjugate z. 


Solution — Since Zz = 3 — 4i, we have 
wa = (3 + 4i)(3 — 41) = 9 — 123 + 121 — 16 = 9 + 16 = 25 J 


The result obtained in Example 3 has an important generalization. 


THEOREM The product of a complex number and its conjugate is a nonnegative real 
number. That is, if z = a + bi, then 


z=at+h (5) 


=) 


Proof Ifz=a-+ bi, then 
wz=(at bi)(a—- bi) =a - (biv =a - BPP =a +B 1 


To express the reciprocal of a nonzero complex number z in standard form, 


: : i = ae a 
multiply the numerator and denominator of — by z. That is, if z=a+tbiisa 
nonzero complex number, then ss 


1 1 12 #Z a-bi 
at+bi z2 z2Z ww @+bp 
Use (5). 
a b 


i 
e+e a@+Ph 


EXAMPLE 4 Writing the Reciprocal of a Complex Number 
in Standard Form 


1 
Write care in standard form a + bi; that is, find the reciprocal of 3 + 41. 


Solution The idea is to multiply the numerator and denominator by the conjugate of 3 + 4i, 
that is, by the complex number 3 — 4i. The result is 
1 1 3-4 3-4i 3 4 


= i 


344 34+4°3-4 9+16 25 25 Pa 


To express the quotient of two complex numbers in standard form, multiply the 
numerator and denominator of the quotient by the conjugate of the denominator. 


EXAMPLE 5 


Solution 


EXAMPLE 6 


Solution 


THEOREM 


THEOREM 
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Writing the Quotient of Two Complex Numbers in Standard Form 


Write each of the following in standard form. 


1 + 4 2—3i 
() S499; 0D) 7 = 33 
1+4 14+4§ 54+12i 5+ 127 + 20) + 48? 
@) S49 5-101 54+ 128 25 + 144 
_-434+32i 43 | 32, 
~ 169 ~~ ~«*169.-—«*(169" 
jo a ee 
4-31 4-31 443i 16+ 9 


17-6 _ 17 6 


25 25 25 J 


Now Work prosLem 27 


a 


Writing Other Expressions in Standard Form 


If z = 2 — 3i and w = 5 + 2i, write each of the following expressions in standard 


form. 
(a) = (b) z+ w Ore 
re: zw (2—3i)(5—2i) 10 - 4i — 151 + 67 
ig age GONG = a) 7 25 +4 
_4-19 _ 4 19. 
29 29 29 


(b) z+w= (2-31) + (54+ 21I)=7-i=T7+i 
(c) z+Z 


= (2 — 3i) + (2 + 3i) =4 2) 


The conjugate of a complex number has certain general properties that we shall 


find useful later. 


For a real number a = a+ Oi, the conjugate is da=a+0i=a- O0i=a. 


That is, 


The conjugate of a real number is the real number itself. =) 


Other properties of the conjugate that are direct consequences of the definition 


are given next. In each statement, z and w represent complex numbers. 


The conjugate of the conjugate of a complex number is the complex number 
itself. 


(z) =z (6) 


The conjugate of the sum of two complex numbers equals the sum of their 
conjugates. 


zt+w=Z+w (7) 


The conjugate of the product of two complex numbers equals the product of 
their conjugates. 


ZW) = Wy (8) 


as 
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We leave the proofs of equations (6), (7), and (8) as exercises. 


Powers of i 


The powers of i follow a pattern that is useful to know. 


ot pot a ea 
v=-1 P=_ a = = 
Ses = —17 = =] fp Sir = st 
PS = (el) =1 =e al 


And so on. The powers of i repeat with every fourth power. 


EXAMPLE 7 Evaluating Powers of i 


@ Pera Pa Pher Si 


(b) 2 = 1. jt = (APS 7 = 3-7 =F a 


EXAMPLE 8 Writing the Power of a Complex Number in Standard Form 


Write (2 + i)* in standard form. 


Solution Use the special product formula for (x + a)*. 


(x + a)? = x3 4+ 3ax? + 3a’x + a4 


COMMENT Another way to find (2 + i)? Using this special product formula, 
‘ : a? . 
is to multiply out (2 + i)*(2 + i). a (2 + #3 = 23 + 3-i-2? +3°-7P-24 7 


= 8 + 121 + 6(-1) + (-i) 


=2+4 11. pa 


Now Work prosiem 41 


| 


2 Solve Quadratic Equations in the Complex Number System 


Quadratic equations with a negative discriminant have no real number solution. 
However, if we extend our number system to allow complex numbers, quadratic 
equations will always have a solution. Since the solution to a quadratic equation 
involves the square root of the discriminant, we begin with a discussion of square 
roots of negative numbers. 


DEFINITION If N is a positive real number, we define the principal square root of —N, 
denoted by V—N, as 


WARNING | iting V-N = i b ae : : ; E 
ae vn ee where i is the imaginary unit and” = —1. | 


sure to placeioutsidethe V symbol. = 


EXAMPLE 9 Evaluating the Square Root of a Negative Number 


(a) V-1= Vii=i (b) V—-4 = V4i = 2i 
(c) V-8 = VBi = 2V2i _J 
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EXAMPLE 10 Solving Equations 


Solve each equation in the complex number system. 


ays = (b) x* = -9 
Solution (a) x’ = 
x=+V4= +2 
The equation has two solutions, —2 and 2. The solution set is {—2, 2}. 
(b) x7 = -9 


x=+V-9=4V9i = +3i 
The equation has two solutions, —3i and 3i. The solution set is {—33, 37}. a 


ommmm==s=- Now Work prRoBLEMS 49 AND 53 


WARNING When working with square roots of negative numbers, do not set the square root of 
a product equal to the product of the square roots (which can be done with positive numbers). To 
see why, look at this calculation: We know that V100 = 10. However, it is also true that 
100 = (—25)(-A4), 30 


10 = V100 = \/(-25)(-4) : V-25 V4 = (V'251)(V4i) = (6i)(2i) = 10? = -10 


Here is the error. | 


Because we have defined the square root of a negative number, we can now 
restate the quadratic formula without restriction. 


THEOREM Quadratic Formula 


In the complex number system, the solutions of the quadratic equation 
ax? + bx + c = 0, where a,b, and c are real numbers and a # 0, are given by 
the formula 


EXAMPLE 11 Solving Quadratic Equations in the Complex Number System 


Solve the equation x” — 4x + 8 = 0 in the complex number system. 


Solution Herea = 1,b = —4,c = 8,andb’ — 4ac = 16 — 4(1)(8) = —16. Using equation (9), 
we find that 


— V-16 42 Vi6i_ 424i _, i 
2(1) 2 2 ~ 


The equation has two solutions, 2 — 2i and 2 + 2i.The solution set is {2 — 2i,2 + 2i}. 
o Check: 2 + 2i: (2 + 21)? — 4(2+ 21) +8=44+ 81.4+47 -8-B4+ 8 
=4-4=0 
2-2i: (2-21) —4(2-21I)+8=4-814+4° —- 84+ 814+ 8 


=4-4=0 «J 


om=m=s=- Now Work prosLem 59 
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The discriminant b? — 4ac of a quadratic equation still serves as a way to 
determine the character of the solutions. 


Character of the Solutions of a Quadratic Equation 


In the complex number system, consider a quadratic equation ax” + bx + c = 0 
with real coefficients. 


1. If b? — 4ac > 0, the equation has two unequal real solutions. 

2. If b” — 4ac = 0, the equation has a repeated real solution, a double root. 

3. If b? — 4ac < 0, the equation has two complex solutions that are not real. 
The solutions are conjugates of each other. 


The third conclusion in the display is a consequence of the fact that if 


b*? — 4ac = —N < 0 then, by the quadratic formula, the solutions are 
—b+\/b*—4ac  -b+V-N_ -b+VNi_ -b , VN. 
x= = = = i 
2a 2a 2a 2a 2a 
and 


-b-\/P-4ac  -b-V-N_ -b-VNi_-b VN. 
2a 2a 2a 2a 2a 
which are conjugates of each other. 


EXAMPLE 12 Determining the Character of the Solution of a Quadratic Equation 


Without solving, determine the character of the solution of each equation. 
(a) 3x7 +4x+5=0 (b) 2x7 + 4x +1=0 (c) 9x* - 6x +1=0 
Solution (a) Herea = 3, b = 4,andc = 5,sob* — 4ac = 16 — 4(3)(5) = —44. The solutions 

are two complex numbers that are not real and are conjugates of each other. 

(b) Here a = 2,b = 4, and c = 1, so b? — 4ac = 16 — 8 = 8. The solutions are 
two unequal real numbers. 

(c) Herea = 9,b = —6,andc = 1,s0b? — 4ac = 36 — 4(9)(1) = 0. The solution 
is a repeated real number, that is, a double root. me 


om=mmms=- Now Work prosLem 73 


A.5 Assess Your Understanding 


Concepts and Vocabulary 


1. True or False The square of a complex number is some- 2 


times negative. 

2. (2+ i)(2-i)= 

3. True or False In the complex number system, a quadratic 
equation has four solutions. 


. The equation x —4 has the solution set 


5 
6. True or False The conjugate of 2 + Siis —2 — Si. 

7. True or False All real numbers are complex numbers. 
8 


. True or False If2 — 3iisasolution of a quadratic equation 


4. In the complex number 5 + 2i, the number 5 is called with real coefficients, then —2 + 37 is also a solution. 


the part; the number 2 is called the 
part; the number j is called the 


Skill Building 


In Problems 9-46, write each expression in the standard form a + bi. 
9, (2 — 3i) + (6 + 82) 10. (4 + 5i) + (—8 + 2i) 11. (—3 + 2i) — (4 — 41) 12. (3 — 4i) — (-3 - 4i) 
\ 3. (2 — 5i) — (8 + 61) 14. (—8 + 4i) — (2 — 2i) 15. 3(2 — 6i) 16. —4(2 + 8i) 
17. 2i(2 — 3i) 18. 3i(—-3 + 4i) Np. (3 — 4i)(2 + i) 20. (5 + 3i)(2 — i) 
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21. (—6 + i)(-6 — i) .(-3 +1348 


pa i259 * 
i —2i 

rere ee 
2° 3 2 2 

33. 73 34, i* 

37. i° — 5 38.44+7 

Nan (14+? 42, (3i)4 +1 
45.i°%+i%+?4+1 4. +P +P +i 


A45 


10 13 
23. 24. 
3 - 4i 5 — 12i 
6-i 2+ 3i 
27. 28. 
1t+i : 1-i 
31. (1 + i)” 32. (1 — i)? 
35. 7 36. 7 
39. 62° — 47° 40. 47 — 27 +1 
43. i7(1 + 7°) 44, 2i4(1 + 7) 


In Problems 47-52, perform the indicated operations and express your answer in the form a + bi. 


48. V—9 


X33. 244=0 54. x2 -—4=0 
57. x2 — 6x + 13 =0 58. x2 + 4x +8=0 \ 
61. 8x7 — 4x +1=0 62. 10x7 + 6x +1=0 
65.x7 +x+1=0 66. x7 -x+1=0 
69. xt = 16 70. xt =1 


51. \/(3 + 4i)(4i — 3) 


In Problems 53-72, solve each equation in the complex number system. 


\ a9. V5 
52. \/(4 + 3i)(3i — 4) 


55. x7 — 16 =0 56. x7 +25=0 
59. x7 —- 6x +10 =0 60. x27 — 2x +5=0 
63. 5x2 + 1 = 2x 64. 13x7 + 1 = 6x 


2 -8=0 
. x4 + 13x? + 36 = 0 


68. x° + 27 =0 
72. x + 3x7-4=0 


In Problems 73-78, without solving, determine the character of the solutions of each equation in the complex number system. 


N 73, 32 = 3x 4420 
76. x° +6 = 2x 


74. 2x7 — 4x +1=0 
77. 9x? — 12x +4=0 


75. 2x7 + 3x =4 
78. 4x7 + 12x +9=0 


79. 2 + 3iis a solution of a quadratic equation with real coefficients. Find the other solution. 


80. 4 — 7is a solution of a quadratic equation with real coefficients. Find the other solution. 


In Problems 81-84, z = 3 — 4i and w = 8 + 3i. Write each expression in the standard form a + bi. 


81. 7+Z 82. w-—w 


Applications and Extensions 


85. Electrical Circuits The impedance Z, in ohms, of a circuit 
element is defined as the ratio of the phasor voltage V, in 
volts, across the element to the phasor current /, in amperes, 


: V 
through the elements. That is, Z = —. If the voltage across a 
circuit element is 18 + 7 volts and the current through the 
element is 3 — 4i amperes, determine the impedance. 


86. Parallel Circuits In an ac circuit with two parallel pathways, 


the total impedance Z, in ohms, satisfies the formula 


1 1 1 
z, + Zz, where Z, is the impedance of the first pathway 
1 2 


a" 


Explaining Concepts: Discussion and Writing 


91. Explain to a friend how you would add two complex numbers 
and how you would multiply two complex numbers. Explain 
any differences in the two explanations. 


92. Write a brief paragraph that compares the method used to 
rationalize the denominator of a radical expression and the 
method used to write the quotient of two complex numbers 


in standard form. 


83. 


Zz 


87. 
88. 
89. 


90. 


93. 


94. 


84. z-—w 


and Z, is the impedance of the second pathway. Determine 
the total impedance if the impedances of the two pathways 
are Z; = 2 + iohms and Z, = 4 — 3i ohms. 


Use z = a + bito show that z + z = 2a and z — z = 2bi. 
Use z = a + bi to show that z = z. 
Use z=a+t bi and w=c+di to show that z+w= 


Zt W. 


Nl 


Use z = a+ biandw =c + ditoshow that z-w = 


Use an Internet search engine to investigate the origins of 
complex numbers. Write a paragraph describing what you 
find and present it to the class. 


What Went Wrong? A student multiplied V —9 and V —9 
as follows: 


V-9-V-9 = V(-9)(-9) = V81 = 9 


The instructor marked the problem incorrect. Why? 
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A.6 Interval Notation; Solving Inequalities 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Algebra Essentials (Appendix A, Section A.1, pp. Al-A10) 


\ Now Work the ‘Are You Prepared?’ problems on page A52. 
9 


OBJECTIVES 1 Use Interval Notation (p.A46) 
2 Use Properties of Inequalities (p.A47) 


3 Solve Inequalities (p.A49) 
4 Solve Combined Inequalities (p.A50) 
5 Solve Inequalities Involving Absolute Value (p. A51) 


Suppose that a and b are two real numbers and a < b. We use the notation 
a < x < bto mean that x is a number between a and b. The expression a < x < b 
is equivalent to the two inequalities a < x and x < b. Similarly, the expression 
a = x = b is equivalent to the two inequalities a = x and x = b. The remaining 
two possibilities,a = x < banda < x = b, are defined similarly. 

Although it is acceptable to write 3 = x = 2, it is preferable to reverse the 
inequality symbols and write instead 2 = x = 3 so that, as you read from left to right, 
the values go from smaller to larger. 

A statement such as 2 = x = 1 is false because there is no number x for which 
2 = xand x = 1. Finally, we never mix inequality symbols, as in2 = x = 3. 


1 Use Interval Notation 


DEFINITION Let a and b represent two real numbers with a < b. 

A closed interval, denoted by [a, 6], consists of all real numbers x for which 
a=x= bd, 

An open interval, denoted by (a, b), consists of all real numbers x for which 
Ue = Jop 

The half-open, or half-closed, intervals are (a, b], consisting of all real 
numbers x for which a < x = b, and [a, b), consisting of all real numbers x for 
whicha S x < b. =) 


In each of these definitions, a is called the left endpoint and b the right endpoint of 
the interval. 

The symbol ©¢ (read as “infinity”) is not a real number, but a notational device 
used to indicate unboundedness in the positive direction. The symbol —©o (read as 
“negative infinity”) also is not a real number, but a notational device used to 
indicate unboundedness in the negative direction. Using the symbols co and —0oo, 
we can define five other kinds of intervals: 


[a, 0) Consists of all real numbers x for which x = a 
(a, 20) Consists of all real numbers x for which x > a 
(—0,a] Consists of all real numbers x for which x < a 
(—°,a) Consists of all real numbers x for which x < a 


(—00, 0) Consists of all real numbers x 


Note that co and —oo are never included as endpoints, since neither is a real number. 
Table 1 summarizes interval notation, corresponding inequality notation, and 
their graphs. 


Table 1 


EXAMPLE 1 


Solution 


EXAMPLE 2 


Solution 


In Words 
The square of a real number is 
never negative. 


(a) 1lsxs3 
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Interval 


The open interval (a, b) 


The closed interval [a, b] 
The half-open interval [a, b) 
The half-open interval (a, 5] 
The interval [a, 2) 

The interval (a, 2) 

The interval (—-, a] 

The interval (—, a) 


The interval (—2, ~) All real numbers 


notation, we write [1, 3]. 


(5, 0). 


(b) (2, 0) 


2 Use Properties of Inequalities 


The product of two positive real numbers is positive, the product of two negative real 
numbers is positive, and the product of 0 and 0 is 0. For any real number a, the value of 
a’ is 0 or positive; that is, a” is nonnegative. This is called the nonnegative property. 


Nonnegative Property 


For any real number a, 


Interval Notation; Solving Inequalities 


Writing Inequalities Using Interval Notation 
Write each inequality using interval notation. 


(b) -4<x<0 


(c) x >5 (d) x < 


(b) In interval notation, —4 < x < Ois written (—4, 0). 
(c) x > 5 consists of all numbers x greater than 5. In interval notation, we write 


(d) In interval notation, x = 1 is written (—00, 1]. 


Writing Intervals Using Inequality Notation 


Write each interval as an inequality involving x. 
(a) [1,4) 


(a) [1, 4) consists of all numbers x for which 1 = x < 4. 
(b) (2, C©) consists of all numbers x for which x > 2. 
(c) [2,3] consists of all numbers x for which 2 S x S 3. 


(d) (0 


ommm=s>- Now Work prosLemMs 11, 23, AND 31 


(c) [2,3] 


, ~3] consists of all numbers x for which x = —3. 


1 


() 


A47 


(a) 1 S x <3 describes all numbers x between 1 and 3, inclusive. In interval 


-! 


(d) (—o, -3] 


J 
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r 


r 


In Words 


Multiplying by a negative number 


reverses the inequality. 


EXAMPLE 3 


In Words 

The reciprocal property states 
that the reciprocal of a positive 
real number is positive and that 
the reciprocal of a negative real 
number is negative. 


If we add the same number to both sides of an inequality, we obtain an equivalent 
inequality. For example, since 3 < 5, then3 + 4<5 + 4o0r7 < 9. This is called the 
addition property of inequalities. 


Addition Property of Inequalities 


For real numbers a, b, and c, 


The addition property states that the sense, or direction, of an inequality remains 
unchanged if the same number is added to each side. 

Now let’s see what happens if we multiply each side of an inequality by a nonzero 
number. We begin with 3 < 7 and multiply each side by 2. The numbers 6 and 14 
that result obey the inequality 6 < 14. 

Now start with 9 > 2 and multiply each side by —4. The numbers —36 and —8 
that result obey the inequality —36 < —8. 

Note that the effect of multiplying both sides of 9 > 2 by the negative number 
—4 is that the direction of the inequality symbol is reversed. We are led to the 
following general multiplication properties for inequalities: 


Multiplication Properties for Inequalities 


For real numbers a, b, and c, 


Ifa < bandifc > 0,thenac < be. 
Ifa < bandifc < 0,thenac > be. 


Ifa > bandifc > 0,thenac > be. 
Ifa > bandifc < 0,thenac < be. 


The multiplication properties state that the sense, or direction, of an inequality 
remains the same if each side is multiplied by a positive real number, whereas the 
direction is reversed if each side is multiplied by a negative real number. 
Multiplication Property of Inequalities 


1 1 
(a) If2x < 6, then 5 (2x) << 5 (6) or x < 3. 


(b) If =; > 12, then -s(5) < ~3(12) or x < -36. 


—4 —8 
(c) If —4x < —8, then = > = orx > 2. 
(d) If —x > 8, then (—1)(—x) < (—1)(8) orx < —8. i) 


orm=======- Now Work pros_Lem 45 


The reciprocal property states that the reciprocal of a positive real number is 
positive and that the reciprocal of a negative real number is negative. 


Reciprocal Property for Inequalities 


Ita > 0,then= > 0 t= > 0,thena > 0 


Ita <0,then = <0 t= <0, thena <0 


EXAMPLE 4 


Solution 
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3 Solve Inequalities 


An inequality in one variable is a statement involving two expressions, at least one 
containing the variable, separated by one of the inequality symbols <, =, >, or =. 
To solve an inequality means to find all values of the variable for which the 
statement is true. These values are called solutions of the inequality. 

For example, the following are all inequalities involving one variable x: 


eae 
eSe2 


StS 28 BeBSet 2e1e3 >0 

As with equations, one method for solving an inequality is to replace it by a 
series of equivalent inequalities until an inequality with an obvious solution, such as 
x < 3, is obtained. We obtain equivalent inequalities by applying some of the same 
properties as those used to find equivalent equations. The addition property and the 
multiplication properties form the basis for the following procedures. 


Procedures That Leave the Inequality Symbol Unchanged 


1. Simplify both sides of the inequality by combining like terms and 
eliminating parentheses: 


Replace (G2 se 2) ar © SS Dre ap Saez <P 11) 


by tear = Tbe ap S 
2. Add or subtract the same expression on both sides of the inequality: 
Replace Shem 5) << 


by (Ge = 9) + 3 < 4h ab S 
3. Multiply or divide both sides of the inequality by the same positive 
expression: 


Replace 4x >16 by os = oe 


Procedures That Reverse the Sense or Direction 
of the Inequality Symbol 


1. Interchange the two sides of the inequality: 


Replace 3S Dy ws 


2. Multiply or divide both sides of the inequality by the same negative 
expression: 


Replace —2x >6 by = <== 


As the examples that follow illustrate, we solve inequalities using many of the 
same steps that we would use to solve equations. In writing the solution of an 
inequality, we may use either set notation or interval notation, whichever is more 
convenient. 


Solving an Inequality 
Solve the inequality: 4x + 7 = 2x — 3 
Graph the solution set. 

4x +7 22x -—3 


4x+7-—-722x—-—3-—7 Subtract 7 from both sides. 
4x = 2x — 10 Simplify. 
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4x — 2x = 2x —10-— 2x Subtract 2x from both sides. 
2x = —10 Simplify. 
2x _ —10 
ry = —— Divide both sides by 2. (The direction 
of the inequality symbol is unchanged.) 
42 =5 Simplify. 
Figure 23 
f ‘ The solution set is {x|x = —5} or, using interval notation, all numbers in the interval 
6 -5 -4 -3 -2 -1 [—5, co). See Figure 23 for the graph. gl 
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4 Solve Combined Inequalities 


EXAMPLE 5 Solving Combined Inequalities 


Solve the inequality; —5 <3x-2<1 
Graph the solution set. 


Solution Recall that the inequality 
-5<3x-2<1 
is equivalent to the two inequalities 
—5<3x-—2 and 3x-2<1 


We solve each of these inequalities separately. 


—-5 <3x-2 3x -2<1 
—-5+2< 3x —2+4+2 Add 2 to both sides. 3%. 2:3 2 = ae 
—3 < 3x Simplify. 3x <3 
3 << ou Divide both sides by 3. oe < 2 
3 3 3 3 
=< % Simplify. eel 


The solution set of the original pair of inequalities consists of all x for which 


-1<.x and x<l 


Figure 24 
L 5 This may be written more compactly as {x|—1 < x < 1}. In interval notation, the 
-3 -2 -1 0 1 2 solution is (—1, 1). See Figure 24 for the graph. o! 


Observe in the preceding process that the two inequalities we solved required 
exactly the same steps. A shortcut to solving the original inequality algebraically is 
to deal with the two inequalities at the same time, as follows: 


-5< 3x-2 <1 
—-§+2< 3x —-2+2<1+2 Add2toeach part. 


—3< 3x <3 Simplify. 

=3 < 3x < 3 Divide each part by 3. 
5 3 i, 

-l< x <1 Simplify. 
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EXAMPLE 6 Using the Reciprocal Property to Solve an Inequality 
Solve the inequality: (4x — 1)'>0 
Graph the solution set. 


Solution — Since (4x — 1)! = and since the Reciprocal Property states that when 


1 
‘ 4x -1 
. > 0 then a > 0, we have 


(4x -1)'>0 
il 
4x —-1 
4x —1> 0 Reciprocal Property 
4x >1 


>0 


_ 1 
eS = 
4 

Figure 25 1 1 
————t_e—__—_—__—__1——- _ The solution set is {x x> \ that is, all x in the interval (G. c0 ) Figure 25 
4 illustrates the graph. 
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5 Solve Inequalities Involving Absolute Value 


EXAMPLE 7 Solving an Inequality Involving Absolute Value 
Solve the inequality |x| < 4, and graph the solution set. 


Solution — We are looking for all points whose coordinate x is a distance less than 4 units from 


Figure 26 the origin. See Figure 26 for an illustration. Because any x between —4 and 4 
Less than 4 units satisfies the condition |x| < 4, the solution set consists of all numbers x for which 
|x —— from origin 0 ——+>| —4 <x < 4, that is, all x in the interval (—4, 4). J 

0 


Ee oe 
-5 -4-3-2-1 0 12 3 4 


EXAMPLE 8 Solving an Inequality Involving Absolute Value 
Solve the inequality |x| > 3, and graph the solution set. 


Solution —_ We are looking for all points whose coordinate x is a distance greater than 3 units 
from the origin. Figure 27 illustrates the situation. We conclude that any x less than 
—3 or greater than 3 satisfies the condition |x| > 3. The solution set consists of all 
numbers x for which x < —3 or x > 3, that is, all x in (—00, —3) U (3, c0).* 


Figure 27 
; 4 i—) We are led to the following results: _) 
-§ -4-3-2-1 01 2 3 4 
THEOREM If a is any positive number, then 


is equivalent to 
is equivalent to 


is equivalent to 


is equivalent to 


* The symbol U stands for the union of two sets. Refer to page A2 if necessary. 
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EXAMPLE 9 Solving an Inequality Involving Absolute Value 
Solve the inequality |2x + 4| <= 3, and graph the solution set. 


Solution J2x+ 4) =3 This follows the form of statement (6); the expression 
u = 2x + 4is inside the absolute value bars. 
—-35 2x+4 353 Apply statement (6). 


—3-—4=2x+4-—42=3-4 Subtract 4 from each part. 
a 2x a Simplify. 


eal < a < ot Divide each part by 2. 
2 2 2 
_ <= Be <= -+ Simplify. 
Figure 28 7 1 4 1 
—l1fii1iij i ij 1 i 1. The solution set is {x —--= x= -3}, that is, all x in the interval [-2, -3| See 
=f 7 =2 _16 2 4 2 2 2 2 
: ‘ Figure 28 for a graph of the solution set. gil 
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EXAMPLE 10 Solving an Inequality Involving Absolute Value 
Solve the inequality |2x — 5| > 3, and graph the solution set. 


Solution [2x — 5| > 3. This follows the form of statement (7); the expression 
u = 2x — 5 is inside the absolute value bars. 
2x —-5< —3 or 2x-5>3 Apply statement (7). 
2x-5+5<-3+4+5 or 2x-5+5>3+4+5 Add5 to each part. 
2x <2 or 2x > 8 Simplify. 
= < Z or 2h > . Divide each part by 2. 
2 2 2 2 
x<i1 or x>4 Simplify. 
Figure 29 
The solution set is {x|x < 1 orx > 4}, that is, all x in (—co,1) U(4, 00). See 
“2-1 0123 45 6 7 Figure 29 for a graph of the solution set. oe 


WARNING A common error to be avoided is to attempt to write the solution x < 1orx > 4 as the 
combined inequality 1 > x > 4, which is incorrect, since there are no numbers x for which 
x < 1andx > 4. Another common error is to “mix” the symbols and write 1 << x > 4, which makes 
no sense. a 


orm=======- Now Work pros_Lem 95 


A.6 Assess Your Understanding 


‘Are You Prepared?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 


1. Graph the inequality: x = —2. (pp. A4-A5) 3. |-2| = .(p.A5) 
2. True or False —5S > —3 (pp. A4-A5) 4. True or False |x| = 0 for any real number x. (pp. AS-A6) 


Concepts and Vocabulary 


5. If each side of an inequality is multiplied by a(n) 7. The solution set of the equation |x| = 5 is { }. 
aaa eal then the sense of the inequality 8. The solution set of the inequality |x| < Sis {x| } 
ci anti 9. True or False The equation |x| = —2 has no solution. 


6. A(n) , denoted [a, b], consists of all real 
numbers x for whicha = x = b. 


10. True or False The inequality |x| = —2 has the set of real 
numbers as solution set. 


Skill Building 


In Problems 11-16, express the graph shown in blue using interval notation. Also express each as an inequality involving x. 
12. — 


i Ge 
4° 0 tf 2 3 


14, <——____—____L_+ 
2-1 0 1 2 


15. 
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=—2 = 0 1 2 


ee 


al 0 1 2 3 


In Problems 17-22, an inequality is given. Write the inequality obtained by: 


(a) Adding 3 to each side of the given inequality. 


(b) Subtracting 5 from each side of the given inequality. 
(c) Multiplying each side of the given inequality by 3. 
(d) Multiplying each side of the given inequality by —2. 


17.3 <5 


18.2>1 


19. 4 > —3 


20. —3 > —5 


13. 


21.2x+1<2 


Interval Notation; Solving Inequalities 


In Problems 23-30, write each inequality using interval notation, and illustrate each inequality using the real number line. 


\23.0<%<4 


27.x 24 


In Problems 31-38, write each interval as an inequality involving x, and illustrate each inequality using the real number line. 
32. (1, 2) 


NBL [2,5] 


35. [4, 00) 


24. -1<x<5 


28. x = 5 


36. (—00, 2] 


25.4= x <6 


29. x < —4 


In Problems 39-52, fill in the blank with the correct inequality symbol. 


39. Ifx < 5,then x — 5 
41. Ifx > —4,thenx + 4 


43. If x = —4, then 3x 


\ 45. Ifx > 6, then —2x 
47. If x = 5, then —4x 


49. If2x > 6, then x 


51. 5x = 3, then x 


In Problems 53-100, solve each inequality. Express your answer using set notation or interval notation. Graph the solution set. 


53, x +1<5 
56.2 — 3x =5 

59. 3x =~ LE 3+ 2x 
62. —3(1 — x) < 12 
65. -(x —4) >x+8 


68. 


71-5 =4-3x=2 


3x +2 


7T4.0< <4 


12, 


—20. 


63. 


66. 


69. 


72. 


75. 


26. -2<x<0 


30.x >1 


33. (—3, -2) 34. [0, 1) 
37, (—00, —3) 38. (—8, ©) 
40. If x < —4, then x + 4 0. 

42. If x > 6, then x — 6 0. 

44, If x = 3, then 2x 6. 

46. If x > —2, then —4x 8. 

48. If x = —4, then —3x 12. 

50. If3x = 12, then x 4. 

52. If -ix > 1, then x —4, 


54.x-6<1 
\( 57. 3x = 7>2 
60. 2x -2=3+x 


4—3(1-x) <3 
1 

3x +4 > (x — 2) 

0s2x-6=54 

=333=2%-=9 


a 
a a ac 


53,1 = 2x = 3 


58. 
61. 
64. 
67. 


70. 


\ 2. 


76 


2x+5>1 
—2(x +3) <8 


8 — 4(2 — x) = -2x 


NI] 


& 


=2x+2=10 


26 al 


=3:< <0 


1 
Os tars 
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77. 


80. 


\ 83 


86 


\ 89 
92 
\ 95 


98 


(x + 2)(x — 3) > (x — 1)(x + 1) 78. (x — 1)(x + 1) > (x — 3)(x + 4) 79. x(4x + 3) < (2x +1) 
r= 2a? g. > <2 <3 g. 2 <i <2 

. (4x + 2)1 <0 84, (2x — 1) '>0 85.0<= <3 

.0<i<2 87. 0 < (2x —4) 1 <= 88.0 < (3x +6) 1 <> 

. [2x] < 8 90. |3x| < 12 91. |3x| > 12 

. |2x| > 6 93. |2x — 1] <1 94, |2x + 5| =7 

. [1 — 2x| > 3 96. |2 — 3x| >1 97. |—4x| + |-5| = 9 

. |-x| — [4] = 2 99, |—2x| = |—4| 100. |-x — 2| =1 


Applications and Extensions 


101. 


102. 


103. 


104. 


105. 
106. 


107. 


108. 


109. 


1 

Express the fact that x differs from 2 by less than = as an 
inequality involving an absolute value. Solve for x. 

Express the fact that x differs from —1 by less than 1 as an 
inequality involving an absolute value. Solve for x. 

Express the fact that x differs from —3 by more than 2 as an 
inequality involving an absolute value. Solve for x. 

Express the fact that x differs from 2 by more than 3 as an 
inequality involving an absolute value. Solve for x. 


What is the domain of the variable in the expression V 3x + 6? 
What is the domain of the variable in the expression 


V8 + 2x? 


A young adult may be defined as someone older than 21, but 
less than 30 years of age. Express this statement using 
inequalities. 

Middle-aged may be defined as being 40 or more and less 
than 60. Express this statement using inequalities. 


Life Expectancy The Social Security Administration 


w determined that an average 30-year-old male in 2005 could 


expect to live at least 46.60 more years and an average 
30-year-old female in 2005 could expect to live at least 51.03 
more years. 


(a) To what age can an average 30-year-old male expect to 
live? Express your answer as an inequality. 


(b) To what age can an average 30-year-old female expect 
to live? Express your answer as an inequality. 


(c) Who can expect to live longer, a male or a female? By 
how many years? 


Source: Social Security Administration, Period Life 


Table, 2005 ie) 


7 
JAN JULY 
2005 2058 


110. 


111. 


112. 


113 


114. 


115. 


116. 


General Chemistry For a certain ideal gas, the volume V (in 
cubic centimeters) equals 20 times the temperature T (in 
degrees Celsius). If the temperature varies from 80° to 120° C 
inclusive, what is the corresponding range of the volume of 
the gas? 


Real Estate A real estate agent agrees to sell an apartment 
complex according to the following commission schedule: 
$45,000 plus 25% of the selling price in excess of $900,000. 
Assuming that the complex will sell at some price between 
$900,000 and $1,100,000 inclusive, over what range does the 
agent’s commission vary? How does the commission vary as 
a percent of selling price? 


Sales Commission A used car salesperson is paid a 
commission of $25 plus 40% of the selling price in excess of 
owner’s cost. The owner claims that used cars typically sell 
for at least owner’s cost plus $200 and at most owner’s cost 
plus $3000. For each sale made, over what range can the sales- 
person expect the commission to vary? 


Federal Tax Withholding The percentage method of 
withholding for federal income tax (2010) states that a single 
person whose weekly wages, after subtracting withholding 
allowances, are over $693, but not over $1302, shall have 
$82.35 plus 25% of the excess over $693 withheld. Over what 
range does the amount withheld vary if the weekly wages vary 
from $700 to $900 inclusive? 

Source: Employer’s Tax Guide. Department of the Treasury, 
Internal Revenue Service, Publication 2010. 


Exercising Sue wants to lose weight. For healthy weight loss, 
the American College of Sports Medicine (ACSM) 
recommends 200 to 300 minutes of exercise per week. For the 
first six days of the week, Sue exercised 40, 45, 0, 50, 25, and 
35 minutes. How long should Sue exercise on the seventh day 
in order to stay within the ACSM guidelines? 


Electricity Rates Commonwealth Edison Company’s charge 
for electricity in January 2010 is 9.44¢ per kilowatt-hour. In 
addition, each monthly bill contains a customer charge of 
$12.55. If last year’s bills ranged from a low of $76.27 to a high 
of $248.55, over what range did usage vary (in kilowatt-hours)? 


Source: Commonwealth Edison Co., Chicago, Illinois, 2010. 
Water Bills The Village of Oak Lawn charges homeowners 


$37.62 per quarter-year plus $3.86 per 1000 gallons for water 
usage in excess of 10,000 gallons. In 2010 one homeowner’s 


quarterly bill ranged from a high of $122.54 to a low of $68.50. 
Over what range did water usage vary? 


Source: Village of Oak Lawn, Illinois, April 2010. 


117. Markup of a New Car The markup over dealer’s cost of a 
new car ranges from 12% to 18%. If the sticker price is 
$18,000, over what range will the dealer’s cost vary? 


118. IQ Tests A standard intelligence test has an average score of 
100. According to statistical theory, of the people who take 
the test, the 2.5% with the highest scores will have scores of 
more than 1.960 above the average, where o (sigma, a number 
called the standard deviation) depends on the nature of the 
test. If 7 = 12 for this test and there is (in principle) no upper 
limit to the score possible on the test, write the interval of 
possible test scores of the people in the top 2.5%. 


119. Computing Grades In your Economics 101 class, you have 
scores of 68, 82, 87, and 89 on the first four of five tests. To get 
a grade of B, the average of the first five test scores must be 
greater than or equal to 80 and less than 90. 
(a) Solve an inequality to find the range of the score that 
you need on the last test to get a B. 
(b) What score do you need if the fifth test counts double? 


What do | need to get a B? 


Explaining Concepts: Discussion and Writing 


128. Make up an inequality that has no solution. Make up one that 
has exactly one solution. 

129. The inequality x7 + 1 < —5Shas no real solution. Explain why. 

130. Do you prefer to use inequality notation or interval notation 
to express the solution to an inequality? Give your reasons. 
Are there particular circumstances when you prefer one to 
the other? Cite examples. 


‘Are You Prepared?’ Answers 


6. —SId0H 2. False 3.2 
—4 -—2 0 
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120. 


121. 


122. 
123. 
124. 


125. 


126. 


127. 


131. 


PREPARING FOR THIS SECTION Before getting started, review the following: 
e Exponents, Square Roots (Appendix A, Section A.1, pp. A7-A10) 
\ Now Work the ‘Are You Prepared?’ problems on page A61. 
OBJECTIVES 1 Work with nth Roots (p.A56) 
2 Simplify Radicals (p.A56) 
3 Rationalize Denominators (p.A58) 
4 Solve Radical Equations (p. A58) 
5 Simplify Expressions with Rational Exponents (p. A59) 
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“Light” Foods For food products to be labeled “light,” the 
US. Food and Drug Administration requires that the altered 
product must either contain one-third or fewer calories than 
the regular product or it must contain one-half or less fat than 
the regular product. If a serving of Miracle Whip® Light 
contains 20 calories and 1.5 grams of fat, then what must be 
true about either the number of calories or the grams of fat 
in a serving of regular Miracle Whip®? 


+ 
ArithmeticMean If a < b,show that a < a < b. The 
a+b 


number is called the arithmetic mean of a and b. 


Refer to Problem 121. Show that the arithmetic mean of a 
and b is equidistant from a and b. 


Geometric Mean If 0 < a < b,show that a < Vab < b. 
The number Vab is called the geometric mean of a and b. 
Refer to Problems 121 and 123. Show that the geometric 
mean of a and b is less than the arithmetic mean of a and b. 
Harmonic Mean For 0 < a < 5, let h be defined by 


1 (4 +) 
=f 24 
h 2\a_ b 


Show that a < h < b.The number h/ is called the harmonic 
mean of a and b. 

Refer to Problems 121, 123, and 125. Show that the harmonic 
mean of a and b equals the geometric mean squared divided 
by the arithmetic mean. 


Another Reciprocal Property Prove that if0 < a < b, then 


0<]<—. 
b a 


How would you explain to a fellow student the underlying 
reason for the multiplication properties for inequalities 
(page A48), that is, the sense or direction of an inequality 
remains the same if each side is multiplied by a positive real 
number, whereas the direction is reversed if each side is 
multiplied by a negative real number? 


4, True 
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1 Work with nth Roots 


DEFINITION The principal nth root of a real number a, 1 = 2 an integer, symbolized by 
Wa, is defined as follows: 


\/a = be means a =p" 


where a = 0 and b = O if nis even and a, b are any real numbers if n is odd. | 


Notice that if a is negative and n is even, then Va is not defined as a real 


_. In Words , number. When it is defined, the principal nth root of a number is unique. 

_. The symbol Wa means “give me The symbol Wa for the principal nth root of a is called a radical; the integer n is 

__ the number, which when raised to called the index, and a is called the radicand. If the index of a radical is 2, we call Va 
the power n, equals a.” the square root of a and omit the index 2 by simply writing Va. If the index is 3, 


we call V/a the cube root of a. 


Simplifying Principal nth Roots 
(a) W/8 =\7/23 =2 (b) W/—64 = \'/(-4)3 = -4 


@ fe- a3) =} (a) W/(-2) = |-2| =2 e 


These are examples of perfect roots, since each simplifies to a rational number. 
Notice the absolute value in Example 1(d). If 1 is even, the principal nth root must 
be nonnegative. 


In general, if m = 2 is an integer and a is a real number, we have 


ifn = 3 is odd 


ifn = 2is even 
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Radicals provide a way of representing many irrational real numbers. For 
example, there is no rational number whose square is 2. Using radicals, we can say 
that V2 is the positive number whose square is 2. 


= (EXAMPLE 2 ] XAMPLE 2 Using a Calculator to Approximate Roots 


Use a calculator to approximate V6. 


Solution Figure 30 shows the result using a TI-84 Plus graphing calculator. “ 
Figure 30 


eom=m=m=s>- Now Work prosLem 81 


6 
1.741181127 


2 Simplify Radicals 
Let n = 2 and m = 2 denote positive integers, and let a and b represent real 
numbers. Assuming that all radicals are defined, we have the following properties: 
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Properties of Radicals 


When used in reference to radicals, the direction to “simplify” will mean to 
remove from the radicals any perfect roots that occur as factors. Let’s look at some 
examples of how the preceding rules are applied to simplify radicals. 


Simplifying Radicals 
(a) V32 ; V'16+2 F V16-V2 = 4V2 


Factor out 16, (2a) 
a perfect square. 


(b) ioe W8i2 = V8-V2 = WB W2 = 22 
t 


Factor out &, = (2a) 
a perfect cube. 


(9) W168 = 8-2 = WB) 


Factor perfect Group perfect 
cubes inside radical. cubes. 


= \7/(-2x)3-2x ; \/ (-2x)3» Wx = —2x 2x 


(2a) 
oP ae AG) IG) ve 


om Now Work pRoBLEMS 11 AND 17 


2x 
3 


ane 


Two or more radicals can be combined, provided that they have the same index 
and the same radicand. Such radicals are called like radicals. 


Combining Like Radicals 
(a) -8V/12 + V3 = -8V/4-3 + V3 
= -8-V4V3 + V3 
16V3 + V3 = -15V3 
(b) \ 8x4 + Wax + 4W27x = \P Bxex + Wd + 33x 
= \V/(2x)3 Vx + WH1 Vx + 38 Vx 
= 2xWx —1+-Wx + 12Wx 
= (2x + 11)Vx J 


omm- Now Work prosLem 33 
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3 Rationalize Denominators 


When radicals occur in the denominator of a quotient, it is customary to rewrite the 
quotient so that the new denominator contains no radicals. This process is referred 
to as rationalizing the denominator. 

The idea is to multiply by an appropriate expression so that the new denominator 
contains no radicals. For example: 


If a Denominator To Obtain a Denominator 
Contains the Factor Multiply by Free of Radicals 


V3 Ve [Vass 

V3+1 V3-1 (V3) -12=3-1= 
V2-3 V2+3 (V2) - 3? =2-9=-7 
Vea Ved V3 (V5) — (V3? =5-3= 
W4 W2 VA ae 


In rationalizing the denominator of a quotient, be sure to multiply both the 
numerator and the denominator by the expression. 


EXAMPLE 5 Rationalizing Denominators 


Rationalize the denominator of each expression. 


4 V3 Vx -2 
(a) eV; (b) V9 ag eo 


4 4 V2_ 4V2 _4V2_ 
Vive va (vay 27M? 


Solution (a 


v2 

Al 

(b) V3_ V3 W4_ V3V4_ V3 V4 
2 8, a Ws 2 


Multiply by 


V4 
Multiply by yan 


Wa 
Vino Va? Vaoe_ (Ven oy 
©) Veta Vat2 Ve-2 (Var -2 
(Vx -4ve4+4 x -4Vx4+4 
x—4 x—4 


2 
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4 Solve Radical Equations 


When the variable in an equation occurs in a square root, cube root, and so on, that 
is, when it occurs under a radical, the equation is called a radical equation. 
Sometimes a suitable operation will change a radical equation to one that is linear 
or quadratic. The most commonly used procedure is to isolate the most complicated 
radical on one side of the equation and then eliminate it by raising each side to a 
power equal to the index of the radical. Care must be taken because extraneous 
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solutions may result. Thus, when working with radical equations, we always check 
apparent solutions. Let’s look at an example. 


EXAMPLE 6 Solving Radical Equations 
Solve the equation: W2x -4-2=0 
Solution —_ The equation contains a radical whose index is 3. We isolate it on the left side. 
W2x -4-2=0 
W2x-4=2 
Now raise each side to the third power (since the index of the radical is 3) and solve. 
/2x — 4)? = 23 Raise each side to the third power 
(Vv P 
2x -—4=8 — Simplify. 
2x = 12 Simplify. 


x=6 ~~ Solve for x. 


JS Check: \/2(6) — 4-2 = W12-4-2= W8-2=2-2=0. 


The solution is x = 6. Pe 
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5 Simplify Expressions with Rational Exponents 


Radicals are used to define rational exponents. 


DEFINITION If ais areal number and n = 2 is an integer, then 
al" = Va (3) 
provided that Va exists. =) 


Note that if n is even and a < 0, then Va and a’ do not exist as real numbers. 


EXAMPLE 7 Writing Expressions Containing Fractional Exponents as Radicals 
(a) 42 = V4 =2 (b) 81? = V8 =2V2 


(c) (-27)3 = W-27 = -3 (d) 1643 = W/16 = 2W/2 Zi 
DEFINITION If a is a real number and m and v are integers containing no common factors, 


with n = 2, then 
ain = N/a = (Ya) (4) 
provided that Va exists. J 
We have two comments about equation (4): 
m ; oe 
1. The exponent - must be in lowest terms and 1 must be positive. 
2. In simplifying the rational expression a”/", either \a" or (Wa) may be used, 


the choice depending on which is easier to simplify. Generally, taking the root 
first, as in (W/a)', is easier. 
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Using Equation (4) 
(a) 4° = (V4) = 2? = 8 (b) (-8)*? = (V-8)' = (-2)* = 16 


© (ay = (ay =2t= 7 (25H = 2502 = (95) = # = 105 


Af 
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It can be shown that the Laws of Exponents hold for rational exponents. The 
next example illustrates using the Laws of Exponents to simplify. 


EXAMPLE 9 Simplifying Expressions Containing Rational Exponents 


Simplify each expression. Express your answer so that only positive exponents 
occur. Assume that the variables are positive. 


7 2 1/3 \-3 9 24,1/3 \ 1/2 
(a) (x?8y)(xyy'? (b) ( | (c) e) 


Solution = (a) (x2y)(xy)!? = (x2/3y)[(x2) 7 yl] 
1/2 


PByxly 
= (x73 x1)(y- yl?) 
= x13 3/2 
yr 


uB 
= 3 
(b) 2x1/3 3 _ yr 3 : (yr) _ y 7 y 
ys 2x1/3 (2x1/3)3 23(x1/3)° 8x 


21/3 \1/2 2-(1/3) \1/2 5/3 \ 1/2 1/2/ 15/3) 1/2 5/6 
9x*y 9x 9x lal © 3x 
(c) = \ =a) = \ 97 = (2)? = 4B 


xy y y y 


2 
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IX The next two examples illustrate some algebra that you will need to know for 
certain calculus problems. 


EXAMPLE 10 Writing an Expression as a Single Quotient 


Write the following expression as a single quotient in which only positive exponents 


appear. 
(x? i? Se 1)712.2x 
Solution (22 +1)! + 2-424 12x = (2 +1)! + —* iB 
2 (ea + 1) 
Lely ee ae 
(x + 1)? 
_ (ae +1) + x 
(xe + 1" 
2xt +1 


(x? + 1)” 
=i 
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EXAMPLE 11 Factoring an Expression Containing Rational Exponents 


4 
Factor: ge (2x +1) + 2x*? 


4/3 


Solution We begin by writing 2x*”” as a fraction with 3 as denominator. 


4 4x¥3(2x +1) 6x43 4x"/3(2x + 1) + 6x43 
~x/3(2x + 1)4 2x45 = ( ) Be ( ) 
3 3 3 t 3 
Ada the two fractions. 
eee yt Sx). Oe es 2) 
1 2 1 
2 and x"? are common factors. Simplify. od 
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A.7 Assess Your Understanding 


‘Are You Prepa red?’ Answers are given at the end of these exercises. If you get a wrong answer, read the pages listed in red. 
ia ;-P = (pp. A7-A9) 2. V16 = \/(-4)? = (pp. A9-A10) 


Concepts and Vocabulary 


3. In the symbol Va, the integer n is called the ‘ 4. True or False \/—32 = —2 
5. We call V/a the of a. 6. True or False. \'/(—3)4 = -3 


Skill Building 


In Problems 7-42, simplify each expression. Assume that all variables are positive when they appear. 


NX. W27 8. W/16 9, W/-8 10. \/—-1 

\ih-vV3 2. 54 13. \/—8x4 14. \'/48x5 
15. \/x2y8 16. \/xy \a7.4 18.2 cen 
19. 36x 20. \/9x° 21. \/3x2 V12x 22. V5x \/20x3 
23. (V5 W9)? 24. (\/3 V'10)" 25. (3V'6)(2V2) 26. (5V'8)(-3V3) 
27. 3V2 + 4V2 28. 6/5 — 4V/5 29. -V/18 + 2V8 30. 2V/12 — 327 
31. (V3 + 3)(V3 - 1) 32. (V5 -2)(V5+3) 33. 5W2-2W54 34. 9\/24 — W81 
35. (Vx -1) 36. (Vx + V5)? 37. \Y16x4 — W2x 38, W/32x + \/2x5 
39. \/8x3 — 3V/50x 40. 3xVoy + 4V/25y 
41. \Y16xty — 3xW2xy + 5\/—2xy4 42. 8xy — \/25x2y + Waxy? 
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In Problems 43-54, rationalize the denominator of each expression. Assume that all variables are positive when they appear. 


1 2 -V3 -V3 
43. — 44, — 45. —— 46. —— 
Ve: V3 V/5 V8 
V3 V2 F=A/5 vied 
X47. 48 49. 50 
5= V2 A/G 2 a4 3/5 aVv543 
5 _) 53 Vx t+h- Vx 54 Vxth+Vx—-h 
51 W2 52. Wo Vx tht Vx “Ae Fhe V8Hh 
In Problems 55-58, solve each equation. 
\ 55. W2t- 1 = 2 56. W3t +1 = -2 57. V15 — 2x =x 58. V12—x=x 
In Problems 59-70, simplify each expression. 
59, 87/3 . 4 . (-27)/ . 16° . .. 257 
\ 59. 878 60. 4° 61. (-27)"° 62. 16°/4 63. 16° 64, 25°/ 
9 3/2 27 2/3 8 —3/2 8 —2/3 
65. 97? 66. 16 9/7 7, (2) 68. (2) 9, (=) 70. (=) 
: 8 : 8 9 27 


In Problems 71-78, simplify each expression. Express your answer so that only positive exponents occur. Assume that the variables 
are positive. 


TN. 3/41/3412 72, 2/31/2474 73. (x3) 74, (x4y8)/4 

1/3 2/3 1/2 = 3/4 = 3/2 

(x?y)"P (xy?) (xy) Mey?) (igxey ty" (4x ty'8)" 

NB. aaa a ve ay a a 
a ai (xy)? (xy?) (xy) 


In Problems 79-86, use a calculator to approximate each radical. Round your answer to two decimal places. 


79. V2 80. V7 \ 81. W4 82. W—5 
eae V5 -2 3W5 - V2 2V3- W4 
83. 3-5 84. W244 85. Ve 86. Vy 


Applications and Extensions 

4X In Problems 87-100, expressions that occur in calculus are given. Write each expression as a single quotient in which only positive 
exponents and/or radicals appear. 

x 1+x 12 


\ \ 1/2 = estes 
87. +n? + 2(1 + x) x>-l 88. : +x 


\ 89. 2x(x2 + 1)? 4 P(e Ly? 2x 


3 ;) 
o1. Vax + 3-—+— + Vr -5-—= x>5 ee re x#2x# 
2vx—5 SV 4x + 3 3\/(x — 2)? 24\/(8x + 1)° 
14 1 xeti-x: = 
9 x 
Vltx W/rt+1 
93. aE yt 94, ————____~—___— 
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+ 4/12 — + 4/12 9 — x2)1/2 4 x29 — x2)-1/2 
95. Clie! a a x >-4 96. ( ) ° ‘ 3<x<3 
x = 
2 
x 1/2 
1/2 (2° 1) : 2 1/2 2/2 -1/2 
(x? 1)" (x? + 4)'? = x7(x? + 4) 
97. ———_— i ———_ x<-l or x>1 98. 5 
x? xe SEA 
a 
1 We — xx 2x(1 — x*)¥3 4 -r(1 x) 
99, — x0 100. a s x#-1x#¥1 
(Lt) 2% 


In Problems 101-110, expressions that occur in calculus are given. Factor each expression. Express your answer so that only positive 
exponents occur. 


3 4 
NORGE" +e sGeD? ge 102. (x2 +4)? + x3 (x? + 4)! 2x 
103. 6x!/?(x? + x) — 8x97 - 8x? x = 0 104. 6x'/7(2x + 3) + 7-8 x =0 
105. 3(x2 + 4)*3 + x(x? + 4)" -2x 106. 2x(3x + 4) + x?-4(3x + 4)" 


107. 4(3x + 5)¥9(2x + 3)9? + 3(3x + 5)¥9(2x + 3)? xe 5 108. 6(6x + 1)¥7(4x — 3)3? + 6(6x + 1)49(4x — 3)? x= 


e 
109. 3x71? + all x>0 110. 8x3 — 4x22 =x £0 


111. Calculating the Amount of Gasoline in a Tank A Shell station stores its gasoline in underground tanks that are right circular 
cylinders lying on their sides. See the illustration. The volume V of gasoline in the tank (in gallons) is given by the formula 


6 
V = 40h", = — 0.608 


where h is the height of the gasoline (in inches) as measured on a depth stick. 


(a) If h = 12 inches, how many gallons of gasoline are in the tank? 
(b) If A = 1 inch, how many gallons of gasoline are in the tank? 


112. Inclined Planes The final velocity v of an object in feet per second (ft/sec) after it slides down a frictionless inclined plane of 
height h feet is 


v= \/64n + 2 


where vy is the initial velocity (in ft/sec) of the object. 


WAN 


(a) What is the final velocity v of an object that slides down a frictionless inclined h 
plane of height 4 feet? Assume that the initial velocity is 0. oe 


at is the final velocity v of an object that slides down a frictionless incline 
b) What is the final velocity v of bject that slides d frictionless inclined 
plane of height 16 feet? Assume that the initial velocity is 0. 


(c) What is the final velocity v of an object that slides down a frictionless inclined 
plane of height 2 feet with an initial velocity of 4 ft/sec? 


Problems 113-116 require the following information. 
Period ofa Pendulum = The period T; in seconds, of a pendulum of length l, in feet, may be approximated using the formula 


I 
T = 27,/— 
7/32 
In Problems 113-116, express your answer both as a square root and as a decimal. 


113. Find the period T of a pendulum whose length is 64 feet. 
114. Find the period T of a pendulum whose length is 16 feet. 
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115. Find the period 7 of a pendulum whose length is 8 inches. 


116. Find the period 7 of a pendulum whose length is 4 inches. 


Explaining Concepts: Discussion and Writing 


117. Give an example to show that Ve is not equal to a. Use it to explain why Ve = |). 


‘Are you Prepared?’ Answers 
1. 9;-9 2. 4:4 
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OBJECTIVES Calculate and Interpret the Slope of a Line (p.A64) 

Graph Lines Given a Point and the Slope (p.A67) 

Find the Equation of a Vertical Line (p.A67) 

Use the Point-Slope Form of a Line; Identify Horizontal Lines (p.A68) 
Find the Equation of a Line Given Two Points (p.A69) 

Write the Equation of a Line in Slope-Intercept Form (p.A69) 
Identify the Slope and y-Intercept of a Line from Its Equation (p.A70) 
Graph Lines Written in General Form Using Intercepts (p.A71) 

Find Equations of Parallel Lines (p.A72) 


1 
2 
3 
4 
5 
6 
7 
8 
9 
0 


—_ 


Find Equations of Perpendicular Lines (p.A73) 


In this section we study a certain type of equation that contains two variables, called 
a linear equation, and its graph, a line. 


Figure 31 1 Calculate and Interpret the Slope of a Line 


Line Consider the staircase illustrated in Figure 31. Each step contains exactly the same 
horizontal run and the same vertical rise. The ratio of the rise to the run, called 
the slope, is a numerical measure of the steepness of the staircase. For example, if the 

} Rise run is increased and the rise remains the same, the staircase becomes less steep. If the 
pan run is kept the same, but the rise is increased, the staircase becomes more steep. This 
important characteristic of a line is best defined using rectangular coordinates. 


DEFINITION Let P = (x;, y,;) and Q = (x, yz) be two distinct points. If x; # x2, the slope m 
of the nonvertical line L containing P and Q is defined by the formula 


pe cae ae x1 # X (1) 
x2 ~ X4 


If x; = x2, L is a vertical line and the slope m of L is undefined (since this 
results in division by 0). = 


Figure 32(a) provides an illustration of the slope of a nonvertical line; Figure 32(b) 
illustrates a vertical line. 


SECTION A.8 Lines A65 


Figure 32 A 4 L 


Yor Q= (X,, Yo) 


Yr P=(X4,¥4) 


Vo Vj 


(a) Slope of Lis m= (b) Slope is undefined; L is vertical 


Xy — X, 


As Figure 32(a) illustrates, the slope m of a nonvertical line may be viewed as 


y2— y1 _ Rise y2— Yi  Changeiny Ay 
m= = or m= = = 
X>— x, Run X>— x,  Changeinx Ax 


That is, the slope m of a nonvertical line measures the amount y changes when x 


A 
changes from x, to x2. The expression = is called the average rate of change of y, 
with respect to x. ‘Gs 
Two comments about computing the slope of a nonvertical line may prove 
helpful: 


1. Any two distinct points on the line can be used to compute the slope of the line. 
(See Figure 33 for justification.) 


Figure 33 

Triangles ABC and PQR are similar (equal 
angles), so ratios of corresponding sides 
are proportional. Then 


y27 Nn 
SI ing PandQ = ——— = 
ope using Pand Q =a 
ules = Slope using AandB 
dA, C) pene 


Since any two distinct points can be used to compute the slope of a line, the 
average rate of change of a line is always the same number. 


2. The slope of a line may be computed from P = (x,, y;) toQ = (x2, yz) or from 
QO to P because 


y2— Yi yi — y2 
X2 ~ x1 X1 — *X2 


EXAMPLE 1 Finding and Interpreting the Slope of a Line Given Two Points 
The slope m of the line containing the points (1, 2) and (5, —-3) may be computed as 
pp Fe, pa 
fa “a 4 i =4 4 


For every 4-unit change in x, y will change by —5 units. That is, if x increases by 
4 units, then y will decrease by 5 units. The average rate of change of y with respect 


my 


toxis——. 
4 


om -Now Work pRoBLEMS 11 AND 17 
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EXAMPLE 2 


Finding the Slopes of Various Lines Containing the Same Point (2, 3) 


Solution 
Figure 34 
L 
y ava 
A 
BL = (2,5) 
L P= (2,3 
a ( - 
m, = 0 le Q, = (5, 3) 
| | | | 1 \Y |_| Jy 
—5 4 5 x 
Q,=(-1,-2)f L Q, = (3, -1) 
—3Fr 
5 m, = —4 
™ 3 m, undefined ° 
Figure 35 


Compute the slopes of the lines L;, Lj, L3, and L, containing the following pairs of 
points. Graph all four lines on the same set of coordinate axes. 

ly: P = (2,3) Q, = (-1, -2) 

Ly: P = (2,3) Q, = (3, -1) 

L;: P = (2,3) Q3 = (5,3) 

Ly: P = (2,3) Q, = (2,5) 
Let m,,™m2,m3, and m4, denote the slopes of the lines L,, 15, L3, and Ly, 
respectively. Then 


a = A rise of 5 divided b f 3 
iy Se rigé Oo ivided by a run o 

—1—-3. 4 

= =-4 

My eee 7 

3-3 O 

= ——__ = —= (0) 
ne -G=o 3 


mz, is undefined because x; = x2 = 2 


The graphs of these lines are given in Figure 34. a 


Figure 34 illustrates the following facts: 


1. When the slope of a line is positive, the line slants upward from left to 
right (L)). 

2. When the slope of a line is negative, the line slants downward from left to 
right (L,). 

3. When the slope is 0, the line is horizontal (L3). 

4. When the slope is undefined, the line is vertical (L4). 


Seeing the Concept 
On the same screen, graph the following equations: 
Y= Slope of line is O. 


1 _ i 
Y, = =x Slope of ele 


Y3 = =x Slope of li sie; 


= 
ll 

x 

D 


ope of line is 1. 


as 
ll 
N 
x 
D 


ope of line is 2. 


Ye = 6x — Slope of line is 6. 
See Figure 35. 


Figure 36 

Y6 = —6x 

Ys, = -2x 

Y4 =x \ 2 

Y3 -_ —4x 
Yo = -4x 
3 
¥, =0 


Seeing the Concept 
On the same screen, graph the following equations: 


Y, =0 Slope of line is O. 

1 | 
Ya = 9x Slope of li lea 

1 chy a 1 
Y3 = —zx Slope of line is ——. 

2 Z 
Y, = —x Slope of line is -1. 
Y, = —2x Slope of line is —2. 
Yg = —6x = Slope of line is —6. 


See Figure 36. 
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Figures 35 and 36 illustrate that the closer the line is to the vertical position, the 
greater the magnitude of the slope. 


2 Graph Lines Given a Point and the Slope 


EXAMPLE 3 Graphing a Line Given a Point and a Slope 


Draw a graph of the line that contains the point (3, 2) and has a slope of: 
4 


(a) + (b) -4 


Ri 3 
Solution (a) Slope = aa The fact that the slope is 4 means that for every horizontal 


Figure 37 


movement (run) of 4 units to the right there will be a vertical movement (rise) 
of 3 units. Look at Figure 37. If we start at the given point (3,2) and move 
4 units to the right and 3 units up, we reach the point (7, 5). By drawing the line 
through this point and the point (3, 2), we have the graph. 


(b) The fact that the slope is 


ma 


4 —4_ Rise 
7 5 5 Run 


means that for every horizontal movement of 5 units to the right there will be a 
corresponding vertical movement of —4 units (a downward movement). If we 
start at the given point (3,2) and move 5 units to the right and then 4 units 
down, we arrive at the point (8, —2). By drawing the line through these points, 
we have the graph. See Figure 38. 


Alternatively, we can set 


4 4 _ Rise 


5 —5 Run 


so that for every horizontal movement of —5 units (a movement to the left) there 
will be a corresponding vertical movement of 4 units (upward). This approach 
brings us to the point (—2, 6), which is also on the graph shown in Figure 38. a 


oom=m====-Now Work prosLem 23 


3 Find the Equation of a Vertical Line 


EXAMPLE 4 Graphing a Line 


Graph the equation: x = 3 


Solution To graph x = 3, we find all points (x, y) in the plane for which x = 3. No matter 
what y-coordinate is used, the corresponding x-coordinate always equals 3. 
Consequently, the graph of the equation x = 3 is a vertical line with x-intercept 3 and 
undefined slope. See Figure 39. 


Figure 39 Va 
4 J 
r (3, 3) 
i (3, 2) 
F (3, 1) 
I l i 
= (3, 0) 5 x 
=1- (3, -1) 
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As suggested by Example 4, we have the following result: 


THEOREM Equation of a Vertical Line 


A vertical line is given by an equation of the form 


where a is the x-intercept. x) 


COMMENT To graph an equation using a graphing utility, we need to express the equation in the 
form y = {expression in x}. But x = 3 cannot be put in this form. To overcome this, most 
graphing utilities have special commands for drawing vertical lines. DRAW, LINE, PLOT, and VERT 
are among the more common ones. Consult your manual to determine the correct methodology 
for your graphing utility. a 


Figure 40 
Va 


4 Use the Point-Slope Form of a Line; Identify Horizontal Lines 


Let L be a nonvertical line with slope m and containing the point (x, y,). See 
Figure 40. For any other point (x, y) on L, we have 


nS or y- y, = m(x — x) 
xX=—=<X * : 
THEOREM Point-Slope Form of an Equation of a Line 


An equation of a nonvertical line with slope m that contains the point (x;, y1) is 


VS Vie 1 ae a) (2) 


a 
EXAMPLE 5 Using the Point-Slope Form of a Line 


An equation of the line with slope 4 and containing the point (1, 2) can be found by 
using the point-slope form with m = 4, x; = 1,and y; = 2. 


Figure 41 


y- y= m(x — x1) 
y-—2=4(x - 1) fie ese oe 4 mee 
y=4x-2 Solve for y. 


pruidy, See Figure 41 for the graph. a] 


om====-Now Work prosLem 45 


EXAMPLE 6 Finding the Equation of a Horizontal Line 


Find an equation of the horizontal line containing the point (3, 2). 


Solution Because all the y-values are equal on a horizontal line, the slope of a horizontal line 


Figuie 42 is 0. To get an equation, we use the point-slope form with m = 0, x; = 3, and y,; = 2. 
aL y— y= m(x — x) 
r (3,2) y—2=0-(x-3) m=0,x,=3,andy = 2 
oa 220 
! [ a er a a y= 2) 
-1 | 3 5 Xx ; 
i See Figure 42 for the graph. «=! 
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As suggested by Example 6, we have the following result: 


THEOREM Equation of a Horizontal Line 


A horizontal line is given by an equation of the form 
ae 


where b is the y-intercept. J 


5 Find the Equation of a Line Given Two Points 


EXAMPLE 7 Finding an Equation of a Line Given Two Points 
Find an equation of the line containing the points (2, 3) and (—4, 5). Graph the line. 


Solution First compute the slope of the line. 


5-3 2 A 
aS 4-2-6 3B 
Figure 43 1 
Va Use the point (2,3) and the slope m = =. to get the point-slope form of the 
re equation of the line. 


1 
y-3=-3(2-2) 


See Figure 43 for the graph. ail 


In the solution to Example 7, we could have used the other point, (—4, 5), 
instead of the point (2,3). The equation that results, although it looks different, is 
equivalent to the equation that we obtained in the example. (Try it for yourself.) 


om=======-Now Work proBLEM 37 


6 Write the Equation of a Line in Slope-Intercept Form 


Another useful equation of a line is obtained when the slope m and y-intercept b 
are known. In this event, we know both the slope m of the line and a point (0, b) on 
the line; then we use the point-slope form, equation (2), to obtain the following 
equation: 


y-—b=m(x-—0) or y=mx+b 


THEOREM Slope-Intercept Form of an Equation of a Line 


An equation of a line with slope m and y-intercept b is 


y=mx+b (3) 


omm==-Now Work pRoBLEM 51 (EXPRESS ANSWER 
IN SLOPE-INTERCEPT FORM) 
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Figure 44 y = mx + 2 a Seeing the Concept 


Y5 = —8x+ 2 Y4 = 3xt+2 
Yg3=—-xt+2 \4 / Y=x+2 


To see the role that the slope m plays, graph the following lines on the same screen. 


Y, = 2 
Yy=x+2 
Y3 = -x +2 
Y, = 3x +2 
Ys = —3x +2 


See Figure 44. What do you conclude about the lines y = mx + 2? 


Figure 45 y = 2x + 6 ie Seeing the Concept 
Yo = 2x +1 To see the role of the y-intercept b, graph the following lines on the same screen. 
Yaad | Oy Y= 2x 
4 Ys = 2x— 4 Y,= 2x +1 
Y3 = 2x - 1 
Yg = 2x +4 
Ys = 2x —4 


See Figure 45. What do you conclude about the lines y = 2x + 6? 


7 Identify the Slope and y-Intercept of a Line from Its Equation 


When the equation of a line is written in slope—intercept form, it is easy to find the 
slope m and y-intercept b of the line. For example, suppose that the equation of a 
line is 

y=-2x+7 


Compare it to y = mx + b. 


y=-2x+7 
Tt 

y= mx +b 

The slope of this line is —2 and its y-intercept is 7. 


om=====-Now Work problem 71 


EXAMPLE 8 Finding the Slope and y-Intercept 


Find the slope m and y-intercept b of the equation 2x + 4y = 8.Graph the equation. 


Solution To obtain the slope and y-intercept, write the equation in slope—intercept form by 
solving for y. 


2x + 4y = 8 
4y = -2x + 8 
1 
y x+2 y=mx+b 
Figure 46 2 


1 
The coefficient of x, — 3° is the slope, and the y-intercept is 2. Graph the line using 


1 
the fact that the y-intercept is 2 and the slope is = Then, starting at the point 


fi 


(0, 2), go to the right 2 units and then down 1 unit to the point (2, 1). See Figure 46 


orm=m=====-Now Work prosBLem 77 


Figure 47 
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8 Graph Lines Written in General Form Using Intercepts 


Refer to Example 8. The form of the equation of the line 2x + 4y = 8 is called the 
general form. 


DEFINITION The equation of a line is in general form* when it is written as 
wear Jey =1C (4) 


where A, B, and C are real numbers and A and B are not both 0. J 


If B = 0 in (4), then A # O and the graph of the equation is a vertical line: 
Cc 
x= If B # O in (4), then we can solve the equation for y and write the equation 


in slope—intercept form as we did in Example 8. 

Another approach to graphing equation (4) would be to find its intercepts. 
Remember, the intercepts of the graph of an equation are the points where the 
graph crosses or touches a coordinate axis. 


EXAMPLE 9 Graphing an Equation in General Form Using Its Intercepts 


Graph the equation 2x + 4y = 8 by finding its intercepts. 
Solution To obtain the x-intercept, let y = 0 in the equation and solve for x. 


2x + 4y =8 
2x + 4(0) =8 Lety=0. 
2x = 8 


x = 4 Divide both sides by 2. 


The x-intercept is 4 and the point (4, 0) is on the graph of the equation. 
To obtain the y-intercept, let x = 0 in the equation and solve for y. 


2x + 4y = 8 
2(0) + 4y =8 Letx=0. 
4y=8 


y = 2. Divide both sides by 4. 


The y-intercept is 2 and the point (0, 2) is on the graph of the equation. 


Plot the points (4,0) and (0,2) and draw the line through the points. See 
Figure 47. Pl 


om======-Now Work problem 91 


Every line has an equation that is equivalent to an equation written in general 
form. For example, a vertical line whose equation is 


x =a 


can be written in the general form 


1lex+O0-y=a A=1,.B=0,C=a 


A horizontal line whose equation is 


can be written in the general form 


O-xt+1l-y=b A=0,B=1,C=b 


*Some books use the term standard form. 
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Lines that are neither vertical nor horizontal have general equations of the form 
Ax + By=C A#OandB#0 


Because the equation of every line can be written in general form, any equation 
equivalent to equation (4) is called a linear equation. 


9 Find Equations of Parallel Lines 


When two lines (in the plane) do not intersect (that is, they have no points in 

Figure 48 common), they are said to be parallel. Look at Figure 48. There we have drawn two 
Va parallel lines and have constructed two right triangles by drawing sides parallel to 

the coordinate axes. The right triangles are similar. (Do you see why? Two angles are 
equal.) Because the triangles are similar, the ratios of corresponding sides are equal. 


THEOREM (Criterion for Parallel Lines 


Two nonvertical lines are parallel if and only if their slopes are equal and they 
have different y-intercepts. J 


The use of the words “if and only if” in the preceding theorem means that 
actually two statements are being made, one the converse of the other. 


If two nonvertical lines are parallel, then their slopes are equal and they 
have different y-intercepts. 

If two nonvertical lines have equal slopes and they have different y-intercepts, 
then they are parallel. 


EXAMPLE 10 Showing That Two Lines Are Parallel 


Show that the lines given by the following equations are parallel: 
Ii: 2x + 3y = 6, Ly: 4x + by = 0 


Solution —_To determine whether these lines have equal slopes and different y-intercepts, write 
each equation in slope—intercept form: 


Figure 49 Ly: 2x + 3y =6 Ly: 4x + 6y = 
3y = -2x + 6 6y = —4x 
oe ae 
De 4 2, 
Slope = ~33 y-intercept = 2 Slope = 733 y-intercept = 0 
. 2 : . . 
Because these lines have the same slope, — 3? but different y-intercepts, the lines are 


parallel. See Figure 49. ie! 


EXAMPLE 11 Finding a Line That Is Parallel to a Given Line 


Find an equation for the line that contains the point (2, —3) and is parallel to the 
line 2x + y = 6. 


Solution Since the two lines are to be parallel, the slope of the line that we seek equals the 
slope of the line 2x + y = 6. Begin by writing the equation of the line 2x + y = 6 
in slope-intercept form. 

2x +y=6 
y=-2x+6 
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Figure 50 The slope is —2. Since the line that we seek also has slope —2 and contains the 
point (2, —3), use the point-slope form to obtain its equation. 


y— yi = m(x — x1) Point—slope form 

y (-3) = -2(x — 2) m 2% = 2.y 3 
y+3=—-2x+4 = Simplify. 

y=-2x+1 Slope-intercept form 


2xty=1 General form 


This line is parallel to the line 2x + y = 6 and contains the point (2, —3). See 
Figure 50. al 


om======-Now Work prosLem 59 


Figure 51 
y 10 Find Equations of Perpendicular Lines 


When two lines intersect at a right angle (90°), they are said to be perpendicular. See 
Figure 51. 

90° The following result gives a condition, in terms of their slopes, for two lines to 
be perpendicular. 


x 


THEOREM Criterion for Perpendicular Lines 


Two nonvertical lines are perpendicular if and only if the product of their 
slopes is —1. J 


Here we shall prove the “only if” part of the statement: 


If two nonvertical lines are perpendicular, then the product of their slopes 
Isiah 


In Problem 128 you are asked to prove the “if” part of the theorem; that is: 


If two nonvertical lines have slopes whose product is —1, then the lines are 
perpendicular. 


Figure 52 Proof Let m, and m, denote the slopes of the two lines. There is no loss in gener- 
Yh ality (that is, neither the angle nor the slopes are affected) if we situate the lines so 
that they meet at the origin. See Figure 52.The point A = (1, mz) is on the line having 
slope m,, and the point B = (1, m,) is on the line having slope m,. (Do you see why 
this must be true?) 

Suppose that the lines are perpendicular. Then triangle OAB is a right triangle. 
As a result of the Pythagorean Theorem, it follows that 


[d(O, A)? + [d(O, B)? = [d(A, B)P (5) 


Using the distance formula, the squares of these distances are 


[d(O, A)? = (1 — 0)° + (my - 0)? = 1 + mi 
[d(O, B)? = (1 — 0)? + (m, — 0)? = 1 + mi 
[a(A, B)]}? = (1 — 1)? + (mg — my)? = m3 — 2mm, + mj 


A74 APPENDIX A. Review 


Using these facts in equation (5), we get 


(1 m3) (1 mi) = ms — 2mm, + mt 


which, upon simplification, can be written as 
mM) = —1 
If the lines are perpendicular, the product of their slopes is —1. . 


‘You may find it easier to remember the condition for two nonvertical lines to be 


perpendicular by observing that the equality m,m, = —1 means that m, and my are 
, : — 1 1 
negative reciprocals of each other; that is, either m, = Or My = : 
mM) m 


EXAMPLE 12 Finding the Slope of a Line Perpendicular to Another Line 


3 2 
If a line has slope > any line having slope — 3 is perpendicular to it. acl 


EXAMPLE 13 Finding the Equation of a Line Perpendicular to a Given Line 


Find an equation of the line that contains the point (1, —2) and is perpendicular to 
the line x + 3y = 6. Graph the two lines. 


Solution _ First write the equation of the given line in slope—intercept form to find its slope. 
x + 3y =6 
3y =-x +6 Proceed to solve for y. 


1 
y= 3% +2 Place in the form y = mx + b. 


1 
The given line has slope — 3° Any line perpendicular to this line will have slope 3. 
Because we require the point (1,—2) to be on this line with slope 3, use the 


Figure 53 point-slope form of the equation of a line. 


gb y=3x-5 y— yy = m(x — x1) Point-slope form 
x+3y=6 gL y—(-2)=3(x-1) m=34=1ty=-2 


To obtain other forms of the equation, proceed as follows: 


yt+t2=3x—3 Simplify. 
y=3x-5 Slope-intercept form 
3x —-y=5 General form 


Figure 53 shows the graphs. 
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WARNING Be sure to use a square screen when you graph perpendicular lines. Otherwise, the angle 
between the two lines will appear distorted. A discussion of square screens is given in Section B.5 of 
Appendix B. a 


A.8 Assess Your Understanding 


Concepts and Vocabulary 


1. The slope of a vertical line is 
horizontal line is 


; the slope of a 


2. For the line 2x + 3y = 6, the x-intercept is 
y-intercept is 


and the 


3. A horizontal line is given by an equation of the form 
, where b is the 


4. True or False Vertical lines have an undefined slope. 
5. True or False The slope of the line 2y = 3x + Sis3. 
6. True or False The point (1,2) is on the line 2x + y = 4. 


Skill Building 
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7. Two nonvertical lines have slopes m, and mp, respectively. 
The lines are parallel if and the 
are unequal; the lines are perpendicular if 

8. The lines y=2x+3 and y=ax+5 are parallel if 


a= 


9. The lines y = 2x — 1 and y = ax + 2 are perpendicular if 


a= 


10. True or False Perpendicular lines have slopes that are 


reciprocals of one another. 


In Problems 11-14, (a) find the slope of the line and (b) interpret the slope. 


N\ 1 


13. ‘i 14. te, 2) 
(2, yh (1, 1) 1.0, 2p 
-2 _4L 2 x -2 4b 2 x 


In Problems 15-22, plot each pair of points and determine the slope of the line containing them. Graph the line. 


15. (2,3); (4, 0) 16. (4, 2); (3, 4) 


19, (—3, -1); (2, -1) 20. (4,2); (—5, 2) 


Noe ¢ 


~2, 3); (2, 1) 
2. (1,249) 


18. (—1, 1); (2,3) 
22. (2, 0); (2,2) 


In Problems 23-30, graph the line containing the point P and having slope m. 


\ 23. P = (1,2):m 24. P = (2,1);m = 4 


27. P = (-1,3);m =0 28. P = (2,—-4);m = 0 


25. P= 


29. P = (0,3); slope undefined 


3 2 
(2,4); m = —7 26. P = (1,3);m = —% 


30. P = (—2,0);slope undefined 


In Problems 31-36, the slope and a point on a line are given. Use this information to locate three additional points on the line. Answers 


may vary. 


(Hint: [¢ is not necessary to find the equation of the line. See Example 3.| 


31. Slope 4; point (1, 2) 
4 
34. Slope 33 point (—3, 2) 35. Slope —2; point ( 


In Problems 37-44, find an equation of the line L. 


\ 37. 38. Va 
(-2, 1) 2 
|(0,, 0) 
-2 Ve 
-1h L 


y=-x 


Lis parallel to y= 2x Lis parallel to y= —x 


32. Slope 2; point (—2, 3) 


~2, -3) 


33. Slope — . point (2, —4) 


36. Slope —1; point (4, 1) 


Lis perpendicular ; ; 
to y= 2x Lis perpendicular 


toy=- 
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In Problems 45-70, find an equation for the line with the given properties. Express your answer using either the general form or the 


slope-intercept form of the equation of a line, whichever you prefer. 


\\ 45. Slope 46. 


3; containing the point (—2, 3) 


47. Slope = — = containing the point (1, —1) 48. 
49. Containing the points (1,3) and (—1, 2) 50. 
N51 Slope = —3; y-intercept = 3 52. 
53. x-intercept = 2; y-intercept = —1 54. 
55. Slope undefined; containing the point (2, 4) 56. 
57. Horizontal; containing the point (—3, 2) 58. 
\\. 59. Parallel to the line y = 2x; containing the point (—1, 2) 60. 
61. Parallel to the line 2x — y = —2; containing the point (0,0) _—62. 
63. Parallel to the line x = 5; containing the point (4, 2) 64. 


il 
X\ 65. Perpendicular to the line y = 5% + 4; containing the point 66. 


(1, -2) 

67. Perpendicular to the line 2x + y = 2; containing the point 68. 
(=3; 0) 

69. Perpendicular to the line x = 8; containing the point (3, 4) 70. 


Slope = 2; containing the point (4, —3) 

Slope = containing the point (3, 1) 

Containing the points (—3, 4) and (2, 5) 

Slope = —2; y-intercept = —2 

x-intercept = —4; y-intercept = 4 

Slope undefined; containing the point (3, 8) 

Vertical; containing the point (4, —5) 

Parallel to the line y = —3x; containing the point (—1, 2) 
Parallel to the line x — 2y = —5; containing the point (0, 0) 
Parallel to the line y = 5; containing the point (4, 2) 


Perpendicular to the line y = 2x — 3; containing the point 
(1, —2) 


Perpendicular to the line x — 2y = —5; containing the 
point (0, 4) 


Perpendicular to the line y = 8; containing the point (3, 4) 


In Problems 71-90, find the slope and y-intercept of each line. Graph the line. 


‘ 1 
NTL y = 2x +3 72. y= —-3x +4 Bega a~4 
16. y= 2x +> N77. x + 2y =4 78. —x + 3y =6 
8l.x+y=1 82. x -—y=2 83. x = —4 
86. x = 2 87. y-—x=0 88. x + y=0 


1 
ae aaa 75. y==~x+2 
79. 2x — 3y = 6 80. 3x + 2y = 6 
84. y= —-1 85. y=5 
89. 2y — 3x = 0 90. 3x + 2y = 0 


In Problems 91-100, (a) find the intercepts of the graph of each equation and (b) graph the equation. 


\ OL. 2x + 3y = 6 
94. 6x — 4y = 24 


92. 3x — 2y = 6 
95. 7x + 2y = 21 


2; 
98. x -=y=4 


t.. 4 
97,—x+=y=1 
x y 3 


2, 3 


101. Find an equation of the x-axis. 


99. 0.2x — O.S5y = 1 


93. —4x + Sy = 40 
96. 5x + 3y = 18 


100. —0.3x + 0.4y = 1.2 


102. Find an equation of the y-axis. 


In Problems 103-106, the equations of two lines are given. Determine if the lines are parallel, perpendicular, or neither. 


103. y = 2x — 3 
y=2x+4 


1 
104. y= a 3 105. 


y=-2x +4 


y=4x4+5 
y=-4x+2 


106. y = —2x + 3 


1 
ae ae 


' In Problems 107-110, write an equation of each line. Express your answer using either the general form or the slope-intercept form of 


the equation of a line, whichever you prefer. 


107. 4 108. 2 109. 
: aia | : mae | 
=4 3 


2 110. 2 
ce} PM 
=2 2 


Applications and Extensions 


111. 


112. 


113. 


114. 


116. 


117. 


118. 


119. 


Geometry Use slopes to show that the triangle whose 
vertices are (—2, 5), (1,3), and (—1, 0) is a right triangle. 

Geometry Use slopes to show that the quadrilateral 
whose vertices are (1,—1), (4,1), (2,2), and (5,4) is a 
parallelogram. 
Geometry Use slopes to show that the quadrilateral 
whose vertices are (—1,0), (2,3), (1, -2), and (4,1) is a 
rectangle. 


Geometry Use slopes and the distance formula to show 
that the quadrilateral whose vertices are (0, 0), (1, 3), (4, 2), 
and (3, —1) is a square. 

Truck Rentals A truck rental company rents a moving 
truck for one day by charging $29 plus $0.20 per mile. Write a 
linear equation that relates the cost C, in dollars, of renting 
the truck to the number x of miles driven. What is the cost 
of renting the truck if the truck is driven 110 miles? 
230 miles? 


Cost Equation The fixed costs of operating a business are 
the costs incurred regardless of the level of production. 
Fixed costs include rent, fixed salaries, and costs of leasing 
machinery. The variable costs of operating a business are the 
costs that change with the level of output. Variable costs 
include raw materials, hourly wages, and electricity. Suppose 
that a manufacturer of jeans has fixed daily costs of $500 
and variable costs of $8 for each pair of jeans manufactured. 
Write a linear equation that relates the daily cost C, in 
dollars, of manufacturing the jeans to the number x of jeans 
manufactured. What is the cost of manufacturing 400 pairs 
of jeans? 740 pairs? 

Cost of Driving a Car The annual fixed costs for owning a 
small sedan are $1289, assuming the car is completely paid 
for. The cost to drive the car is approximately $0.15 per mile. 
Write a linear equation that relates the cost C and the 
number x of miles driven annually. 


Source: www.pacebus.com 


Wages of a Car Salesperson Dan receives $375 per week 
for selling new and used cars at a car dealership in Oak Lawn, 
Illinois. In addition, he receives 5% of the profit on any sales 
that he generates. Write a linear equation that represents 
Dan’s weekly salary S when he has sales that generate a profit 
of x dollars. 


Electricity Rates in Illinois Commonwealth Edison 
Company supplies electricity to residential customers for a 
monthly customer charge of $10.55 plus 9.44 cents per 
kilowatt-hour for up to 600 kilowatt-hours. 


120. 


121. 


122. 


123. 


124. 
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(a) Write a linear equation that relates the monthly charge 
C, in dollars, to the number x of kilowatt-hours used in a 
month,0 = x = 600. 

(b) Graph this equation. 

(c) What is the monthly charge for using 200 kilowatt-hours? 

(d) What is the monthly charge for using 500 kilowatt-hours? 

(e) Interpret the slope of the line. 

Source: Commonwealth Edison Company, January, 2010. 


Electricity Rates in Florida Florida Power & Light 

Company supplies electricity to residential customers for a 

monthly customer charge of $5.69 plus 8.48 cents per 

kilowatt-hour for up to 1000 kilowatt-hours. 

(a) Write a linear equation that relates the monthly charge 
C, in dollars, to the number x of kilowatt-hours used in a 
month,0 = x = 1000. 

(b) Graph this equation. 

(c) What is the monthly charge for using 200 kilowatt-hours? 

(d) What is the monthly charge for using 500 kilowatt-hours? 

(e) Interpret the slope of the line. 

Source: Florida Power & Light Company, February, 2010. 


Measuring Temperature The relationship between Celsius 
(°C) and Fahrenheit (°F) degrees of measuring temperature 
is linear. Find a linear equation relating °C and °F if 0°C 
corresponds to 32°F and 100°C corresponds to 212°F. Use 
the equation to find the Celsius measure of 70°F. 


Measuring Temperature The Kelvin (K) scale for measuring 

temperature is obtained by adding 273 to the Celsius 

temperature. 

(a) Write a linear equation relating K and °C. 

(b) Write a linear equation relating K and °F (see 
Problem 121). 


Access Ramp A wooden access ramp is being built to 
reach a platform that sits 30 inches above the floor. The 
ramp drops 2 inches for every 25-inch run. 


y 


Platform 
30" 
Y 


x 

(a) Write a linear equation that relates the height y of the 
ramp above the floor to the horizontal distance x from 
the platform. 

(b) Find and interpret the x-intercept of the graph of your 
equation. 

(c) Design requirements stipulate that the maximum run 
be 30 feet and that the maximum slope be a drop of 
1 inch for each 12 inches of run. Will this ramp meet the 
requirements? Explain. 

(d) What slopes could be used to obtain the 30-inch rise and 
still meet design requirements? 

Source: www.adaptiveaccess.com/wood_ramps.php 


Cigarette Use A report in the Child Trends DataBase 

indicated that, in 1996, 22.2% of twelfth grade students 

reported daily use of cigarettes. In 2006, 12.2% of twelfth 

grade students reported daily use of cigarettes. 

(a) Write a linear equation that relates the percent y of 
twelfth grade students who smoke cigarettes daily to 
the number x of years after 1996. 
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(b) Find the intercepts of the graph of your equation. 

(c) Do the intercepts have any meaningful interpretation? 

(d) Use your equation to predict the percent for the year 
2016. Is this result reasonable? 

Source: www.childtrendsdatabank.org 


125. Product Promotion A cereal company finds that the num- 
ber of people who will buy one of its products in the first 
month that it is introduced is linearly related to the amount 
of money it spends on advertising. If it spends $40,000 on 
advertising, then 100,000 boxes of cereal will be sold, and if 
it spends $60,000, then 200,000 boxes will be sold. 

(a) Write a linear equation that relates the amount A spent 
on advertising to the number x of boxes the company 
aims to sell. 


Explaining Concepts: Discussion and Writing 


129. Which of the following equations might have the graph 
shown? (More than one answer is possible.) 
(a) 2x + 3y = 6 y 
(b) —2x + 3y = 6 
(c) 3x — 4y = -12 AC 


(d)x-y=l1 
(e) x -y=-l ~ 
(ff) y=3x—-5 
(g) y= 2x +3 


(h) y= —3x + 3 


130. Which of the following equations might have the graph 
shown? (More than one answer is possible.) 
(a) 2x + 3y =6 
(b) 2x — 3y = 6 y 
(c) 3x + 4y = 12 
(d) x-y=1 x 
(e) x -y=-l 
(f) y= —-2x-1 
(s) y= 5x +10 
(h) y= x +4 
131. The figure shows the graph of two parallel lines. Which of the 
following pairs of equations might have such a graph? 
(a) x —2y =3 
x+2y=7 y 
(b)x+y= 
xt+ty=-l 
(c) x -y=-2 * 
x-y=1 
(d)x-y=-2 
2x —2y = —4 
(e) x + 2y= 
x+2y=-1 
132. The figure shows the graph of two perpendicular lines. 
Which of the following pairs of equations might have such a 
graph? 
(a) y— 2x =2 y 
yt2x=-1 
(b) y- 2x = 0 
2y+x=0 
(c) 2y-x =2 x 
2y+x=-2 
(d) y— 2x =2 
x+2y=-1 
(e) 2x + y= -2 
2y+x=-2 


126. 


127. 


128. 


133. 


134. 


135. 


136. 


137. 


138. 


139, 


140. 


141. 


142. 


143. 


(b) How much advertising is needed to sell 300,000 boxes of 
cereal? 
(c) Interpret the slope. 


Show that the line containing the points (a,b) and (b, a), 
a # b,is perpendicular to the line y = x. Also show that the 
midpoint of (a, b) and (b, a) lies on the line y = x. 

The equation 2x — y = C defines a family of lines, one line 
for each value of C. On one set of coordinate axes, graph the 
members of the family when C = —4,C = 0,andC = 2.Can 
you draw a conclusion from the graph about each member of 
the family? 


Prove that if two nonvertical lines have slopes whose product 
is —1 then the lines are perpendicular. [Hint: Refer to 
Figure 52 and use the converse of the Pythagorean Theorem. ] 


misfor Slope The accepted symbol used to denote the slope 
of a line is the letter m. Investigate the origin of this symbolism. 
Begin by consulting a French dictionary and looking up the 
French word monter. Write a brief essay on your findings. 


Grade of a Road ‘The term grade is used to describe the 
inclination of a road. How does this term relate to the notion 
of slope of a line? Is a 4% grade very steep? Investigate the 
grades of some mountainous roads and determine their 
slopes. Write a brief essay on your findings. 


Carpentry Carpenters use the term pitch to describe the 
steepness of staircases and roofs. How does pitch relate to 
slope? Investigate typical pitches used for stairs and for 
roofs. Write a brief essay on your findings. 

Can the equation of every line be written in slope—intercept 
form? Why? 

Does every line have exactly one x-intercept and one 
y-intercept? Are there any lines that have no intercepts? 
What can you say about two lines that have equal slopes and 
equal y-intercepts? 

What can you say about two lines with the same x-intercept 
and the same y-intercept? Assume that the x-intercept is 
not 0. 

If two distinct lines have the same slope, but different 
x-intercepts, can they have the same y-intercept? 

If two distinct lines have the same y-intercept, but different 
slopes, can they have the same x-intercept? 

Which form of the equation of a line do you prefer to use? 
Justify your position with an example that shows that your 
choice is better than another. Have reasons. 


What Went Wrong? A student is asked to find the slope of 
the line joining (—3,2) and (1, —4). He states that the 


3 
slope is > Is he correct? If not, what went wrong? 
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A.9 Building Linear Models from Data 


OBJECTIVES 1 Draw and Interpret Scatter Diagrams (p.A79) 
2 Distinguish between Linear and Nonlinear Relations (p.A80) 
ie 3 Use a Graphing Utility to Find the Line of Best Fit (p.A81) 


w 1 Draw and Interpret Scatter Diagrams 


Linear models can be constructed by fitting a linear equation to data. The first step 
is to plot the ordered pairs using rectangular coordinates. The resulting graph is 
called a scatter diagram. 


EXAMPLE 1 Drawing and Interpreting a Scatter Diagram 


In baseball, the on-base percentage for a team represents the percentage of time 
that the players safely reach base. The data given in Table 2 represent the number of 
runs scored y and the on-base percentage x for teams in the National League during 
the 2008 baseball season. 


Table 2 On-Base Runs 
Percentage,x Scored,y (x,y) 


Atlanta (34.5, 753) 
St. Louis (35.0, 779) 
Colorado (33.6, 747) 
Houston (62712) 
Philadelphia (33.2, 799) 
San Francisco (32.1,640) 
Pittsburgh (32.0, 735) 
Florida (32.6, 770) 
Chicago Cubs (35.4, 855) 
Arizona (32.7, 720) 
Milwaukee (32.5, 750) 
Washington (32.3,641) 
Cincinnati (32.1, 704) 
San Diego (31.7,637) 
NY Mets (34.0, 799) 
Los Angeles (33.3, 700) 


Source: Based on data from http://www.baseball-reference.com. 
A Sports Reference, LLC, web site. 


(a) Draw a scatter diagram of the data, treating on-base percentage as the 
independent variable. 
(b) Use a graphing utility to draw a scatter diagram. 
| (c) Describe what happens to runs scored as the on-base percentage increases. 


Solution (a) To draw a scatter diagram, plot the ordered pairs listed in Table 2, with the 
on-base percentage as the x-coordinate and the runs scored as the y-coordinate. 
See Figure 54(a). Notice that the points in the scatter diagram are not connected. 
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4) (b) Figure 54(b) shows a scatter diagram using a TI-84 Plus graphing calculator. 


(c) We see from the scatter diagrams that, as the on-base percentage increases, the 
trend is that the number of runs scored also increases. 


Figure 54 Runs Scored versus On-base Percentage 
YA in the National League, 2008 


900 


Runs Scored 


i i iT i i | oa 
315 325 335 345 355 365 x 600 
On-base Percentage 


(a) (b) 
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2 Distinguish between Linear and Nonlinear Relations 


Notice that the points in Figure 54 do not follow a perfect linear relation. However, 
the data do exhibit a linear pattern. There are numerous explanations as to why the 
data are not perfectly linear, but one easy explanation is the fact that other variables 
besides on-base percentage play a role in determining runs scored, such as number 
of home runs hit. 

Scatter diagrams are used to help us to see the type of relation that exists 
between two variables. In this text, we will discuss a variety of different relations 
that may exist between two variables. For now, we concentrate on distinguishing 
between linear and nonlinear relations. See Figure 55. 


Figure 55 
(a) Linear (b) Linear (c) Nonlinear (d) Nonlinear (e) Nonlinear 
y=mx+b,m>0 y=mx+b,m<0 


EXAMPLE 2 Distinguishing between Linear and Nonlinear Relations 


Determine whether the relation between the two variables in Figure 56 is linear or 
nonlinear. 


Figure 56 


(a) (b) (c) (d) 


Solution 


EXAMPLE 3 


Solution 


Figure 57 
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(a) Linear (b) Nonlinear (c) Nonlinear (d) Nonlinear 


om=====-Now Work prosLem 3 


In this section we study data whose scatter diagrams imply that a linear relation 
exists between the two variables. 

Suppose that the scatter diagram of a set of data appears to be linearly related 
as in Figure 55(a) or (b). We might want to model the data by finding an equation of 
a line that relates the two variables. One way to obtain a model for such data is to 
draw a line through two points on the scatter diagram and determine the equation 
of the line. 


Finding a Model for Linearly Related Data 

Use the data in Table 2 from Example 1 to: 

(a) Select two points and find an equation of the line containing the points. 

(b) Graph the line on the scatter diagram obtained in Example 1(a). 

(a) Select two points, say (32.7, 720) and (35.4, 855). The slope of the line joining 
the points (32.7, 720) and (35.4, 855) is 


_ 855-720 _ 135 
35.4-327 2.7 


= 50 
The equation of the line with slope 50 and passing through (32.7, 720) is found 
using the point-slope form with m = 50, x; = 32.7, and y, = 720. 
y- y, = m(x — x1) Point—slope form of a line 
y — 720 = 50(x — 32.7) x, = 32.7, y, = 720, m = 50 
y — 720 = 50x — 1635 
y = 50x — 915 The Model 


(b) Figure 57 shows the scatter diagram with the graph of the line found in part (a). 


Runs Scored versus On-base Percentage 
Va in the National League, 2008 


l | l | l a 
0 ‘v 31.5 32.5 33.5 34.5 35.5 36.5 x 
On-base Percentage od 


Select two other points and complete the solution. Graph the line on the scatter 


\ diagram obtained in Figure 54. 


al 3 
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Use a Graphing Utility to Find the Line of Best Fit 


The model obtained in Example 3 depends on the selection of points, which will 
vary from person to person. So the model that we found might be different from 
the model you found. Although the model in Example 3 appears to fit the data 
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well, there may be a model that “fits it better.” Do you think your model fits the 
data better? Is there a line of best fit? As it turns out, there is a method for finding 
a model that best fits linearly related data (called the line of best fit).* 


EXAMPLE 4 Finding a Model for Linearly Related Data 
Use the data in Table 2 from Example 1. 


(a) Use a graphing utility to find the line of best fit that models the relation between 
on-base percentage and runs scored. 


(b) Graph the line of best fit on the scatter diagram obtained in Example 1(b). 
(c) Interpret the slope. 


(d) Use the line of best fit to predict the number of runs a team will score if their 
on-base percentage is 34.1. 


Solution (a) Graphing utilities contain built-in programs that find the line of best fit for a 

collection of points in a scatter diagram. Upon executing the LINear REGression 

Figure 58 program, we obtain the results shown in Figure 58. The output that the utility 

provides shows us the equation y = ax + b, where a is the slope of the line and 

b is the y-intercept. The line of best fit that relates on-base percentage to runs 
scored may be expressed as the line 


y = 40.85x — 617.66 The Model 


(b) Figure 59 shows the graph of the line of best fit, along with the scatter diagram. 
(c) The slope of the line of best fit is 40.85, which means that, for every 1 percent 


900 increase in the on-base percentage, runs scored increase 40.85, on average. 
j (d) Letting x = 34.1 in the equation of the line of best fit, we obtain 
y = 40.85(34.1) — 617.66 ~ 775 runs. a) 


ommm==s=-Now Work prosBLems 9(d) AND (e) 


Does the line of best fit appear to be a good fit? In other words, does the line 
appear to accurately describe the relation between on-base percentage and runs 
scored? 

And just how “good” is this line of best fit? Look again at Figure 58. The last line 
of output is r = 0.751. This number, called the correlation coefficient, 7, —1 =< r = 1, 
is a measure of the strength of the linear relation that exists between two variables. 
The closer that |r| is to 1, the more perfect the linear relationship is. If r is close to 0, 
there is little or no linear relationship between the variables. A negative value of r, 
r < 0, indicates that as x increases y decreases; a positive value of r,r > 0, indicates 
that as x increases y does also. The data given in Table 2, having a correlation 
coefficient of 0.751, are indicative of a linear relationship with positive slope. 


A.9 Assess Your Understanding 


Concepts and Vocabulary 
LA is used to help us to see the type of 2. True or False The correlation coefficient is a measure of 


relation, if any, that may exist between two variables. the strength of a linear relation between two variables and 
must lie between —1 and 1, inclusive. 


* We shall not discuss the underlying mathematics of lines of best fit in this book. 
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Skill Building 


In Problems 3-8, examine the scatter diagram and determine whether the type of relation is linear or nonlinear. 


N3. yy 4 yy 5. 
35 + 14 
30 F : 12:5 
25 + as? 10 
20F ied BE 
1H se 6b 
107 33" 4h 
| ae 2h: 
Popp pppys Pope pyp pi y, 
0 5 10152025303540 x 0 2 4 6 8 10121416 x 
6. 8. 


In Problems 9-14, 


(a) Draw a scatter diagram. 
(b) Select two points from the scatter diagram and find the equation of the line containing the points selected. 
(c) Graph the line found in part (b) on the scatter diagram. 
"3 (d) Use a graphing utility to find the line of best fit. 
(e) Use a graphing utility to draw the scatter diagram and graph the line of best fit on it. 


” ee 20 17 15 14 10 “| x 30 2), 25 20 14 
y | 100 120 118 130 140 y 10 2 13 13 18 


Applications and Extensions 


15. Candy The following data represent the weight (in grams) of (d) Graph the line on the scatter diagram drawn in part (a). 
GS various candy bars and the corresponding number of calories. (e) Use the linear model to predict the number of calories 
in a candy bar that weighs 62.3 grams. 


(f) Interpret the slope of the line found in part (c). 


16. Raisins The following data represent the weight (in grams) 


Hershey's Milk Chocolate® of a box of raisins and the number of raisins in the box. 


Nestle’s Crunch® 


Butterfinger® Number of Raisins, NV 


Baby Ruth® 
Almond Joy® 


Twix® (with Caramel) 


Snickers® 
Heath® 


Source: Megan Pocius, Student at Joliet Junior College 


(a) Draw a scatter diagram of the data treating weight as 
the independent variable. 

(b) What type of relation appears to exist between the 
weight of a candy bar and the number of calories? 

(c) Select two points and find a linear model that contains 
the points. Source: Jennifer Maxwell, Student at Joliet Junior College 
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17. 


18. 


(a) Draw a scatter diagram of the data treating weight as 
the independent variable. 

(b) What type of relation appears to exist between the weight 
of a box of raisins and the number of raisins? 

(c) Select two points and find a linear model that contains 
the points. 

(d) Graph the line on the scatter diagram drawn in part (b). 

(e) Use the linear model to predict the number of raisins in 
a box that weighs 42.5 grams. 

(f) Interpret the slope of the line found in part (c). 


Video Games and Grade-Point Average Professor Grant 
Alexander wanted to find a linear model that relates the 
number of hours a student plays video games each week, h, 
to the cumulative grade-point average, G, of the student. He 
obtained a random sample of 10 full-time students at his 
college and asked each student to disclose the number of 
hours spent playing video games and the student’s cumula- 
tive grade-point average. 


Hours of 
Video Games 
ie per Week, h 


Grade-point 
Average, G 


(a) Explain why the number of hours spent playing video 
games is the independent variable and cumulative grade- 
point average is the dependent variable. 

(b) Use a graphing utility to draw a scatter diagram. 

(c) Use a graphing utility to find the line of best fit that 
models the relation between number of hours of video 
game playing each week and grade-point average. Express 
the model using function notation. 

(d) Interpret the slope. 

(e) Predict the grade-point average of a student who plays 
video games for 8 hours each week. 

(f) How many hours of video game playing do you think a 
student plays whose grade-point average is 2.40? 


Height versus Head Circumference A pediatrician wanted 
to find a linear model that relates a child’s height, H, to head 
circumference, C. She randomly selects nine children from 
her practice, measures their height and head circumference, 
and obtains the data shown. Let H represent the independent 
variable and C the dependent variable. 

(a) Use a graphing utility to draw a scatter diagram. 

(b) Use a graphing utility to find the line of best fit that 
models the relation between height and head circum- 
ference. Express the model using function notation. 

(c) Interpret the slope. 

(d) Predict the head circumference of a child that is 26 inches 
tall. 


(e) What is the height of a child whose head circumference 
is 17.4 inches? 


Height, H 
(inches) 


Head Circumference, C 
(inches) 


Source: Denise Slucki, Student at Joliet 
Junior College 


19. Demand for Jeans The marketing manager at Levi-Strauss 
wishes to find a function that relates the demand D for 


men’s jeans and p, the price of the jeans. The following data 


were obtained based on a price history of the jeans. 


r Demand (Pairs of Jeans 
Vy Price ($/Pair), p Sold per Day), D 
20 60 


(a) Does the relation defined by the set of ordered pairs 
(p, D) represent a function? 

(b) Draw a scatter diagram of the data. 

(c) Using a graphing utility, find the line of best fit that 
models the relation between price and quantity 
demanded. 

(d) Interpret the slope. 

(e) Express the relationship found in part (c) using function 
notation. 

(f) What is the domain of the function? 

(g) How many jeans will be demanded if the price is $28 a 
pair? 


. Advertising and Sales Revenue A marketing firm wishes 


to find a function that relates the sales S of a product and A, 
the amount spent on advertising the product. The data are 
obtained from past experience. Advertising and sales are 
measured in thousands of dollars. 


Advertising 


Expenditures,A = Sales, S 


(a) Does the relation defined by the set of ordered pairs (A, S) 
represent a function? 

(b) Draw a scatter diagram of the data. 

(c) Using a graphing utility, find the line of best fit that models 
the relation between advertising expenditures and sales. 


Explaining Concepts: Discussion and Writing 


21. 


22. 


23. 
24. 


25. 


Maternal Age versus Down Syndrome A biologist would 
like to know how the age of the mother affects the incidence 
rate of Down syndrome. The data to the right represent the 
age of the mother and the incidence rate of Down syndrome 
per 1000 pregnancies. 

Draw a scatter diagram treating age of the mother as 
the independent variable. Would it make sense to find the 
line of best fit for these data? Why or why not? 


Find the line of best fit for the ordered pairs (1,5) and (3,8). 
What is the correlation coefficient for these data? Why is 
this result reasonable? 


What does a correlation coefficient of 0 imply? 


Explain why it does not make sense to interpret the 
y-intercept in Problem 15. 


Refer to Problem 17. Solve G(h) = 0. Provide an 
interpretation of this result. Find G(0). Provide an 
interpretation of this result. 
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(d) Interpret the slope. 

(e) Express the relationship found in part (c) using function 
notation. 

(f) What is the domain of the function? 

(g) Predict sales if advertising expenditures are $25,000. 


Age of Mother, x 


Incidence of Down Syndrome, y 


Source: Hook, E.B., Journal of the American Medical 
Association, 249, 2034-2038, 1983. 
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Appendix B 


Graphing Utilities 


Outline 


B.1 The Viewing Rectangle 

B.2 Using a Graphing Utility to Graph Equations 

B.3 Using a Graphing Utility to Locate Intercepts 
and Check for Symmetry 


B.4 Using a Graphing Utility to Solve Equations B.7 Using a Graphing Utility to Graph 
B.5 Square Screens Parametric Equations 
B.6 Using a Graphing Utility to Graph 

a Polar Equation 


B.1 The Viewing Rectangle 


Figure 1 
y = 2x 


Figure 2 


Figure 3 


All graphing utilities, that is, all graphing calculators and all computer software 
graphing packages, graph equations by plotting points on a screen. The screen itself 
actually consists of small rectangles, called pixels. The more pixels the screen has, the 
better the resolution. Most graphing calculators have 2048 pixels per square inch; 
most computer screens have 4096 to 8192 pixels per square inch. When a point to be 
plotted lies inside a pixel, the pixel is turned on (lights up). The graph of an equation 
is a collection of pixels. Figure 1 shows how the graph of y = 2x looks on a TI-84 
Plus graphing calculator. 

The screen of a graphing utility will display the coordinate axes of a rectangular 
coordinate system. However, you must set the scale on each axis. You must also 
include the smallest and largest values of x and y that you want included in the 
graph. This is called setting the viewing rectangle or viewing window. Figure 2 
illustrates a typical viewing window. 

To select the viewing window, we must give values to the following expressions: 


Xmin: the smallest value of x 

Xmax: the largest value of x 

Xscl: the number of units per tick mark on the x-axis 
Ymin: the smallest value of y 

Ymax: the largest value of y 

Yscl: the number of units per tick mark on the y-axis 


Figure 3 illustrates these settings and their relation to the Cartesian coordinate system. 
Ya 


L Ymax 


Xmax 


Ymin 


B1 
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If the scale used on each axis is known, we can determine the minimum and 
maximum values of x and y shown on the screen by counting the tick marks. Look 
again at Figure 2. For a scale of 1 on each axis, the minimum and maximum values of x 
are —10 and 10, respectively; the minimum and maximum values of y are also —10 
and 10. If the scale is 2 on each axis, then the minimum and maximum values of x are 
—20 and 20, respectively; and the minimum and maximum values of y are —20 and 
20, respectively. 

Conversely, if we know the minimum and maximum values of x and y, we can 
determine the scales being used by counting the tick marks displayed. We shall follow 
the practice of showing the minimum and maximum values of x and y in our 
illustrations so that you will know how the viewing window was set. See Figure 4. 


Figure 4 4 
Xmin = —3 Ymin = —4 
—3 3 means Xmax = 3 Ymax = 4 
Xscl = 1 Yscl = 
—4 
EXAMPLE 1 Finding the Coordinates of a Point Shown on a Graphing 


Utility Screen 


Find the coordinates of the point shown in Figure 5. Assume that the coordinates 
Figure 5 are integers. 


: Solution First we note that the viewing window used in Figure 5 is 
= Xmin = —3 Ymin = —4 
Xmax = 3 Ymax = 4 
3 3 Xscl = 1 Yscl = 2 
The point shown is 2 tick units to the left on the horizontal axis (scale = 1) and 1 tick 
up on the vertical axis (scale = 2). The coordinates of the point shown are (—2, 2). 
—4 


=f 


B.1 Exercises 


In Problems 1-4, determine the coordinates of the points shown. Tell in which quadrant each point lies. Assume that the coordinates 
are integers. 


1 10 2. 10 3. 5 4. 10 
eel oa : | I 
—10 —10 -5 —10 
In Problems 5-10, determine the viewing window used. 
5. 4 6. 2 7. 3 
=o 6 -3 3 
—6 6 
—2 
8. 9 10 10 
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In Problems 11-16, select a setting so that each of the given points will lie within the viewing rectangle. 
11. (—10,5), (3, -2), (4, -1) 12. (5,0), (6, 8), (—2, -3) 13. (40, 20), (—20, —80), (10, 40) 


14. (—80, 60), (20, —30), (—20, —40) 15. (0, 


0), (100, 5), (5, 150) 16. (0, —1), (100, 50), (—10, 30) 


B.2 Using a Graphing Utility to Graph Equations 


From Examples 2 and 3 in Chapter 1, Section 1.2, we see that a graph can be obtained 
by plotting points in a rectangular coordinate system and connecting them. Graphing 
utilities perform these same steps when graphing an equation. For example, the TI-84 
Plus determines 95 evenly spaced input values,* starting at Xmin and ending at Xmax, 
uses the equation to determine the output values, plots these points on the screen, and 
finally (if in the connected mode) draws a line between consecutive points. 

To graph an equation in two variables x and y using a graphing utility requires 
that the equation be written in the form y = {expression in x}. If the original 
equation is not in this form, replace it by equivalent equations until the form 
y = {expression in x} is obtained. 


Steps for Graphing an Equation Using a Graphing Utility 


STEP 1: 
STEP 2: 


STEP 3: 


Step 4: 
Step 5: 


Solve the equation for y in terms of x. 

Get into the graphing mode of your graphing utility. The screen will 
usually display Y; = , prompting you to enter the expression 
involving x that you found in Step 1. (Consult your manual for the 
correct way to enter the expression; for example, y = x* might be 
entered as x2 or as x*x or as x x* 2). 

Select the viewing window. Without prior knowledge about the behavior 
of the graph of the equation, it is common to select the standard viewing 
window** initially. The viewing window is then adjusted based on the 
graph that appears. In this text the standard viewing window is 


Amin = —10 Ymin = —10 
Amax = 10 Ymax = 10 
Xscl = 1 Yscl = 1 


Graph. 
Adjust the viewing window until a complete graph is obtained. 


EXAMPLE 1 Graphing an Equation on a Graphing Utility 
Graph the equation: 6x” + 3y = 36 


Solution — Step 1: Solve for y in terms of x. 


6x2 + 3y = 36 


3y = —6x” + 36 Subtract 6 from both sides of the equation. 


y = —2x* + 12 Divide both sides of the equation by 3 and simplify. 


* These input values depend on the values of Xmin and Xmax. For example, if X¥min = —10 and Xmax = 10, 
10 — (—10 

then the first input value will be —10 and the next input value will be —10 + “ 9.7872, 

and so on. 


** Some graphing utilities have a ZOOM-STANDARD feature that automatically sets the viewing 
window to the standard viewing window and graphs the equation. 
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Figure 8 


EXAMPLE 2 


B.2 Exercises 


Solution 


STEP 2: From the Y,; = 


screen, enter the expression —2x” + 12 after the prompt. 


STEP 3: Set the viewing window to the standard viewing window. 


Step 4: Graph. The screen should look like Figure 6. 


STEP 5: The graph of y = —2x? + 12 is not complete. The value of Ymax must be 
increased so that the top portion of the graph is visible. After increasing 
the value of Ymax to 12, we obtain the graph in Figure 7. The graph is now 


complete. 
Figure 6 
10 
—10 
—10 


Figure 7 


12 


—10 aI 


Look again at Figure 7. Although a complete graph is shown, the graph might be 
improved by adjusting the values of Xmin and Xmax. Figure 8 shows the graph of 
y = —2x? + 12 using Xmin = —4 and Xmax = 4. Do you think this is a better 
choice for the viewing window? 


Create a table and graph the equation: y = x 


Creating a Table and Graphing an Equation 


3 


Most graphing utilities have the capability of creating a table of values for an 


equation. (Check your manual to see if your graphing utility has this capability.) 
Table 1 illustrates a table of values for y = x° on a TI-84 Plus. See Figure 9 for 


the graph. 


Table 1 


Figure 9 


In Problems I-16, graph each equation using the following viewing windows: 


(a) Xmin = —5 


Xmax = 5 
Xscl = 1 
Ymin = —4 
Ymax = 4 
Yscl = 1 
ly=x+2 
5. y= 2x +2 
BQ y=x?7+2 


13. 3x + 2y = 6 


17-32. For each of the above equations, create a table, —3 = x = 3, and list points on the graph. 


(b) Xmin = —10 


Xmax = 10 
Xscl = 2 
Ymin = —8 
Ymax = 8 
Yscl = 2 

2y=x-2 

6. y= 2x -2 

10. y=x7-2 


14. 3x — 2y = 6 


hye -xt+2 

~y=-2x +2 
yor? +2 
. —3x + 2y =6 


10 


—10 «) 


4.y=-x-2 

8 y = —2x - 2 
12. y= -x*-2 
16. —3x — 2y = 6 
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B.3 Using a Graphing Utility to Locate Intercepts 


and Check for Symmetry 


Value and Zero (or Root) 


Most graphing utilities have an eVALUEate feature that, given a value of x, 
determines the value of y for an equation. We can use this feature to evaluate an 
equation at x = 0 to determine the y-intercept. Most graphing utilities also have a 
ZERO (or ROOT) feature that can be used to determine the x-intercept(s) of an 
equation. 


EXAMPLE 1 Finding Intercepts Using a Graphing Utility 
Use a graphing utility to find the intercepts of the equation y = x° — 8. 


Solution —_ Figure 10(a) shows the graph of y = x? — 8. 


Figure 10 10 


—20 
(a) (b) (c) 


The eVALUEate feature of a TI-84 Plus graphing calculator accepts as input a 
value of x and determines the value of y. If we let x = 0, we find that the y-intercept 
is —8. See Figure 10(b). 

The ZERO feature of a TI-84 Plus is used to find the x-intercept(s). See 
Figure 10(c). The x-intercept is 2. J 


EXAMPLE 2 
G 


1 
raphing the Equation y = - 


; 1 . : ; ; 
Graph the equation y = 7 Based on the graph, infer information about intercepts 
and symmetry. 


Solution Figure 11 illustrates the graph. We infer from the graph that there are no intercepts; 
we may also infer that symmetry with respect to the origin is a possibility. The 
TABLE feature on a graphing utility can provide further evidence of symmetry with 
respect to the origin. Using a TABLE, we observe that for any ordered pair (x, y) 
the ordered pair (—x, —y) is also a point on the graph. 


Figure 11 Y; = 
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B.3 Exercises 


In Problems 1-6, use ZERO (or ROOT) to approximate the smaller of the two x-intercepts of each equation. Express the answer rounded 
to two decimal places. 


Ly=x?+4x4+2 2y=x+ 4x -3 3. y= 2x? + 4x +1 
4. y =3x° + 5x41 5. y =2x7 -3x-1 6. y = 2x7 — 4x - 1 


In Problems 7-12, use ZERO (or ROOT) to approximate the positive x-intercepts of each equation. Express each answer rounded to two 
decimal places. 


7. y = 3° + 3.2x" — 16.83x — 5.31 8. y = 29° + 3.2x" — 7.25x — 6.3 
9. y = x4 — 1.4x° — 33.71x7 + 23.94x + 292.41 10. y = x* + 1.2x3 — 7.46x” — 4.692x + 15.2881 
VW. y = x + 19.5x? — 1021x + 1000.5 12. y = x + 14.2x7 — 4.8x — 12.4 


B.4 Using a Graphing Utility to Solve Equations 


For many equations, there are no algebraic techniques that lead to a solution. For 
such equations, a graphing utility can often be used to investigate possible solutions. 
When a graphing utility is used to solve an equation, usually approximate solutions 
are obtained. Unless otherwise stated, we shall follow the practice of giving 
approximate solutions rounded to two decimal places. 

The ZERO (or ROOT) feature of a graphing utility can be used to find the 
solutions of an equation when one side of the equation is 0. In using this feature to 
solve equations, we make use of the fact that the x-intercepts (or zeros) of the graph 
of an equation are found by letting y = 0 and solving the equation for x. Solving an 
equation for x when one side of the equation is 0 is equivalent to finding where the 
graph of the corresponding equation crosses or touches the x-axis. 


EXAMPLE 1 Using ZERO (or ROOT) to Approximate Solutions of an Equation 


Find the solution(s) of the equation x7 — 6x + 7 = 0. Round answers to two 
decimal places. 


Solution The solutions of the equation x” — 6x + 7 = 0 are the same as the x-intercepts of the 
graph of Y,; = x” — 6x + 7. We begin by graphing the equation. See Figure 12(a). 
From the graph there appear to be two x-intercepts (solutions to the equation): 

one between | and 2, the other between 4 and 5. 


Figure 12 8 


8 
HL SAE ?BeY =o 
—2 


-2 
(a) (b) 
Using the ZERO (or ROOT) feature of our graphing utility, we determine that 

the x-intercepts, and so the solutions to the equation, are x = 1.59 and x = 4.41, 
rounded to two decimal places. See Figures 12(b) and (c). af 


A second method for solving equations using a graphing utility involves the 
INTERSECT feature of the graphing utility. This feature is used most effectively 
when one side of the equation is not 0. 
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EXAMPLE 2 Using INTERSECT to Approximate Solutions of an Equation 
Find the solution(s) to the equation 3(x — 2) = 5(x — 1). 


Solution Begin by graphing each side of the equation as follows: graph Y, = 3(x — 2) and 
Y, = 5(x — 1). See Figure 13(a). 


Figure 13 5 


Intersection 
Hee of 


—15 
(a) (b) 


At the point of intersection of the graphs, the value of the y-coordinate is the 
same. We conclude that the x-coordinate of the point of intersection represents the 
solution to the equation. Do you see why? The INTERSECT feature on a graphing 
utility determines the point of intersection of the graphs. Using this feature, we find 
that the graphs intersect at (—0.5, —7.5). See Figure 13(b). The solution of the 
equation is therefore x = —0.5. re 


SUMMARY 


The steps to follow for approximating solutions of equations are given next. 


Steps for Approximating Solutions of Equations Using ZERO (or ROOT) 
Step 1: Write the equation in the form {expression in x} = 0. 
Step 2: Graph Y; = {expression in x}. 
Be sure that the graph is complete. That is, be sure that all the intercepts are shown on the screen. 
Step 3: Use ZERO (or ROOT) to determine each x-intercept of the graph. 


Steps for Approximating Solutions of Equations Using INTERSECT 
Step 1: Graph Y, = {expression in x on the left side of the equation}. 
Graph Y, = {expression in x on the right side of the equation}. 
Step 2: Use INTERSECT to determine each x-coordinate of the point(s) of intersection, if any. 


Be sure that the graphs are complete. That is, be sure that all the points of intersection are shown on the screen. 


EXAMPLE 3 Solving a Radical Equation 


Find the real solutions of the equation W2x -4-2=0. 


Solution Figure 14 shows the graph of the equation Y; = W2x — 4 — 2. From the graph, 
we see one x-intercept near 6. Using ZERO (or ROOT), we find that the x-intercept 
is 6. The only solution is x = 6. 


Figure 14 { 
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B.5 Square Screens 


Figure 15 Most graphing utilities have a rectangular screen. Because of this, using the same 
(4, 4) settings for both x and y will result in a distorted view. For example, Figure 15 shows 
the graph of the line y = x connecting the points (—4, —4) and (4, 4). 
We expect the line to bisect the first and third quadrants, but it doesn’t. We need 
to adjust the selections for Xmin, Xmax, Ymin, and Ymax so that a square screen 
=a 4 results. On most graphing utilities, this is accomplished by setting the ratio of x to y 
at 3:2.* For example, if 


Xmin = —6 Ymin = —4 
(42a <4 Xmax = 6 Ymax = 4 
then the ratio of x to y is 
Xmax—- Xmin_ 6-(-6) 12 3 
Ymax—-Ymin 4-(-4) 8 2 
for a ratio of 3:2, resulting in a square screen. 
EXAMPLE 1 Examples of Viewing Rectangles That Result in Square Screens 
(a) Xmin = —3 (b) Xmin = —6 (c) Xmin = —12 
Fi Xmax = 3 Xmax= 6 Xmax = 12 
arene ick Xscl= 1 Xscl= 1 Xscl = 1 
4 ee Ymin = —2 Ymin = —4 Ymin = —8 
Ymax = 2 Ymax= 4 Ymax= 8 
= Ysel= 1 Yscl= 2 
6 6 Yscl= 1 gl 
Figure 16 shows the graph of the line y = x on a square screen using the viewing 
rectangle given in part (b). Notice that the line now bisects the first and third 
(-4,-4) —4 quadrants. Compare this illustration to Figure 15. 


B.5 Exercises 


In Problems 1-8, determine which of the given viewing rectangles result in a square screen. 


1. Xmin = —3 2. Xmin = —5 3. Xmin= 0 4. Xmin = —6 
Xmax = 3 Xmax= 5 Xmax= 9 Xmax = 
Xscl= 2 Xscil= 1 Xscl= 3 Xsill= 1 
Ymin = —2 Ymin = —4 Ymin = —2 Ymin = —4 
Ymax = 2 Ymax= 4 Ymax= 4 Ymax= 4 
Yscl = 2 Yscl= 1 Yscl = 2 Yscl = 2 
5. Xmin = —6 6. Xmin = —6 7. Xmin= 0 8. Xmin = —6 
Xmax = 6 Xmax = 6 Xmax= 9 Xmax = 6 
Xscl= 1 Xscl= 2 Xscl= 1 Xscl= 2 
Ymin = —2 Ymin = —4 Ymin = —2 Ymin = —4 
Ymax= 2 Ymax= 4 Ymax= 4 Ymax = 4 
Yscl = 0.5 Yscl= 1 Yscl= 1 Ysel = 2 
9. If Xmin = —4, Xmax = 8, and Xscl = 1, how should Ymin, Ymax, and Yscl be selected so that the viewing rectangle contains 


the point (4, 8) and the screen is square? 


10. If Xmin = —6, Xmax = 12, and Xscl = 2, how should Ymin, Ymax, and Yscl be selected so that the viewing rectangle contains 
the point (4, 8) and the screen is square? 


* Some graphing utilities have a built-in function that automatically squares the screen. For example, the 
TI-84 has a ZSquare function that does this. Some graphing utilities require a ratio other than 3:2 to 
square the screen. For example, the HP 48G requires the ratio of x to y to be 2:1 for a square screen. 
Consult your manual. 
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B.6 Using a Graphing Utility to Graph a Polar Equation 


Figure 17 


EXAMPLE 1 


Solution 


Most graphing utilities require the following steps in order to obtain the graph of a 
polar equation. Be sure to be in POLar mode. 


Graphing a Polar Equation Using a Graphing Utility 

Step 1: Set the mode to POLar. Solve the equation for r in terms of 6. 

Step 2: Select the viewing rectangle in polar mode. Besides setting Xmin, 
Xmax, Xscl, and so forth, the viewing rectangle in polar mode 
requires setting the minimum and maximum values for 6 and an 
increment setting for 6 (@step). In addition, a square screen and 
radian measure should be used. 

Step 3: Enter the expression involving 6 that you found in Step 1. (Consult 
your manual for the correct way to enter the expression.) 


Step 4; Graph. 


Graphing a Polar Equation Using a Graphing Utility 
Use a graphing utility to graph the polar equation r sin 0 = 2. 


STEP 1: Solve the equation for r in terms of 6. 


rsin@ = 2 
_ 2 
sind 
STEP 2: From the POLar mode, select the viewing rectangle. We will use the one 
given next. 
Omin = 0 Xmin = —9 Ymin = —6 
Omax = 277 Xmax = 9 Ymax = 6 
@step = - Xscl = 1 Yscl = 1 


@step determines the number of points that the graphing utility will plot. For 
example, if @step is we the graphing utility will evaluate r at @ = 0(@min), 
eee 
24’ 24’ 24 
points that the graphing utility will plot. You are encouraged to experiment 
with different values for @min, @max, and Ostep to see how the graph is 
affected. 


, and so forth, up to 277(@max). The smaller @step is, the more 


2 
STEP 3: Enter the expression sind after the prompt r; = 
STEP 4: Graph. 
The graph is shown in Figure 17. aed 


B.7 Using a Graphing Utility to Graph Parametric Equations 


Most graphing utilities have the capability of graphing parametric equations. The 
following steps are usually required to obtain the graph of parametric equations. 
Check your owner’s manual to see how yours works. 
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Figure 18 
5 


EXAMPLE 1 


Solution 


15 


Graphing Parametric Equations Using a Graphing Utility 


Step 1: Set the mode to PARametric. Enter x(t) and y(t). 


Step 2: Select the viewing window. In addition to setting Xmin, Xmax, Xscl, 
and so on, the viewing window in parametric mode requires setting 
minimum and maximum values for the parameter ¢ and an increment 
setting for ¢ (Tstep). 


Step 3: Graph. 


Graphing a Curve Defined by Parametric Equations 
Using a Graphing Utility 


Graph the curve defined by the parametric equations 


S=3F. Soe —2<t<2 


Step 1: Enter the equations x(t) = 3t?, y(t) = 2t with the graphing utility in 
PARametric mode. 


STEP 2: Select the viewing window. The interval is —2 = t = 2, so we select the 
following square viewing window: 


Tmin = —2 Xmin = 0 Ymin = —5 
Tmax = 2 Xmax = 15 Ymax = 5 
Tstep = 0.1 Xscl = 1 Yscl = 1 
We choose Tmin = —2 and Tmax = 2 because —2 = ¢ = 2. Finally, the 


choice for Tstep will determine the number of points that the graphing 

utility will plot. For example, with Tstep at 0.1, the graphing utility will 

evaluate x and y att = —2, —1.9, —1.8, and so on. The smaller the 7step, the 

more points the graphing utility will plot. The reader is encouraged to 

experiment with different values of Tstep to see how the graph is affected. 

STEP 3: Graph. Notice the direction in which the graph is drawn. This direction 
shows the orientation of the curve. 

The graph shown in Figure 18 is complete. _! 


Exploration 

Graph the following parametric equations using a graphing utility with Xmin = 0, Xmax = 15, 

Ymin = —5, Ymax = 5,and Tstep = 0.1. 

_ 3t 
4° 

2.x =34+12t+12, y=2t+4, -4=t<0 

3B. x= 303, y=2Vt, -8<t=8 


1. x y=t -4=t=4 


Compare these graphs to the graph in Figure 18. Conclude that parametric equations defining a curve 


are not unique; that is, different parametric equations can represent the same graph. 


Exploration 


3y? [4 [4 
In FUNCtion mode, graph x = ‘ ( = and Y= =) with Xmin = 0, Xmax = 15, 


Ymin = —5, Ymax = 5. Compare this graph with Figure 18.Why do the graphs differ? 


Answers 


CHAPTER 1 Graphs and Functions 


1.1 Assess Your Understanding (page 5) 
7. x-coordinate or abscissa; y-coordinate or ordinate 8. quadrants 9. midpoint 10. F 11. F 12. T 


13. (a) Quadrant II (b) x-axis 15. The points will be ona 17. V5 29. d(A,B) = V13 a 
(c) Quadrant III (d) Quadrant I vertical line that is2 units 19. V/10 d(B,C) = V13 A=(-2,5) 
(e) y-axis (f) Quadrant IV to the right of the y-axis. 21. 2V/17 d(A,C) = V26 B= (1,3) 
+ y, (24) 23. V85 (VIB) + (VIB) = (V26" c= Se 
BP = 65) SY 2.1) 25. V53 ‘A 13 t 
A= (-3,2)] £Q, 2 2 rea = — square units 
“32 B= 60) fe 27. Va? + b 2 
- > x 
C = (-2, -2) Tx Q, -)r ata 
E=O,-9EF = 6, -3) 


31. d(A,B) = V130 yh 33. d(A,B) = 4 Ya 
d(B,C) = V26 res) d(B,C) = Vat Be 
d(A,C) = 226 camite” B= 6,0) d(A,C) = 5 i 
(26)? + (2V26) = (V130) ul # + 5° = (VAI) Pees ‘ 
Area = 26square units Area = 10 square units A = (4, -3) 


35. (4,0) 37. (3:1) 39. (5,-1) 41 (22) 43. (5,3) 45. (3, -13), (3, 11) 
47. (4 + 3-V3, 0); (4 — 3V3,0) 49. (1,2) SL. -VI7;2V5;V29 53. (5 5) 55. d(Py, Pr) = 6;d(P>, P3) = 4;d(P;, P3) = 213; right triangle 


57. d(P,, P2) = 2V17;d(P, P3) = V34; d(P1, P3) = V34; isosceles right triangle 59. 90/2 © 127.28 ft 61. (a) (90,0), (90, 90), (0, 90) 
(b) 5V2161 ~ 232.43 ft (c) 30V149 ~ 366.20 ft 63. d = 50tmi 65. (a) (2.65, 1.6) (b) Approximately 1.285 units 67. $19,182 


1.2 Assess Your Understanding (page 19) 
3. intercepts 4. y-axis 5. (—3,4) 6 T 7. F 8. radius 9. T 10. F 11. (0,0) is onthe graph. 13. (0,3) is on the graph. 
15. (0,2) and (V2, V2) are on the graph. 


17. (—2,0), (0,2) 19. (—4, 0), (0, 8) 21. (—1,0),(1,0),(0,-1) 23. (—2,0), (2,0), (0, 4) 25. (3,0), (0,2) 
Ye yout? Yeo YA Ya yh 
5 at Sty =x? -1 5 (0, 4) Sloe + 3y =6 
(-2,0) 40,2) 40/71 (1, 0)- (-2,0) (2, 0) (0,2) ae 
Sx 40x (-1, 0) rai a 0) x 
(0, -1) yar? +4 
[ 
27. (—2,0),(2,0),(0,9) 29. yh 31. Yh 33. yh 35. yh 
5 5 5 EB 
10h(0,9) ) = (3,4) G4) CADE w= an Oe Oe THe ae @) =(-3.4) + 0 = 8,4) 
c six of Sle ¥ Six 
(—2, OF 2, Sa ~ (a) = (-2, -I) Li (e) = (2, -D) (b) = (-5, - HE, is 
Ox? + dy = 36 (©) = (~3, -4) F(a) = G, -4) (-3, -4)-L.(b) = (3, -4) 
37. vh 39. (a) (1, 0), (1,0) Al. (a) (= 0), (0,1), (=. 0) BT Oa 
Panes (b) Symmetric with respect to the “— ees ere ; (b) Sy uusenS with respect to 
() = (0.3) x-axis, the y-axis, and the origin by Syeniehiie yetth: Zespech 10 UBS y-anis the x-axis 
trrtt ra 
dic eat 45. (a) (—2,0), (0,0), (2,0) 47. (a) (x,0),-2<x<1 49. (a) No intercepts 
(b) Symmetric with respect to the origin (b) No symmetry (b) Symmetric with respect to the origin 
51. YA 53. Yh 55. (—4, 0), (0, —2), (0, 2); symmetric with respect to the x-axis 57. (0,0); symmetric with 
4 5 & 2) respect to the origin 59. (0,9), (3,0), (—3, 0); symmetric with respect to the y-axis 
(-2, 8) cal sd (-7, 0) en res 0) 61. (—2,0), (2,0), (0, —3), (0, 3); symmetric with respect to the x-axis, y-axis, and origin 
aL @,-5) (0, O55 63. (0, —27), (3,0);nosymmetry 65. (0, —4), (4,0),(—1,0);no symmetry 67. (0,0); 
: (+3 - } symmetric with respect to the origin 69. (0,0); symmetric with respect to the origin 
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71. “4 73. zt a.) 75.b=13 77. a=—4ora=1 79. Center (2,1); radius = 2;(x — 2)? + (vy - 1 =4 
(4,2) 
(, 1)- 5 3 5\? »_9 
-1 _ a ~— ie = . . + 
(-1,-1 Oo” (0, 0) $)x 81. Center ($.2):radius 7 (« =) (y — 2) 4 
83. x2 + Y= 4; 85. x + (y — 27 =4 87. (x — 4)? + (y + 3) = 25; 89. (x + 2) + (y—- 1)? = 16; 
rty—-4=0 r+ y—4y=0 x+y — 8x + 6y =0 v+yt+4x—-2y-11=0 
Ya YA YA Ya 
5 (0,2) 2 2.0 
0,0) ~ 
im > + * 
ag [six Li4, -3) % 
1\2 5. a 
91. (x - te ae 93. (a) (h,k) = (0,0);r = 2 95. (a) (h,k) = (3,0);r = 2 97. (a) (h,k) = (1,2); = 3 
b b 
es, (b) _ (b) Y4 (b) YA 
Yh 0,0) G, 0) t 
f is there rak3 
(i, 2) 
: “eet 25 6 
D (c) (+2, 0); (0, +2) (c) (1,0); (5, 0) (c) (1£-V5, 0); (0,2 + 2V2) 
1 1 
99. (a) (h,k) = (-2,2);r = 3 101. (a) (h,k) = G -1)sr =5 103. (a) (hk) = G,-2);r = 5 105. (a) (h,k) = (—2,0);r = 2 
(b) Yh (b) oy (b) YA 
(52,2) (b) YA 3 . 
28 “(-2, 0) 
1 > it 
¢ -1) e- m \ > 
4x Ee (3, -2) 5]x 
I 
(c) (—2 + V5,0); (0,2 + V5) (c) (3 + V21, 0); (0, -6), (0,2) (c) (0,0), (—4, 0) 


(©) (0, -1) 


107. x+y =13 10% (x -2P +(y—-3P =9 LL (x +12 +(y-3P% =5 113. (x +1? + (y—-37 =1 15. (-1,-2) 

117. 4 119. (a) (0,0), (2,0), (0,1), (0, —1) (b) x-axis symmetry 121. 18 units? 123. x° + (y — 139)? = 15,625 125. (b), (c), (e), (g) 
127. (a) y = Vandy = |x| have the same graph. (b) Ve = |x| (&) x = Ofory = (Vx), while x can be any real number for y = x. 
(d) y = Ofory = Vx? 


1.3 Assess Your Understanding (page 35) 

5. independent; dependent 6. range 7. F 8 T 9 F 10. F 11. vertical 12.5;-3 13.a=-2 14.F 15. F 16. T 
17. Function; Domain: {Elvis, Colleen, Kaleigh, Marissa}; Range: {January 8, March 15, September 17} 19. Not a function 
21. Notafunction 23. Function; Domain: {1, 2, 3,4}; Range: {3} 25. Notafunction 27. Function 29. Function 


31. Not afunction 33. Notafunction 35. Function 37. Notafunction 39. (a) —4 (b) 1 (ce) —3 (d) 3x7 -—2x-—4 (e) —3x?—2x +4 
1 —*% x 


(f) 3x27 + 8x +1 (g) 12x27 + 4x —4 (h) 3x? + 6xh + 34° + 2x 4+2h-—4 41. (a) 0 (b) 2 (c) (d) (e) 
1 ; je 2 2 e+) et 
x + x x 
h 43. (a) 4 (b) 5 (ce) 5 (a) [xl +4 (e) —Ix] - 4 x+1|/+4 2|x| + 4 
are Pare Oya | Pia id LA (a) 4 (b) 5 (ce) 5 (A) Ix| (e) —|xI (f) | | (g) 2|x| 
3 1 2x -1 -2x-1 2x +3 4x +1 2x +2ht+1 
bd + A . 
(h) |x + h| + 4 45. (a) 5 (b) 2 © 3 (d) ap 45 (e) a ( eeae. eos (h) aoa as 47, All real numbers 
49. Allrealnumbers 51. {xlx # —4,x #4} 53. {xlx #0} 55. {xlx = 4} 57. fxlx > 9} 50. {xlx >1} OL {tlre = 4,0 47} 
=(24 +h 
63.4 65. 2x +h 67.2x+h-1 69. ; a 71. (a) f(0) = 3; f(—6) = —3 (b) f(6) = 0; f(11) =1 (©) Positive (d) Negative 
XX 


(e) —3,6, and10 (f) -3<x<6;10<x<11 (g) {xl-6<x<11} W {yl-3<y <4} @ -3,6,10 (j) 3 (k) 3times (I) Once 


T 


(m) 0,4 (n) —5,8 73. Notafunction 75. Function (a) Domain: {x|—a7 < x < vw}; Range: {y|-1< y <1} (b) (-Z.0), (Z .0), (0, 1) 
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(c) y-axis 77. Notafunction 79. Function (a) Domain: {x|x > 0}; Range: all real numbers (b) (1,0) (c) None 81. Function 
(a) Domain: all real numbers; Range: {yly < 2} (b) (—3,0), (3,0), (0,2) (ce) y-axis 83. Function (a) Domain: all real numbers; Range: 
1 1 
{yly = -3} (b) (1,0), (3,0), (0,9) (©) None 85. (a) Yes (b) f(—2) = 9;(—2,9) (o) 0,5; (0, =i); G. -1) (d) All real numbers 
8 


1 1 8 
(@) -5.1 () -1 87. (a) No (b) f(4) = -3;(4,-3) © 14;(14,2) @) {xlx # 6} (@) -2  —Z 89. (@) Yes (b) f(2) = (2 <) 


1 
(c) —1,1;(-1,1),(1,1) (d) Allrealnumbers (e) 0 (f) 0 91. A= -) 93. A= —4 95. A = 8; undefined atx =3 97. A(x) = al 


99. G(x) = 10x 101. (a) P is the dependent variable; a is the independent variable. (b) P(20) = 197.34 million; In 2005, there were 197.34 million 
people 20 years of age or older. (e) P(0) = 290.580 million; In 2005, there were 290.580 million people. 103. (a) 15.1 m, 14.071 m, 12.944 m, 11.719 m 
(b) 1.01 sec, 1.43 sec, 1.75 sec (ce) 2.02 sec 105. (a) $222 (b) $225 (ce) $220 (d) $230 


107. (a) Approximately 10.4 ft high 109. (a) About 81.07 ft (b) About 129.59 ft 113. Yes; f(x) = 0, domain x = a 

(b) Approximately 9.9 ft high (c) About 26.63 ft (d) About 528.13 ft 115. (a) IE (b) V (&) IV (d@) Ill (e) I 
(c) bh (e) 150 117,00 oy 

so sea 99) 3 20,000 = |(78, 19,000) 

(15, 8.4) Si [0 48, 9000) 
51(0, 6) (20, 3.6) g 8000 arn 4000) 
eae OE 5 MOLE 2000 

0 510152025 *¥ ar a ot aa 
(d) The ball will not go through the hoop; 

h(15) © 8.4 ft. If v = 30 ft/sec, h(15) = 10 ft. a aaah bao 119. (a) (7,7.4) (b) (4.2,6) (c) Increasing 


(g) 275 ft; maximum height shown in 


from 0 to 30 mi/h Omi/h 50 mi/h 
the table is 131.8 ft (h) 264 ft ee a ne 


(f) (2, 4), (4.2, 6), (7, 7.4), (7.6, 8) 
121. Yes. f(x) = 0 satisfies the condition that f(x) = —f(x). 


1.4 Assess Your Understanding (page 49) 
6. increasing 7. even;odd 8 T 9. T 10. F 11 Yes 13. No 15. (—8, —2); (0,2); (5,00) 17. Yes;10 19. —2,2; 6, 10 
21. (a) (—2,0), (0,3), (2,0) (b) Domain: {x|—4 = x = 4} or [—4,4]; Range: {yl0 = y = 3} or [0,3] (e) Increasing on (—2, 0) and (2,4); 
Decreasing on (—4, —2) and (0,2) (d) Even 23. (a) (0,1) (b) Domain: all real numbers; Range: {y|y > 0} or (0,00) (e) Increasing on 
(—00,00) (d) Neither 25. (a) (—7,0),(0,0),(7,0) (b) Domain: {x|—7 <= x = 7} or [—a, a]; Range: {y|-1 <= y = 1} or[-1, 1] 

1 1 5 
(c) Increasing on (-%. =) Decreasing on (-». -) and (z. n) (d) Odd 27. (a) (0 ). G. 0), (3. 0) (b) Domain: {x|-3 <x <3}or 
[-3, 3]; Range: {yl-1 = y = 2} or[-1,2] (©) Increasing on (2,3); Decreasing on (—1, 1); Constant on (—3,—1) and (1,2) (d) Neither 
29. (a) 0:3 (b) —2,2;0,0 31. (a) Piel (b) = —1 33. Odd 35. Even 37. Odd 39. Neither 41. Even 43. Odd 45. Absolute 
maximum: f(1) = 4; absolute minimum: f(5) = 1 47. Absolute maximum: f(3) = 4; absolute minimum: f(1) = 1 49. Absolute maximum: 
none; absolute minimum: f(0) = 0 51. Absolute maximum: none; absolute minimum: none 


53. 4 55. 05 57. 0 59, 8 
-6 4 
-2 2 —3 2 
0 =0.5 =20 0 

Increasing: (—2, —1), (1,2) Increasing: (—2, —0.77), (0.77,2) | Increasing: (—3.77, 1.77) Increasing: (—1.87, 0), (0.97, 2) 
Decreasing: (—1, 1) Decreasing: (—0.77, 0.77) Decreasing: (—6, —3.77), (1.77,4) Decreasing: (—3, —1.87), (0, 0.97) 
Local maximum: (—1, 4) Local maximum: (—0.77, 0.19) Local maximum: (—1.77, -1.91) | Local maximum: (0, 3) 
Local minimum: (1, 0) Local minimum: (0.77, —0.19) Local minimum: (—3.77, —18.89) Local minima: (—1.87, 0.95), (0.97, 2.65) 


61. (a) —4 (b) —8 (c) -10 63. (a) 17 (b) -1 (ce) 11 «65. (a) Odd = (b) Local maximum value: 54 at x = —3 
67. (a) Even (b) Local maximum value: 24 at x = —2 (e) 47.4sq. units 


69. (a) V(x) = x(24 — 2x)? 1100 71. (a) 2500 73. (a) On average, the population 
(b) 972in.> (ce) 160in? is increasing at a rate of 0.036 g/hr from 
(d) Vis largest when x = 4. 0 to 2.5 hr. 


(b) On average, from 4.5 to 6 hr, the 
population is increasing at a rate of 0.1 g/hr. 
0 2 0 49 (¢) The average rate of change is 
S 9 increasing over time. 
(b) 10 riding lawn mowers/hr 
(c) $239/mower 


77. Atmost one 79. Yes; the function f(x) = 0 is both even and odd. 81. Not necessarily. It just means f(5) > f(2). 
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1.5 Assess Your Understanding (page 58) 
4. (-o0,0) 5. piecewise-defined 6. T 7.F 8 F 9 C ILE 13.B 15. F 


17. a 19. a 21. P 23. - 
" fo, 8) fe, i) P 
f . 2, 
0,0), 44) 0,0) ‘ poe 
(-4,-4) 10/% ai aaa * (0, 0) 
(-2, 8) Cho (-1/-1) 


25. (a) 4 (b) 2 (ce) 5 27. (a) —4 (b) —2 (ce) 0 (d) 25 


29. (a) All real numbers 31. (a) All real numbers 33. (a) {x|x = —2};[—-2, 00) 35. (a) All real numbers 
(b) (0,1) (b) (0,3) (b) (0,3), (2,0) (b) (1, 0), (0, 0) 
(c) y (c) YA (c) yh (c) yh 
5 Tf 3 HH 4h, 5) 25 
ontyrern ) Vea “if eae DEY. 
peezer Wa, D+ (-2, DZFAG, D2, 0) KLOAS UY 
DEK e rs] Ise 
(-1, -2) (0; 0) 
(d) {yly # 0}; (—00, 0) U (0, 0) (d) {yly = 1}; [1, 00) (d) {yly < 4, y = 5}; (—00, 4)U{5} (d) All real numbers 
-x if-l=x=0 . 
37. (a) {x|x = —2,x # 0}:[-2,0)U(0,0) 39% f(x) = 4, (Other answers are possible.) 


(b) No intercepts ae ES ee 


(c) it 41. f(x) = i £9 ee . : L2G (Other answers are possible.) 
cra ad 43. (a) $39.99 (b) $46.74 (ce) $40.44 45. (a) $52.45 (b) $277.36 
“as 0.73006x + 15.95 if0 < x =< 50 
lay ree +27463 ifx > 50 @) cy 
100 (100, 77.44 
(d) {yly > 0}; (0, c0) = 
“(50, 52.45) 
(0, 15.95) 7 
0 50 100 x 
xif O<x< 10 49, 117 0<x< 1 y 
10 if 10<x<500 134 1<x< 2 % 2.87 
47. f(x) = § 30 if 500 = x < 1000 151 2<x< 3 ee 
50 if 1000 < x < 1500 168 3<x< 4 = 1.85 
70 if x = 1500 185 4<x< 5 ore 
Ok 2.02 S<x= 6 246 812% 
2 100 C(x) ={ 219 6<x< 7 aeerennee 
é E . 236 7T<x= 8 
2s 40 ant 2.53 8<x=< 9 
Z 20 2.70 9<x=10 
20 "500-1500" 287 10<x<11 
Beene 304 W<x<22 
3.21 12<x<13 


51. Each graph is that of y = x”, but shifted horizontally. If y = (x — k)*, k > 0, the shift is right & units; if y = (x + k)*, k > 0, the shift is left k units. 
53. The graph of y = —f(x) is the reflection about the x-axis of the graph of y = f(x). 55. Yes. The graph of y = (x — 1)? + 2 is the graph of 

y = x° shifted right 1 unit and up 2 units. 57. They all have the same general shape. All three go through the points (—1, —1), (0,0), and (1, 1). 

As the exponent increases, the steepness of the curve increases (except near x = 0). 


1.6 Assess Your Understanding (page 71) 
1. horizontal; right 2. y 3. vertica;up 4.T 5.F 6T 7B 9%H ILI 13.L 15.F 17..G 1. y=(x-4) 2hy=xrt+4 


23. y=—-x8 2. y=4x3 27 y=-(V—-x +2) 2% y=—-Vx+3+4+2 31. (c) 33. (c) 35. (a) —7and1 (b) —3and5 (ce) —5 and3 
(d) —3and5 37. (a) (—3,3) (b) (4,10) (ce) Decreasing on(—1,5) (d) Decreasing on (—5, 1) 


39, yh 41. yA 43. y, 45. Yh 47. yy 
[25 5 5| (3, 1) 5 5 
(6,2) (2, 3) (4, 8)— 
(-1,0) (A, 0) (0, I) YC, 2)— 7 : 0, De, 2) . / 
5 (=1, 0) Sox (2,0) 8] * 5x (1, 4) 
(0, —1) HH (0, 0) 
gx 
Domain: (—09, 00); Domain: (—©°, co); Domain: [2, 00); Domain: (—0©°, co); Domain: [0, 00); 
Range: | —1, 00) Range: (— 09, 00) Range: [0, co) Range: (— 09, 00) Range: [0, co) 


ANSWERS. Section1.6 ANS5 
49. 


HY 


2 53. y, 55. ” 57. o 
iii Hh : c 
—8, 2) TX sc a a Ar Co 2 
i 0 G3) Sra 5 (-2,0) 7 
2) 2 H+ aN anes (1, pte * 
a1 EF (0,2) 
Domain: (—09, 00); Domain: (— 09, 00); Domain: [2, °°); Domain: (—©9, 0]; Domain: (—0©0, 00); 
Range: (—©0, 0) Range: | —3, 00) Range: [ 1, co) Range: [ —2, co) Range: (—©d, 00) 
59. y 61. (a) F(x) = f(x) +3 (b) G(x) = f(x + 2) (c) P(x) = —f(x) 
YA Yh Ya 
(0, 2) RF (2, 2) 7 5 5 
a (0, 5)p—(? 5) L(—2, 2) 4(0, 2) (-4, 2) 
(1, 0-45 ¥ t r (2, 0) (4, 0)- 
(-4,1) (4, 3) 3% Aste 
7% (6, -2) to APEC, -2) 
Domain: (— 09, 00); 
Range: [0, ©) 
1 
(d) H(x) = f(x+1)-—2 — (e) O(x) = af (x) (f) g(x) = f(-x) (g) h(x) = f(2x) 63. (a) F(x) = f(x) +3 
YR yA Yh m4 
3 yh 5 5 (+ 2} vs \F 
CL ae 5 oe (=2, 2) (0, 2) (0,2) 441, 2)- Nae 
} CE, 1) 2 > > (-7, 3 (7m, 3) 
@, -2) ! i (4,0) = Hove une 
(“3,4 fareets CEs : 4,-2) (-2, ~2) ue 
I I 
1 
(b) G(x) = f(x + 2) (c) P(x) = —f(x) (d) H(x) = f(x +1) —2 (e) Q(x) = sf(x) (f) g(x) = f(-x) 
aG-)) (gai HE) ehies) Ea 
(2.0 AK (a — 2,0) (“1 2) fe 2 * R Ca 
(—7 — 2,0) Qn oe * Gack auf (-7, 0) = a 
| OTE (x = 1, -2) 
4 -2,-1 2 7 


a,- 1 B,-1 
FG 4) ; 
(g) h(x) = f(2x) 65. f(x) =(x +1) -1. 67. f(x) =(x-4) - 15 69. f(x) = 2(x — 3)? +1 TL f(x) = -3(x + 2)? -—5 
YA (ay Ya Yh Y4 (2,3) YA 
2.5+1\4 17 5s 5 13 
(3 0) (0, D) (8, 1) 3) ~ 
@ a (-2, 0)" 7% akg (2, -5) 
a Pmerina (Clam Ed cab ‘ 
7 7,0 ce / (-3, =8) 
(-g.-a} FAY ap 
(-1, -8) 
73. (a) 72°F; 65°F (c) The time at which the temperature adjusts between the daytime 
(b) The temperature decreases by 2° to 70°F and overnight settings is moved to 1 hr sooner. It begins warming 
during the day and 63°F overnight. up at 5:00 AM instead of 6:00 AM, and it begins cooling down at 
T 8:00 PM instead of 9:00 PM. 
€ 16 et 
En & 76 
E 6s 372 
3.64 z 68 
5 60 2 64 
& = 60 
0 510152025 7 eT > 
Time (hours after 0 5 10152025 ¢ 
midnight) Time (hours after 
midnight) 
75. °F, oF, TT. (a) Vy (b) 10% tax 
320 320 45,000 TF : (c) Y, is the graph of p(x) shifted down 
256 (100, 212). 256 (373, 212) vertically 10,000 units. Y> is the graph 
ae fo \ of p(x) vertically compressed by a 
4X0, 32) L 64) OR, 32) ‘ Sue factor of 0.9. 
0 2040 6080 100°C 0 280 310 350 K Le (d) 10% tax 
-15,000 
79. (a) yh (b) yh 81. (a) (—4,2) (b) (1,-12) (© (-4,5) 
2.5 3.5 
CLOG D CLUTGaD 83. The graph of y = f(x) — 2 is the graph of y = f(x) shifted down 2 units. The graph of 
% % y = f(x — 2) is the graph of y = f(x) shifted right 2 units. 
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1.7 Assess Your Understanding (page 83) 
1. f(x,) # f(x) 2. one-to-one 3.3 4. y=x 5. [4,00) 6. T 7. one-to-one 9. not one-to-one 11. not one-to-one 13. one-to-one 
15. one-to-one 17. not one-to-one 19. one-to-one 


21. Annual 23. Monthly Cost of 
Rainfall Life Insurance Age 
(inches) Location 
$7.09 30 
460.00 |——+| Mt Waialeale, Hawaii $8.40 40 
202.01 }———>| Monrovia, Liberia $11.29 45 


196.46 }———>| Pago Pago, American Samoa 
191.02 +——> Moulmein, Burma 


Domain: { $7.09, $8.40, $11.29} 
Range: {30, 40, 45} 


182.87 -——>} Lae, Papua New Guinea 


Domain: {460.00, 202.01, 196.46, 191.02, 182.87} 
Range: {Mt Waialeale, Monrovia, Pago Pago, Moulmein, Lae} 


25. {(5, —3), (9, -2), (2, -1), (11,0), (-5,1)} 27. {(1, -2), (2, -3), (0, -10), (9, 1), (4, 2)} 


Domain: {5, 9, 2, 11, —5} Domain: {1, 2, 0, 9, 4} 
Range: {—3, —2, —1, 0, 1} Range: {—2, —3, —10, 1, 2} 

29. f(g(x)) (Fe 4) [Fc | Migciidkae Mh Pee) = 7(3 +2) = 4% 2| c= G4 - Beg 
(f(x) = gx +4) = 31x #4) — 4) = 5 (3x) = x (f(x) = g(4x — 8) = BF a= (x-2) 42% 


33. f(g(x)) = f(Wx +8) = (Wx +8) -8=(x+8)-8=x 35. f (g(x) = *(+) == x #0, g(f(x)) = (+) eee, 
s(f(x)) = gl? — 8) = WGP — 8) + B= Vi =x G ( ) 


(= = *) 
2 +3 
37. f(g(x)) = (2 = 3) ee a 39. ee 41. a 43. — 
. 2=—% 4x — 3 a SB a, 1) 28 2 5e yz 
2=% z - i _- cal 
2(4x —3) +3(2-x) 5x as ae Peas ass cet yeass 
4x —3 + 4(2 — x) 5 mat (-2, “ae tT SEL 0) 7p-1 : fa 
(2 + >) 3 a (0-1) = . — 
2x +3 a+4 
g(f(x)) of or 2) = as 
“xy 44 
4(2x + 3) —3(x +4) 5x 
i444) -Oxes) 5 ee 
45. f(x) = > 47, f(x) = 2 = ~ 49. f(x) = Wx+1 
; i . a oA FF) = f(x + 1) 
ff") (4°) (4) x ff") (2 +) (3 +) +2 =(We+1P-1=x 
= = 1 =(x-2)+2=x f (F(x) = F108 - 1) 
f"'@) = f"@Gx) = Gx) =x 
3 7 _ 4x+2 1 =V(xe-1)+1=x 
yy 25F f° CG@) = FG + 2) A . 
YA YX 
zZ = BH 
Sx) = 3x7] aan mes SMe) = Vet t 
a a . 3° 7 = a 1 
fx) = val Litt) 
51. f \(x) = Vx-4,x2=4 53, f(x) = “ 


fF) = f= 4) = (Vea +4 =x ‘a 
=1, _ = _ 
Pigey = fey =VEFAaa=VEa neo — M=1(G)= (2) 


fx) =x? +4, 


YA x20 = 4f4 4 
BH) =x Poy =7F (4) ciel 
cet SW =Vx-—4 (*) 
aan > YA yYEr 
Ly 8 x i5| L, 


HE fe) =f) = 4 


7 * 
ay 
bt 
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“1 — 2x +1 Z _2-3x 
55. f (x) = —— 57. f (x) = aa 
ee sh ee ee x 7 7 2-3x\_ 2 2x 2x 
F(F"(%)) sf ) a] pon FF) s( z ) ia Speaeoo, 2 
== eo 
1 2 
2 +1 2:— 3| —— 
= if 1 7 (4) _ 2+ (x — 2) = = 2 )- (52) 2(3+x)—3:2 2x 
rin =r 45) : F7-, P= : ? a 
wD 34+ x 
prey REL TLAER, 
| if aa 
rt > y=0 
y x 
= —2% _ x 
59, f(x) = hf Cla 8 
—2x x 
ts) (s-) 
e) =f oy c, x 
fr) = (25) == reren) = G5) (55) -1 
4 = 
x —3 3H =D, 
7 3(—2x) — 6x 2x 2x 7 
—2x + 2(x — 3) =6 3x = (3x— 2). 2 
(= te 
~2 e 2x 3x —1 
41 a(_3x_\_ am 2) ra) = r( ) ier ae ar 
ro =r(25)-s ae ae 
x+2 
7 —2(3x) 6x _ 2x 2x 
a —3093) 6 (c—202=1) 2” 
63. f(x) = * * : 65. f(x) = =a 
3x + 4 —2x +3 
3 +4 +3 
4 7 i (+4) “4 (=)- ea) 
fro) = (2S) - fo) = (=) - 
=e) al 
3(3x + 4) + 4(2x — 3) 2(-2x + 3) +3(x-2) -x 
2(3x + 4) — 3(2x — 3) epee St 
17x 2x + 3 
eee ances —2 +3 
17 4 (28) - G3) 
win) EH) ee 
= = X _ in 
fF (F(x) =f (= - +) 2% + ‘) 7 _ (2x +3) 4+ 3x42) <x 
20-3 2x + 3 — 2(x + 2) 4 * 
_ 3(3x + 4) + 4(2x — 3) 
2(3x + 4) — 3(2x — 3) 
Lx 
“ia 
2 
67. f (x) = ——— 69. (a) 0 (b)2 (0 @1 
1 — 2x 71. 7 73. Domain of f!: [—2, 00); range of f': [5, 00) 
2 4 75. Domain of g!: [0, 00); range of g!: (—00, 0] 
fFAU(x)) nt 2 ) ale ~ Wate a 2x) 77. Increasing on the interval (f(0), f(5)) 
ne oF a5 79. f (x) = “(x —b),m#0 81. Quadrant I 
_ 8x _ = 83. Possible answer: f(x) = |x|, x = 0, is one-to-one; f(x) = x, x = 0 
8 d + 90.39 
_ 8. waa) =o 
4 4fe@-4\_ 2 ea 6.97 
POG nF ( 2x ) = Ve 6.97r — 90.39 + 90.39 _ 6.97r 
i 7 ate i (b) r(d(r)) 
axe xe 6.97 6.97 
i jeineex it d(r(d)) = ooi(4 oa 90.39 = d + 90.39 — 90.39 = d 


(c) 56 miles per hour 
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87. (a) 77.6 kg 89. (a) {g|33,950 < g < 82,250} 91. (a) frepresents time, so ¢ = 0. 
(b) A(W) Wee (b) {74675 < T < 16,750} H — 100 100 — H 
23 2.3 T — 4675 (b) (#1) -49 4.9 
+ 2.3(h - + = ——— + 
(c) h(W(h)) clad Nm Ml A © 3(T) 0.25 a (c) 4.04 seconds 
oe = ma Domain: {7|4675 = T < 16,750} 
+ 
W(h(W)) = 50 + 23( aT «0) Range: {g|33,950 < g < 82,250} 
=50 + W + 88 — 138 = W 7 =ge-b Bh ey 
(d) 73 inches 93. f(x) ae sf=f- ita d 97. No 
Review Exercises (page 90) 
1 
1. (a) 2V5 (b) (2,1) 3. (a) 5b) (-$1) 5. (a) 12 (b) (4,2) 
7. YA 9. (0,0); symmetric with respect to the x-axis 11. (+4, 0), (0, +2); symmetric with respect to the x-axis, y-axis, and origin 


(-2,8) (2,8) 13. (0,1); symmetric with respect to the y-axis 15. (0,0), (—1, 0), (0, —2); no symmetry 


Citas) 17 (6+ 2% + (y-3P=16 1% (Xt+1P + (y+2/P=1 


(0, 4) 
5] x 
21. Center (0,1); radius = 2 23. Center (1, —2); radius = 3 25. Center (1, —2); radius = V5 
YA Ya Ya 
5/{ (0, 1) | 5 5 
rai a a 
(1, -2) (, -2) 
Intercepts: (— V3, 0),(V3,0), Intercepts: (1 — V5,0),(1 + V5,0), Intercepts: (0, 0), (2, 0), (0, —4) 
(0, -1), (0, 3) (0;=2 = 2Vv2), (0,-2 + 2V2) 
27. Function; domain {—1, 2,4}, range {0,3} 29. (a) 2 (b) -2 (e) = (d) as (e) lal (f) ee 31. (a) 0 (b) 0 
. , vere : veal wad we 4x43 42-1 7° 


Deo an =f 2 
() Ve—4 @ -Ve—4 ©) Ve—4e () 2V2-1 33.0 ()0 | = ap 7 mn) = 7: () ~ 2 2 
35. {x|x # -3,x #3} 37. {xlx <2} 39. {xlx >0} 41. {xlx ¥ -3,x #1} 


43. —4x + 1— 2h 45. (a) Domain: {x|—4 = x = 3}; Range: {y|-3 = y = 3} (b) (0,0) (©) -1 (dd) —4 () {xl0 < x = 3} 
(f) Ya (g) Ya (h) Ya 
56,3) 5 (6,3) (4,3) 5 
G.9) (0,0) (-2,)) 
six (-4, 1). 10) x (0, 0) Sx 
(-1, -3)4- -D) 
(-8, —3) (3, —3) 
| Ea pitti 
47. (a) Domain: {x|-4 = x = 4} or [-4, 4] (d) Absolute maximum: f(—1) = 1 
Range: {y|-3 < y < 1} or[-3, 1] Absolute minimum: f(3) = —3 
(b) Increasing on (—4, 1) and (3, 4); Decreasing on (-1,3) () Ne symmetry (f) Hennes 
(c) Local maximum value is 1 and occurs at x = —1. (g) x-intercepts: —2, 0, 4; y-intercept: 0 
Local minimum value is —3 and occurs at x = 3. 49. Odd 51. Even 53. Neither 55. Odd 
57. 20 59. 40 61. (a) 23 (b) 7 (c) 47 63. —5 65. -17 67. No 69. Yes 
a 44 73. + 
5 5 
3 3 (-4, 4) (4, 4) , 1) (4, 2) 
(0,0) © (0, 0) 5x 
-2 3 
—20 -4 
Local maximum value: 4.04 at x = —0.91 Local maximum value: 1.53 at x = 0.41 
Local minimum value: —2.04 at x = 0.91 Local minima values: —0.54 at x = —0.34 
Increasing: (—3, —0.91); (0.91, 3) and —3.56 at x = 1.80 
Decreasing: (—0.91, 0.91) Increasing: (—0.34, 0.41); (1.80, 3) 


Decreasing: (—2, —0.34); (0.41, 1.80) 
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75. ya 7. yy, 81. yy 
TTT 
(-4, 0) B B (2, 1?) é (0, 1) 
[Ha 07 H Het (3, EKG, OF 
fk (0-7 )* #1 
4 NAG —2) 
Ore 
Intercepts: (—4, 0), (4, 0), (0, —4) Intercept: (0, 0) Intercept: (1, 0) Intercepts: (0, 1), (1, 0) 
Domain: all real numbers Domain: all real numbers Domain: {x|x = 1} or [1, ©) Domain: {x|x = 1} or (co, 1] 
Range: {y|y = —4} or [—4, co) Range: {y|y < 0} or (-~, 0] Range: {y|y = 0} or [0, ~) Range: {y|y = 0} or [0, ~) 
83. yh 85. yh 87. (a) {x|x > —2} or (—2,00) 89. (a) {x|x = —4} or [—-4, co) 
6, Ko 5 stay (b) (0,0) (b) (0,1) 
(1,2) (1, 1) (c) YA (1,3) (c) yh 
¥ 57x 5), 5 
HO, er Z-(2, 3) a 
r (1, 2) (0, 1) P 
5] STx 
Intercept: (0, 3) Intercepts: (0, —2), (-4, “9/74 
: 3 (-2, -6) fF LEAR EERE 
Domain: all real numbers vA) 
1 — =, 0 } or about (0.3, 0) 
Range: {yly = 2} or [2, 00) 3 (d) {yly > —6} or (—6, 0°) (d) {y|-4 = y < Oory > 0} 
Domain: all real numbers or [—4, 0) U (0, 00) 
Range: all real numbers 
91. A=11 93. (a) one-to-one (b) {(2, 1), (5,3), (8,5), (10,6)} 95. yh 
a 
(0, 2) ¥(3, 3) 
CAs taaaale 
(-3, 0444 % 
Zt 
2x3 x+1 
yy) = yy) = 
97. f(x) 5x22 99. f(x) rs 
2x +3 1 
(2 >) +2 fF) == = 
“ = x 
f(F"(x)) = =x - 
2x4 3 x 
5) —2 
5x — 2 L324 
+4 _ peel 
(2 +3) +3 (fey) = = = « 
a Sx - 2 
P(e) = y-1 
s( 5p = >) -2 Domain of f = range of f! = all real numbers except 1 


> Range of f = domain of f! = all real numbers except 0 
Domain of f = range of f! = all real numbers except = 


2 
Range of f = domain of f! = all real numbers except 5 


101. f-\(x) = = 103. d(A, B) = V(1 — 3)? + (1 — 4)? = V13 and d(B,C) = V(-2 - 1)? + 3-1) = V13 
A) = 
() 
P@)) = R= 


Domain of f = range of f-! = all real numbers except 0 
Range of f = domain of f-! = all real numbers except 0 


Chapter Test (page 93) 


1. d=2V13 2. (2,1) 3. Yh 4. A 5. Intercepts: 6. x+y? — 8x +6y=0_ 7. Center: (—2, 1); 
(-3,0) te - d, b (4,2 9 (—3, 0), (3,0), (0, 9): radius: 3 
: (0, 0) a symmetric with Yh 
(~2, —5) | (2, —5) a.-pt Ap) x respect to the y-axis (-2,1)) 
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8. (a) Function; domain: {2, 4, 6, 8}; range: {5,6,7,8} (b) Notafunction (ce) Nota function (d) Function; domain: all real numbers; 


1 
8 


range: {yly = 2} 9. Domain: {x x< $1) =3 10. Domain: {x|x # —2};g(-1) =1 1. Domain: {x|x 4 —9, x # 4}; h(-1) 


12. (a) Domain: {x|—5 < x < 5}; range: {y|-3 <= y < 3} (b) (0,2),(—2,0), and (2,0) (©) f(1) =3 (d) x = —Sandx =3 
(e) {x|-5 Sx <—2o0r2 < x <5} or[—S5,—2) U(2,5] 13. Local maxima values: f(—0.85) * —0.86; f(2.35) ~ 15.55; local minima values: f(0) = —2; 
the function is increasing on the intervals (—5, —0.85) and (0, 2.35) and decreasing on the intervals (—0.85, 0) and (2.35, 5). 


14. (a) yy (b) (0, —4), (4,0) 15. 19 16. (a) yh (b) yy 
() g(-5) = -9 2 A Bp 

sx (d) g(2) = -2 CLIN. 1 (—6, 4) (-2,4) 

25% (-4,2) 10% 


2+ 5x 5 : . 4 ; “1 5 
3x x # \ range off = {yly # 0}; domain of f = xI|x # 0}; range of f = {o> # =| 


18. The point (—5,3) must be on the graph of f1. 


; domain of f = {x 


17. f (x) = 


CHAPTER 2 Trigonometric Functions 
2.1 Assess Your Understanding (page 105) 


3. standard position 4. centralangle 5. radian 6. 76,58 ia 8 “0 9. T 10. F 
11. 13. 15. 17. 19. = 21. lon 
\ 138° 3a <a 3 
30° _ 
450° 
4 3 
23. 40.17° 25. 1.03° 27. 9.15° 29. 40°19'12" 31. 18°15'18” 33. 19°59'24" 35, . 37. = 39. A 41. 7 43. = 45. = 47. 60° 


49, —225° 51. 90° 53. 15° 55. —90° 57. —30° 59. 0.30 61. —0.70 63. 2.18 65. 179.91° 67. 114.59° 69. 362.11° 71.5m_ 73. 6ft 


75. 0.6radian 77. 3% 1.047 in. 79. 25m? 81. 2V3 ~ 3.464 ft 83. 0.24radian 85. a ~ 1.047in 87. s = 2.094 ft; A = 2.094 ft? 


6 1 1 
89. s = 14.661 yd; A = 87.965 yd? 91. 37 © 9.42 in; 5a © 15.7lin. 93. 27 ~ 628m? 95. “ee = 1060.29 ft? 97. w = my radian/s; v = poms 
3 
99. ~452.5rpm 101. ~359 mi 103. ~898 mi/h 105. ~2292 mi/h_ 107. qipm 109. ~2.86 mi/h 111. ©31.47 rpm 113. ~1037 mi/h 
r 
115. Radius ~ 3979 mi; circumference ~ 25,000 mi 117. v, = ria, v2 = row, and v1, = V2, 80 r7y@1 = rw and = i 
2 Oy 


2.2 Assess Your Understanding (page 121) 
v2 v2) i (3 V3 


1 3 2: 
7. cosine 8. (0,1) 0. ( ) 11. aes 12. F 13. sint 37 00st V3. tant V3. se 2; sect NF ee, V3 
ror 


2? 9 2 2 3 
15. sint Ho oaey A isis oA ee a A cei ents 2V21 17. sint Ne V2. 
. 5. 7 5" 2° ot” 2’ 21 : a2 a 
1 2V2 2 2 
tant = —1;csct = V2: sect = —~V/2; cot t =-1 19. sint 37 Cost V2. tan V2. se 3; sec t V2 ot 2V2 
1 1 4 
21. -1 23.0 25. -1 27.0 29-1 31. >(V2+1) 332 355 37. V6 39.4 41.0 43, 2V2 + “ 45. 1 
20 V3 wo 1 an Qn 2V3 Qn lr V3 
47. sin 3 5 ; COS 3 5: tant 3 V/3: esc 3 3 sec 3 2; cot 3 3 
1 3 2V3 
49. sin 210° = — 73008 210° = oN 210° = V3. se 210° = —2;sec 210° = — ; cot 210° = V3 
30 V2 39 V2 Bt 30 307 307 
51. sin 4 5) 5 COS 4 5 ; tan 4 1;¢se 4 V2: sec a V2; cot 4 1 
84 V3. 8&1. 8&r 84  2V3 89 8 V3 
53. sin 3 5) 5 COS 3 5: tan 3 V3: esc 3 3 3 sec 3 2; cot 3 3 


v2 


2 
55. sin 405° = cos 405° = 2° tan 405° = 1; csc 405° = V2: sec 405° = V2; cot 405° = 


sr. sin(—E) = —F:ono{—) = Pitan(-Z) = -“Pree(—B) = -210ee(-£) = 99. on( -Z) = -v 
V2 


sin(—135°) V2: cos 135°) 5 ; tan(—135°) = 1; csc(—135°) V2: sec( 135°) V2: cot( 135°) =1 


59 
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By 5 5 5 5 5 
61. sin - 1; cos w 0; tan > is undefined; ese = 1; see is undefined; cot =0 


2 
_( 140 V3 140 1 140 140 2V3 ( un) ( “un V3 
63. sin( 3 ) 2° cos( 3 ) oy tan( 3 ) V3: ese( 3 ) 3 sec 3 2; cot 3 3 
: 4 3 4 5) 5 
65. 0.47 67. 1.07 69. 0.32 71. 3.73 73. 0.84 75. 0.02 77. sin@ 52008 8 53 tan @ 3 c8c@ a sec 6 3 cote 
3V13 2V/13 3 13 V13 
79. sin @ B 5 cos 0 B ;tané i sed 3 3 sec 0 5 scot 6 


2 2 
81. sind V2. cos 0 V2. tan 1; csc 0 V2: sec 0 = —V2: cot 0 =1 


V3 1 3 V3 
2 


83. sin 6 4688 © ond ee eee °. cot 0 : 85. 0 87.0 89. —0.1 91.3 93.5 95. 9.5 9. 7 101. 


5 5 4 3 
V3 V3 V2 V2 (a V2 V2 a 7 
103. V3 105. 3 107. 3 109. a 111. (a) <2.(2 ~) (b) ( 2” =) (c) (z 2) 
a 5a aw Tn 137 
Be 3 BB 3 


113. Answers may vary. One set of possible answers is 


115. 
0 0.5 0.4 0.2 0.1 0.01 0.001 0.0001 0.00001 
sin 0 0.4794 0.3894 0.1987 0.0998 0.0100 0.0010 0.0001 0.00001 
2 0.9589 0.9735 0.9933 0.9983 1.0000 1,0000 1.0000 1,0000 
sin 0 


ae approaches | as 6 approaches 0. 


117. R = 310.56 ft; H ~ 77.64 ft 119. R = 19,541.95 m; H © 2278.14m 121. (a) 1.20sec (b) 1.12sec (ce) 1.20 sec 
123. (a) 1.9 hr;0.57 hr (b) 1.69 hr;0.75 hr (ce) 1.63 hr; 0.86 hr (d) 1.67 hr; tan 90° is undefined 
125. (a) 16.56 ft (b) 20 (c) 67.5° 127. (a) values estimated to the nearest tenth: 
sin 1 ~ 0.8;cos 1 * 0.5; tan 1 * 1.6; csc 1 © 1.3; sec 1 ~ 2.0; cot 1 = 0.6; 
actual values to the nearest tenth: sin 1 ~ 0.8; cos 1 * 0.5; tan 1 ~ 1.6; 
esc l © 1.2;sec1 © 1.9; cot 1 = 0.6 
(b) values estimated to the nearest tenth: sin 5.1 ~ —0.9; cos 5.1 ~ 0.4; 
45° 90° tan 5.1 © —2.3;csc5.1 © —1.1;sec5.1 © 2.5; cot 5.1 + —0.4; actual 
values to the nearest tenth: sin 5.1 ~ —0.9; cos 5.1 ~ 0.4; tan 5.1 ~ —2.4; 
esc 5.1 © —1.1; sec 5.1 © 2.6; cot 5.1 ~ —0.4 


— 


2.3 Assess Your Understanding (page 136) 


5. 27;7 6. All real numbers except odd multiples of 5 7 [-1,1] 8& T 91 10.F 11. = 13.1 15.1 17. V3 19. 2 21. 0 
3 3 4 5 5 1 
23. V2 25. = 27. II 29 IV 31. IV 33. Il 35. tané go cote 3) sec 0 ice 3 37. tan 0 = 2;cot@ 9 sec 0 V5; 


5 3 2V3 2 3V2 
cso - VS 39. tan = 3. cota = V3;sec0 = NE cigeaty 41. tan@ = -~2;cot9 = -2VE;s000 = 2Y2, csc = 3 


ul 5 3 3 5 
Sate 45. sin 0 ;tan@ 3csc 0 ;sec 60 eT 


12 13 
43. cos 0 2 ;tané 3csc 0 ;sec 6 


13 5 12 5 12 5 4 3 4 
47. cos 0 stan 8 = esc 0 = sec 0 = =; cot = - 49, sing = 22 tana = -2Vi;es00 = 2; sec 0 = 3; cot 0 2 
51. cos 6 V5 tan 5 scsc 0 se 6 AVS. cot = 53. sin 6 “>: cos 8 yitand V3: 
csc 0 2V3 cot “i 55. sin 6 3:08 0 a csc 0 sec *- cot 8 : 57. sin 0 V10. 6080 ee 
csc = V/10; sec 0 VIO. ot 3 59. = 61. _ 63.2 65. -1 67.-1 69. = 71.0 73. -V2 75. _ 77.1 79.1 


81.0 83.1 85. —-1 87.0 89.0.9 91.9 93.0 95. Allrealnumbers 97. Odd multiples of 5 99. Odd multiples of 101. -ls=y=1l 
103. Allrealnumbers 105. 


1 
y| =1 107. Odd; yes; origin 109. Odd; yes; origin 111. Even; yes; y-axis 113. (a) 73 (b) 1 
115. (a) —2 (b) 6 117. (a) —4 (b) —12 119. ~15.81 min 121. Let abe areal number and P = (x, y) be the point on the unit circle that 


, : ¥ 
corresponds to ¢. Consider the equation tant = ~ = a. Then y = ax. But x7 + y? = 1,sox* + ax? = 1.S0x andy = + 
x 


" 1 a . 
V1 +a@ V1 + ao 
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that is, for any real number a, there is a point P = (x, y) on the unit circle for which tant = a. In other words, the range of the tangent function is the 
set of all real numbers. 123. Suppose that there is a number p,0 < p < 27, for which sin(@ + p) = sin @ for all 6. If @ = 0, then 


sin(0 + p) = sin p = sin0 = 0,so p = w. If 6 in then sin( 3 + r) = sin(), But p = 7. Thus, sin( 7) =-l sin() 1. This is 


1 
impossible. Therefore, the smallest positive number p for which sin(@ + p) = sin @ forall @is 27. 125. sec@ = om 8° since cos @ has period 277, 


so does sec 9. 127. If P = (a, b) is the point on the unit circle corresponding to 0, then Q = (—a, —b) is the point on the unit circle corresponding to 


-—b_b 
6 + 7. Thus, tan(@ + 7) = —— = — = tan 0. Suppose that there exists a number p,0 < p < 7, for which tan(@ + p) = tan @ for all 6. Then, if @ = 0, 
-a oa 


then tan p = tan 0 = 0. But this means that p is a multiple of 7. Since no multiple of 7 exists in the interval (0, zr), this is a contradiction. Therefore, 
the period of f(@) = tan @ is 7. 
1 1 a 1 1 


1 1 
129. Let P = b th int on th it circl ding to 0. Th = = ‘ == ;cotd=—= = : 
e (a, b) be the point on the unit circle corresponding to 0 en csc 0 b snd’ sec 0 cos 8" cot 0 bh Ba and 


131. (sin 6 cos #)? + (sin @ sin @)? + cos? @ = sin’ 6 cos? @ + sin’ @ sin’ ¢ + cos” 6 = sin? 6(cos? d + sin? d) + cos? 6 = sin? 9 + cos? = 1 


2.4 Assess Your Understanding (page 149) 


R15 437 $35 GT DF &T XO )—><x<F ©1 @ 07,20 
30 7 a 30 Sa oa Ta Ir : . : 
(e) f(x) = 1 for x 2? a f(x) 1 for x 79 (f) a? 6b & (g) {axle = ka,k aninteger} 11. Amplitude = 2; period = 27 


1 4 
13. Amplitude = 4; period = 7 15. Amplitude = 6; period = 2 17. Amplitude = 7 period = < 19. Amplitude = >. period = 3 


21. F 23. A 25.H 27.C 29.J 31. A 33. B 
35. y 37. 39. 3 41. 3 
(27,4 sh0, 414274 (4 see mae a(%, , ee 0.08 y i (7. y 
Sar bet \? YA a . y 
(e ecg gaa) aay 
-# % . % e ) (7,0) 
Be (Fs - 
(-7, 4) “4 G. y + x 
Lorna, —4)) 2 (-5 Ls 1) aM H 
Domain: (—00,00) (3. -4 5, -4 a? } 125 a £0, 0) a 
T os, 
Range: [~4, 4] Domain: (—0©90,00) -F.0 G. ~ ) G. -1) (5) 
Range: [—4, 4 Domain: (—0o, co) 
Domain: (—00, 00) Range: [—1, 1 
Range: [—1, 1] 
43. 58 45. slg 1) 47. (s ; 49. i 
= L(ar, 2 oT balla ah , _s CL 
(~3, EAT de, 0) Ge ane iH (F. D es 3) cr ms : (a, 3) weer ian, ent 
(477, 0) 99 J : 3 
7 % @n,3) 3 Ha" (3,3 
\ ALY (3) oh es i (3. -) en 2) 
(m2 Ga, -2) (C3 int FRR PRH * a 
(0, 0) 5 
(9% : G3 
Domain: (—00,00) Domain: (—00, 00) : 
R [2.2 Domain: (—°°, co) Range: [1,5 Domain: (—©9, oo) 
ange: [—2, 11 a Range: [ —8, 2] 
Range: I-3 ;| 
22 
51. 9 53. a 55. 35 57. 1 
(3 1) os G. 1) 2 (4. , 5 a, 8) (3. 3 ya (0, 0) ( ; ac z 
75 YR | 4°3 
(3.4) G4) A -4 (4,2) ( 5) 
AN (6.4) 7, 5) (3,0) b= Ho} 
a “To ~ (-7, 5) (3. , 45 Sx («6 1) x 
9 5 3115 30 : 9 8 (-8, -1) (8, —1) 
2’ 2? 4° Lo x 4a’ 3 +255 \ +25 
(0,4) (0,5) a s) 3, 0) (0, -1) 
Domain: (—©9, oo) 
Domain: (—00, 00) Domain: (—9%, 00) Domain: (—00, co Range: [ —1, 2] 


Range: [—2, 10] 


Range: [2, 8] 


5.35 
R = 
ange: | 5,3] 
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59. y= +3sin(2x) 61. y = +3sin(7x) 63. y=5 cos( x) 65. y = —3 cos (5) 67. y = = sin(2arx) 69. y = —sin (3:) 


4 2 2 
71. y = —cos es) +1 73. y =3sin (E:) 78. y = —4cos(3x) 77. — 79. a 
T T 
1 
81. f(g(x)) = sin (4x 83. f(g(x)) = —2 cos x 85. 7 fs i 87. Period = 30 © 
{3s 
[\2° }-(m, 0) 
yA Yh 125 (Qn, 1) amplitude = 220 amp 
(+3 0) 125 G D (2) 
cs a (0,0) * ef 
ar e * (es ) 
PEEL @a, -2) (ee. “VB co 
= : 5 
g(f(x)) = 4sin x g(f(x)) = cos(—2x) Hae 
54 YA 
4 (a1 89. (a) Amplitude = 220V; — (e) I(t) = 22 sin (1207) 
* period = = s (d) Amplitude = 22 amp; 
x ; 1 
-(, -, (F- ) (b), (e) period = 7s 
aI 
if 
[Vosin (2rft)P Vi. , _, Vo 
91. (a) P(t) R R (27ft) (b) Since the graph of P has amplitude oR and period of and is of the form y = A cos(wt) + B, 
2 v2 1 2 v2 v2 V2 
then A = and B a Since of then w = 4rf.Therefore, P(t) = Soy cos (47ft) + oe = 7 [1 — cos(47ft)]. 
2 2 
93. (a) Physical potential: o = a emotional potential: w = ri intellectual potential: w = an 
(b) 100 (c) No (d) Physical potential peaks at 15 days after 20th birthday. 95. YA 


Emotional potential is 50% at 17 days, with a maximum 
at 10 days and a minimum at 24 days. Intellectual 

potential starts fairly high, drops to a minimum at 13 days, 2m 
and rises to a maximum at 29 days. 


BY 


0 36 
0 


1 1 1 5a 1 3 5 
97. Answers may vary ( =r. +).( =>), (S +).( se +) 99. Answers may vary ( =.) (Za), 7.1),(7%.1) 


2.5 Assess Your Understanding (page 159) 


3. origin; odd multiples of F 4. y-axis; odd multiples of 5. y=cosx 6 T 7.0 %1 


3 
1. secx = 1 for x = —27,0,2m;secx = —-lforx =—m,7 13. — Sa =z. rast 
17. YA 19. yh 21. Yh f i 
| se) 
Z| 7-3) [ 74) 2 
| oe M x x 57x 
-=, -3}4 7 TI 
' uo (3-4 (3-1 
k _ : : 
Domain: {« x#F La | is an odd integer} Domain: {x|x # kak is an integer} Domain: {x|x does not equal an odd integer} 
2 Range: (— 09, 00) 


Range: (— 00, co 
Range: (—00,00) ge: ( ) 


23. Yh 25. YA 27. YA 
ror 4 ror 
(7,1) -| (3.3 Lost %,3 
(0, 2) (271, 2) 2 
' nt =a 
cat (<7, -2) (x, -2) es -3 z, -) 
Domain: {x|x # 4kz, kis an integer} ; kn. ; 
Range: (—00, 00) Domain: 4 x|x # 3° k is an odd integer Domain: {x|x # k7,kis an integer} 


Range: {y|y = —2or y = 2} Range: {y|y = —3or y = 3} 
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= a <a Qn 
* (m,-§ \ 2? me 


(0, -2) 


29. y 31. YA 5 33. YA 
23 , 
(0, 4) (—31, 2). (77, 2) 
=o (-$2)4 z (1,2) oe u 
x 2? = (0, 1) x 
(-27, —4y a \ 
ees 3 _4\ (Gz, 0) 
3, he 
Domain:{x|x # k7,kis an odd integer} Domain: {x|x does not equal an integer} Domain: {x|x # 27k, kis an odd integer} 
Range: {y|y = —4 or y = 4} Range: {y|y = —2or y = 2} Range: (—90, 00) 
35. (0, 3) 37. Yh 39, yh 
i *-§) FEEL SEEH (32 
| bs) A 
2 rap 
(3) Gx) F : 
Hane 
3 


Domain: {x|x # 37k,kis an integer} 


Domain: {x x# geek is an odd integer} Domain: {x|x # 27k, kis an odd integer} 


Range: {yly = lory = 3} Range: (—00, co) Range: {yly = —3or y = 1} 
2V3 6V3 
ie a ae Hania g(f(x)) = 4 tan x 47. f(g(x)) = —2cotx g(f(x)) = cot(—2x) 
T T 
YA at - y y 
ny (Fe) it6 G ‘ rat Z 
x 7 ¥ ¥ x 
12 -7,-4 
Cie 4 
49 51. (a) L(@) = 2 + (b) 25 53. 
c 5, 1 . cos@ sind . ral ial 
Fi = 3sec@ + 4cscO H 
i 7 0\ > > 
2 } x ¥ 
> (c) ~0.83 (d) ~9.86ft 
(0, 0) : 
(x, -1) ee a 
rt 0 cL y =tanx 7 
= 3, -v2) 0 2 y= ~cot (x + 5) 
x= 4 
2.6 Assess Your Understanding (page 170) 
1. phase shift 2. F 5. Amplitude = 2 7. Amplitude = 3 
3. Amplitude = 4 2 Period = 7 
Period = 7 = Period = — Phase shift = —— 
Phase shift = a 4 
Phase shift = ae vi (2,3 (2 ) 
caagiltid® 


70 “\"4? Z YA pe 75.0) LA 
+ ~ 6%) Sp y 3 | * 
% ov (3. } (7, -3) 
(J : 
: + (3a 9 \ 0,73) \@ 
(7, 0) Sa -4 2° i] TT eo 
qa §. -2) 5.0 a wa -.) 
1 
9. Amplitude = 4 11. Amplitude = 3 13. Amplitude = 3 15. y =2 snl (x = 3) or 
Period = 2 Period = 2 Period = 7 . 
2 , ; im y = 2sin(2x — 1) 
Phase shift = - Phase shift = — Phase shift = a > 1 
Lp 17. y =3 sin) 2(x + +)| or 
1 2 (a a 3 3 3 
@-2,-1 a 1-39 24 a a. 2 2 
sect > y. 242.3) BIH y = 3sinj x + — 
Tes a 7 es } es y B) 9 
. 
2 K 
bay RE (3 
2m (-7, -3) 2 
us { (3-2 -s) - tes as / Ai -3) 
~ 2, -5) 27 (1 + 2,2) (3.0 @-3) (z, ‘ 


ANSWERS Chapter 2 Review Exercises AN15 
19. 3a Sar 21. 23. (5 ) 25. ee | 
ie 46? gl Salama” NPR areaeT | 
(33.2) 4 3:2) yrz Zs 454 é 
Cee 
(-z ) (3.0) ie saree ,(1,1) 
a) > <7 
; AN, C2) AEG 
(3, 
(6) EEE Ge 3) eo) 
(0, 0) (3-1) x= —Z (0,0) x=-4 x=3 
i 1 [ ar (7 2a 
27. Period = —~s; 29, (a) yy, —(x — 4)| + 40.1 or y = 15.9sin{ —x — — } + 40.1 
15 L6 6 3 
‘ = : 50 
amplitude = 120amp; * (d) y = 15.62 sin(0.517x — 2.096) + 40.377 
phase shift = — s > (e) 60 
90 
10 
Ty 
H20 
x 
4 8 2 
7 
20 
2 
31. (a) yy (b) y = 24.95 sin] 2x a | + 50.45 or y = 24.95 sin( Zs < =z) + 50.45 
80) 6 6 3 
ate) 
0 r 
: it tr (c) fe (d) y = 25.693 sin (0.476x — 1.814) + 49.854 
aol? > 25 (e) 80 
+ 
4 8 2 se 
20 
z 
4 8 2 
. | 24a . | 24a 
33. (a) 11:55PM (b) y = 3.105sin 49% — 8.3958) | + 2.735 or y = 3.105 sin 749% — 4.2485 | + 2.735 (ce) 2.12 ft 
35. (a) y = 1.6si aE — 1.39} + 12.15 37. (a) y = 6.97si = — 1.39} + 12.45 
. (a) y = 1.6sin' 365 * : : . (a) y = 6.97 sin 365% : : 
(b) 12.43h (b) 13.67h 
(ce) yy (ce) yy 
20) 20) 
10 10 
¥ * 
150 280 420 150 280 420 
(d) The actual hours of sunlight on April 1, (d) The actual hours of sunlight on April 1, 
2010, were 12.43 hours. This is the same 2010, were 13.38 hours. This is close to 
as the predicted amount. the predicted amount of 13.67 hours. 
Review Exercises (page 176) 
5 if 2 4 
1. oa 3. a 5. 135° 7. —450° 9. 7 11. = = 13. -3V2-—2V3 15.3 17.0 190 21.1 231 25.1 27-1 291 
3 4 5 12 13 
31. cos@ plane gee 428008 >. cote 33. sind 13° 89 13°? 197800? 5 ; cota - 
3 4 5 4 B} 12 1 13 5 
35. sind 57 0080 5: tand = esc qr cote 3 37. cos@ go 5 scscé seed 5 ;cotd = 1D 
12 5 13 ; V10 3V/10 V10 
39. cosé 73° 'an@ 12) 808 5 ;sec0 12° 00t8 41. sind 10 3 cosé 10” scO /10: secd = 3 2 e0te =3 
1 1 
43. sind 3 cos@ ee 2V2: csc0 4 3 coté = 45. sind 5 cosé V5, tané ieee V5: sec@ = we 
41 yy (ea 49. nits 51. " 
a5 \8 pst \2’ 
* : x 3|* 
TT 1 
i (2) Bp 
i k 
Domain: (—00,00) Domain; (—00,00) Domain: {x xF ae k is an odd integer} 
; Range: [—2, 2 2 


Range: [ —2, 2] 


Range: (—©o, 00) 
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53. _a 55. _3a 37. vA 
ye 2 yy ee 
rs > 
= x 3 E=(7, — 
i | WATE) 
Cece 
. kv. ‘ 
. T TF 3.5 : . 7 : : Domain: 4 x|x # —-, k is an odd integer 
Domain: 4x|x 4 6 +k 3 k is an integer Domain: 4x|x #— a + ka, kis an integer 4 
Range: {y|y < —4 or y = 4} 
Range: (—00, co) Range: (—©o, 00) 
59, yh 61. yh 63. Amplitude = 4; period = 27 
65. Amplitude = 8; period = 4 
x 5 
= 
14 PEPER 
Domain: (—00,00) Domain: {x x# = +k-20,kisan integer} 
Range: [—6, 2] 2 
Range: (—0°0, co) 
1 
67. Amplitude = 4 69. Amplitude = 2 71. Amplitude = 2 73. Amplitude = > 
. 20 Period = 7 : 
Period = — _ : 4a Period = 2 
3 Phase shift = — Period = 
Phase shift = 0 2 Phase shift = — 
20 
y4 Ph hift = — 
ai G 4) sk ase shi 3 7 
He a rast FS 2 
x a 
COVE] x 
=,-4 
AE) 


75. y=5 cos 77. y 6 cos( 7 x) 79. 0.38 81. Sine, cosine, cosecant and secant: negative; tangent and cotangent: positive 


2V2 1 3V2 
83. sind 3 3cosé gi tan’ 2V2: escd V2. seco 3; cotd 


8 


mn 


. Domain: {: x # odd multiple of: range: {y||y| = 1}; period = 27 87. = = 1.05 ey = 1.05 ft? 89. ~114.59 revolutions/hr 


91. 0.1 revolution/sec = 5 tadian/sec 


93. (a) 120 95. (a) » () yy (e) 95 

1 90 oe 90 
(b) 60 80) it bd 80) 
70 ©. 70 
(Cc) Ey oo . 60 

120] 50 x of bj 

4 8 2 4 8 2 

: (b) y= 19.5 sin AG - | +70.50r (d) y = 19.52 sin(0.54x — 2.28) + 71.01 


—120 


y = 19.5 sin( 2x = =z) + 70.5 
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Chapter Test (page 178) 


3(1 — V2 
1, Bt 220m 5 BT 4g _o5° 5 g10° 6, 135° 25 8. 0 9. -5 ine? 11. 2 a 13. 0.292 14. 0.309 


15. —1.524 16. 2.747 17. 


dinQl 
din Qll 
0 in QIIl 
din QIv 
2V6 5V6 7 1V6 2V6 V5 V5 3V5 
19. cosé 7 tand D? cscé 5 sec0 D° coté 5 20. sind 33 tand 2: cscé 5° 
3 2V5 ig 5 13 13 5 (MES 5/146 1 
sec@ = 3 coté = -—s 21. sind B cos 3° cscé 12: sec0 5° coté D 22. 53 23. 146 24. 5 
25. yh 26. (—7, 3)y4 (0,3) 27. y= -3 sin( 3x + =z) 28. 78.93 ft? 29. 143.5 rpm 
5 f 


op 
v|¥' 5 
Se. 
te 
Tw 

3 

fl 

N 

2X 
HY 


Cumulative Review (page 179) 


1 
1 { 1.5} 2.y—-5 3(x + 2)ory =—-3x-1 3.x°°+(y +2)? = 16 


2 
4. A line; slope 3° intercepts (6,0) and (0, —4) 5. A circle; center (1, —2); radius 3 6. yh 
yA vA 5 
; 2 2,3) 
(6, 0) * (4, 3) 
\ (G3, 2) 
10)x LS 6x 
d, —2) 
, —4) 
ay ae 
7. (a) yy (b) yy (c) YA (d) YA 
[ H=,1 
14 4 qd, 1) pea 
(0,0) a bay (0, 0) 
5x > x 
(-1L, DX Aa) Cho a 4 i 
(XD) see ECE ee -1) | 
2 
1 3V3 7 
Wy) = Aly 4 _ = 
8. f'(x) = (4 +2) 9-2 10. (2s a(t | . ) 11. 3 7 y=3 cos( e x 
ri Leit, 2 


CHAPTER 3 Analytic Trigonometry 


3.1 Assess Your Understanding (page 191) 


5 
Tx=siny &0<x<7 9 -woK<x<0 10F LT 12.T 13.0 15. =a 17.0 19 21. 5 23, = 25. 0.10 27. 1.37 


4 3 1 
29. 0.51 31. —0.38 33. —0.12 35. 1.08 37. = 39. = 41. . 4B. . 45.7 47.4 49. Notdefined 51. 7 
a5 ly) = —tan-l = 
53. f(x) = sin! ~—* F 55. f \(x) = eos ( =) il a) a a 
= A i as, fe 
Range of f = Domain of f-! = [—3, 7] Range of f = Domain of f-! = [—2, 2] Raheny = Roma ory Ce) 
7 1 7 Range of f-! = = | 
Range of f-! = -2.| Range of f-! = 0 2] 8 22 
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2 1 
59. f(x) = 4 sin-'(=) -1] 61. {vai 63. {3} 65. {V3} 67. {-1} 
Range of f = Domain of f~! = [-3, 3] 69. (a) 13.92hor13h,55min (b) 12h (ce) 13.85 hor 13h, 51 min 
Range of f~! | : - ; + =] 71. (a) 13.3hor13h,18min (b) 12h (ce) 13.26 hor 13h, 15 min 


73. (a) 12h (b) 12h (ce) 12h (d) Itisi2h. 75. 3.35 min 77. (a) F square units (b) =F square units 79. 4250 mi 


3.2 Assess Your Understanding (page 198) 


4.x =secy;=1:0;7 5. cosine 6 F 72T &T 9. vs 11. ae 13.2 15. V2 17. a 19. ae 21. =m 23. a 25. = 
5 14 3V10 2 
27. v5 29. vis 31. V0 33. V5 35. —— 37. 39. — 4.2 43. 45. 1.32 47. 0.46 49. -034 51. 2.72 53. 0.73 
2 ) 10 4 6 2 6 3 
1 24 24 1 5 3 5 
55. 2.55 57. a re Goo 6 56 oo on 3 > 5.2 7 -Vi5 
V1+v Vi-w |x| |u| u 13 4 4 B 6 
79. (a) 0=31.89° (b) 54.64 ft in diameter (c) 37.96 fthigh 81. (a) 6=22.3° (b) v) = 2940.23 ft/s 
83. ‘ 


3.3 Assess Your Understanding (page 206) 


a Si 
Y Pee 5 
.5F gto 


Tw 117 a 2a 4a So a 30 Sa Tr 
a is ares} gaat 
a Tm 117 a 2a 4a Sar 47 87 167 Tn 117 3a 71 2a 4a 3a Sar 
ie al - ees a. {5 79° 9 } as. (72. 6 | 28.172, =} mn {3 , 7 = feat 
3a 71 11a 7 Sa aw Sa 13m 17a 25a 29a 
{ \ a3, {Yel 3s, {o]o= 2 + 2k0,0 = = + aka}, 2 5%, Be Ue 2m 2 
37. {0 


Sar “ kn}: Sa la 17m 230 290 357 39. {6 \.2 3a Sa Ta On 117 
oo = 2 + kao = + ke} 


5 
g= 2 + Ik, 6 = + Qk, k is any integer} 9.F 10.F 1 { 


7 37 
=—+ = 4+ 
0 ) 2kar, 0 2 Qkar 


° 6° 6° 6° 6° 6’ 6 De De a DS De D, 
7 20 40 Sa Ta 8a 
aes es anes aes aes es 


41. 107 \.82 107 207 227 327 347 


8ar 
: =a + =—— 4+ 
43. {olo 3 4ka,0 3 4ka ee ee er ee 


a 2a 4a 30 


45. {0.41,2.73} 47. {1.37,4.51} 49. {2.69,3.59} S51. {1.82,4.46} 53. {2.08,5.22} 55. {0.73,2.41} 57. {2.42%} 


w Im 117 a Sa w 20 40 30 w Sa 7 5a w Sa 30 7 
99. (5 MEL on 05h os (oh os. toy on {2b ow. (0.20 2h {Et os {Zh os. 10} 
5 In 4 5 
77. {2.72} 79. No real solution 81. —1.31, 1.98,3.84 83. 0.52 85. 1.26 87. —1.02,1.02 89. 0,2.15 91. 0.76,1.35 93. rere ed 
llq Un aw 5a 130 170 
95. (a) —20,—7,0, 7, 20,370,407 (b SS , 
(a) a, —17,0, 77,277, 377, 477 = (b) Se, 2) (lax 3) © { ra 6°6' 6 6 za 
la 3 | 1 (d) {x Bt 2g Top <x < Bo <x < Th 
C333) ett (33) 6 66 6 6 6 


x= 2 + kx, kivany integer} (b) es = or( z. =) 


97. (a) {x 
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pee 2a Ar 
99. (a), (d) = () ea epee Yh ga) =2eosxe3  () ees 
(&. 3) Nf (12 
2a, —( 3 2) 
im 7 id 7 - 
(je 1) = sO =2 Pe 
an Sx) = -4 cos x 
| fix) = 3 sin(2x) + 2 Wr 4a 2a 4a 
<x< 
fo * 7} or (22,2) 


(ls Fe ye ==) o(Z ==) 
12 12 12° 12 
103. (a) 0s,0.435,0.86s (b) 0.21s 109. (a) 30°,60° (b) 123.6m 111. 28.90° 113. Yes; it varies from 1.25 to 1.34. 115. 1.47 
(c) [0, 0.03] U [0.39, 0.43] U [0.86, 0.89] (©) 439 117. If 6 is the original angle of incidence and ¢ is the angle 
105. (a) 150 mi (b) 6.06, 8.44, 15.72, Pe tetion di sin 0 
18.11 min (c) Before 6.06 min, bahia 

i 1 
Deiween Garend Teds sem aie emerging beam is also ¢, and the index of refraction is —. 
18.11 min (d) No nN 
107. 2.03, 4.91 6 0 Thus, @ is the angle of refraction of the emerging beam. 


= ny. The angle of incidence of the 


3.4 Assess Your Understanding (page 215) 


1 1+ si al 3sind+1 
3. identity;conditional 4.-1 5.0 6T 72F &T 9% i ee iso: aye 
‘ cos 6 cos 8 sin 6 cos 6 sind + 1 
19. csc 0+ cos 0 ——* cos 0 = = =cot@ 21. 1 + tan?(—0) = 1+ (—tan 9)? = 1 + tan? 6 = sec’? 
sin 6 sin 0 


sin@ cos @ sin? 9 + cos? @ 1 1 
23. t + cot + 
PESRO ECan PORES ees (2 0 sin 3) oe o( cos @ sin 6 ) om o( cos @ sin ;) sin 6 one 


1 . 
25. tanu cotu — cos*u = tan ar cos*u = 1 —cos*u = sin’u 27. (sec@ — 1)(sec@ + 1) = sec?@ — 1 = tan’6 
an u 


1 


29. (sec @ + tan @)(sec 6 — tan 6) = sec? 6 — tan?@ =1 31. cos? @(1 + tan? 6) = cos” @ sec? @ = cos? 60> aoe =1 
33. (sin @ + cos 0)” + (sin@ — cos 0)? = sin? @ + 2 sin @ cos @ + cos? @ + sin? @ — 2 sin @ cos @ + cos? 6 
= sin? @ + cos*6 + sin*?@ + cos*6 =1+1=2 
35. sec! @ — sec” @ = sec” 0(sec? 6 — 1) = (1 + tan’ @) tan? 6 = tan‘@ + tan’ 
1 snu 1-—sinu 1+ sinu 1 — sin? u cos” u COs u 
37. secu — tanu 7 : = 7 = i = ; 
cosu  cosu cosu 1+sinu cosu(1+sinu) cosu(1+sinu) 1+ sinu 
39. 3 sin’ @ + 4 cos’ 6 = 3 sin? @ + 3.cos*@ + cos” @ = 3(sin’ 0 + cos”) + cos’ = 3 + cos” 
cos’ 0 1 — sin? (1 + sin @)(1 — sin @) ; : 
Dh a gag. Rein 1+ sind i i a 
44 1 cotv +1 1 
fy 2 OO cotv cotv. _ cotv +1 BET 2 SUNT CORY epi de Ye en mf > en = 2 ee 
1 — tanv 1 cotu-1 cotuvu-1 csc@  cosé 1 cos 6 
~ cot» cot v sin 0 
ek 1 csc 6+ 1 
a7, sind _ cscO —cscO—s csc + 1 
1 — sind 1- 1 cscO—1 cscO-—1 
csc 0 csc 0 
go, Lo Sine , cos v (1 -sinv)? + cos*v 1 — 2sinv + sin? v + cos? v 2 -—2sinv 2(1 — sin v) 2 5 ieee 
cos v 1 — sinv cos v(1 — sin v) cos o(1 — sin v) cosv(1 —sinv) cosv(1—sinv)  cosv 
SL. sin 0 _ 1 = 1 _ 1 
sin@—cos@  sin@ — cos@ cos@ 1-—cotéd 
sin 6 sin 0 
53. (sec @ — tan 6) = sec’ 9 — 2sec@ tan 6 + tan’ 0 = — + ane = =—_ ul eg as sulk c —— vis 
cos*@  cos*@ cos’ @ cos’ 6 1 — sin’@ (1 — sin @)(1 + sin @) 
_ 1- sind 
~ 1+ sin 
55. cos 0 sin 6 cos 0 # sin@ cos 6 sin 0 cos? 6 sin’ 6 
1—tanédé 1-—cot@ sin 0 cos@ cos@—sin@ sin@—cos@ cos@—sin@  sin@ — cosé 
cos 6 sin 6 cos 6 sin 0 
cos?@ — sin?@ (cos @ — sin @)(cos 6 + sin @) ; 
, : sin 6 + cos @ 
cos 8 — sin @ cos 6 — sin é 
cos 6 sin 6 cos 6 sin 0(1 + sin@) + cos*@ — sin @ + sin? 6 + cos? 0 sing +1 1 
57. tan @ + + sec 0 


1+sin@ cos? 1+ sind cos #(1 + sin 6) cos 0(1 + sin @) cos @(1 + sin@)  cosé 


AN20- ANSWERS Section 3.4 


tand+seco—1  tan@+(sec@—1) tan@+(sec@—1)  tan’@ + 2tan6(sec@ — 1) + sec?@ — 2secO +1 


59. 


tandé—secO+1  tan@—(sec@—1) tan@ + (sec@ — 1) tan? @ — (sec? @ — 2sec@ + 1) 
sec? —1+ 2 tan 6(sec@ — 1) + sec?@—2secO+1 2sec*9—2secO + 2 tan 6(sec 9 — 1) 
sec? @ — 1 — sec*9 + 2sec@—-—1 —2 + 2sec0 
2sec (sec? — 1) +2tan@(sec@—1) 2(sec@ — 1)(secé + tan @) 
tan 6 + secdé 
2(sec @ — 1) 2(sec @ — 1) 
sin@ cos@ sin’ @ — cos’@ 
61. tan eat POR sin 6 _ cos 6 sin 0 _ sin? = cos’ _ 2, see 
tan@d+cot@ sin@  cos@ _ gin?@ + cos?@ 1 
cos@ sind cos 6 sin 0 
sin u _ cosu sin? u — cos*u 
63. ee +1= a SI gp = OS SIN 1 = sin? — cost?u + 1 = sin?u + (1 — cos* w) = 2 sin? u 
tanu + cotu sin u i, cos u sin? wu + cos? u 
cosu ss sinu cos u Sin u 
1 n sin 0 1+ sind 
65 secO + tan@  cos@ cos@ _ cos 6 1+ sind. sin 0 sin 0 1 a ee 
“cot@+cos@  cosé i 9 cos @ + cos 6 sin @ cos@ cos@(1+sin@)  cos@ cosé 
cos Se 
0 . sin 0 
1 — tan? 1 — tan?@ + 1 + tan? 2 2 
67. are +4 ae at 5 5 2 cos” 6 
1 + tan? @ 1 + tan? 6 1+ tan°@ sec’ @ 
sec 0 — csc 0 sec 6 csc 0 1 il . 
i sec 6 csc 0 secOcsc@ sec@csc@ csc@ secé i a 
1 1 —cos?@ _ sin? in 0 
71. sec @ — cos@ cos 6 ae ae sin 0: = sin 6 tan @ 
cos 0 cos @ cos @ cos @ 
1 1 1+sind+1-—si 2 2: 
73. —e a ane 2 sec? 6 
1-—sino 1+sin@ (1+ sin6@)(1—sin@) 1-—-sin?6  cos?@ 
78 sec 0 secO 1+sing secO(1+sin@) secO&(1+siné) 1+ sing 
“1-sin@ 1-—sin@d 1+ sin@ 1 — sin? 0 cos? 0 cos? 0 
2 _ 2 sin v 
7 (secv — tanv)? + 1 sec'v — 2secvtany + tan’v +1 2sec*v—2secvtanv _ cos?v cos? v 2—2sinv sinvcosv 
* ese v(sec v — tan v) 1 ( 1 sav) 1 ( - sin2) 1 — sin v cozv  1-sinv 
sinv\cosv  cosv sin v cos Uv sin Vv Cos V 
2(1—sinv)  sinv 2 sin v 
: ; 2tanv 
cos Vv 1 —sinv cos Uv 
sin@+cos@ sin@—cos@ _ sin@ cos@ sin’ @ + cos’ @ 1 
79. - = el. : = ; = . = sec 6 csc 0 
cos 0 sin 6 cos 0 sin 0 cos 6 sin 8 cos @ sin 8 
in? 6 + 3 sin 0 + cos 0)(sin? @ — sin @ cos @ + cos” @ 
81. = Gk core M 3 ) sin? @ + cos? @ — sin@ cos @ = 1 — sin@ cos @ 
sin 8 + cos @ sin 6 + cos @ 
83. cos” @ — ane = cos’ @ — sin? 6 = cos” @ — sin? 6 = gee 
1 — tan°@ 1 sin? 0 cos’ @ — sin? 6 
cos” 6 cos? 0 
2 cos* 6 — 1)? 2 cos* 6 — (sin? @ + cos? @)]? cos* 6 — sin? 6)? 
85. ( ri 2 ! 5 ‘ 7 al ( 5 = cos’ @ — sin’ @ = (1 — sin’ @) — sin? @ = 1 — 2sin’@ 
cos'@— sin"@ — (cos" @ — sin” 9)(cos” @ + sin“ 6) cos" 6 — sin” 6 
a 1+sin6+cos@ (1 +sin@)+cos@ (1+sin@)+cos@ 1+ 2sin@ + sin?@ + 2(1 + sin@) cos@ + cos” 
“1+ sin@—cos@ (1+ sin@) —cos@ (1 + sin@) + cos@ 1 + 2sin 6 + sin? @ — cos? 0 
1 + 2sin@ + sin? @ + 2(1 + sin@)(cos@) + (1 — sin?@) 2+ 2sin@ + 2(1 + sin @)(cos 6) 
1 + 2sin@ + sin? @ — (1 — sin’ @) 2 sin @ + 2 sin? @ 
2(1 + sin@) + 2(1 + sin@)(cos@) 2(1+ sind)(1+cos@) 1+ cos@ 
2 sin 6(1 + sin @) 2 sin 6(1 + sin 6) sin 0 


89. (asin @ + bcos 0)" + (acos @ — bsin 0)? = a’ sin? 6 + 2ab sin 0 cos 0 + b? cos? 6 + a’ cos? 6 — 2ab sin @ cos 6 + b? sin? 6 
= (sin? 6 + cos?) + b*(cos* @ + sin? @) = a? + b’ 
tana+tanB  tana+tanB  tana+t tanp _ (tae Yan Bis tana tan B = ianertaire 
cota + cot B 1 a 1 tan B + tana tana + tan B 
tana tanp tana tan B 
93. (sina + cos B)* + (cos B + sina)(cos B — sina) = (sin? a + 2sinacos B + cos” B) + (cos* B — sin’ a) 
= 2cos* B + 2sinacos B = 2 cos B(cos B + sina) = 2 cos B(sina + cos B) 


91. 


95. In|sec 6| = In|cos 6|"' = —In|cos 6| 
97. In|1 + cos 6| + In|1 — cos 6| = In(|1 + cos 6||1 — cos 6|) = In|1 — cos” 6| = In|sin? 6] = 2 In|sin 0| 
2 eae +2 : 
99. g(x) = sec x — cos x : cos x : ee ee st = sin x > = sin x- tan x = f(x) 
cos x cosx  cosx cos x cos x cos x 
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101. (6) 1 — sind cos 6 1—sinéd 1+ sin@ cos@é cos 1 — sin? @ cos? 0 
° cos 6 1+ siné cosé 1+sin@ 1+ sin@ cosé cos @(1 + sin@) cos @(1 + sin@) 
2 2 
cos” 6 cos” 6 
0 = g(@) 


cos @(1 + sin@) cos @(1 + sin@) 


1 y) 1 2 7 1 [2—- cos? 1200 (1 + 1 — cos” @ 
103. 1200 sec 6 (2 sec2@ — 1) = 1200 ( 5 1) 1200 ( a 2) 1200 = 9 ( ) 
cos 8 \ cos” 6 cos @ \cos*@ cos” @ cos @\  cos*6 cos” 6 


1200 (1 + sin’ 6) 


cos 0 


3.5 Assess Your Understanding (page 227) 
5.- 6 — 7.F &F 9F 10.T IL a(Vo+ V2) 13. +(v2 - Vo) 18. -(vi+ V6) 172.2-V3 19. -Z(V6 + V2) 


21. V6 — V2 2. 5 25.0 27.1 29-1 31. 5 33. (a) we (b) = (c) ~~ (d) 2 
4-3V3 -3-4V3 443V3 25/3 + 48 5+12V3 12-5V3 5 +12V3 —240 + 1693 
38: 1) aS (b) aoe © — td) vi at) rae Py ane ©) -: va (a) " = 
2V2 ~2V/2 3 ~2V/2 3 9-4/2 1-2V6 3 - 2V2 8V2 - 9V3 
39. (a) 2 (b) sees (c) ee (d) ~~ Al. e 4B. v3 ; v2 45. Les v3 


47. sin( 2 + 0) = sin cos O+ cossin 4 = 1-cos@ + 0-sin@ = cos 0 


49. sin(7 — @) = sina cos @ — cos 7 sin@ = 0-cos @ — (—1) sin@ = siné 
51. sin(7 + 0) = sin cos @ + cos 7 sin @ = 0-cos@ + (—1) sin@ = —siné 


t =A 0-t 
53. tan(a — @) a mt tan@ 55. sin( + 0) = sin cos 0 + cos 5 sin 0 = (-1) cos@ + 0-sin @ = —cos 0 


1+tanwtangd 1+0-tan@ 2 
57. sin(a + B) + sin(a — B) = sinacos B + cosasin B + sinacos B — cosasin B = 2 sina cos B 
sin(a+ B)  sinacosB + cosasinB — sinacos B ‘ cos a sin B 
sin a cos B sin a cos B sinacosB  sinacos B 


59, 1 + cot atan B 


cos(a + B) _cosacosB —sinasinB _cosacosB  sinasin B 
cos a cos B cos a cos B cosacosB cosacos B 


61. 


1 — tana tan B 


sina cos B + cos asin B sin a cos B cos a sin B 
sin(a+ B)  sinacos B + cosasin B cos a cos B cosacosB  cosacosP _ tana + tanp 


bs sin(a— B) sinacosB —cosasinB  sinacos B — cosasin B sin a cos B cosasinB tana — tanB 
cos a cos B cosacosB cosacos B 
cosacosB —sinasinB cosacosB- sinasinB 
ib; carla’ + B) ie + B) bal acos B — sina su B sin a sin B = sin a sin B sin a sin B _ cota cot B= 1 
sinia+ B) sinacosB+cosasinB  sinacosB+cosasinB  sinacos B i cos a sin B cot B + cota 
sin a sin B sin @ sin B sin a sin B 
1 1 1 
i: seclas i= 1 _ 1 _ sin @ ae ; _ sina ee B ; _ __esc a ese B 
cos(a + B) cosacosB —sinasinB  cosacos B® — sinasin B cosacosB  sinasinB cotacot B—-1 
sin a sin B sinasinB  sinasinB 


2 2 


69 


sin(a — B) sin(a + B) = (sina cos B — cosasin B)(sin a cos B + cosasin B) = sin? a cos? B — cos’ a sin* B 
= (sin’ a)(1 — sin’ B) — (1 — sin’ @)(sin? B) = sin? a — sin? B 
71. sin(@ + km) = sin@coskm + cos @sinka = (sin @)(—1)* + (cos @)(0) = (—1)* sin @, k any integer 


3 24 3 6 48 + 2 4 
ae 75. a5 77. * 79. - 81. oe 83. 5 85. uV1 -— vw? — veV1 - 2: -1 Su <1;-1<v<1 


V4 eee ee ae NAA es aN A ae 
SS) Seca ere) get 1S, 2k oF {z.2} 93. {=} os, {Uak 
V1i+ wv oV1- w+ uVi - 0 2° 6 


a = a % T T 
97. Let a = sin! vand B = cos! v. Then sina = cos B = v, and since sina = cos( % - a) cos( % - a) = cos B. 


87. 


Ifv = 0,then0<a< a so (Z 7 a) and f both lie on 0, =) Ifv <0, then = <a <0,so (Z - a) and B both lie on (Z. a 


Either way, cos(% = a) = cos B implies — es B,ora+ B= z 


1 1 i 
99. Let a = tan !— and B = tan | v. Because v # 0, a, 8 # 0. Then tana = — = ae = cot B, and since 
v v an 


tana = coi(4 a) coi(Z a) cot B. Because v > 0,0 <a < a and so (z ~ a) and B both lie on (0 =) 


7 


Then coi(4 = a) = cot B implies . a= B,ora@ 3 B. 
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101. sin(sin! v + cos! v) = sin(sin! v) cos(cos! v) + cos(sin! v) sin(cos! v) = (v)(v) + VI - vw V1l- wav 4+1-v=1 
sin(x +h) —sinx  sinxcosh + cosxsinh — sinx _ cosxsinh — sinx(1 — cosh) _ sinh 1- cosh 


103. h = 7 = i cos x* h sin x h 


tan(tan’'1 + tan!2) + tan(tan!3) 
1 — tan(tan7!1 + tan~!2) tan(tan~!3) 


105. (a) tan(tan”!1 + tan™!2 + tan!3) = tan((tan-!1 + tan™!2) + tan™!3) = 


tan(tan-!1) + tan(tan~!2) 14+2 3 
‘A =I) 7 TE a. — +3 
1 — tan(tan~‘ 1)tan(tan~* 2) = We? 24 =—343 6 r 
tan(tan-!1) + tan(tan7!2) — 1+2 3 ia By 1+9 10 


1 — tan(tan™!1)tan(tan™!2) 


(b) From the definition of the inverse tangent function 0 < tan”! 1 < ae 0 < tan !2 < Le and0 < tan7!3 < a 
. 2 2 2 


3a 
so0 < tan7!1 + tan7!2 + tan7!3 < 3° 


3 
On the interval (0 2), tan 9 = Oifand only if @ = z.Therefore, from part (a), tan!1+ tan-!2+ tan-!3 = 7. 


tan 0 — tan OT mz — Mm 


107. tan 0 = tan(6) — 0;) 


1+ tand@;tan@é, 1+ mm 


2 (1 tmaumns) (aa) of tual) a 


tan(a — B) tana — tan B (x +1) — (x - 1) Bee oil a | 


109. 2 cot(a — B) 
111. tant is not defined; tan( Z = 0) = ——— = —— = cote. 


3.6 Assess Your Understanding (page 237) 


be ee i - . 24 7 V10 3V/10 
1. sin’ 6;2 cos“ 0;2sin°@ 2.1-—cosé@ 3. sin@6 4.T 5.F 6.F 7. (a) 25 (b) 25 (c) 10 (d) 10 
24 7 25 V5 aye 1 -— + V6 e - V6 
9. (a) 25 (b) 25 (c) 5 (d) 5 11. (a) 3 (b) 3 (c) 6 (d) 6 


4V2 7 3 6 4 3 5 +2V5 oN 
3. @ 2 @ 7 O we (d) ve 15. @) -; ® 7 Oy es (@) <= 


9 
17. (a) : (b) eh (d) oe 19. V2= V2 21.1- V2. 23. _V24 V3 


5 2 5 2 2 
5 ge Fi 4 10(5 — V5 4 10 1 
25, ———— = (2 - V2)V2+ V2 27. V2 9 4 an | 3343s, —2 37, VIO gy, V5 
242 2 5 10 3 8 4 3 
1 — cos(2@) \? 
41. sin* 9 = (sin? 9)? ( 5 | ’) st 2 cos(20) + cos?(20)] = - 5008(20) + 008?(20) 


ie ea 
= — — =cos(20) + 


1 (- + cos(40) 
4 2 


1 1 1. a 3~ “1 1 
++ += 
4 5 ) > cos(20) oe cos(46) a 3 cos(20) 3 cos(40) 


43. cos(30) = 4cos?@ — 3cos@ 45. sin(50) = 16sin°@ — 20sin?@ + Ssin@ 47. cos'@ — sin? @ = (cos 6 + sin? 6)(cos” @ — sin? @) = cos(26) 


1 cot? @ — 1 


1 1 — tan? 6 : cot? @ cot? 6 cot?@—1 cot@ cot?@-1 

49. cot(26) = : 
tan(20) 2 tan 0 ( 1 ) 2 cot? 6 2 2 cot 6 
cot 0 cot @ 

1 1 1 dl sec’ 0 

51. sec(20 = = 53. cos*(2u) — sin?(2u) = cos[2(2u)] = cos(4u 
(28) cos(20) 2 cos*@ — 1 a 2—sec?@ 2-sec’é 4 ea) PQu)] (Au) 
sec? @ sec? 0 

- cos(26) cos? @ — sin? @ (cos @ — sin@)(cos@ + sin@)  (cos@— sin@)(cos@+sin@)  cos@— sind 


1+ sin(26) 1+2sin@cos@ _ sin?@+cos?@+2sin@cos@ (sin@ + cos@)(sin@ + cos@)  cos@ + sind 
cos 6 — sin@ cos@ sin@ 


sin 0 _ sing sin@  cotd—1 
cos @ + sin@ cos@ | sind cota +1 
sin 0 sinéd  sin@ 
79 1 1 2 


57. sec? = ———— = ———_ = —~__ 
aa (4) 1+cos@ 1+ cosé 
cos ——— 
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1+ 1 secu + 1 
2v 1 1 1 + cos v sec V sec V secu+1 — secu secu + 1 
59. cot“= = = = ° 
2 af v 1—cosv 1-—cosv 1 secv — 1 sec Vv secu-—1  secvu-1 
tan —————— 1- a 
2 1+ cosv sec V sec V 
(8) 1—cos@ 1+ cos6@— (1 —cos6) 
1 — tan 1 
61 2) 1+ cos@ _ 1 + cos@é 2cos@ 1+ cosé anh 
are of 9 Fe 1 +cos@+1-—cosé 1 + cos@ 2 
a, 1 + cos@ 1 + cos@ 
és sin(30) — cos(38) __ sin(30) cos @ — cos(3@)sin@ ——_sin(3@ — 8) 2sin(20) 
* sin @ cos 6 sin 0 cos 0 1 : sin(20) 
3 (2 sin 6 cos @) 
tan @ + aa Bae 
tan @ + tan(26) 1—tan26 tanod—tan?9+2tan@ 3tané@—tan°9 
65. tan(30) = tan(@ + 26) 
1 — tan 6 tan(26) ‘ tan 6(2 tan @) 1 — tan? 6 — 2 tan? 6 1 — 3 tan? 6 
1 — tan? 6 
1 |1 ~ a . In {z 2a Aa =I { 2a <r} 
67. 5 (in| — cos(20)| — In 2) in( Fi In|sin? 6|'? = In|sin 6] 69. gigi aia [ Tepes 
a 7 27 Ant 3a Sa 7 Sar V3 7 24 24 1 25 ‘7 Sar 
7. 75. N 1 soluti 77. 50 79. 1. i i 7. 7 1. 0 
3. {0,257 0 I 5. No real solution {02.02} 9. 5) 8 25 83. 85.5, 8 5 8% > 9 1g 3 
a 30 1 cos 6 1 — cos0 0 ‘ 
93. ot a 95. (a) W = 2D(csc @ — cot A) (4, =o58) 2D ne 2D tan 5 (b) 0 = 24.45 
2 
_ V2 ; 3a 7 
97. (a) R= cos 6 (sin 6 — cos 6) (b) gt 67.5 (d) 20 0 = 675° 
RV2 ; (c) 32(2 — V2) © 18.75 ft ae 
ay) (2 cos @ sin 8 — 2 cos” @) ra radians } makes R largest. 
2 R = 18.75 ft 
wVv2 
=+ [sin (20) — cos (20) — 1] 
32 45° 90° 
0 
dL 1 1 
99. A 7 (base) n( Zbase ) s cosy +s sing s*sind 101. sin(20) = ee 103. =a 


NR 


1 
2 
2 sin( ) 
> 2 tan( £) 2 tan( $ ). cos(#) ) 
105. 1 - ~ (2) = (2) i 2 sin( £) cos( $) sin( 2-4) sina 107. yy 
1 + tan a sec 
cos(*) ) 


109. sin=; =i V6 2 
ee 


111. sin? 9 + sin3(9 + 120°) + sin3(@ + 240°) = sin? @ + (sin 6 cos 120° + cos 6 sin 120°)? + (sin 0 cos 240° + cos @ sin 240°)? 


& 


A 


BY 


V3 : 1 3 : 
= sin 9 + (—$sino + 3 008 0) + (-fsino = V3 cog 0) 


= sin 9 + 5 (3V3 cos? 6 — 9 cos? sin 6 + 3V/3.cos 6 sin” 6 — sin? a) — £(sin? o+ 3V3 sin? 6 cos @ + 9 sin 8 cos” 6 + 3V3 cos 7) 


= = sin’ 0- 0s? Osin@ = = [sin’ 6 — 3sin @(1 — sin’ 6)] = *(4 sin? 9 — 3 sin 0) =sin(30) (from Example 2) 


3.7 Assess Your Understanding (page 242) 
1 ( V3 ) 1 ( V3 ) V2 
es eS +1) 5. 


1. 7. 5 [eos(20) cos(60)] 9. 5 lsin(oo) + sin(20)] 11 5 le0s(20) + cos(80)] 


2 ZN 2 2 
13. sleos 6 — cos(30)] 15. 5 lsin(20) + sin@] 17. 2 sin @cos(30) 19. 2.cos(30) cos@ 21. 2sin(20)cos@ 23. 2sind sins 


sin @ + sin(30) 2-sin(26) cos @ sin(40) + sin(20) 2 sin(30) cos@ __sin(3@) 
: : cos@ 27. tan(30) 
2 sin(20) 2 sin(20) cos(40) + cos(20) 2 cos(30) cos@ —_cos(30) 
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cos 8 — cos(34) 
sin 6 + sin(36) 


2 sin(2@) sin @ 
2 sin(20) cos 0 


sin 0 
cos 6 


tan @ 


1 
31. sin 6[sin 6 + sin(30)] = sin 6[2 sin(20) cos 6] = cos 6[2 sin(20) sin 6] = cos 6} 2- 3g leos 6 — cos(30)] 
sin(40) + sin(80) 2. sin(60) cos(20) _sin(6) 
33. tan(66) 
cos(40) + cos(80) 2 cos(6@) cos(20) —_cos(60) 
sin(46) + sin(86 2 sin(60) cos(—20 sin(6@) cos(26 tan(60 
as, {in(40) + sin(89) _ 2sin(60) cos(=20) _ sin(6A) ©0829) _ ye con(a9) (60) 
sin(40) — sin(80) 2 sin(—20) cos(60) — cos(6@) —sin(26) tan(20) 
si a+ Bp a-—Bp . at ZB a-Bp 
germs oN 2 Sg ete ee 
* sina — sin B sen% —? at Bp at+B .a-fB sa 2 - 2 
sin cos cos, sin 
0 si a+ Bp a = B' at Bp 
go, smatsing “SN 2 2 eet 
* cos a + cos B at+B a-Bp a+ B ~ 2 
2 cos 5 cos 5 cos 5 


= cos O[cos 8 — cos(30)] 


yy sin 20 


= ¢os'2 20 +1 
= 2) + {2 ) + Iyy sin 20 


2 


41. 1 + cos(20) + cos(4@) + cos(60) = [1 + cos(6@)] + [cos(2@) + cos(40)] = 2 cos?(30) + 2 cos(3@) cos(—@) 
= 2 cos(30)[cos(30) + cos 6] = 2 cos(38)[2 cos(20) cos 6] = 4 cos 6 cos(20) cos(30) 
a a 27 4a 3a Sa a 2a 30 47 6a Tar 8a 9a 
43. 4 0. 45. 5 0. 
47. (a) y = 2sin(20617at) cos(3577t) 49, I, = I,cos?6 + I, sin? @ — 21, sin 6 cos 0 = I,cos?@ + Iysin’ 0 oe 
(D) Ymax = 2 cos 26 + 1 1 — cos 20 : 
() 4 = 1.( 5) ) + if 5) ) Ty sin 20 
1 Hs I I 
= 5 0s 20 + . + 7 > cos 20 — I,,sin 20 
0 0.01 atl ely 
,) + cos 20 — I,,sin 20 
1 
-2 I, = I, sin? @ + I, cos? @ + 27, sin 0 cos 6 1 5 
ee ey peas ee 
5 > 008 7 008 5 xy Sin 
I,+l, I,-1, 
Fi > —cos 20 + I,, sin 20 


51. sin(2a@) + sin(28) + sin(2y) = 2 sin(a + B) cos(a — B) + sin(2y) = 2 sin(a + B) cos(a — 
= 2sin(a — y) cos(a — B) + 2siny cos y = 2siny cos(a — B) + 2sin y cos y = 2 sin y[cos(a 


a-Bty a. : aw-2B  a-a7 
cos 5 4 sin y cos cos 


2 2 
= 4sinysin B sina = 4sinasin B siny 


= 2sin (2 cos 


B) + 2 sin y cos y 


— B) + cos y] 


4 sin ai meee 
y cos 5 B } cos| a 3 


53. sin(a — B) = sinacos B — cos asin B 
sin(a + 8B) = sinacos B + cosasin B 
sin(a — B) + sin(a + B) = 2sinacos B 
sin a cos B = slsin(a + B) + sin(a — B)] 
at B a- Bp Al (44 a= 2) (4 2-8) 2a 2B 
: . + + + 
55. 2 cos cos 3 2 3 cos 3 3 cos 5 5 cos 5) cos 7 


Review Exercises (page 245) 


7 T Sa T 3a T 7 7 = 
1. . . 7. 9. 11. 13. 15. 0.9 17. —0.3 19. Not defined 21. 23. 25. 27. —— 29.2 
SG oes 4 = 3 137 15.0 3 19. Not define 5 23-7 28. -V3 : 
4 1 x : —1 -1 a 7 | -1 -1 
31. “3 33: f (x) = 5 sin \s ; Range of f = Domain of f~ = [-2, cae’ of f° = ee 35. f (x) = cos “(3 — x); 
Range of f = Domain of f~! = [2,4]; Range of f-' = [0,7] 37. V1—w? 39. — 41. tan é cot 6 — sin? 6 =1 — sin’? 6 = cos” 6 
43. sin? 0(1 + cot? 0) = sin’ @csc?@=1 45. Scos?6 + 3 sin’ 6 = 2 cos’ 6 + 3( cos? 6 + sin? 0) = 3 + 2cos?6 
5 1 — cos @ sin 0 _ (1 ~ cos)? + sin’6 1 — 2cos@ + cos?@ + sin? _ 2(1 — cos @) =9'csea 
* sin @ 1 — cos 0 sin 0(1 — cos @) sin 6(1 — cos 4) sin 0(1 — cos 6 
cos 0 1 
cos 0 = cos 0 = 1 1 csc 0 sin 6 1 1 1-—sné 1-sin@d—  1-sin@g 
* cos @ — siné cos @ — sin@ sin 0 1 — tané “1+ escé ie 1 1+ sind 1+sinéd 1— sind 1 — sin? 6 cos? 6 
cos 0 cos 0 sin 0 


ANSWERS Chapter 3 Test AN25 


1 1 — sin’ 0 2 @ 0 
53. csc @ — sind : sin 0 F = = cos 0+ — cos @ cot 0 
sin 0 sin 6 sin 0 sin 0 
1 — sin@ 1+ sing cos 6(1 — sin’ 6) cos? @ cos@ sin@ cos*@—sin?@ 1 —2sin’4 
. 1 i : 57. cot @ — tan 0 : ; 
= sec 0 aida aa) 1+ sin6é 1+ sind 1+ sind — as sin@  cosé@ sin 6 cos 0 sin 6 cos 6 
sa, cos(@ : B) _ cosacos Bp an asinB cosa aos B sina =n B_ eek eB = tani 
cos a sin B cos a sin B cosasinB  cosasin B 
61. cos(a— 8) cosacosB+sinasinB  cosacos B r sin a sin B 4 tanw tens 
cos a cos B cos a cos B cosacosB cosacos B 
0 sin 0 
. (1+ tan—} = (1 + _——— = gi 
63. (1 + cos a( an’) ( cos 0) is ease sin 0 
f) 20 2 cos @(cos* @ — sin? 6 29 — sin? 9 
65. 2 cot @ cot 260 2( 2 \(2 ) ( 5 eo = = cot? @-1 
sin 6 /\ sin 26 2 sin’ 6 cos 6 sin’ 6 


sin(20) + sin(4@) — 2 sin(30) cos(—@) 
cos(20) + cos(40) 2 cos(30) cos(—8) 


67. 1 — 8sin’ @ cos’ 6 = 1 — 2(2 sin @ cos 0)? = 1 — 2 sin?(20) = cos(40) 69. tan(30) 


cos(20) — cos(4@) —2 sin(3@) sin(—@) 


a cos(20) + cos(4@) a a 2 cos(30) cos(—8@) 


15. -(V6- V2) 7.5 7. V2-1 8. @) -> ) 2 O-—= ME OF OD ® Nae yes 


tan @ tan(30) = tan(3@) tan@ — tan @tan(30) =0 73. avo - V2) 


65 65 65 56 25 169 26 5 
16 63 56 16 24 119 26 10 
3. @) 5 Os OG Oe O75 OT Oa MH 
63 16 33 63 24 119 2V'13 V'10 
Sa OE OG DG OR OT Oa YH 
oo ) ~V3 = 2V2 gave ( ¥3+2V2 gee a V3 7 oe Pee) 
“An 6 6 © 6 3 a 9g 13 2 
6V3 - 4+ 3V3 48 + 25V3 
89. (a) 1 (b) 0 (©) == (d) Not defined (e) 4V5 (f) i (g) V30 (h) V6 v5 91. v3 93. v3 
9 9 9 6 6 10 39 
24 w Sa 3a 5a 30 71 7 30 aw 20 40 Sa 
95. —S= 97. {2.72} 99, {==} 101. {=z} 103. {0.29.22} 105. {2.7% 22h 107. {0.25, 2.89} 
21 4a w Sa w 7 So vw Sa wv mw 30 37 7 
2 40, rt, ea eee oe se ll fa alls Fae face ee cel Rea .0.78 123. 1.11 
109 {o. 9, 2 111 {0.2, =| 113 {2.23} 115 {2.72} 117 {2.2.23 119 {Za} 121, 3. 


125. 1.23 127. {1.11} 129 {0.87} 131. {2.22} 133. {v3} 


i v3 
aco. [1 — cos 30° 2 2-V3_ /2- V3. 
135. sin 15 r 2 - 3 | 4 yi 7° 
V2. V3_ V2 1_V6_ V2_V6- V2. 


sin 15° = sin(45° — 30°) = sin 45° cos 30° — cos 45° sin 30° 


: a: 2 & 2 4 4 4 
| 2— V3 2-vV3_4(2- V3) g-av3_6-2V2+2_(V6- v2) 
2. 4 4-4 16 16 4 
Chapter Test (page 248) 
7 7 7 7 4 
. 2. . 4. » 3 6 — > 7. 0. » 0.78 9. 1.25 10. 0.20 
1 6 Fl 3. 5 3 5 6. 3 39 8. 0.7 0. 
11. csc? + cot@ — csc@+coté@ cscé@ — coté esc”? 6 — cot? @ 1 
“seco +tan@ secO+tané csc@—cot@ (secO + tan@)(csc@—cot#@)  (sec@ + tand)(csc 0 — cot A) 
= 1 _Sec@ — tand _ sec @ — tané _ sec @ — tané 
(sec @ + tan @)(csc@ — cot@) sec@ — tan@ (sec? @ — tan? 0)(csc 0 — cot 0) csc 8 — cot 6 
: ‘ sin 0 sin?@  cos?@ _ sin? @ + cos?@ il 
12. sin @ tan 6 + cos @ = sind: + cos 0 + sec 6 
cos 0 cos 0 cos 0 cos 0 cos 0 
sin@  cosé@ sin’ 6 cos” 6 sin? 9 + cos” 6 1 2 2 
13. t + cot + + 2 20 
i ae cos@ sin@ sin@cos@  sin@cosé sin 6 cos 0 sin@cos@ 2sin@cos@ — sin(26) seat) 
14 sin(a + B) _ sinacosB + cosasinB — sinacosB + cosasinB _ sinacos B + cosasin B 
* tana + tan B sina | sinB sinacosB | cosasin B sina cos B + cos asin B 
cosa cos pB cosacosB  cosacos B cos a cos B 
: } : 
sina cos B + cosa sin B oe cos a cos B Masse 
1 sina cos B + cosa sin B 


15. sin(30) = sin(@ + 20) = sin @cos(20) + cos @ sin(20) = sin @- (cos* @ — sin? 6) + cos 0-2 sin @ cos @ = sin @ cos” 6 — sin? @ + 2 sin 6 cos? @ 
= 3sin 0 cos’ 6 — sin’ @ = 3 sin 0(1 — sin? @) — sin? @ = 3sin@ — 3sin°6@ — sin’ @ = 3 sind — 4sin°@ 


AN26 = ANSWERS Chapter 3 Test 


sin@ cos@ sin’ @ — cos’ @ 
tan@—cot@  cos@  sin@ _sin@ cos0 sin? @ — cos?9 _ (1 — cos? @) — cos” 6 1 = 2¢0878 17. 7 (V6 + V2) 


tan@é+cot@ sin@ cos@_ gin? 6+ cos?@ ~ sin?26 + cos?6 1 
cos 6 sin 0 sin 6 cos 0 
1285 2V'13(V5 - 3 2+ 6 2 Qn 4 
18.2+ V3 19. _ 20. = 21. W ) oe — 25; vi 24. _ 25. {z. = Sah 26. {0, 1.911, 7, 4.373} 


27. {2 ae Bal 28. {0.285, 3.427} 29. {0.253, 2.889} 
8° 8° 8 8 
Cumulative Review (page 248) 


Py {Vis -1 + Vin} = 


; y+1=-l1(x -4)orx+ y= 3; 6V2; (1,2) 3. x-axis symmetry; (0, —3), (0,3), (3, 0) 
4. yy 5. yy 
8 05 
NO 5) H6, 5) * 
(3, 2) 
ex 
b ¢ 
ae ie)? cue 
Tiga vast ¢ (F) PMN L FH) = cost 75 
0, OF AG, D ae (0,1) HH (5.0) 
(-1, -1) 75x en 3 : 
(-#- } my ly = cosx 4, 4) 
: t 
= ee) 
SQ) = Vx are 


Sf) = sin xf. _2 
Sa 


= V5 2V2 2V2 7 4V2 V6 
1. @ —2¥2 @y ¥2 @ @? ie) yee w —.(2=2%2 8. 9. @) (b) 5 @ (e) 


9 


CHAPTER 4 Applications of Trigonometric Functions 


4.1 Assess Your Understanding (page 258) r o 4 ie ‘is és 
4. F 5. T 6. angle ofelevation 7.T 8 F 9 sin@ = 5cos@ = ;tan@ = ;coté = s;secO = scsc@ = 


13 13 12 5) 12 5 
11. sind 2V 13. cosa z Stan 0 cot 0 53sec 0 ses) = ee 
13. sind V3 cos = Asan 9 = V3; cot V3. sec 2; csc 0 = 
15. sin é V6 6050 = V3. tan = V2: cot 6 = V2 00 = V3: csc 0 = xe 
17. sin 6 V5. cos 0 2V5 an sot 8 2; sec 0 V5. eso V5 


19.0 21.1 23.0 25.0 27.1 29. a © 13.74, c © 14.62, A = 70° 31. b © 5.03, c © 7.83, A = 50° 33. a ~ 0.71, c © 4.06, B = 80° 

35. b © 10.72, c © 11.83, B = 65° 37. b © 3.08, a © 8.46, A = 70° 39. c © 5.83, A © 59.0°, B © 31.0° 41. b © 4.58, A © 23.6°, B © 66.4° 
43. 23.6° and 66.4° 45. 4.59 in.;6.55in. 47. (a) 5.52in.or 11.83 in. 49. 70.02 ft 51. 985.91 ft 53. 137.37m 55. 80.5° 

57. (a) 111.96 ft/sec or 76.3 mi/hr (b) 82.42 ft/sec or 56.2 mi/hr (ce) Under 18.8° 59. (a) 2.4898 x 10° miles (b) 0.000214° 61. 554.52 ft 
63. S76.6°E 65. The embankment is 30.5 m high. 67. 3.83mi 69. 1978.09 ft 71. 60.27 ft 73. The buildings are 7984 ft apart. 75. 69.0° 

77. 38.9° 79. The white ball should hit the top cushion 4.125 ft from the upper left corner. 


4.2 Assess Your Understanding (page 270) 


ae 
4. oblique 5. —— . sm 6. F 7.F & ambiguouscase 9, a 323,b~355,A=40° 1. a 325,c ~ 4.23, B = 45° 
a 


13. C = 95°,c © 9.86,a ~ 6.36 15. A = 40°,a = 2,c © 3.06 17. C = 120°,b © 1.06,c © 2.69 19. A = 100°, a © 5.24, c © 0.92 

21. B = 40°,a ~ 5.64,b © 3.86 23. C = 100°,a ~ 1.31,b ~ 1.31 25. One triangle; B ~ 30.7°,C © 99.3°,c + 3.86 27. One triangle; 

C ® 36.2°, A © 43.8°,a © 3.51 29. Notriangle 31. Two triangles;C, ~ 30.9°, Ay © 129.1°, a, © 9.07 or Cy © 149.1°, Ay © 10.9°, ay © 2.20 

33. No triangle 35. Two triangles; A, ~ 57.7°, By © 97.3°,b, © 2.35 or Ay © 122.3°, By © 32.7°, by © 1.28 37. (a) Station Able is about 143.33 mi 
from the ship; Station Baker is about 135.58 mi from the ship. (b) Approximately 41 min 39. 1490.48 ft 41. 381.69 ft 43. The tree is 39.4 ft high. 


ANSWERS Section44 AN27 
45. Adam receives 100.6 more frequent flyer miles. 47. 84.7°;183.72 ft 49. 2.64mi 51. 38.5in. 53. 449.36ft 55. 187,600,000 km or 101,440,000 km 


57. The diameter is 252 ft. € _ > (4 4 2) @ _ » (z c) 2 _ a) 
: : : ; 2 sin cos sin cos sin 
a-b a b snA sinB sinA-—sinB 2 2 2 2 2 2. 


eG 6 aC ane sin C eee 7 ie 0 7 C 
; sin5 Cos sin> cos cos 
in|-=(A —- B 
sin] $( | 
= 1 1 1 
goat ri tan| (A - a)| tan|3(4 a B)| tan] (A = B)| 
a—b é 2 2 2 2 
corr ars ane 7 Cc. ey it 
a a 7 
i = it aa es = + 
3 cos] (A B)| cot tan(2 <) tan|5(4 a) | 


4.3 Assess Your Understanding (page 277) 

3. Cosines 4. Sines 5. Cosines 6. F 7. F 8 T 9. b © 2.95, A © 28.7°,C © 106.3° IL. c © 3.75, A © 32.1°, B © 52.9° 

13. A © 48.5°, B © 38.6°,C = 92.9° 15. A © 127.2°, B © 32.1°,C = 20.7° 17. c © 2.57, A © 48.6°, B = 91.4° 

19. a © 2.99, B = 19.2°,C = 80.8° 21. b =~ 4.14, A = 43.0°,C & 27.0° 23. c = 1.69, A = 65.0°, B = 65.0° 25. A & 67.4°, B = 90°, C & 22.6° 
27. A = 60°, B = 60°,C = 60° 29. A © 33.6°, B © 62.2°,C & 84.3° 31. A = 97.9°, B = 52.4°,C © 29.7° 33. A = 85°, a = 14.56, c = 14.12 
35. A = 40.8°, B = 60.6°,C = 78.6° 37. A = 80°,b = 8.74,c = 13.80 39. Two triangles: B; = 35.4°,C, = 134.6°, c; = 12.29; 

By = 144.6°, Cy = 25.4°,co = 7.40 41. B= 24.5°,C = 95.5°,a = 10.44 43. 165 yd 45. (a) 26.4° (b) 30.8h 47. (a) 63.7 ft (b) 66.8 ft 

(c) 92.8° 49. (a) 492.6 ft (b) 269.3 ft 51. 342.33 ft 53. The footings should be 7.65 ft apart. 


1- {1 — 
55. Suppose 0 < 6 < 7. Then, by the Law of Cosines, d? = r? + 1? — 2r cos 0 al a *) >d =2r = 5 2r sin5: 


0 0 
Since, for any angle in (0, 77), d is strictly less than the length of the arc subtended by 8, that is,d < r@, then 2r sin; < rd, or 2 sin; <6. 


Since cos < 1, then, for0 < 6 < 7, sin@é 2 sin5-coss <a 2 sins < 6. If 0 = 7, then, since sin @ = 1, sin @ < @. Thus sin @ < 6 forall 6 > 0. 


G 1 —cosC 
7. Si = 
57. sin 5 J 5 


ye = ze =a) ie = Zl =) 


4.4 Assess Your Understanding (page 283) 


ee i a 
4ab 4ab 4ab 


1 1 
2. ge sinC 3. V9(s a)(s — b)(s — c); 74 +b+c) 4 T 5.283 7.2.99 9.14.98 11. 9.56 13. 3.86 15. 148 17. 2.82 19. 30 


1 1 
21. 1.73 23. 19.90 25. K ab sin C asin c( 27. 0.92 29. 2.27 31. 5.44 33. 9.03 sqft 35. $5446.38 


asin 2) a’ sin B sinC 
2 


sin A 2sin A 
1 
37. The area of home plate is about 216.5 in? 39% K = ar (0 + sin@) 41. The ground area is 7517.4 ft’. 


1 1 A 1 
43. (a) Area AOAC = 7 lOcllAcl = ec : | c 3 Sin a cos a (e) Area AOAB = Area AOAC + Area AOCB 
1 1 1 
1 1 BC| |OC 1 — |OB| si + =— si + —|OB/ si 
(b) Area AOCB = +|BC|IOC| ogi?! | | | lB sin BicosD 7 |0 | sin(a + B) 5 Sin a cos @ rae |? sin B cos B 
2 2 loB| |oB| 2 
‘ 1 iBD| 1 sin(a + B) = foal sina cos a + |OB| sin B cos B 
(c) Area AOAB = —|BD\||OA| = =|OB|—— = —|OB| sin(a + B) 
2 2 loB| 2 é _ cosp . cosa. 
sin(a + B) = sinacosa + sin B cos B 
loc| cos @ cos B 
cos a 1 sin(a + B) = sinacosB + cos asin B 
(a) cos B ~ loc| = los 45. 31,145 ft? 47. (a) The perimeter and area are both 36. (b) The perimeter and area are both 60. 
loB| ist eS hate 
2 2 sin A 
é eer es 
ica a9 a b)(s ae a)(s — c) 
2 r . be ac c /(s—c)? gsc 
51. cot = 
r C 


20 C [says —b) [(s — ays — B) r 
sin eee Poe alae aie 
2 ab ab 
: 1 1 1 1 
53. K = area of triangle QOR + area of ROP + area of POQ = aur + 5 or + ar = ry (a +b+c) =rs,so 


_ Ko V's(s — a)(s — b)(s —c) -/° —a)(s ee een 


Ss Ss 


AY 
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4.5 Assess Your Understanding (page 293) 


2. Simple harmonic;amplitude 3. Simple harmonic motion;damped 4. T 5. d = —5 cos(zt) 


2 
11. d = —6sin(2r) 13. (a) Simple harmonic (b) 5m _ (ce) = sec 


1 
(d) 7 Oseillation/sec 17. (a) Simple harmonic (b) 3m _ (c) 47sec 


(c) Lsec (d) 1 oscillation/sec 


21. 23. 


sy 


YA Ya 
1 1 
i 
31. Ya 
2.5 
TT 
aT y = sin(2x) 
y =sinx 
I 
37. (a) H(x) = sin(4x) + sin(2x) 
(b) at I y = sin(2x) 
Ly = sin(4x) 
b) 
Px 
4x? 0.64 
— _«,-0.81/20 aes 
43. (a) d Se cos ( 9 400 r) 
(b) 5 
| AVY 
-5 


49. (a) The motion is damped. The bob has 
mass m = 15 kg with a damping factor 
of 0.9 kg/sec. 

(b) 15 m leftward 
(c) 


15 


(d) 12.53mleftward (e) d—>0 


(d) 


7. 


d = —6cos(2r) 


9. d = —5 sin(zt) 


3 
(d) Fg 0 illation/sec 15. (a) Simple harmonic (b) 6m (ce) 2sec 
T 


1 
Tq lllation/sec 19. (a) Simple harmonic (b) 2m 
TT 


25. Ya 27. Ya 29. Ya 
3a] bar] y =cosx ok 
“y=x ay = * - 
y=cosx y= -—sinx 5 
~ : % y=sinx ¥ 
1 1 
33. (a) f(x) = 3 Leos x — cos (3x) ] 35. (a) G(x) = ql cos(6x) + cos(2x) 
(b) _ (b) yy, = 5 eos(2x) 
7 y= Feosx “LA 
+L Fe —4cos(3x) H x 
y= 4 cos(6x) 
dn 0.49 2 wT 0.36 ) 
= =0.71/50 aT yee! 0.61/60 wT 
39. (a) d 10e cos ( 75 2500 7) 41. (a) d 18e cos ( 4 3600¢ 
(b) 10 (b) 18 
| AY | j 
—10 -18 


45. (a) The motion is damped. The bob has 
mass m = 20 kg with a damping factor 
of 0.7 kg/sec. 

(b) 20 m leftward 
(c) 


(d) 18.33 mleftward (e) d—>0 


51. w = 10407; d = 0.80 cos(1040zrt) 

53. w = 8807; d = 0.01 sin(880z77) 

55. (a) Vv 
1 


ny 


(b) Att = 0,2;att = 1,t =3 
(c) During the approximate intervals 


0.35 < t < 0.67, 1.29 < t < 1.75, and 


219 <f33 


47. (a) The motion is damped. The bob has 
mass m = 40 kg with a damping factor 
of 0.6 kg/sec. 

(b) 30 m leftward 
(c) 


30 


—30 


(d) 28.47 mleftward (e) d—0 


57. 2.5 


ANSWERS Chapter 4 Cumulative Review AN29 


1, 1. 1, 
61. 14 63. y = —sin x y= sin x y = sin x 
x x x 
1 01 0.05 
0 Sar 
0 Ta 
-0.3 0 Sa 0 3a 
-03 -0.06 0.015 


Review Exercises (page 297) 


4 3 4 3 5 5 V3 1 V3 2V3 
1. sind 51 0080 gi ane 3 cote gece qr 8c 8 4 3. sind 5 3 cos 0 9) ane V3; cot é 3 ;sec0 = 2; csc 0 3 


5.0 721 91 11 A=70°,b + 3.42,a~940 13. a © 4.58, A = 66.4°, B © 23.6° 15. C = 100°, b © 0.65, c¢ © 1.29 

17. B® 56.8°, C © 23.2°,b © 4.25 19. Notriangle 21. b ~ 3.32, A ~ 62.8°,C ~ 17.2° 23. Notriangle 25. c © 2.32, A = 16.1°, B = 123.9° 
27. B = 36.2°,C © 63.8°,c © 4.55 29. A = 39.6°, B © 18.6°, C © 121.9° 31. Two triangles: By ~ 13.4°, C; © 156.6°, c; © 6.86 or By ~ 166.6°, 
Cy © 3.4°, cy © 1.02 33. a © 5.23, B © 46.0°,C  64.0° 35. 1.93 37. 18.79 39.6 41. 3.80 43. 0.32 45. 1.92 in? 47. 23.32 ft 49. 2.15 mi 


51. 132.55 ft/min 53. 29.97ft 55. 6.22mi 57. 71.12 ft 59. $222,983.51 61. 76.94in. 63. d = —3 cos (Z:) 65. (a) Simple harmonic 


(b) 6ft (c) 7m sec (d) 2D eucilinteniiss 67. (a) Simple harmonic (b) 2ft (c) 2sec (d) 5 oscillation/sec 
T 


4m? 0.5625 
= _15,-0.75t/80 SLL ae 
69. (a) d 15e cos( 75 6400 ) 
(b) 45 71. (a) The motion is damped. The bob has mass m = 20 kg with 73. yy, yee Site 
a damping factor of 0.6 kg/sec. 2 au 
(b) 15 m leftward (c) 45 i 
z 
0 25 (d) 13.92 m leftward E vy = cos(2x) 
(e) d= 0 
0 25 
-15 
-15 
Chapter Test (page 300) 
Ry) 2V5 1 5 
1. sind ue cos 6 se tan 6 mu csc 6 V5; sec@ = “ cotd=2 20 3. a = 15.88, B © 57.5°, C © 70.5° 
4. b ~ 6.85, C = 117°, C = 16.30 5. A © 52.4°, B = 29.7°, C © 97.99 6. b © 4.72, c © 1.67, B = 105° 7. No triangle 


8. c © 7.62, A © 80.5°, B © 29.5° 9, 15.04 square units 10. 19.81 square units 11. 61.0° 12. 1.3° 13. The area of the shaded region is 9.26 cm’. 
14. 54.15 square units 15. Madison will have to swim about 2.23 miles. 16. 12.63 square units 17. The length of the sides are 15, 18, and 21. 


t t 
18. d = 5(sin 42°) sin( @) or d © 3.346 sin( ™) 


Cumulative Review (page 301) 


1. (i. i} 2. (x +5 +(y-1)P% =9 3. {x|x = -lorx = 4} 4. Yh 5. Yh 
3 BI 25 
ya al 
(-5, 1) 5 
5x e 
» ~ 

2V'5 V5 4 5- V5 ab AS 
6. (a) 5 (b) 5 (c) 5 (d) (e) 10 (f) 10 
7. (a) 60 (b) 145 (c) 10 (d) 8 

0 4 
0 4 
0 4 0 4 
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8. (a) Yh (b) y (©) y4 (d) YA 
5 5 5 
alg 5.x 
Sx Sly 
(e) Yh (ys (g) YA (h) A @ YA 
5 5 125) 25 
1 
* } 


2 
9. Two triangles: A; ~ 59.0°, By © 81.0°, b; © 23.05 or Ay © 121.0°, By © 19.0°, by © 7.59 10. (0,22, 11. w ft ~ 3.14 ft 


CHAPTER 5 Polar Coordinates; Vectors 
5.1 Assess Your Understanding (page 311) 
5. pole; polar axis 6. True 7. False 8 rcosé;rsn@é 9% A 11C 13.B 15.A 


17. 19: +—_ 4 —_ 94, 25 o 27. 
(3,90°) (-2, 0) 0) (« 2) 
22m 
90° 3 
c 6 
oO 
An 
29. oe 31. ( 22) (a) 3 (b) { —5, (a) (2, —277) 
= tae “3 (b) (—2, 7) 
2a athe () (2,20) 
3 
oO 
1 V3 
35. 37. 39. (0,3) 41. (—2,0) 43. (-3V3,3) 45. (V2,-V2) 47. (-=,—) 49. (2,0) 
6s -5) g9 
)hs 
2 


51. (—2.57,7.05) 53. (—4.98, —3.85) 55. (3,0) 57. (1,7) 59 (v2,-7) 61. (2. =) 


se oO 7 
3 t eu a V6 Se ; 
(a) (1.-%) 63. (2.47, -1.02) 65. (9.30,0.47) 67. 1° = at = a 69. r* cos’ 6 — 4rsin@ = 0 
2 3 _ Sa 1\2 1 
(b) (-1 =) ot aes 71. r°sin20=1 73. rcos@=4 75. x°+ y—-—x 0 or(x x) +y= 7 
. » (3,22 
(c) (. =) ” 74 71 (e+ Pp?—-x=0 79.2 + yy =4 BL y? = 8(x + 2) 


83. (a) (—10,36) (b) (2v349, 180° + tan -(-8)) = (37.36, 105.5°) (e) (-3,—-35) (d) (vies 180° + tan (2) ~ (35.13, 265.1°) 


5.2 Assess Your Understanding (page 325) 
7. polar equation 8. False 9. —-@ 10. 7-6 11. True 12. 2n;n 


13. x? + y* = 16; circle, radius 4, 15. y= V3 x; line through pole, 17. y = 4; horizontal line 4 units above 
center at pole the pole 


making an angle of . with polar axis 
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19. x = —2; vertical line 2 units to the left 21. (x - 1): + y* = 1Iscircle, radius 1, 


23. x? + (y + 2)? = 4; circle, radius 2, 
of the pole 


center (1, 0) in rectangular coordinates center at (0, —2) in rectangular coordinates 


25... (x= 2) + y = 4,x # 0; circle, radius 2, 27, x2 + (y + 1)? = 1,x # 0; circle, radius 1, 29. E 31. F 33. H 35. D 
center at (2,0) in rectangular center at (0, —1) in rectangular coordinates, 37. Car dioid 
coordinates, hole at (0, 0) hole at (0,0) 


39. Cardioid 


49, Rose 


GR 
RICO 
WATT | 
So 


51. Rose 


x x WW £ x 
O=n YIN-2-34 50=9 O=a (715304500779 =0 
es L] Au bf” 
o=52 a = 78 ees 


AN32 ANSWERS. Section 5.2 


57. Cardioid 59. Limacon with inner loop 


63. 65. 


\ 
LSS (aN 
eT 


73. 75. 


79. 81. rsind =a 83. 


ee 7 


r = 2asin0 85. 
r’ = 2arsin@ 
2 2 
x’ + y° = 2ay 

r+ y—2ay =0 
vr+(y-aPr=a 
Circle, radius a, center at (0, a) 
in rectangular coordinates 


r = 2acos6@ 
r° = 2ar cos 6 
x + y? = 2ax 
x -2axt+ y=0 
(x-aPt+ty=a@ 
Circle, radius a, center at (a, 0) 
in rectangular coordinates 


87. (a) 7° = cos;r° = cos(a — @) (b) 7? = sin@:r? = sin(z 
r’ = —cos6 r= sind 
Not equivalent; test fails. Test works. 
(-r)? = cos(—6) (-r)? = sin(—@) 
r= cosé r= —sind 
New test works. 


Historical Problems (page 333) 
1. (a) 1+ 47,1 +7 (b) -1,2 +7 


5.3 Assess Your Understanding (page 334) 


5. real;imaginary 6. magnitude;modulus; argument 7. 1,1; 60; + 0236, + 02 
11. 


8. r";n0;n@ 9. three 10. True 


Imaginary 13. Imaginary 15. 


axis 


V/2(cos 45° + i sin 45°) 2(cos 330° + isin 330°) 


0) 


Not equivalent; new test fails. 


3(cos 270° + isin 270°) 
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17. 


Real 
axis 
Real 
axis 


4\/2(cos 315° + isin 315°) 5(cos 306.9° + i sin 306.9°) V13(cos 123.7° + isin 123.7°) 

23, -1+ V3i 25. 2V2—2V2i 27. -3i 29. —0.035 + 0.1971 31. 1.970 + 0.347i 
dl 3 
33. zw = 8(cos 60° + isin 60°); = = 7 (cos 20° + isin 20°) 35. zw = 12(cos 40° + isin 40°); = = g (00s 220° + isin 220°) 
Or |. OT\ z 7 .. 7 fe z es 

5 + ‘ + . ZW = Pe == of e 
37. zw 4( cos ap on =), wo 8S ag ES ap 39. zw 4\/2(cos 15 isin 15°); 7 V2(cos 75° + isin 75°) 
41. 32 + 32V3i 43. 321 45. 2 + ia 47. we + ayy 49. -4+ 4: 51. —23 + 14.142i 


53. /2(cos 15° + isin 15°), V/2(cos 135° + isin 135°), ¥/2(cos 255° + isin 255°) 

55. W/8(cos 75° + isin 75°), V8(cos 165° + isin 165°), \/8(cos 255° + i sin 255°), \/8(cos 345° + i sin 345°) 
57. 2(cos 67.5° + i sin 67.5°), 2(cos 157.5° + isin 157.5°), 2(cos 247.5° + i sin 247.5°), 2(cos 337.5° + isin 337.5°) 
59. cos 18° + isin 18°, cos 90° + i sin 90°, cos 162° + isin 162°, cos 234° + i sin 234°, cos 306° + i sin 306° 


61. 1,1, -1, -i 63. Look at formula (8);|z,| = Wr for all k. 


65. Look at formula (8). The z, are spaced apart by an angle of ve 
n 


67. (a) 

Z=4d4) a az a3 a, as ag 

0.1 — 0.4i 0.05 — 0.48) | —0.13 — 0.35i | —0.01 — 0.31/ | 0.004 — 0.395/ —0.06 — 0.0/ —0.06 — 0.35i 

0.5 + 0.8i 0.11 + 1.67 |—2.05 + 1.15/ | 3.37 — 3.92) | —3.52 — 25.6i —641.7 + 180.0/ 379073 — 2320711 
0.9 + 0.7i | —0.58 — 0.56/ | —0.88 + 1.35/ | —1.95 — 1.677] 0.13 + 7.21/ —52.88 + 2.56) 2788.5 — 269.6i 

-1.1 + 0.17 | 0.1 — 0.12) | —1.10 + 0.76/ | 0.11 — 0.068/ | —1.09 + 0.085/ 0.085 — 0.85i —1.10 + 0.086i 

0 — 1.3/ —1.69 — 1.3) | 1.17 + 3.09) | —8.21 + 5.92i | 32.46 — 98.47/ —8643.6 — 6393.7i 33833744 + 110529134.4i 
14+1i 143i —-7+7i 1 -— 97i —9407 — 193i | 88454401 + 3631103/| 7.8 x 10'°+ 64 x 104 


(b) z, and z, are in the Mandlebrot set. a, for the complex numbers not in the set have very large components. 


e z E la. 
0.1 — 0.4i 0.4 0.4 
0.5 + 0.8i 0.9 444470 
—0.9 + 0.7i 1.1 2802 
—1.1 + 0.1/ 1.1 1 
0 — 1.3/ 1.3 115591573 
14+1i 14 7.8 x 101% 


The numbers that are in the Mandlebrot set satisfy the condition la,| = 2. 


5.4 Assess Your Understanding (page 346) 
1. vector 2.0 3. unit 4. position 5. horizontal; vertical 6. resultant 7. True 8. False 
9. 11. 3v 13. v 15. 3v u 


= 


3v +u—-2w —2w 
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17.T 19. F 21.F 23.7 25.12 27.y=31+4j 2%. v=21+4j 31. v=8i-j 33.v=-i+j 35.5 37. V2 39. V13 41. -j 


3, 4 2 2 5. 4Vs 8 4V/5 
4B. V89 45. V34-V13 47.4 49. -i- <j SL v2, v2, 53. v 8V5, + V5, ory V5, V5, 
5 5 2 2 5 5 5 5 
55. {-2 + V21,-2 - V21} 572. v= >i + a 59. v= 71+ 7V3j OL v= — - =i 63. 45° 65. 150° 67. 333.4° 69. 258.7° 
71. (a) (-1,4) 73. F = 20V3i + 20j 75. F = (20V3 + 30V2)i + (20 - 30V2)j 91. 
(b) C18 5. TT. (a) Vv, = 550}; Vy = 50V2i + 50V/2j (b) v, = 50V2i + (550 + 50V2)j 
(—4, 5) eI (c) |lv,|| = 624.7 mph; N6.5°E T 
N 79. v = (250V2 — 30)i + (250V2 + 30V3)j; 518.8 km/h; N38.6°E 4 


#Y 


81. Approximately 4031 Ib 83. 8.6° left of direct heading across the river; 1.52 min 
85. Tension in right cable: 1000 Ib; tension in left cable: 845.2 1b 87. Tension in right part: 
1088.4 Ib; tension in left part: 1089.1 lb 89. The truck must pull with a force of 4635.2 lb. 


re 
GB, -1 


~~ 


Historical Problem (page 354) 
(ai + bj) + (ci + dj) = ac + bd 
Real part [(a + bi)(c + di)] = real part[(a — bi)(c + di)] = real part[ac + adi — bei — bdi*] = ac + bd 


5.5 Assess Your Understanding (page 355) 

2. dot product 3. orthogonal 4. parallel 5. T 6. F 7. (a) 0 (b) 90° (ce) orthogonal 9. (a) 0 (b) 90° (ce) orthogonal 

11. (a) V3 —1 (b) 75° (ce) neither 13. (a) —50 (b) 180° (ce) parallel 15. (a) 0 (b) 90° (c) orthogonal 

17. : 19. y, >i iv: i si 21. v; zi iv: ai si 23. v1 i + five si =i 25. 9 ft-lb 

27. (a) |\I| ~ 0.022; the intensity of the sun’s rays is approximately 0.022 W/cm. ||A|| = 500; the area of the solar panel is 500 cm?. 

(b) W = 10; ten watts of energy is collected. (¢) Vectors I and A should be parallel with the solar panels facing the sun. 

29. Force required to keep Sienna from rolling down the hill: 737.6 lb; force perpendicular to the hill: 5248.4 lb 

31. Timmy must exert 85.5 lb. 33. 60° 35. Let v = ai + bj. Then 0-v = 0a + Ob = 0. 

37. v = cosai + sinaj,0 < a < 7; w = cos Bi + sin Bj, 0 < B S z. If A is the angle between v and w, then v- w = cos@, since ||v|| = 1 and ||w|| = 1. 
Now 0 = a — Bor@ = B — a. Since the cosine function is even, v- w = cos(a — B). Also, v- w = cos acos B + sina sin B. So cos(a — B) 
= cosacos B + sinasin B. 

39. (a) Ifu = ai + bij and v = api + byj, then, since |ul| = |\v||, af + D7 = lull? = Iv? = a + 3, 
(u + v)+(u — v) = (a, + @)(ay — ay) + (by + by)(b, — by) = (at + bi) — (a5 + 33) = 0. 
(b) The legs of the angle can be made to correspond to vectors u + v andu — y. 

41. (|wlv + llviiw) «(wiv — liviw) = lwl?v-v — [willviv-w + Iivillwiw-v — [vi?w-w = wl?y-v — [vw w = wily? — [lvi?lwl? = 0 

43. |lu + v|? — ju — vi? = (u + v)-(u + v) — (u— v)-(u— v) = (ueu tury + veut vey) — (ucu — uv — vu + v-y) 
= 2(urv) + 2(v-u) = 4(u-v) 


5.6 Assess Your Understanding (page 364) 
2. xy-plane 3. components 4.1 5. F 6. T 7. All points of the form (x,0,z) 9. All points of the form (x, y, 2) 
11. All points of the form (—4, y,z) 13. All points of the form (1,2,z) 15. V21 17. V33 19. V/26 
21. (2,0, 0); (2, 1, 0); (0, 1, 0); (2, 0, 3); (0, 1,3); (0,0,3) 23. (1,4, 3); (3, 2, 3); (3, 4, 3); (3, 2,5); (1, 4, 5); (1, 2, 5) 
25. (-1,2, 2): (4,0, 2); (4, 2, 2): (-1, 2, 5): (4,0, 5);(-1,0,5) 272.v=31+4j—-k 2.v=2i+4j+k 31 v=8i-j 33.7 35. V3 
6, 2 V3., V3., V3 

jt 3 k 5 


k 49, “i+ 
i a 


3 
37. V22 39. -j-2k 41. V/105 43. V38— V17 45.4 47. A 1. vy-w = 0:0 = 90° 


53. v-w = —2,60 = 100.3° 55. v-w = 0;0 = 90° 57. v-w = 52;9 = 0° 

59. a © 64.6°; B © 149.0°; y = 106.6°; v = 7(cos 64.6°I + cos 149.0°j + cos 106.6°k) 

61.a= B=y 54.73 v = V3(cos 54.7°1 + cos 54.7°j + cos 54.7°k) 63. a = B = 45°; y = 90°; v V/2(cos 45° + cos 45°j + cos 90°k) 
65. a © 60.9°: B © 144.2°: y © 71.13 v = V38(cos 60.9% + cos 144.295 + cos 71.1°k) 67. (a) d=at+bt+e= <7,1,5> (b) 8.66ft 
69. (x — 3)? + (y—1)? + (zg -1)? =1 71. Radius = 2,center (—1,1,0) 73. Radius = 3, center (2, —2, -1) 


2 
75. Radius = 2 center (2,0,—1) 77. 2 newton-meters = 2 joules 79. 9 newton-meters = 9 joules 


5.7 Assess Your Understanding (page 370) 
1.727 37 4F 5F 6T 72 94 11-114 +2B+5C 13. -6A + 23B—15C 15. (a) 5i+ 5j + 5k (b) —Si — 5j — 5k 
(c) 0 (d) 0 17. (a) i-j-k (b) -i+j+k (©) 0 (d) 0 19. (a) -i+ 23+ 2k (b) i-2j- 2k (©) 0 (d) 0 21. (a) 3i-j + 4k 
(b) -3i+ j-—4k (c) 0 (d) 0 23. -9-— 7j — 3k 25. 914+ 7f + 3k 27.0 29. —271 — 21j — 9k 31. —18i — 14j — 6k 33. 0 35. —25 
37. 25 39. 0 41. Any vector of the form c(—9i — 7j — 3k), where cis a nonzero scalar 43. Any vector of the form c(—i + j + 5k), where cisa 
uvi9, V19, | 7V19 uVv19, V19,_ 7V19 
po ape? ae a a ae 


nonzero scalar 45. V/166 47. V/555 49. 34. 51. VV998 53. 
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ij k 
S57i.uxXv=|aq db Cc (bye. — bycy)i — (aycy — ac1)j + (a,b. — ayb,)k 
a by 


ju x v/? = (V(bie2 — bye1)? + (aye, — ae)? + (by — ayb,)°)? 
= Dich — 2bybocycy + b3c] + ajc — 2ayarcyco + asc + a{b3 — 2ayaybyb> + asbi 
ul? = at + bt + ct WP = a3 + 3 + 5 
jul7IvI? = (at + bp + ci)(a5 + bE + GB) = atads + afbs + ajcs + bias + bbs + dick + adc] + Bch + cick 


(ur v)? = (ajay + byby + cyC2)? = (ajay + byby + c1€2)(ayay + byby + cyC>) 
= ajay + ayaybyby + ayancyca + bybycyco + bybrayay + bibs + bybyeyco + ayancycn + cicd 
= aaa ca bibs + cid + 2a,axb,by + 2bybycy4c2 + 2ayarc\c2 
ull? — (a+ v)? = abs + ajcs + bias + adct + b3ct + bic} — 2ayayb\by — 2bybycyc2 — 2ayayc Cp, which equals |lu x y\|. 
59. By Problem 58, since u and v are orthogonal, ju x vj = |ulll|v|. If, in addition, u and v are unit vectors, ju < vi = 1-1 = 1. 
61. Assume that u = ai + bj + ck, v = di + ej + fk, and w = Ji + mj + nk. Thenu X v = (bf — ec)i — (af — dc)j + (ae — db)k, 
u X w= (bn — mc)i — (an — Ic)j + (am — lb)k, and v + w = (d + l)i + (e + m)j + (f + n)k. Therefore, 
(u X vy) + (u X w) = (bf — ec + bn — mc)i — (af — dc + an — Ic)j + (ae — db + am — lb)k and u X (v + w) 


[b(f + n) — (e + m)c]i — [a(f + n) — (d + l)clj + [ale + m) — (d + I)b\k 
= (bf — ec + bn — mc)i — (af — dc + an — Ic)j + (ae — db + am — Ib)k, which equals (u X v) + (u X w). 


Review Exercises (page 372) 


z (4 3) 3. (1, V3) 


292 


11. (5, 0.93), (—5, 4.07) 


1. (sva.38).(-9vi-2) 


17. (a) x + 3y =6 (b) line through (6,0) 


15. (a) x7 + y> = 25 (b) circle, radius 5, 
and (0,2) in rectangular coordinates 


13. (a) x7 + (y — 1)? =1  (b) circle, radius 1, 
center (0, 1) in rectangular coordinates center at pole 


Wy 
Sec 


7 
Ze 


23. Limacon without inner loop; 


21. Cardioid; symmetric with respect to 
symmetric with respect to the polar axis 


19. Circle; radius 2, center at (2,0) in 
rectangular coordinates; symmetric with : 7 

: the line 6 = = 

respect to the polar axis 


25. V/2(cos 225° + isin225°) 27. 5(cos 323.1° + isin 323.1°) 
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i 33. 0.10 — 0.027 


29. -V3 +i 31. — + 


8 
35. zw = cos 130° + isin 130°; = = cos 30° + isin 30° 37. zw = 6(cos 0 + isin0) = 6; é $ (cos = + isin =) 
w w 


27. 27V3 
39. zw = 5(cos 5° + isin 5°);= = 5(cos 15° + isin 15°) 41. 2 + aes 43. 47 45. 64 47. —527 — 336i 
Ww 
3 3 
49. 3,3(cos 120° + isin 120°), 3(cos 240° + isin 240°) or 3, 5 + : ue 
51. 53. 55. v = 21 — 4j; |v) =2V5_ 57. v = -i + 3j; |v] = V10 59. 21 — 27 61. —201 + 13] 
Vv 
2V5 3. 3V3 
7 ; 63. V5 65. V5 +5 ~ 7.24 67. uy + ue Ov = S14 aeF 71. 120° 
Vv 
oy ou 73. V43 = 6.56 75. v = 3i— 5jt+ 3k 77. 21i—2j-—5k 79. V38 
Pane 3V14.. V4, V4, 314, V4, V4 
* . 31 + OF + . + : 
81. 0 83. 31+ 99 + 9k 85. a ia J 7s ‘4 a4 7k 
2u + 3y 87. v-w = —11;0 © 169.7° 89. v-w = —4;0 © 153.4° 91. vew = 1:0 © 70.5° 
4, 3 6, 8 9 7, 21 
. view = 0;0 = 90° . . . . i j: i+ zj Vy = | 31+ j jsvo = —ai + —j 
93. v-w = 0;0 = 90° 95. Parallel 97. Parallel 99. Orthogonal 101. v, 5! gi ae si 103. vy, 2 (3i i}svs 10! * ios 


105. a ~ 56.1°; B © 138°; y © 68.2° 107. 2V83 109. —2i + 3j —k 111. V29 © 5.39 mis/hr; 0.4 mi 
113. Left cable: 1843.21 1b; right cable: 1630.41 lb 115. A force of 697.2 lb is needed to keep the van from rolling down the hill. The magnitude of the 
force on the hill is 7969.6 lb. 


Chapter Test (page 375) 


6. 


= 3o0ry = 3x 


y 
x 


7. 8y =x 8. 1? cos @ = 5 is symmetric about the pole, the polar axis, and the line 6 = - 
9. r = 5 sin @ cos” @ is symmetric about the line 6 = = The tests for symmetry about the pole and the polar 
axis fail, so the graph of r = 5 sin 6 cos” @ may or may not be symmetric about the pole or polar axis. 

10. z-w = 6(cos 107° + isin107°) 11. = = 5 (cos 297° + isin297°) 12. w> = 243(cos 110° + isin 110°) 

13. z = 2W2(cos 40° + isin 40°), z; = 2\/2(cos 160° + isin 160°), z. = 2W/2(cos 280° + i sin 280°) 


z = 2W/2(cos 160° + i sin 160°) 


Imaginary axis 


zy = 2W2(cos 40° + i sin 40°) 


Real axis 


14. y = (5V2,-5V2) 15. |v| =10 16. u 


v ( V2 V2 
Ilv| 2° 2 
19. vy, + 2v2 — v3 = (6,—10) 20. Vectors vy, and vy are parallel. 


21. Vectors v2 and v3 are orthogonal. 


22. 172.87° 
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) 17. 315° off the positive x-axis 18. vy = 5V/2i — 5V2j 


23. —9i — 5j + 3k 


24. a © 57.7°, B © 143.3°,y © 74.5° 25. V115 26. The cable must be able to endure a tension of approximately 670.82 lb. 


Cumulative Review (page 375) 


3 
1. {-3, 3} Ry=—x 3. xr+(y-1P?=9 4. {x 
yh 
(0, 1)| 5[(0, 4) 
(-3,.1) G,1) 
Sie 
(0, =2)- 
T 
6. yA 7. y 8 76. % yy xe 
i ‘i yo 
Qe lx Le 
4yx 


CHAPTER 6 Analytic Geometry 
6.2 Assess Your Understanding (page 385) 


6. parabola 7. (c) 8 (3,2) 9% (3,6) 10 y=-2 1B 13.E 15.H 17.C 


19, y’ = 16x 21. x° = -12y 
Ya 
i tol(48) io 
evan V = 0,0 Diy =3 
V=(0,0 F = (4,0) ASSN 
20) (-6, =3), x 
. (6, -3) 
T 
es F=(0,-3) 
4 29. (x — 2 =-8(y + 3 
27. x? = zy (x — 2) (y + 3) 
Ya 
YA 10 
4 V = (2, -3) 
(-2, 3) (2, 3) (o40} 
(-2 1) & 3) Diy = TaN 6,5) 
v3 NpAgs 3 (-2, -5 
5 x F=(2,-5) 


F=(0.3) Diy=-4 
3) V = (0,0) 


35. (y + 2)? = -8(x + 1) 37. Vertex: (0,0); focus: (0, 1); 
yh directrix: y = —1 
L(—3, 2) 2} x= F= (0-43 
F=(-3,-2)¢ 7 : 
-2, 1)" (2,1 
(-3, —6) V = (-1, -2) : sedans : _ 
bys 
i i 


43. Vertex: (3, —1); focus: 45. Vertex: (2, —3); focus: (4, —3); 
5 : : 3 directrix: x = 0 
3, =a ; directrix: y = = 


bd 
b0, 
YA six 
TV = G-) 24 = @,-3) 
¥ = , —-3. 
beg = D:x=0 4 ri ) 
ya-q F=(3,-9 (4, -7) 


x x} or ( oo, x) U G =) 5. Symmetry with respect to the y-axis 


10. ya 11. Amplitude: 4; period: 2 
3a o=3 
o= = 
4 
r=2 
Yo" a 
0=7 S: 0=0 
SIRE 
CATS 
X vi 
6-75 9-7 
23. y? = —8x 25. x° = 2y 
F=(0.4 
2 Yh 
(2, 2) 
rx = 2 IY 
i (-2, 24 ae fe 
bs La ) 
4 
V= (00) Dry = -5 
31. (y + 2) = 4(x + 1) 33. (x + 3)? = 4(y — 3) 
Ya F=(-3,4) y4 
5 
Dix = 21 1(0,0) 5,4 5 
vr (-1, 4) 
~ V = (-3,3) 1 
v= (-1,-2f NPE 2) PT son 
= (0, —4) r 


39. Vertex: (0, 0); focus: (—4, 0); 
directrix: x = 4 


47. Vertex: (0, 2); focus: (—1, 2); 
directrix: x = 1 


YA 
-1, 4) 
: OBI Dix =1 
V = (0, 2) 
F=(-1,2 
/ ¥ 
fl 
(-1,0) 


41. Vertex: (—1, 2); focus: (1, 2); 


directrix: x = —3 
YA 
D:x = -3 8 
1, 6)— 
V=(-1,24 A p= 2,2) 
$1, 
(1, =2) 


49. Vertex: (—4, —2); focus: 
(—4, -1); directrix: y = —3 


F=(~4,-1)y4 
\ 
aN > 
=o = Kt x 
agi te (-2, -1) 
D:y = -37 
LLiitt 


V =\(-4, -2) 
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1 
51. Vertex: (—1, —1); focus: (-3. -1): 53. Vertex: (2, —8); focus: (2-7), 55. (y-1) =x 57. (y — 1)? = -(x - 2) 


4 
3 1 
directrix: x = - directrix: y = -" 59x =4(y-1) OL Y= iG + 2) 
YA yh 63. 1.5625 ft from the base of the dish, along the axis of symmetry 
HopeeS 25 Lt na 65. 1 in. from the vertex, along the axis of symmetry 
4 4 x an 67. 20 ft 69. 0.78125 ft 
(3 +3) We (3 : ) V=Q@=89 NE z( -3) 71. 4.17 ft from the base, along the axis of symmetry 
V=(-1, D4 : r ae 73. 24.31 ft, 18.75 ft, 7.64 ft 
3.3 Diy=—g 625 5 
“72 75. (a) y = — ——>x" + 625 


(299)? 
(b) 567 ft: 63.12 ft; 478 ft: 225.67 ft; 308 ft: 459.2 ft (©) No 


771. Cy’ + Dx =0,C #0,D #0 This is the equation of a parabola with vertex at (0,0) and axis of symmetry the x-axis. 


Dime D D 
Cy = —Dx The focus is (- IC 0): the directrix is the line x = en The parabola opens to the right if 
yy __D x D D 
7 ——= > Oand to the left if——=> < 0. 
Cc C and to the left if — 
79. Cy + Dx + Ey+ F =0,C #0 (a) If D # 0, then the equation may be written as 
2 2 
Cy + Ey =—-Dx-F (y+ =) A(x E CF) 
2C C 4CD 
pi yee ge F2-4CF_ E 
This is th ti f bola with vertex at | —~~——,,- =~ 
Cc : Cc Cc . is is the equation of a parabola with vertex a ( 4CD =) 
( yt E ) D x PLE and axis of symmetry parallel to the x-axis. 
2C C Cc 4c? 
EY D FP) — 4CF (b)-(d) If D = 0, the graph of the equation contains no points if E* — 4CF < 0, 
( y ) x¢+ is a single horizontal line if E? — 4CF = 0, and is two horizontal lines 
2C Cc 4c? if E2 — 
if E* — 4CF > 0. 


6.3 Assess Your Understanding (page 395) 
7. ellipse 8. major 9. (0,—5);(0,5) 10. 5;3;x 11. (—2,—-3);(6,-3) 12. (1,4) 13.C 15. B 


2 roy 


17. Vertices: (—5, 0), (5,0) 19. Vertices: (0, —5), (0,5) 1, + —=1 23. -~+>=1 
Foci: (—V21, 0), (V21, 0) Foci: (0, —4), (0, 4) a wae 
> Vertices: (0, —4), (0, 4) Vertices: (-2V2, 0), (2V2, 0) 
Ya sa 
£0, SVS 4} Foci: (0, -2V3), (0,23 .(— 
serra (0,4) ( ),( ) Foci: (V6, 0), (V6, 0) 
(-5,0) So 0 oe on 4) 4 
ES (0, -2) | : 0 “9 O.2V 50M Pi, v2) 
ee m0, —5)- (-2,0) tists ev? 22,0) 
ns: ! (-V6, 0) ( $]x 
@, -2 vate, -a4 ovate” 
2 2 vi} 2 2 2 2 2 
x ¥ x y x y x y 
25. —+-=1 7, +21 29, +--=1 31, +—=1 
16 =16 25 16 9 25 9 5 
Vertices: (—4, 0), (4,0), Yh dh as yh 
ERT ' Te 
(0, —4), (0, 4); Focus: (0, 0) (3,0) pt 3, 0) OMEN (2,051 0,5) 
Yh LYE (-3,0 f 2E NG, 0) (-3, 0) (3, 0) 
(0, 4) (-5, 0) Sx sx 
4): | 2,0 
(4, 0) naene (0, -4) ovate 
> 4 (0, —5)- Lori 
(-4, 0) = 
(0, —4) 
ey y’ (x +1)? 
kine tg od Teta) 39. + 1v=1 
aa oS) 9 37. x 16 4 (y ) 
CTT | be: y 
(4,0 510.3) we Vig NO) al. (x-1P +> =1 
6,0) (-1, O07 7G, 0)5 
(-5, 0) = roy 
ra a (4, 0) [ NAO, -V15) 
Ht ia ? LO, -A4) 
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(x +5) (y- 4) (x + 2)? 3 
43. Center: (3, —1); vertices: (3, —4), (3,2); 45. te 1 47. +(y-1)=1 
16 4 4 
foci: (3, == V5), (3, -1+ V5) Center: (—5, 4); vertices: (—9, 4), (—1, 4); Center: (—2, 1); vertices: (—4, 1), (0, 1); 
foci: (-5 — 2V3, 4), (-5 + 2V3, 4) foci: (—2 — V3, 1), (-2 + V3,1) 
Yh 
(@ -14-V5)> 
at 2) Ue 4 
»-)I —5,6 
7s * ee (penal (-2,2)—-| \(-2 + V3, D 
HS DENG —D mo Sears Ane (0,1) 
G3, -1-V5y L1G. =4) (-5 - 23,4) =5.4) x 
Tx (-2 - V3, D). (-2, 0) 
(3,2) (2,1) j 
(x- 2) (y +1) (x- 1)? (y +2) >, (yt 2 
: ; + . xe + 
49 3 ) it 51 4 9 1 53. x 7 1 
Center: (2, —1); vertices: (2 -~ V3 -1); Center: (1, —2); vertices: (1, —5), (1, 1); Center: (0, —2); vertices: (0, —4), (0, 0); 
(2 + V3, -1);foci: (1, -1), (3, -1) foci: (1, -2 — V5), (1, -2 + V5) foci: (0, -2 — V3), (0, -2 + V3) 
Ph a4 T4005, 
Qt) Br, -1+-V2) : (0, -2 +'V3)4 + 
Nie + V3, —1) aig kede cA trven (-1, -2F NGG, -2) 
aE ak (-1, -2) ee (0, —2) 
OVS WRG 0 a, 2 0, -2 - V3) 9, 4) 
(, =I) O-1-vd G, —S)=PRP a, -2 - V5) CCC iy 
x— 2) + 2)? x— 4)? — 6)? x — 2) aay 
gg EE ep SEE 2g 7 SUV Oo, gy OE od 
25 21 =) 9 16 7 
YR vA YR 
4 (4,9), Va 
= = 9 (2,1+V7) 
(0, —2): (2, -2 + V21) (4- V5, 64 (4,8) Cc Li H6, 1) 
i a5 (4,4) (4+ V5, 6) (-2,)) (6, 1) 
(-3, -2) Re , nl > 
(4, -2) 4,369 Athy 
ty ~ | 
(2, -2 - V21) (2, —2) x (1 -V7) 
(x — 1) 2 -1P  (G-2y SS yA 
3 eG 2y =a Ges 1 dale 
(-2, nf | No 0) 
Yh Sx 
(—2,2) Sl, 3) (4,2) 
(1 = V10, 2) (1 + V10, 2) 4, 2) 
5] ~ 
\ CL, 2) me 
Fae 
x y 
67. y 69. 00 + 36 =1 71. 43.3 ft 73. 24.65 ft, 21.65 ft, 13.82 ft 75. 30ft 77. The elliptical hole will have a 
aye ieb z. ¢ 
i. ‘5 x major axis of length 2/41 in. and a minor axis of length 8in. 79. 91.5 million mi; (932 ae 3646.75 ~ 1 
x y 
“(0, -8) 81. Perihelion: 460.6 million mi; mean distance: 483.8 million mi; (483.8) a 733,524.2 
83. (a) Ax? + Cy + F=0 If A and C are of the same sign and F is of opposite sign, then the equation takes the form 
2 2 x ig Ee a ve wo: . : . 
Ax’ + Cy F F Bo F = 1, where — A and — C are positive. This is the equation of an ellipse with center at (0, 0). 
(a) Ce) 


F 
(b) If A = C, the equation may be written as x7 + y’ = — rg 


| F 
This is the equation of a circle with center at (0,0) and radius equal to ,/— A 
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6.4 Assess Your Understanding (page 408) 


7. hyperbola 8. transverse axis 9. b 
10. (2,4); (2,-2) 11. (2,6); (2, —4) 
12.4 13. 2;3;x 


4 4 
—-x;y=-x 15.B 17A 


14. y= 
ye 9 9 
2 2: 
x y 
23, —-—=1 
Sg ab 
; 0,4) 4 
ya-3t_ YA =3r 
10 
V1 = (-3,0) V2 = (3,0) 
va res 
4 x 
alae er. 2 = (5,0) 
(0, 4) 
2 2 
x y 
9,2 ot 
2 «9 


Center: (0, 0) 
Transverse axis: x-axis 
Vertices: (—5, 0), (5, 0) 


Foci: (-V34, 0), (V34, 0) 


3 
Asymptotes: y = +5 x 


2, 
wp. 2-2 =1 
xy 4 (0, 272) 
V1 = (-1, 0) V2 = (1, 0) 
F, = (3,0) F, = (3,0) 
5ix 
V0, -2V2) 
y=2V2x y = -2V2x 
2 2 
y x 
25. -—=1 
369 
F, = (0,35) 
y=-2x yh y=2x 
Hl 
EV, = (0,6) 
(-3, 0) (3, 0) 
t ai 0% 
Vi = (0, -6) 
F, = (0, -3V5) 
2 a 
x y 
31.— -—=1 
4 16 


Center: (0,0) 
Transverse axis: x-axis 
Vertices: (—2, 0), (2,0) 


Foci: (—2V5, 0), (2V5, 0) 


Asymptotes: y = +2x 


(0, 4) 
yo-2xv yr y=2x 
YA 5 
ya-3r 40+ (0, 3) y=3e t 
5 5 Vi = (—2, OAL = (2, 0) 
Fy = (-V34, 0) NaF = (V34, 0) ste : ~ 
Vi = (-5, 0) * F, = (-2V5, 0)1 F, = (25,0) 
SAT 
(0, EVs ae 
2 2 _ = ees 
yx V.= (0,5)  F, = (0,52) 37. x7 -y=1 
B52 52 1 ae 94 / pox ; 
y x 
Center: (0, 0) N 39, —-—=1 
‘ (-5, IS L165, 0) 369 
Transverse axis: y-axis - + oy ¢ 70 = 
Vertices: (0, —5), (0,5) 7 
Foci: (0, -5V2), (0, 5V2) fon BL 
Asymptotes: y = +x 
a 4 (y +1)? OF a uae a 
ae | 5 “4 12 
y,(4,-14V5) pe Sita h=C30 yy sae Gas 
4 / y ze- 4) i= HE y z+ 3) 
F,= (1-1) (4, -1) N . 
Lit = x 
V, = (2, -1) K es (7, -1) (-3 — 23, -4)2 P(-3 + 2V3, -4) 
V2 = (6, -1) ¥,=(-3 ane ee V3 (04 3) 
(4, -1-V5) pth = 7e=9 F, = (-3, -8) 


2 2 
y x 
21. —-—=1 
16 20 
y=-2M8, y= 0,8) 
5 rT} _ 25 
V2 = 0,4) Ss Pog 
ERY PANS) 
(-2-V5, 0) 10x 
V,= (0-4) F, = (0, -6) 
2 2 
x y 
27, —-—=1 
8 8 
jp OA 
va V2 = (22,0) 
PROSE 
P= (4,0) 
(0, -2V2) 


33. —- x =1 


Center: (0, 0) 
Transverse axis: y-axis 
Vertices: (0, —3), (0,3) 


Foci: (0, -V 10), (0, V10) 


Asymptotes: y = +3x 


y=-3x yh y=3x 
=F, = (0,10) 
(-1, OATES Va = (0,3) 
TIN x 
V, = (0, -3)4 (1, 0) 
F, = (0, —V10) 
Ged. 
45. a eater rea 


y7FV3) y-7=V3(x — 5) 


TTT] 
Ye den PV. = 6.7) 
F,= G3, DRT 
ANS.) 
8 


cI e 
(,7-V3) yy 7= -V3(x-5) 
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= 1) +1) - 2) + 3)? ose 
41. (e-1 +) ‘i ag (x — 2)" (y +3) 1 yt ay Pt 3a ZED 
4 9 4 9 2, -3)4 au 
act hey es Center: (2, —3) Vi = 0-3) FY 6 
¢ 2 Y4o,2)_7 2 Transverse axis: parallel to x-axis ZAK Fa = 2 +V13, -3) 
Fy = 2-V1B, “3) 7 VV = 4, -3) 
d, -1) Vertices: (0, —3), (4, -3) } 
FY 
aden cae % Foci: (2 — V/13, -3), (2 + V13, -3 (2,6) = 3¢- 
F,=(0-V3B, o) x. a a ( ) os ) y+3=-F0-2) 
V, =(-1,-1) ‘ Y= @B,-1) Asymptotes: y + 3 = +5 (4 = 2) 
(1, -4) 
(y -— 27 (x+1?  (y+2/ 


SL — — (x +2P=1 53. F 7 1 55. (x -—1)? -(y+1)?=1 
Center: (1, —1) 


Center: (—2, 2) Center: (—1, —2) : F 
: . ; . Transverse axis: parallel to x-axis 
Transverse axis: parallel to y-axis Transverse axis: parallel to x-axis Vertices: (0, —1), (2, -1) 
Vertices: (—2, 0), (—2, 4) Vertices: (—3, —2), (1, —2) ros (1 i V2 =f), (1 cafe =i) 
Foci: (-2,2 — V5), (-2,2 + V5) Foci: (-1 - 2V2, -2),(-1 + 2V2, -2) pone seta ony er 
Asymptotes: y — 2 = +2(x + 2) Asymptotes: y + 2 = +(x + 1) ymp ed . 
yA 
Y-2=—-2HH2) y y-2=2~ + 2) (-1,0) 74 yt1=-@-} rt yetrant 
Fy = (2,2 +V5)i¥1 Pe oa a { 4 yt+2=x+1 F.=(0-Vi,-D aur = 
RPS Et RA ‘ "AL R= +2, -1 
—3, 2) PRR (-1, 2 =(-1- = 4ix V1 = 0, -DT 8 
(4 ital Quine F, = (-1-2V2, ? Se a (2 saa oa) 1 \Ya= 1) 
V, = (—2, 0Y 2 7 V, = (-3, -2)147 S V, = (1, -2) (d, -2) 
(Fi = (-2,2 -V5) Ay +2 = —@ +1) 
(-1, -4) (-1, -2) 
(y — 2) (x- 3  (y +2) Q2iy 
7, ——— —(x +1)? =1 . 1 1, —_— - (x + 2)? = 1 
5 ri (x ) 59 a 16 6 ri (x 
Center: (—1, 2) Center: (3, —2) Center: (—2, 1) 
Transverse axis: parallel to y-axis Transverse axis: parallel to x-axis Transverse axis: parallel to y-axis 
Vertices: (—1, 0), (—1, 4) Vertices: (1, —2), (5, —2) Vertices: (—2, —1), (—2, 3) 
Foci: (—1,2 — V5), (-1,2 + V5) Foci: (3 - 2V5, -2), (3 + 25, -2) Foci: (-2,1 - V5), (-2,1 + V5) 
Asymptotes: y — 2 = +2(x + 1) Asymptotes: y + 2 = +2(x — 3) Asymptotes: y — 1 = +2(x + 2) 
Y-2=-Ae+D y, y-2= 24H y+2=—-2( —3) y+2=2@%-3) F, = (-2,1+ V5) 

(-1,2) CLEEF, = (-1,2+V5 3, 2 = 
2.38 7a oo ) (3, 2) : yn 15-26-49 xb Thy — = Be +2) 
=(-L0). : > \ eV, = (-2, 3) 

V, = (-1, OLA (0, 2) e% F, = (3 -—2V5, -2)0 x Sp, = (3 +2V5,-2) Ca Fare) 
CEN Fas 2 V5) Vi = 0, <2) r= (5, -2) rere ae 
(3, —6) ii 
PPA (3, -2) 77h 
F,= (-2,1- V5) 
63. Yh 65. Ya 67. Center: (3, 0) 
: Cees fe A 10 ea Transverse axis: parallel to x-axis 
aes = F 
go ae ey ae baer Se = Vertices: (1, 0), (5, 0) 
v TACO Foci: (3 — V29, 0), (3 + V29, 0) 
ACCU: a 5 
A Asymptotes: y = $5 (x =3) 
F, = (3 — V29, 
V2 = 
(x-5P y? 5 
69. Vertex: (0, 3); focus: (0, 7); 71. “5 Pag =1 73. (x — 3)° = &(y + 5) 
directrix: y = —1 Vertex: (3, —5); f (3; =3); 
ee Center: (5, 0); vertices: (5,5), (5, —5); sien _ srs ( ) 
F=ODy, foci: (5, — 4), (5, 4) a 
48 YA 
+ Vy = 6,5), 2 
SAN ER, = (5,4) > 
V=@,3) F=(@,-3) 
10, 6, OA(8, 0) re 
D:y=-1 (2, 0); es V = (3, —5) 
F, = (5, -4) poe 
V2 = (5, —5) 
x y 
75. The fireworks display is 50,138 ft north of the person at point A. 77. The tower is 592.4 ft tall. 79. (a) y= +x (b) 700 100 > 1,x =0 


81. If the eccentricity is close to one, the “opening” of the hyperbola is very small. As e increases, the opening gets bigger. 
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2 
1 
83. = — y’ = 1; asymptotes y = +5% vi y= 1 
2 o.23 ysty 
2_* 1 2 
: cia 1; asymptotes y = +5* (-2, 0. Be 2,0) 
x =e 
He? ' 
i 
amen) 
as y 
85. Ax? + Cy? + F =0 If.A and C are of opposite sign and F # 0, this equation may be written as Fe + Pa 
(-4) Co) 


Av +Cy = 


| 
| 
5] 


F F 
where — A and — C are opposite in sign. This is the equation of a hyperbola with center (0, 0). 


es stg EF ae ree 
The transverse axis is the x-axis if — A > 0; the transverse axis is the y-axis if — a <0. 


6.5 Assess Your Understanding (page 417) 


A — 
5. cot(20) = 6. Parabola 7. B?-4AC <0 8 T 9 T 10. F 11. Parabola 13. Ellipse 15. Hyperbola 


B 
2 2 2 2 
17. Hyperbola 19. Circle 21. x oy y'),y cor + y’) 23. x Mee y')y = + y’) 
1 1 A/S 4/5 13 3B 
i ea | gh ry) it das ah , ' , feats Sy oe , , 14 3y! 
25. x ale V3y )ay 5( V3x y ) 27; x 5 (x' — 2y’),y 5 (2x' + y’) 29. x B (3x’ — 2y'), y B (2x' + 3y’) 


35. 6 = 60° (see Problem 25) 


31. 6 = 45° (see Problem 21) 33. 6 = 45° (see Problem 23) 


12 


2 y 
-z=1 
~ 3 
Hyperbola 


Center at origin 


Transverse axis is the x’-axis. 


2 
y 
240 = 4 

er 
Ellipse 
Center at (0, 0) 


Major axis is the y’-axis. 


x2 


= 4 y2=1 
4 y 
Ellipse 

Center at (0,0) 


Major axis is the x’-axis. 


Vertices at (+1, 0) Vertices at (0, +2) Vertices at (+2, 0) 
Ay Ay 
2.5-* 2.5-x 
y* “.b) (2,0) 
2.5 a 2.5. 
(-1, 0) x © 
(~2,0) 
37. 0 © 63° (see Problem 27) 39. 6 = 34° (see Problem 29) 41. cot(20) = = 
x’ — 2) 
y’? = 8x! ey A ) + y?=1 0= sin(2) ~ 37° 
: ' 2 i 1 
Parabola Ellipse (x' — 1) = -6| y’ — ° 
Vertex at (0,0) Center at (2, 0) Parabola 
1 
Focus at (2,0) Major axis is the x’-axis. Vertex at (. t) 
vA : 4 
BLA” Vertices at (4,0) and (0,0) Focus at | 1, a 
, (2,0): y 
: g iG i [ie Ses :) 
2) Ht fe 
¥, a 
19) Se 
54x 4 
(2, —1) (. = ‘) 


43. Hyperbola 45. Hyperbola 47. Parabola 49. Ellipse $51. Ellipse 


53. Refer to equation (6): A’ = Acos*@ + Bsin@ cos @ + C sin? 6 
B' = B(cos’@ — sin’ @) + 2(C — A)(sin 0 cos @) 
C' = Asin’? 6 — Bsin@ cos @ + C cos? 
D' = Dcosé + Esin@g 

—Dsin@ + Ecosé 

F'=F 


my 
fT 
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55. Use Problem 53 to find B’* — 4A’C’. After much cancellation, B’* — 4A'C’ = B? — 4AC. 


57. The distance between P; and P3 in the x’y'-plane equals V (x2! — x1')2 + (yo! — yy’). 
Assuming that x’ = x cos @ — ysin@and y’ = xsin@ + ycos 6, then 


(x2' — x1")? = (x2 cos @ — y) sin @ — x; cos@ + y, sin @)? 
= cos? @(x. — x1)? — 2 sin 8 cos @(x, — x1)(y2 — yy) + sin? O(y2 — y,)?, and 
(9! — yy’)? = (x) sin @ + y) cos @ — x, sin@ — y, cos 0)? = sin? O(x, — x4)? + 2 sin cos A(x. — x1)(y2 — y1) + cos” A(y. — y;)?. 
Therefore, (x" — x4’)? + (yo! — yy')? = cos? O(x_ — x4)? + sin? O(x — x4)? + sin? O(y. — y,)? + cos? A(y2 — y,)? 
= (x) — x1)°(cos” @ + sin? @) + (yo — y,)?(sin? @ + cos? 6) = (x2 — xy)? + (2 — y1)?. 


6.6 Assess Your Understanding (page 423) 

3. conic; focus; directrix 4. 1;<1;>1 5. T 6. T 7. Parabola; directrix is perpendicular to the polar axis 1 unit to the right of the pole. 
4 

9. Hyperbola; directrix is parallel to the polar axis 3 units below the pole. 


3 
11. Ellipse; directrix is perpendicular to the polar axis 2 units to the left of the pole. 


13. Parabola; directrix is perpendicular to 15. Ellipse; directrix is parallel to the 17. Hyperbola; directrix is perpendicular to 
the polar axis 1 unit to the right of the pole; polar axis = units above the pole; the polar axis 2 units to the left of the pole; 
1 8 3 
vertex is at (3. 0). vertices are at @ =) and (s =z) vertices are at (—3, 0) and (1, 7r). 
4Y Directrix ‘8 2) Directrix 4y 
2) G y Directrix ¥ Me st 35 
1,2); . rectrix 7+ 2s, 2 
\, 2 2 {Polar (2,7) % polar (~3,0) a ) Polar 
1,325 2] ¥ axis X axis 51x axis 
a 3 *2| 
2 
(7) 
19. Ellipse; directrix is parallel to the 21. Ellipse; directrix is parallel to the 23. Ellipse; directrix is perpendicular to 
polar axis 8 units below the pole; polar axis 3 units below the pole; the polar axis 6 units to the left of the 
8 3 6 3 ’ : ; 
vertices are at (s =) and @ =z) vertices are at (6 =) and (¢. =m) pols vernnes arpa (6) Uand (ea) 
2 32 2 5° 2 
Directrix, Y4 3 5 
YA iy: 6. 3 Pslt\” 2 
a 2 a) He’ 2 2, 2) AS 
ay 4 ly (6,0)\ Polar 
, Polar (2, 77) (2, 0) 47x axis 
‘A X axis Polar 
(4, 7 E($ =, 54 re axis 3 37\_| 
CH Directrix| | 3° See 
Directrix (s - Directrix 2 
522), 


25. y+ 2x —1=0 27. 16x7 + 7y? + 48y — 64=0 29. 3x7 — y? + 12x +9=0 31. 4x° + 3y — 1loy — 64 =0 


1 12 12 
2 Ds. Sapo 2 Bn _ 26 = = 
33. 9x" + Sy” — 24y — 36=0 35. 3x° + 4y 12x -36=0 377 Tana 39. r ae ee 41. r {= kann 
43. Use d(D, P) = p — rcos @ in the derivation of equation (a) in Table 5. 
45. Use d(D, P) = p + rsin@ in the derivation of equation (a) in Table 5. 
6.7 Assess Your Understanding (page 434) 
2. plane curve; parameter 3. ellipse 4. cycloid 5. F 6. T 
Te yh % yy 11. yA 13. 4 
5 10 5 
16 
Sif 10/x x 
mx 
x-3y+1=0 y=Vx-2 y=x-8 ¥ = 3(y — 1)? 
15. yy 17. Yh 19, Ya 21, Ya 
5 3 5 [5 
31x ie BG bse 
5x 
2 ¥ aes 
2y=2+ =x —+-—=1 —+4+——=1 
- * .=s 4° 9 4° 9 
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t+1 
23. y4 25. YA 27. x =t or x =—— 
Ik Hack and ” 
2 [trac y=4t-1 yr 
(V2.1) Ux 29. x =t or x=f 
a y= y=f+1 
ae 31. x =t or x= Wi 
r-ye=l xt+ty=1 y=h y=t 
33. x =f or x=f 
y=P3 4 =0 y=P,t=0 
35.x =t+2,y=t,0St=5 37. x =3cost,y =2sint,0 =t S$ 27 
39. x = 2cos(mt), y = —3sin(mt),0 <t = 2 
41. x = 2sin(2mt), y = 3 cos(27t),0 =t = 1 
43. yA YA Yh Ya 
(—4, 16)/20| | (4, 16) 16 2011, 16) 20| | (4, 16 
CLD (1,1), (1,1) C1, 1) 
(0,0), Cr 5] * CLUE PT, b CoS] cs 
HoH C25 % 
it 
45. 7 47. 4 
-6 6 
-5 9 
5 -6 
49, (a) x = 3 51. (a) Train: x, = 7, y, = 1; 53. (a) x = (145 cos 20°)t 
y = —16t? + 50t + 6 Bill: x» = 5(t — 5), yo = 3 y = —16t7 + (145 sin 20°)t + 5 
(b) 3.24s (b) Bill won’t catch the train. (b) 3.20s (ce) 435.61 ft 
(c) 1.56 s; 45.06 ft (c) 5 (d) 1.55 s; 43.43 ft 
(d) 50 (e) 170 
Bill 
Train 0 440 
0 100 
0 5 0 
0 -120 
55. (a) x = (40 cos 45°)t 57. (a) Camry: x = 40t — 5, y = 0; Chevy Impala: x = 0, y = 30t — 4 
y = —4.91? + (40 sin 45°)t + 300 (b) d = V(40t — 5)? + (30¢ — 4)? (d) 0.2 mi;7.68 min 
(b) 11.23s (ce) 317.52m (c) (e) Turn axes off to see the graph: 


7 
(d) 2.89 s; 340.82 m 
(e) 400 
0 02 
0 
-160 320 
0 


2 2 
vot, y 1617 + Me Vgot+3  (b) Maximum height is 139.1 ft. (c) The ball is 272.25 ft from home plate. (d) Yes, the ball will 


59. (a) x 7 


clear the wall by about 99.5 ft. 61. The orientation is from (x,, yj) to (x, y2). 


Review Exercises (page 438) 
1. Parabola; vertex (0,0), focus (—4, 0), directrix x = 4 3. Hyperbola; center (0,0), vertices (5,0) and (—5, 0), foci (V26, 0) and (-V26, 0), 


1 1 
asymptotes y = tg and y = “3% 5. Ellipse; center (0, 0), vertices (0,5) and (0, —5), foci (0,3) and (0,-3) 7. x? = —4(y — 1): Parabola; 


2 2 


= 2 = 1: Hyperbola; center (0, 0), vertices (v2, 0) and (-v2, 0), foci (V10, 0) and (-V‘10, 0), 


vertex (0,1), focus (0,0), directrix y= 2 9 


3 
asymptotes y = 2x and y = —2x 11. (x — 2)? = 2(y + 2): Parabola; vertex (2, —2), focus (2 -3), directrix y = - 
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9 2 
13. ( ri (x — 1)? = 1: Hyperbola; center (1,2), vertices (1,4) and (1,0), foci (a, 2+ V5) and (ay 2- V5), asymptotes y — 2 = +2(x — 1) 


x— 2) = 1)? 
15. ( 9 ) + Y 4 ) 1: Ellipse; center (2, 1), vertices (5, 1) and (—1, 1), foci (2 + V5, 1) and (2 a V5, 1) 


17. (x — 2)? = —4(y + 1): Parabola; vertex (2, -1), focus (2, —2), directrix y = 0 


(x- 1? (y +1) 


ar eae 1: Ellipse; center (1, —1), vertices (1,2) and (1, —4), foci (1,-1 + V5) and (1, -1 — V5) 
2 2 2 2: 
y x x ¥ 
21. y’ = -8 23.7--- =1 28. + >=1 
f . 4 12 16° 7 
=i V2 = 0.2) F, = (0,4) 4 (0, Vocd 
(2 DENT DE = 2 - V3 ARR fay = Sx V, = (-4,0) V2 = (4,0) 
F = (-2,0) you's “hse 
v= @org fos (-2V3, 0) sa VE 7* 
(-2, -4) Ze TSS V3, 0) =e F, = (3,0 
V1 = 0, -2)-LFi = (0, —4) Aad ae 
(0, -V7) 
(y + 3) (x+4P (ys) 
27. (x — 2)? = -4(y + 3 29. (x + 2)? - —~—— = 1 31. + 1 
(x — 2)? = -4(y + 3) Ce) ae i = 
YR yt3=-V3 (xe +2) yy yt3= V3 (42) Va = (—4,10) 42 
2 2p 4-2, -3 +V3) Ztsl0 _ 
byes ai ae oe te (-4,5) et, = (-4, 8) 
V= (2, -3) F, = (-4,-3) F, = (0, -3) (-8, 5)$ 614-0, 5) 
0, “VATA (4, 4) z 
NEA (2 =aytthee OE) x Fy = (-4,2) 
F=@,-4 (-2,-3-V3) y= (40) 
x +1) —2y x — 3) =a)? 
33. ( 9 e 7 1 35. ( 9 w 4 1 37. Parabola 39. Ellipse 
41. Parabola 43. Hyperbola 
y-2= VI (tt) yah ae y-1= =§ (x - 3) “te, 31,0) 45. Ellipse 
V, = (0,1) LV, = (6, 1) 
Vi = (-4, . oe 
Fy = (-5, F,=@6-VB, 0% y= G+ Vi3, D 
die 
“i gta ep 
-2=V1 
Ea lia 
12 12 2 
y a ¥ 4V13 
47, x? —~——=1 49. —+——-=1 51. y? = — ' 
ar) 2" 4 z is." 
Hyperbola Ellipse Parabola 
Center at the origin Center at origin Vertex at the origin 3 
Transverse axis the x'-axis Major axis the y’-axis Focus on the x’-axis at es 0) 
: : 13 
Vertices at (+1, 0) Vertices at (0, +2) 
so i arn ane: eee 
KS ig (0,22 7 Lyte se 
0) x Es 
(-1,0) CS] x ~ — 
> 2 (0, 2) 
53. Parabola; directrix is perpendicular 55. Ellipse; directrix is parallel to the 57. Hyperbola; directrix is perpendicular to 
to the polar axis 4 units to the left polar axis 6 units below the pole; the polar axis 1 unit to the right of the pole; 
; i ; : 3 : 2 
of the pole; vertex is (2, 77) vertices are G =) and (2. =z) vertices are @ 0) and (—2, 77). 
Directrix y 4 y ( 3) ; 3) 
5 T "2, 2,5 Ya Directrix 
ae 
LQ.) | Polar G7) GB, polar G. } i (2m) 
5x axis t = eri xk —| Polar 
432 3x) QT 32x axis 
nD a) 2,32 ie 
Directrix Lu 
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59. y — 8x —-16=0 61. 3x? - y?—- 8x +4=0 


63. Ya 65. yh 67. Yh 
a oa 
(21-2 6): 27 @2,1) 
(2, 0) (0, 2) 7 
bale (-3, 2) G3, 2) — 
51x 1, 0) 
(0, —2)- 
x (ye 2)’ 
+4y=2 — 4+ —__ =] 1+y= 
lames 9 16 7 
7 7 x y x y 
. x= = -2t+4,-0w <t< oo 2 i <ts = oS . ipsee—— + = 
69% x =ty 2t + 4, t 711. x =4 cos( ) '), y=3 sin( ) ‘), 0Osts4 7 5 ri 1 75. The ellipse 16 7 1 
t-—4 
BS ape 1) ge POSES OO 


77. - ftor3in. 79. 19.72 ft, 18.86 ft, 14.91 ft 81. 450 ft 


83. (a) x = (80 cos 35°)t (e) 50 


y = —160? + (80 sin 35°)t + 6 


(b) 2.9932 s ‘j oni 
(c) 1.4339 s; 38.9 ft 
(d) 196.15 ft 


ll 


Chapter Test (page 440) 
1. Hyperbola; center: (—1, 0); vertices: (—3, 0) and (1, 0); foci: (-1 - V3, 0) and (-1 + V13, 0); asymptotes: y = F(x +1)andy = S(x +1) 


1 
2. Parabola; vertex: (1 -}), focus: (. >); directrix: y = = 


3. Ellipse; center: (—1, 1); foci: (=1 - V3, 1) and (=1 + V3, 1); vertices: (—4, 1) and (2, 1) 


2 2 _— 9)2 _ 92 
x y (y — 2) (x — 2) 
4. (x + 1)? = 6(y —3 § >+7=1 6. 1 
way eyes) 7" 16 4 8 
YA 
F = (-1,4.5) 7}, yA Ad = 
4 5)Vi = (0, 4) Slr, ani ge Vas 
(-4,45) Ans) (-V7, 0) fA V7, 0) ET 
EES: ry |Diy = 15 Fy 5x (2- 2v2, 2) (2+ 2v2, 2) 
Vo CUSEErTTs * V2 = (0, -4) AES 
7. Hyperbola 8. Ellipse 9. Parabola 
12 2 ee : 2 y x +2 
10. x’ + 2y'” = 1. This is the equation of 11. Hyperbola; (x + 2)° — 37 1 2y=1- 3 
an ellipse with center at (0,0) in the , 
x'y'-plane. The vertices are at (—1, 0) Pe 
and (1,0) in the x’ y’-plane. (-2,1) Hao} 
~ 45% 
do, pig} 


2 
13. The microphone should be located 3 ft from the base of the reflector, along its axis of symmetry. 


Cumulative Review (page 440) 


2 2 2 
1. -6x +5—3h 2 (a) y=2x-2 (b) (x-2)P' +? =4 Ca 1 (d) y=2(x-1) p= y=1 
3.0=— 4 wk, k is any integer; 0 = iu + wk,kisany integer 4. 0 = z. 
12 12 6 
: 30 : : x? 
5. r = 8siné yp 6. 4 x x#7 + awk, kisanintegerr 7. {22.5°} 8. yogts 
10 
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CHAPTER 7 Exponential and Logarithmic Functions 


7.1 Assess Your Understanding (page 454) i 
6. Exponential function; growth factor; initial value 7.a 8 T 9 F 10. T 11. (-1.4) (0,1);(,a) 12.1 13.4 14 F 
a 
15. (a) 11.212 (b) 11.587 (c) 11.664 (d) 11.665 17. (a) 8.815 (b) 8.821 (c) 8.824 (d) 8.825 19. (a) 21.217 (b) 22.217 (ce) 22.440 


(d) 22.459 21. 3.320 23. 0.427 25. Neither 27. Exponential; H(x) = 4* 29. Exponential; f(x) = 3(2") 31. Linear; H(x) = 2x + 4 
33. B 35. D 37. A 39% E 


41. yA 43. ya 45. yh 47. yA 
9 7 10}-— 
A 512.3) (4,6) 0,1) 
3 (1: 3) £1, 1) ri (13 (-1, 1) : t 
(13 i ~y=0 (0, 3)) 2 Lo ~y=0 
(0, 2). a x? _ zy 
7 1) ca yar 
215 x (0 3) 1, -3) 
Domain: All real numbers Domain: All real numbers Domain: All real numbers Domain: All real numbers 
Range: {y|y > 1} or (1, 00) Range: {yly > 0} or (0, 00) Range: {y|y > 0} or (0, 00) Range: {y|y > —2} or (—2, 0) 
Horizontal asymptote: y = 1 Horizontal asymptote: y = 0 Horizontal asymptote: y = 0 Horizontal asymptote: y = —2 
49. Ya 51. ya 53. 55. Yh 
8 8 
[1 x) 2,6) (23 4 OF 
16/14, 3) SOT, 5) (-1 
y=2 y=2 (—2, 1) 
6[x 25 x 4 y=05]x 
C{—3, 3) Litt 
Domain: All real numbers Domain: All real numbers Domain: All real numbers Domain: All real numbers 
Range: {y|y > 2} or (2, 00) Range: {yy > 2} or (2, &) Range: { y|y > 0} or (0, &) Range: { y|y > 0} or (0, ©) 
Horizontal asymptote: y = 2 Horizontal asymptote: y = 2 Horizontal asymptote: y = 0 Horizontal asymptote: y = 0 
ale 2 59. zt 61. {3} 63. {-4} 65. {2} 67. {3} 69. {-V2,0, V2} 71. {6} 
Ly = 5 “i y=2 1 1 
(0.4) (0, DAE rH. 73. {-1,7} 75. {-4,2} 77. {-4} 79. {1,2} 81. 19 83. ri 
* 85. f(x) = 3* 87. f(x) = —6* 89. f(x) = 3* +2 
1 9 9 
Domain: All real numbers Domain: All real numbers 91, (a) 16;(4,16) (b) —4; (-4 i) 93. (a) av’ (-13) 
Range: {y|y < 5} or (oo, 5) Range: {yly < 2} or (—©, 2) (b) 3; (3,66) 95. (a) 60;(—6,60) (b) —4;(—4,12) (ce) —2 
Horizontal asymptote: y = 5 Horizontal asymptote: y = 2 
97. YA 99. YA r 101. (a) 74% (b) 47% 107. (a) 0.632 (b) 0.982 (ce) 1 
Pe sr aay (a, A) FH -3 103. (a) $12,123 (b) $6443 @ | eee 
MA : 
areas era A : y=0 105. 3.35 mg; 0.45 mg 
ODT, 1 x 
ca (4, =e 6, - 5) 
(0, -1) 
D in: (— 00, co 
mat ) Domain: (—©°9, co 0 40 
Range: [1, 00) 7) 
Intercept: (0, 1) Retged=110) About 7 mi 
= Intercept: (0, —1) Ae) enti 
109. (a) 0.0516 (b) 0.0888 111. (a) 70.95% (b) 72.62% (ce) 100% 115. 36 
113. (a) 5.41 amp, 7.59 amp, 10.38 amp (b) 12 amp 117. - 
(d) 3.34 amp, 5.31 amp, 9.44 amp (e) 24 amp Final Value of Compare Value 
(c), () 1 Denominator | Expression | toe ~ 2.718281828 
o 
30 b(t) = 240 - e 1) 1+1 2.5 25 <e 
T =20- 6) 22 2.8 28 >e 
33 2.7 27 <e 
. 4+4 2.721649485 2.721649485 > e 
5+ S 2.717770035 2.717770035 < e 
6+ 6 2.718348855 2.718348855 > e 


119. f(A + B) = a4*8 = a4- a? = f(A)-f(B) 121. f(ax) = a® = (a*)* = [f(x)]* 


AN48 ANSWERS Section 7.1 


123. (a) f(—x) = xe" +e) 
= xe" + e*) 


1 
= ale +e *) 
= f(x) 
125. 59 minutes 


7.2 Assess Your Understanding (page 468) 


(b) 


= Dyes oe 
ys glete*) 


-6 6 


-1 


(c) (cosh x)? — (sinh x)? 
as te ‘ es] _ Ea 2 es] 


1 
= ria +246 -—e* 4+2-e%] 


1 
= 4) =1 


1 
4. {x|x > O} or (0,00) 5. (2. -1),(1,0),(@1) 6.1 7.F & T 9.2=1og,9 1. 2=log,16 13. x =log7.2 15. x =In8 
a 


. 1 
17.2=8 19. a°=3 21.3%°=2 23. e°=4 25.0 27.2 29-4 31. = 


39. All real numbers except 0;{xlx #0} 41. {xlx > 10}; (10,00) 43. {xlx > —1};(-1,00) 45. {xlx < —-lorx > 0};(—00,-1) U (0,0) 


2 


47. {x|x = 1};[1,00) 49. 0.511 51. 30.099 53, 2.303 55. —53.991 57. V2 


59. =3 
(x) =3 
ca, 3) et gga? = 
1\; 43,1) 
45/0) S710) = logs x 
NST 
Aha 


71. (a) Domain: (—4, oo) 
(b) zt 


x=-4 
(c) Range: (—©o, 00) 
Vertical asymptote: x = —4 
(d) f(x) =e -4 
(e) Domain of f7!: (—00, 00) 
Range of f 1: (—4, 00) 


(f) Yh 
5 
5.x 
0, -3) 
(0, -3) pack 


77. (a) Domain: (4, ©) 
(b) yy x=4 
LS 


(5, 2) 


RY 


(c) Range: (—09, 00) 
Vertical asymptote: x = 4 
(d) f-'(x) = 10*-7 + 4 
(e) Domain of f7!: (—00, 00) 
Range of f/!: (4, 00) 
(f) yA 
8 


(2,5) 
y 


61. 1 
fo) =(5 G Fi 


bet a 


73. (a) Domain: (0, 00) 
(b) zs 


a 
BY 


x=0 
(c) Range: (—00, 0) 
Vertical asymptote: x = 0 
(d) f'(x) =e? 
(e) Domain of f~!: (09, 00) 
Range of f !: (0, 00) 


(f) vA 
8 


<< 
i] 
HY 


79. (a) Domain: (0, 00) 
(b) ys 
25 


nie J 
oe 


x= 
(c) Range: (—09, 00) 
Vertical asymptote: x = 0 
1 
(d) f-'(x) = 5 + 10°" 


(e) Domain of f~!: (—00, 00) 
Range of f !: (0, 00) 


( A 
[8| at 
Pi 
1 | 
0,3) 
y=0 aks 


1 
33. 4 35. = 37. {x|x > 3}; (3, 0) 


63. B 65. D 67. A 69. E 


75. (a) Domain: (0, 00) 
(b) yy 


BY 


Niet 


-3) 
x=0 


(c) Range: (—099, 00) 
Vertical asymptote: x = 0 
on 
@ f"@=5e" 
(e) Domain of f7!: (—00, 00) 
Range of f”!: (0, 0) 
() y 


y=0 3 


BY 


81. (a) Domain: (—2, 00) 
(b) x=-24y 
(-1,3 


(c) Range: (—00, 00) 
Vertical asymptote: x = —2 
(d) fi) = 358-2 
(e) Domain of f!: (—0v, 00) 
Range of f !: (—2, 0) 


(f) yy 
5 


ha 
RY 


~ 
we 

4 
- 
= 
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83. (a) Domain: (—©o, oo) 85. (a) Domain: (—0o, co) {7} 
87. {9} 89% 49-7 91. {2} 93. {5 
(b) v4 oy fe MAG fe de, eee 
In 10 
os (6,8) 95. {3} 97. {2} 99. a 
(-2,=2) ¥ al In8—5 
oH 101. =} 103. {-2V2,2V2} 
ann baled 2 
7 
(c) Range: (-3, 00) (c) Range: (4, 00) 105. {-1} 107. {3 In 7 
Horizontal asymptote: y = —3 Horizontal asymptote: y = 4 5 
(@) f(x) = Ine + 3) -2 (@) f-'(x) = 3 log, (x ~ 4) ci rc “Ae 3} 
(e) Domain of f~!: (—3, 00) (e) Domain of f-!: (4, 00) 1 1 
Range of f~: (~c0, 00) Range of f': (~c0, 00) te {" a a} i ~) 
iy Z © 4 (b) 2; (40,2) (e) 121;(121,3) (d) 4 
(8, 6) 
eee . (5,0) 
f 0% 
x=-3 x = 4 
113. - 115. . 117. (a) 1 (b) 2 (©) 3 125. 0.2695 s 
5 : (d) It increases. (e) 0.000316 0.8959 s 
H,0 i (f) 3.981 x 10% yh 
(-1, 0) 5] x (. 0) 5 * 119. (a) 5.97km_  (b) 0.90 km 2.0 
121. (a) 6.93 min (b) 16.09 min 5 ic 
z=0 cae 123. h © 2.29, so the time between g 08 0.8959, 1) | 
oie * . : 0.4 Piety pid 
Domainrsles Oj Domai tele SU) injections is about 2 h, 17 min. ; He2695 05 " 
Range: (—09, oo) Range: {yly = O} Seconds 
Intercepts: (—1, 0), (1,0) Intercept: (1, 0) 


127. 50 decibels (dB) 129. 90dB 131. 8.1 133. (a) k ~ 11.216 (b) 6.73 (c) 0.41% (d) 0.14% 
135. Because y = log; x means 1” = 1 = x, which cannot be true for x # 1 


7.3 Assess Your Understanding (page 479) 
10 21 3M 4. r 5. log, M; log, N 6. log, M;log,N 7. rlog,M 8&6 97 10.F 11. F 12,.F 13.71 15.-4 17.7 191 


21.1 23. 3 25, > 27.4 2%a+b 31.b-—a 33. 3a 35. s(a+5) 37. 2+ logsx 39. 3log,z 41.1+Inx 43. Inx — x 
1 
45. 2log,u + 3log,v 47. 2Inx + gin — x) 49. 3 log, x — log,(x — 3) 51. log x + log(x + 2) — 2 log(x + 3) 


1 1 2 1 1 —1 
53. 3 n(x —2)+ 3 n(x +1)- 3in(x +4) 55. InS+Inx + ae + 3x) — 3In(x — 4) 57. logsu*v* 59. log; (=) 61. toe 


4 25x° (x + 1)? 
63. —2In(x — 1) 65. logy[x(3x — 2)"] 67. log,{ ———— ]} 69. log.) —-—~~——, | 71. 2.771 73. —3.880 75. 5.615 77. 0.874 


V2x +3 (x + 3)(~ — 1) 
_ logx log(x + 2) log(x + 1) 
D> log 4 aad log 2 a log(x — 1) 


4 


so 


2 3 
4+ A—| 
2 —2 


85. y=Cx 87. y=Cx(x +1) 89% y=Ce* 91. y=Ce* +3 
WC(2x + 1)"6 
99. log, (x + VV - 1) + log, (x = Vi = 1) = log, (x + Vie = 1)(x pa 1)| log,[x? — (x? — 1)] = log, 1 = 0 


101. In(1 + e”*) = Infe*(e* + 1)] = Ine** + In(e* + 1) = 2x + In(1 + e*) 


1\-” 
103. y = f(x) = log, x; a” = x implies a” (4) X,80 —y = logy, x f(x). 


93. y 95.3 97.1 


105. f(x) = log, «i(4) log, log, 1 — log, x f(x) 


M . 2 
107. logay, = log,(M-N~) = log, M + log, N"! = log, M — log, N, since a'°® ‘= N77 implies a! "= N; ie.,log, N = —log, NT. 
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7.4 Assess Your Understanding (page 485) 


5. {16} 7. {8} 9. {6} 1. {16} 13. {+} 15. {3} 17. {5} 19. {2} 21. {6} 23. {-2} 28. {-1+ Vi+ et} ~ {6.456} 
27. {343v5) ~ {0.854} 29. {2} 31. {3} 33. {8} 35. {log 10} = {ee} % {3.322} 37. {—logg 1.2} { ae = {—0.088} 
8 
Inz 
39, {Flee $} = 5 ~ {0.226} 41. eat ~ {0.307} 43. niet ~ {1.356} 45. {0} 47. {az} ~ {0.534} 
49. {ps} ~ {1.585} 51. {0} 53. {oai(-2 + vi)} = {-0.315} 55. {logs 4} ~ {0.861} 57. Norealsolution 59. {log,5} ~ {1.161} 


61. {2.79} 63. {0.57} 65. {—0.70} 67. {0.57} 69. {0.39, 1.00} 71. {1.32} 73. {1.31} 75. {1} 77. {16} 79. {-1.3} 81. {0} 


In 15 


83. {In(2 + V5)} ~ {1.444} 85. {ext ~ {1.921} 87. (a) {5}:(5,3) (b) {5}: (5,4) (© {1}: yes, at (1,2) 


89. (a), (b) x) =3tth 91. (a), (b), (c) x) = 3° 93. (a), (b), (c) Ya 
Ya LO) ya SO) socateyo 
[18] 18) 1 
gtx) = 22K” 2v2) 
g(x) = 287? < 7 
{0.710, 6.541) 86) = TOE logs 10, 10) f(x) = 2°*1 . 
25 % \ 


(c) {x|x > 0.710} or (0.710, 00) 


95. (a) Yh 97. (a) 2025 (b) 2043 
(5 99, (a) After 3.1 yr 
(b) After 7.1 yr 
fey = 2a Z ae? (c) After 10.6 yr 


(b) {x|x < 2} or (—0o, 2) 


7.5 Assess Your Understanding (page 494) 
1 
1. $15 2. 133% 3. principal 4. J; Prt; simple interest 5.4 6. effective rate of interest 7. $108.29 9. $609.50 11. $697.09 13. $1246.08 


1 
15. $88.72 17. $860.72 19. $554.09 21. $59.71 23. 5.095% 25. 5.127% 27. 67% compounded annually 29. 9% compounded monthly 


31. 25.992% 33. 24.573% 35. (a) About 8.69 yr (b) About 8.66 yr 37. 6.823% 39. 5.09 yr;5.07 yr 41. 15.27 yror 15 yr,3mo 43. $104,335 
45. $12,910.62 47. About $30.17 per share or $3017 49. Not quite. Jim will have $1057.60. The second bank gives a better deal, since Jim will have 

$1060.62 after 1 yr. 51. Will has $11,632.73; Henry has $10,947.89. 53. (a) $79,129 (b) $38,516 55. About $1019 billion; about $232 billion 
57. $940.90 59. 2.53% 61. 34.31 yr 63. (a) $1364.62 (b) $1353.35 65. $4631.93 


nt 
67. (a) 6.12 yr (c) mP = (1 Be ") 69. (a) 2.82% (b) In 2020 orafter 12 yr 71. 22.7 yr 
(b) 18.45 yr 


7.6 Assess Your Understanding (page 506) 


1. (a) SOO insects (b) 0.02=2% perday (ec) About 611 insects (d) After about 23.5 days (e) After about 34.7 days 

3. (a) —0.0244 = —2.44% per year (b) About 391.7g (ce) After about 9.1 yr (d) 28.4yr 5. (a) N(t) = No e (b) 5832 (ce) 3.9 days 

7. (a) N(t) = Noe (b) 25,198 9. 9.797g 11. 9727 yrago 13. (a) 5:18PM (b) About 14.3 min (c) The temperature of the pan approaches 
70°F. 15. 18.63°C;25.1°C 17. 1.7 ppm; 7.17 days or 172 hr 19. 0.26 M;6.58 hr or 395 min 21. 26.6 days 23. (a) 1000g (b) 43.9% (ce) 30g 
(d) 616.6g (e) After9.85h (f) About7.9h 25. (a) 9.23 x 1073, or about 0 (b) 0.81, or about 1 (ec) 5.01, or about 5 
(d) 57.91°, 43.99°, 30.07° 6 
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7.7 Assess Your Understanding (page 512) 
1. (a) 1 (d) 1 3. (a) 110 (d) 


=1 7 
0 
(b) y = 0.0903(1.3384)* (e) 0.69 (b) y = 100.326(0.8769)* (e) 5.3.weeks (f) 0.148 
(c) N(t) = 0.0903e°791 (f) After about 7.26 hr (c) A(t) = 100.326e 0134" (g) After about 12.3 weeks 
5. (a) 2400 (b) y = 32,741.02 — 6070.96Inx  (c) — 2400 (d) Approximately 168 computers 
7. (a) 290,000,000 __799,475,916.5 (d) 799,475,917 
(b) y 1 + 9.1968¢~0:0160x (e) Approximately 291,599,733 
(c) 290,000,000 (f) 2006 


70,000,000 


70,000,000 
9. (a) 70,000 (c) 70,000 
0 38 
0 
b) 67,856.6 (d) About 67,856,600 subscribers 
y 1 + 19.844¢~ 0.2029 (e) About 67,711,000 subscribers 
(b) Quadratic with a < 0 because of the (d) (e) 201 
“upside down U-shape” of the data 
(c) y = —0.0311x" + 3.4444x + 118.2493 
13. (a) 30,000 (b) Exponential because depreciation of a car (d) 30,000 (e) $13,899 


is described by exponential models in the 
theory of finance. 
(c) y = 31,808.51(0.8474)* 


15,000 


Review Exercises (page 517) 


1. (a) 81 (b) 2 (&) ; (d) -3 3. logsz=2 5.5% =u 7. {x 


x> 2h. (2 oo 9. {xlx < lorx > 2}; (—00,1) U (2, ~) 


11. -3 13. V2 15.04 17. log; u + 2log3;v — log;w 19. 2 log x + Slog(x' +1) 21. Inx + in? +1) —In(x —- 3) 23. hogs x 
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25. 


31. 


35. 


41. 


55. 


61. 


—2In(x +1) 27. ioa( 


3 
=1 8 


-3 


(a) Domain of f: (—00, 00) 


(b) 


YA 


nlw pS 
1 
= 
|e 
peal a, 


y=0 
x 


(c) Range of f: (0, 00) 
Horizontal asymptote: y = 0 

(a) f(x) = logs (2x) 

(e) Domain of f~!: (0, 0) 
Range of f~!: (—00, 00) 


. 
Lt, 
x 


(f) 


yt 


(4 


x=0 


4x3 
[e+ 3) 23)" 


) 29. 2.124 
33. (a) Domain of f: (—°©o, 00) (c) Range of f: (0, 00) (f) YA 
(b) 4 Horizontal asymptote: y = 0 5 G4) 

= (d) f(x) = 3 + logx C3 

(e) Domain of f~!: (0, ©) salad 
(4,2) Range of f—!: (—00, 00) 
ABD, y=0 x=0 
cal x 


37. (a) Domain of f: (—0v, 00) 
(b) 


39. (a) Domain of f: (—3, ©) 
(b) 


vA a 
5 5 
y=l (-2, 0) 7 
(11-0 f10,.035* LS] x 
0, yn) 
Range of f: (—00, 1) eee 
() ange ort : = (c) Range of f: (—°v, 00) 
Horizontal asymptote: y = 1 Vertical asymptote: x = —3 


(d) f(x) = -In(1 - x) 
(e) Domain of f-!: (-°o9, 1) 
Range of f!: (—00, 00) 


(d) f(x) =e* -3 
(e) Domain of f~!: (—00, co) 
Range of f~!: (—3, co) 


a 4 ©» 
si 5 in3.0 
ad=4=) 
0, 0 Six = 
wind (0, —2) aba 
y=-3 
x=1 


21n3 


+ 2 : 2 


{-1} 57. {1 —In5} = {-0.609} 59. {loas(~2 + vi) 


(a), (e) 


YF Me) = 2142 


yex 


-3, 6 
(5 ( ) fle 


SSAA 


Saal 


(6, 3) 

PLN Oe 

t Es 
fee 


(b) y = 165.73(0.9951)* 


Chapter Test (page 521) 


1x 


6. log; 21 = 


5 2.b 
In 21 
In3 


4 3x 


{4 a {5 =a 445 


= log, (x — 2) +1 


w {-1.366, 0366} 45.425 47 {23 LL pa zory ao, 112) 5a, ¢933 53, 11-3 
{a} * {ing ina) {'5} {3-3} 


In (-2+ V7) 


In3 


~ {0,398} 


(b) 3; (6,3) (©) 10; (10, 4) 


(d) {x x> > or G. =) 


(e) f(x) = 281 +2 


63. 3229.55m_ 65. (a) 37.3W (b) 6.9dB 
67. (a) 9.85 yr (b) 4.27 yr 69. $41,668.97 71. 24,203 yr ago 
73. 7,237,271,501 75. $483.67 billion 


(c) 


165.1 (c) 50 


-1 9 
0 
(d) About 47 people; 50 people 
(e) 2.4 days; during the tenth hour 
of day 3 
(f) 9.5 days 


153 


46.93 
1 + 21.273¢e70-730 


(d) Approximately 83 s (b) C= 


625 4, 8 +2 = 22.086 5. log20 ~ 1.301 
= 2.771 7. In 133 & 4.890 
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8. (a) Domain of f: {x|—0o < x < co} (e) Domain of f-!: {x|x > —2} 9. (a) Domain of f {x|x > 2} (e) Domain of f-!: {x|-0o <x< oo} 


or (— ©, &%) or (—2, 00) or (2, 00) or (— 0%, 0) 
(b) yf Range of f~!:{y|-0o<y<co} — (b) yy Range of f~!: {y|y > 2} or (2, 00) 
ab or (—00, 00) Le (f) ys 
(1, —| YO 2)- © (3, 1)! rt 7) 
ce is, (3) 
yea? rats rail 
to x=2 8x 
(c) Range of fi {yly > —2} or (—2, 00); (hs 
(c) Range of f {y|—00 < y < co} 


Horizontal asymptote: y = —2 


(d) f-! (x) = logy (x +2) — 1 or (—0%, ©); vertical 


asymptote: x = 2 
(d) fi (x) = 5042 


10. {1} 11. {91} 12. {-In2} © {-0.693} 13. {3 ae) + vis} = {-1.303, 2.303} 14, {pa} ~ {-6.172} 


15. {26} ~ {4.899} 16. 2 + 3 log, x — log,(x — 6) — log,(x +3) 17. About 250.39 days 18. (a) $1033.82 (b) $963.42 (c) 11.9 yr 


19. (a) About 83dB_ (b) The pain threshold will be exceeded if 31,623 people shout at the same time. 


Cumulative Review (page 521) 
2 2 2 1 V3 . 
1. Yes;no 2. (a) 10 (b) 2x° + 3x +1 (©) 2x° + 4xh + 2h° -—3x- 3h +1 3. aS isonthe graph. 4. {—26} 


5, Ya 6. Yh 7. (a), (c) _ Ya 
5 


BY 
HY 


(1, —2) ea 


fy xb ye @) 


Domain g = range g! = (—00, 00) 
Range g = domain g ! = (2, 0) 
(b) g'(x) = logs(x ~ 2) 


8. {3} 9 {2} 10. (a) {-1} (b) {xlx > —1} or (1,00) (e) {25} 


11. (a) 20 (b) Logarithmic; y = 49.293 — 10.563 Inx (c) Highest value of |r| 


APPENDIX A Review 


A.1 Assess Your Understanding (page A10) 
1. variable 2. origin 3. strict 4. base;exponent or power 5. T 6. T 7. F 8 F 9. {1, 2, 3, 4, 5, 6, 7, 8, 9} 11. {4} 13. {1, 3, 4, 6} 


15, {0, 2; 6,7, 8) 1% {0, 1,2, 3, 5, 6,7, 8, 9} 19,-{0, 1, 2, 3, 5,6, 7, 8, 9} 2 et : ~ 23> 225. > 
0.25 
2. > 2= 31 < 33x4>0 35.x<2 32x51 39 2 41. -1 43.1 45.2 47.6 49.4 
4 

51. -28 53. 55.0 57.1 595 61.1 63.22 65.2 67.x=0 69.x=3 TL. None 73, x=0,x=1,x=—-1 75. {x|x # 5} 
1 1 ‘ 8x3 16x? 

77. {x\x #4} 79. 0°C 81. 25°C 83.16 85. — 87.— 89.9 915 93.4 95. 64x° 97.° 99> 101 == 9g W054 
16 9 y y 9y 9y? 


107.5 109.4 111.2 113. V5 115. - 117. 10;0 119. 81 121. 304,006.671 123. 0.004 125. 481.890 127. 0.000 129. A = lw 


131. C= 7d 133. A= _ 135. V = Sar 137. V=x° 139. (a) $6000 (b) $8000 141. |x -—4|=6 143. (a) 2 <5 (b)6>5 


1 
145. (a) Yes (b) No 147. No; 3 is larger; 0.000333... 149. No 
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A.2 Assess Your Understanding (page A19) 

1. right; hypotenuse 2. A = xbh 3. C =2nr 4. similar 5.T 6 T 7.F 8 T 9 T 10. F 11.13 13. 26 15. 25 17. Right triangle; 5 
19. Not aright triangle 21. Right triangle;25 23. Not aright triangle 25. 8in” 27. 4in2 29. A = 25a7m°;C = 107m 

31. V = 224 ft; S = 232 ft? 33. V = oe cm?; § = 647 cm? 35. V = 6487 in.*; S = 3067 in.?_ 37. msquare units 39. 2a square units 

41. x = 4units; A = 90°; B= 60°; C= 30° 43. x = 67.5 units; A = 60°; B= 95°, C= 25° 45. About 16.8 ft 47. 64 ft? 

49, 24 + 2a © 30.28 ft?; 16 + 2a © 22.28 ft 51. 160 paces 53. About 5.477 mi 55. From 100 ft: 12.2 mi; From 150 ft: 15.0 mi 


A.3 Assess Your Understanding (page A26) 


25 
1 x*- 16 22-8 3. 3x(x — 2)(x + 2) 4. add; 5. T 6 F Tox t+ 6x +8 9 2x7 + 9x 410 Me. x? - 49 13. 4x7 -9 


15. x7 + 8x +16 17. 4x27 - 12x +9 19, x — 6x? + 12x —-8 21. 8x9 + 12x27 + 6x +1 23. (x + 6)(x — 6) 25. 2(1 + 2x)(1 — 2x) 

27. (x + 1)(x + 10) 29 (x — 7)(x — 3) 31 4(x? — 2x + 8) 33. Prime 35. —(x —5)(x +3) 37. 3(x + 2)(x — 6) 39% y(y + 5)(y + 6) 
41. (2x + 3)? 43. 2(3x + 1)(x +1) 45. (x — 3)(x + 3)(x?2 +9) 47. (x — 1)?(0? +x +1)? 49 (x —1)(x +1) SL (4x + 3) 

53. —(4x —5)(4x +1) 55. (2y — 5)(2y — 3) 57. —(3x — 1)(3x +. 1)(x2 +1) 5% (x +3)(x — 6) 61. (x + 2)(x — 3) 

63. (3x — 5)(9x7 — 3x +7) 65. (x + 5)(3x +11) 67. (x — 1)(x + 1)(x +2) 69 (x — 1)(x + 1)(x?7 — xX +1) TL 25; (x + 5)? 


16° 4 
85. 6(3x — 5)(2x + 1)?(5x — 4) 87. The possibilities are (x + 1)(x + 4) = x? + Sx + 4or(x + 2)(x +2) = 44x+4, 


none of which equals x” + 4. 


73. 9;(y — 3)? 75. A (« - i) 77. 2(3x + 4)(9x + 13) 79. 2x(3x +5) 81. S(x + 3)(x — 2)°(x +1) 83. 3(4x — 3)(4x — 1) 


A.4 Assess Your Understanding (page A35) 


5 
6. F 7, identity 8. F 9 T 10, discriminant;negative 1. F 12, F 13.7 15.-3 17.4 19.7 21. -1 23, -18 25. -3 
3 

27. -16 29.0.5 31.2 33.2 35.3 37. {0,9} 39. {0,9} 41. 21 43. {-2,2} 45.6 47. {-3,3} 49 {-4,1} 51. {-13} 53. {—4, 4} 
1 3 
55.2 57. Norealsolution 59. {-2,2} 61. {-1,3} 63. {-2,-1,0,1} 65. {0,4} 67. {6,2} 69. {-43} TL. {3,4} 73.5 


75. { 2 3 77. {-32} 79. {-5,5} 81. {-1,3} 83. {-3,0} 85. {-7,3} 87. {-1.3} ™ {1 = Af =1 + val 


“32 4 6° 6 
5 — V29 5+ V2 Sha V5- SEV S 
91. {2 — V2,2 + V2} 93. pee} 95. {1.3} 97. Noreal solution 99. { 4 ac % “} 
= -— vis — + V15 b+ 
101. { ws 5 N. : Me 5 ik \ 103. No real solution 105. Repeated real solution 107. Two unequal real solutions 109. x = c 
a 
abc Riko mv S-a —b+ Vb? —4ac . —b b?—4ac _-2b _ —b 
111. x = 3.x =a 115. R =———— 117.R 119. 121. at 
tg eee IB Rt pero | 2a 2a 2a sa 
1 1 b+VB-4 b-VBP-4 
123. k = —=or= 125. The solutions of ax* — bx + c = Oare ae and = An (b) 
2 2 2a 2a 
A.5 Assess Your Understanding (page A44) 
1.T 2.5 3. F 4, real;imaginary; imaginary unit 5. {—27,2i} 6 F 7.T 8 F 9.8+5i 11.-7+6i 13. -6 - 1li 
6 8 5 1 3 
15.6 -— 18 17.6+4i 19. 10-—Si 21. 37 23. 5 + 5 25.1—2i 27. 5 qi 29. 5 + M3; 31. 2i 33. -i 35. i 37. -6 39. —10i 


41.-2 +2: 43.0 45.0 47. 2: 49. 5i 51. 5i 53. {—2i,2i} 55. {-4,4} 57. {3 — 21,3 + 2i} 59% {3 -—i,3 +i} 61. {} - re + ui} 
1 2.1, 2, 5-33-34 . ' Bs ey 
Se SS She ere . ca . == =. ee = + YI, — 
{2 5 5 2i\ 65 { ,) 5 i, 5 5 i? 67. {2,-1 — V3i,-1 + V3i} 69. {-2,2,-2i,2i} 71. {—3i, -2i, 2i, 31} 
73. Two complex solutions that are conjugates of each other 75. Two unequal real solutions 77. A repeated real solution 
79.2 —3i 81.6 83.25 85. 2+ 3i ohms 87. z+ Zz = (a+ bi) + (a — bi) = 2a;z — Z = (a + bi) — (a — bi) = 2bi 
89. z+ w=(a+t bi) + (c + di) =(a+c)+ (b+ d)ji=(a+c)—(b+d)i=(a-—bi)+(c-di)=z+w 


63. 


A.6 Assess Your Understanding (page A52) 

5. negative 6. closedinterval 7.—-5,5 8 —-><x<5 9 T 10.T 11. [0,2]|;0=x=<2 13. [2,c0);x =2 15. [0,3);0<x<3 
17. (a2) 6< 8 (b) -2<0 (ec) 9< 15 (d) -6>-10 19. (a2) 7>0 (b) -1>-8 (ce) 12>-9 (d) -8 <6 21. (a) 2x +4<5 
(b) 2x —4<-3 (¢) 6x +3 <6 (d) 4x -2>-4 

23. [0,4] 25. [4, 6) 27. [4, 00) 29. (00, -4) 


———} > ol ee a ———_ —_— 
0 4 4 6 4 4 
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31.2<x<5 33. -3 <x <2 35x =4 3.x <-3 
+— + + ——s Pa ae 
9) 5 3 23 4 3 


39 << 414. > 4. = 45. < 47 = 49.> SL = 


53. {x|x < 4} or (—co,4) 55. {x|x = —1} or [—1,0o) 57. {x|x > 3} or (3,00) 59. {x|x = 2} or [2, co) 
4 -1 3 2 
2 2 4 4 
61. {x|x > —7} or (—7,c0) 63. {x x< 2} or (--~.2] 65. {x|x < —20} or (—oo,-20) 67. {x x= 4} or t 090 ) 
oO.eeee> —_t—— —$j$>_— Cee EEE 
-7 2 -20 4 
3 3 
69. {x|3 = x < 5} or [3,5] 71. {z= <3} or [3] 73. {x ° <x <3} or ( a5) 75. {x|-6 < x < 0} or (—6, 0) 
—_ a Bel + — Ot 
3 5 2 3 ul 1 -6 0 
3 2 2 
77. {x|x < —5} or (—co, -5) 79. {x|x = —1} or [-1, 00) 81. {x : =x< sI or E >) 83. {x pone -3} or (-~. -1) 
=5 -1 1 5 i 
2 4 2 
10 10 
85. {x x> ot or (2 x} 87. {x|x > 3} or (3,00) 89. {x|-4 < x < 4}; (-4, 4) 91. {x|x < —4 or x > 4}; (—o0, -4) U (4, 00) 
> ————Xx E—_ —_—>__- 
10 3 4 4 4 4 


93. {x0 = x = 1};[0,1] 95. {x|x < —Lorx > 2};(-co-1) U (2,00) 97. {x|-1 = x = 1};[-1,1] 99 {x|x = —2orx = 2}; (—o00,-2] U [2,00) 


—_—— — > a + 
0 1 a | 2 -l 1 —2 2 


1 3 
. 3 
101. |x — 2| > {x 5 


(b) Female = 81.03 years (ce) A female can expect to live 4.43 years longer. 111. The agent’s commission ranges from $45,000 to $95,000, inclusive. 
As a percent of selling price, the commission ranges from 5% to 8.6%, inclusive. 113. The amount withheld varies from $84.10 to $134.10, inclusive. 
115. The usage varies from 675 kW - hr to 2500 kW « hr, inclusive. 117. The dealer’s cost varies from $15,254.24 to $16,071.43, inclusive. 

119. (a) You need at least a 74 on the fifth test. (b) You need at least a 77 on the fifth test. 


5 
<x< . 
x= \ 103 


x + 3) > 2;{x]x <—Sorx >—1} 105. {x|x = —2} 107. 21 < Age < 30 109. (a) Male = 76.60 years 


+ +b- = + 
121. ca a= a > 0; therefore,a < au} 
2, 2 2 
a+b 2%b-a-b b-a a+b 
b = = > 0; > ; 
7 >) 5) ; therefore, b 5) 
123. (Vab)* — a = ab — a = a(b — a) > 0; thus (Vab)? > a? and Vab > a. 
b? — (Vab)* = b? — ab = b(b — a) > 0; thus b? > (Vab)? and b > Vab. 
2ab b-a ab-a 
ie pape a ee ee eee 
a+b at+b a+b 
2ab 27 — ab b(b-a 
jn hehas 52 —* ( de PAS: 
a+b a+b at+b 
197, Sines a Shee — b < band =" Su, 


b 1 1 1 1 1 
So a < 0, or < 0. Therefore, — < —. And 0 < — because b > 0. 
ab ab boa boa b 


A.7 Assess Your Understanding (page A61) 
3. index 4. T 5. cuberoot 6 F 7.3 9-2 11.2V2 13. -2xVx 15. Py? 17. x°y 19 6Vx 2L 6xVx 23. 15V/3 25. 12V3 


27.7V2 29. V2 31. 2V3 33. -W2 35. x —2VE +1 37. (2x -1)W2x 39 (2x — 15)V2x 4. —(x + Sy)W2xy 43. ae 


V5 (5 + V2)V3 8V5 — 19 5W4 Qx +h —2V x2 + xh 9 1 
45. 47. 49. 1. ; : 7. {3} 59.4 61. -3 63. 64 65. — 
5 5 rr A 5 5 53. ; 55 {3} 57. {3} 5 6 63 65 oe 
27V2 27V 2 8x°/4 +2 x(3x7 + 2 
67. 272 69. 272 Th x2 73, xy? 78. 23y 77. ~— 79.141 81. 1.59 83. 4.89 85. 2.15 87, a ; ( ) 
32 32 ys (1 + x)! (x? + 1)? 
22x +5 2+x 4-—x 1 1 — 3x? 1 
91. 93. 95. 97. 99, 101. = (5x + 2)(x + 1)? 
10Vx —5V4x + 3 2(1 + xp? (x + 4)? x?(x? - 1)? 2Vx(1 + ry 2! i ) 
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103. 2x'/7(3x — 4)(x +1) 105. (x7 + 4)3(11x* + 12) 107. (3x + 5)'9(2x + 3)'7(17x + 27) 109. 


111. (a) 15,660.4 gal (b) 390.7 gal 113. 2V2m = 8.89sec 115. 


A.8 Assess Your Understanding (page A75) 
1. undefined;0 2. 3;2 3. y = b; y-intercept 


aV3 
6 


= 0.91 sec 


3(x + 
2x 


2) 
1/2 


4.T 5. F 6. T 7. m, = mp; y-intercepts; mpm, = —-1 82 9 4 


10. False 


1 1 3 1 : 
11. (a) Slope = 3 13. (a) Slope = “3 15. Slope = 3 17. Slope = “7 19. Slope = 0 21. Slope undefined 
(b) Ifx increases by (b) If x increases by yh yA <i yh ts 
2 units, y will 3 units, y will 5 pases 
increase by 1 unit. decrease by 1 unit. \ (2, 3) (-2, 39s oF $1, a " 
fi > — eee 5x 
(4, 0) * (-3, -1)F(2,-1) | (-1, -2) 
ca 
23. 7 27. yh 29. 7 31. (2,6); (3, 10); (4, 14) 
B 5 Foti, 33. (4, -7); (6, —10); (8, -13) 
P=0,2)¢ F259 P=CLytit = 35. (-1,-5); (0, -7); (1, -9) 
3 ~ > 
1 5x 54x 37 aaye0 _ 1 
= i y= Cory => 
5 
39.x+y=2ory=-x+2 41. 2x-—y=30ry=2x—-3 43. x+2y=Sory ats 45. 3x — y Jory =3x+9 
2 1 1 
47, 2x + 3y lory 3" 3 49. x — 2y Sory th 51. 3x + y =3o0ry 3x +3 53. x —2y =2ory 5* 1 
55. x = 2;no slope-intercept form 57. y=2 59. 2x — y 4ory=2x+4 61. 2x -—y=Oory=2x 63. x = 4;no slope-intercept form 
65. 2x + y=Oory=—2x 67. x —2y Bory =5x +5 6% y=4 
: , 1, Al 
71. Slope = 2; y-intercept = 3 73. Slope = 2; y-intercept = —2 75. Slope = 2 y-intercept = 2 771. Slope = ~33 y-intercept = 2 
YA YA 
yA YA 
-EE-EB Et Ne SEH 
(6,3) (L, 5) (1, 0) (0, 2-2, 3 (0, 2) 
(0, -2)4 of i asta 
7 4,0) 


2 
79. Slope = 3° y-intercept = —2 81. Slope = —1; y-intercept = 1 


87. Slope = 1; y-intercept = 0 


3 
89. Slope = 2 y-intercept = 0 


(b) 


91. (a) x-intercept: 3; y-intercept: 2 


83. Slope undefined; no y-intercept 


85. Slope = 0; y-intercept = 5 


Yh Yh 
YA 5 8 
5 (0, 5) 
(-4, 0) 
GOFF e 
L(0, ~2) x > 


93. (a) x-intercept: —10; y-intercept: 8 


(b) 


YA YA YA 
YA 5 i 
5 (0, 8) 
(2, 3) (0, 2) (—10, 0) 
(0, 0) = GB, 0) * $]x 
5x 
: ‘ 21 : ; , : 
95. (a) x-intercept: 3; y-intercept:— 97. (a) x-intercept: 2; y-intercept:3 99. (a) x-intercept:5;y-intercept: -2 101. y = 0 
(b) YA (b) Yh (b) Yh 103. Parallel 
“7 iN? i 5 105. Neither 
(0, a (0, 3) 
E\" 2 3.0) NGO) 6,0) 5 107. x — y= —2ory=x+2 
— 5x x 1 
(0, —2) 109. x + 3y = 30ry = —3e 1 
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2 3 
111. P; = (2,5), Po = (1,3), m = 3) Py = (1,3), P3 = (—1,0), m2 = 2 because mm = —1, the lines are perpendicular and the 
points (—2, 5), (1,3), and (—1, 0) are the vertices of a right triangle; thus, the points P;, Pz, and P3 are the vertices of a right triangle. 


113. P; = (-1,0), Po = (2,3),m = 1; P3 = (1,—-2), Pa = (4,1), m = 1; P; = (-1,0), P3 = (1, -2),m 1; Pp = (2,3), Ps = (4,1),m = -1; 
opposite sides are parallel, and adjacent sides are perpendicular; the points are the vertices of a rectangle. 


115. C = 0.20x + 29; $51.00; $75.00 117. C = 0.15x + 1289 


5 2 
119. (a) C = 0.0944x + 10.55,0 = x = 600 121. °C = ot F — 32); approximately 21.1°C 123. (a) y = —~2x + 30 (b) x-intercept: 375; 


(b) y4 The ramp meets the floor 375 in. (31.25 ft) from the base of the re (c) The ramp does not 
A Fieob! 67.19) meet design Teena It nas a sa of 31.25 . long. (d) eae only slope possible for the ramp to 
3 oo (0. 10.55) comply with si requirement is for it to drop 1 in. for every 12-in. run. 
& 20 125. (a) A= 5° + 20,000 (b) $80,000 (c) Each additional box sold requires an 
0 100 ae ; 500 x additional $0.20 in advertising. 127. All have the same slope, 2; the lines are parallel. 


(c) $29.43 (d) $57.75 
(e) Each additional kW-hr used adds 
$0.0944 to the bill. 
129. (b),(c),(e),(g) 131. (c) 137. No;no ar-y= 
139. They are the same line. 141. Yes, if the y-intercept is 0. 


A.9 Assess Your Understanding (page A82) 


1. scatter diagram 2. T 3. Linearrelationjm > 0 5. Linear relation,m <0 7. Nonlinear relation 


9. (a) 20 (c) 20 (e) 20 


0 10 0 10 
0 0 
(b) Answers vary. Using (4, 6) and (8, 14), y = 2x — 2. (d) y = 2.0357x — 2.3571 
11. (a) 6 (c) 6 (e) 6 
-3 3 -3 3 -3 3 
-6 -6 -6 


(b) Answers will vary. Using (—2, —4) and (2,5), y = =x + > (d) y=2.2x +12 


13. (a) (e) 150 


(d) y = 3.8613x + 180.2920 


(b) Answers will vary. Using 
(—20, 100) and (—10, 140), y = 4x + 180. 


(e) 269 calories 


15. (a) y (c) Answers will var 
: y: @ , y 
= 80 Using the points : veal (f) If the weight of a candy bar is increased 
a . Ce 
z aa (39.52, 210) and (66.45, 280), 3 260 by 1 gram, the number of calories will 
3 201 y =2.599x + 107.288. : a increase by 2.599, on average. 
5 200 = 200 
Z Ej 
38 46546270 © Z 3846546270 © 
Weight (grams) Weight (grams) 


(b) Linear with positive slope 
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17. (a) The independent variable is the number 
of hours spent playing video games and 
cumulative grade-point average is the 
dependent variable because we are 
using number of hours playing video 
games to predict (or explain) 
cumulative grade-point average. 6 


(b) 4 (c) G(h) = —0.0942h + 3.2763 

(d) If the number of hours playing video games in a 
week increases by | hour, the cumulative grade- 
point average decreases 0.09, on average. 

(e) 2.52 


(f) Approximately 9.3 hours 


19. (a) No 
(b) Di 


bBeumMD 
Susoms 
e 


Demand (pairs of 
jeans sold per day) 


18 22263034 P 
Price (dollars/pair) 


(c) D = —1.3355p + 86.1974 


(d) If the price increases $1, the quantity sold 
per day decreases by about 1.34 pairs of 


jeans, on average. 
(e) D(p) = —1.3355p + 86.1974 
(f) {pl0 <p = 64} 
(g) About 49 pairs 


21. r 


(per 1000) 


Incidence Rate 


Od 


e 
35 


. 
40. =* 


Age of Mother 


No, the data do not follow a linear pattern. 


23. No linear relation 25. 34.8 hours; A student whose GPA is 0 spends 34.8 hours each week playing video games.; G(0) = 3.28; The average GPA 
of a student who does not play video games is 3.28. 


APPENDIX B Graphing Utilities 


B.1 Exercises (page B2) 


1. (-1,4); 3. (3,1);1 5. Xmin = —6, X¥max = 6, Xscl = 2, Ymin 


4, Ymax = 4, Yscl = 2 


7. Xmin = —6, Xmax = 6, Xscl = 2, Ymin = —1, Ymax = 3, Yscl=1 9 Xmin = 3, Xmax = 9, Xscl = 1, Ymin = 2, Ymax = 10, Yscl = 2 
11. Xmin = —11, Xmax = 5, Xscl = 1, Ymin 3, Ymax = 6, Yscl 

13. Xmin = —30, Xmax = 50, Xscl = 10, Ymin = —90, Ymax = 50, Yscl = 10 

15. Xmin = —10, Xmax = 110, Xscl = 10, Ymin = —10, Ymax = 160, Yscl = 10 


B.2 Exercises (page B4) 


1. (a) 4 (b) 8 3. (a) 4 (b) 8 
aan bit BS st 

—4 —8 —4 =8 

5. (a) 4 (b) 8 7. (a) 4 (b) 8 
AH tach rh] trict 

—4 =8 —4 =8 

9. (a) 4 (b) 8 11. (a) 4 (b) 8 
ae th AC] tach 

—4 =8 —4 =8 

13. (a) (b) 15. (a) 4 (b) 

5 5 -10 10 


oe 
> 
mn 


—4 


8 
Ih 


-8 


AA 


—4 


- 


-8 
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B.3 Exercises (page B6) 
1. -3.41 3. -1.71 5. —-0.28 7. 3.00 9. 4.50 11. 1.00,23.00 


B.5 Exercises (page B8) 
1. Yes 3. Yes 5. No 7. Yes 9. Answers may vary. A possible answer is Ymin = 4, Ymax = 12, and Yscl = 1. 
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Prepare for Class “Read the Book” 


Feature Description 


Benefit 


Every chapter begins with.... 


Each chapter begins with a current 
article and ends with a related project. 


Chapter Opening 
Article & Project 


NEW! 
Internet-based 


Projects @ 
©) 


The projects allow for the integration of 
spreadsheet technology that students will 
need to be a productive member of the 
workforce. 


The Article describes a real situation. The 
Project lets you apply what you learned 
to solve a related problem. 


The projects allow the opportunity for 
students to collaborate and use mathematics 
to deal with issues that come up in their lives. 


Every section begins with.... 


Learning 
Objectives Objectives also appear in the text where 
1 the objective is covered. 


Each section begins with a list of objectives. 


These focus your studying by 
emphasizing what's most important 
and where to find it. 


Most sections contain... 


PREPARING FOR | Most sections begin with a list of key 
THIS SECTION concepts to review with page numbers. 


Now Work the 

‘Are You 
Prepared?’ 
Problems 


Problems that assess whether you have 
the prerequisite knowledge for the 
upcoming section. 


“Now Work’ 
PROBLEMS 


These follow most examples and 
direct you to a related exercise. 


——E—Z__ 


Warnings are provided in the text. These point out common mistakes 
and help you to avoid them. 


Explorations and 
Seeing the Concept 


These represent graphing utility 
activities to foreshadow a concept or 
solidify a concept just presented. 


In Words These provide alternative descriptions Does math ever look foreign to you? 
of select definitions and theorems. This feature translates math into plain English. 


Calculus Icon These appear next to information 
K essential for the study of calculus. 


NEW! 
Showcase 
EXAMPLES 


These examples provide “how-to” 
instruction by offering a guided, 
step-by-step approach to solving a 
problem. 


Marked with w . These are examples 
and problems that require you to build a 
Examples and mathematical model from either a verbal 
Problems description or data. The homework 
G Model It! problems are marked by purple 
descriptions. 


NEW! 
Model It! 


Ever forget what you've learned? This feature 
highlights previously learned material to be 
used in this section. Review it, and you'll 
always be prepared to move forward. 


Not sure you need the Preparing for This 
Section review? Work the ‘Are You Prepared?’ 
problems. If you get one wrong, you'll know 
exactly what you need to review and 
where to review it! 


We learn best by doing. You'll solidify 

your understanding of examples if you 

try a similar problem right away, to be 

sure you understand what you've just read. 


You will obtain a deeper and more 
intuitive understanding of theorems and 
definitions. 


Pay attention - if you spend extra 
time now, you'll do better later! 


With each step presented on the left 
and the mathematics displayed on the 
right, students can immediately see how 
each step is employed. 


It is rare for a problem to come in the form, 
“Solve the following equation’ Rather, the 
equation must be developed based on an 
explanation of the problem. These problems 
require you to develop models that will allow 
you to describe the problem mathematically 
and suggest a solution to the problem. 


109,121 


111,119 


62, 143 


145-146 


104, 
107-108 


Feature 


‘Are You 
Prepared?’ 


Concepts and 
Vocabulary 


Skill 
Building 


NEW! 
Mixed 
Practice 


Applications 
and 
Extensions 


Explaining 
Concepts: 
Discussion 
and 
Writing 


NEW! 
Interactive 
Exercises 


‘Now Work” 
PROBLEMS 


\ 


Graphing 
Calculator 


3 


Practice “Work the Problems” 


Description 


These assess your retention of the 
prerequisite material you'll need. 
Answers are given at the end of the 
section exercises. This feature is related 
to the Preparing for This Section feature. 


These short-answer questions, mainly 
Fill-in-the-Blank and True/False items, 
assess your understanding of key 
definitions and concepts in the current 
section. 


Correlated to section examples, 
these problems provide straightforward 
practice. 


These problems offer comprehensive 
assessment of the skills learned in the 
section by asking problems that relate to 
more than one concept or objective. 
These problems may also require you to 
utilize skills learned in previous sections. 


These problems allow you to apply 
your skills to real-world problems. 
These problems also allow you to 
extend concepts leamed in the 
section. 


“Discussion and Writing” problems are 
colored red. These support class 
discussion, verbalization of mathematical 
ideas, and writing and research projects. 


In selected exercise sets, applets are 


provided to give a "hands-on" experience. 


Many examples refer you to a related 
homework problem. These related 
problems are marked by a pencil and 
yellow numbers. 


These optional problems require the use 
of a graphing utility, and are marked by 
a special icon and green numbers. 


Benefit 


“Assess Your Understanding” contains a variety of problems at the end of each section. 


Do you always remember what you've 
learned? Working these problems 

is the best way to find out. 

If you get one wrong, you'll know exactly 
what you need to review and 

where to review it! 


It is difficult to learn math without knowing 
the language of mathematics. These 
problems test your understanding of 

the formulas and vocabulary. 


It's important to dig in and develop 
your skills. These problems provide you 
with ample practice to do so. 


Learning mathematics is a building process. 
Many concepts are interrelated. These 
problems help you see how mathematics 
builds on itself and also see how the 
concepts tie together. 


You will see that the material 
learned within the section has 
many uses in everyday life. 


To verbalize an idea, or to describe 

it clearly in writing, shows real 
understanding. These problems nurture 
that understanding. Many are 
challenging but you'll get out what 

you put in. 


The applets allow students to interact with 
mathematics in an active learning environment. 
By exploring a variety of scenarios, the student 
is able to visualize the mathematics and 
develop a deeper conceptual understanding 
of the material. 


If you get stuck while working 
problems, look for the closest 

Now Work problem and refer back 

to the related example to see if it helps. 


Your instructor will usually provide guidance 
on whether or not to do these problems. 

If so, these problems help to verify and 
visualize your analytical results. 


Page 


109, 121 


121-122 


123-125 
125 


153-154 


CONICS 


Parabola 


Ellipse 


Hyperbola 


b a 
Asymptotes: y = A Asymptotes: y = be y ae 
PROPERTIES OF LOGARITHMS 
log, (MN) = log, M + log, N 


toa,( 1) = log, M — log,N 


log, M’ =rlog,M 


LIBRARY OF FUNCTIONS 


Identity Function 


f(x) =x 


Square Root Function 


f(x) = Vx 


Absolute Value Function 


F(x) = |x| 


Yh 
3 = 
(-2, 2) r (2, 2) 
a Y Av ‘) 
-3 (0,0) 3x 
Sine Function 
f(x) = sinx 
_m Va 397 
1k 


Ln|: 


: Fl 
Ser ig gar oa 


Niger 
x< 


Cosecant Function 
f(x) = ese x 


Square Function 


f(x) = x? 


Reciprocal Function 


f(x) = 


x 


1-1) | 


Exponential Function 


f(x) =e" 


a ee a a 


Cosine Function 
f(x) = cos x 


VA 
| | | > 
=1 AT TIN 7 A738 2 STINA X 
2-Ir 3 2 2 
Secant Function 
f(x) = secx 
1 KVa | 
A MA KR 
1 | ! | ! | js 
_ 3 —_T TT 3a Xx 


Cube Function 


f(x) =x 


Cube Root Function 


f(x) = Vi 


f(x) = Inx 


f(x) = tan x 


f(x) = cot x 


FORMULAS/EQUATIONS 


Distance Formula If P, = (x1, 1) and P; = (X, yz), the distance from P, to P is 


d(P,, Pz) = Von = 


2 2 
x1) + (2 - v1) 


Standard Equation The standard equation of a circle of radius r with center at (h, k) is 
of a Circle 
(x-hP + (y—kP =P 
Slope Formula The slope m of the line containing the points P, = (x, y;) and Py = (x, y2) is 
m= geet if xy # XxX 
x2 
m is undefined if x; = xy 
Point-Slope The equation of a line with slope m containing the point (x1, y;) is 
Equation of a Line = 
y— y= m(x — x) 
Slope-Intercept The equation of a line with slope m and y-intercept b is 
Equation of a Line 
y=mx+b 
Quadratic Formula The solutions of the equation ax? + bx +c = 0,a # 0, are 


—b+ Vb? — 4ac 


x= 


2a 


If b” — 4ac > 0, there are two unequal real solutions. 
If b’ — 4ac = 0, there is a repeated real solution. 
If b — 4ac < 0, there are two complex solutions that are not real. 


GEOMETRY FORMULAS 


Circle C3 
Triangle G D 
b 

Rectangle [ a 

| 
Rectangular Box pan a h 

i 

| 
Sphere Mim 
Right Circular Cylinder r 


r = Radius, A = Area, 


A =r 


b =Base, h = Altitude 
A=! 


1 =Length, w = Width, 
A=lIw 


1= Length, w = Width, 


C = Circumference 


C =2nr 


(Height), A =area 
bh 


A =area, P = perimeter 


P=21+2w 


h = Height, V = Volume, S = Surface area 


V=lwh S = 2lw + 2lh + 2wh 


r = Radius, V = Volume, S = Surface area 


V= or 


r = Radius, h = Height, 
V=arh 


S = nr? 


V=Volume, S = Surface area 


S =2nr? +2arh 


TRIGONOMETRIC FUNCTIONS 


Let t be a real number and let P = (x, y) be the point on the 
unit circle that corresponds to ¢. 


sint = y cost 
1 
csct=—, y#O_ sect 
y 
P= (Xx, y) 
YA t 
s = tunits 
ae t units 
0 x 
6 = tradians 
xe+y2=1 


TRIGONOMETRIC IDENTITIES 


Fundamental Identities 


sin@ 


tanéd = coté = 
cos@ 
1 
cscO8 = —— sec@ = 
sin@ 


sin?@ + cos*@ = 1 
tan?9 + 1 = sec?6 
cot?@ + 1 = csc*6 


Even-Odd Identities 


cos@ 
sin@ 


cos@ 


Yh 
(0, 1) 
1 ¥3 1 8 
(3 3) son (3. 3) 
2 2 . ° v2 12 
tant =~, x#0 Ces) a 3 (22) 
me “an 90° 7 
8 ” 0 , 4 Bi 
x#0 cott=— y#0 (C3 2) @5n 120 60° wal? 3) 
y g~_ 135 45 : 
150° 30° 
7 180° 0°, 360° 0, 2a Xx 
¢ o 
(—1, 0) (1, 0) 
210° 330° 
% 1 e -, = 3 4 
v8 _l)\e ° ° eo /38 1 
(Bae ao | ae FE) 
o4 ° 
(2 -%2) 4m Tt (2 2) 
22 o 3a 'e 2° 2 
1 _v3 2 1 3 
(-3 =} F( ,—1) iC =>} 
Half-Angle Formulas Double-Angle Formulas 


ae 0 [tase sin(26) = 2 sin cos@ 
20 2 cos (20) = cos’ — sin?@ 
2 at! 6 1 + cosé cos (20) = 2cos?@ — 1 
cot@ = —— soko at - 
tané 2 7 2 cos(26) = 1 — 2sin“@ 
0 1-—cosé 2 tand 


tan— = ———— tan (29) = ———— 
va) sin @ Ae) 1 — tan?@ 


Product-to-Sum Formulas 


sin(—6#) = —sin@ csc(—@) = —cscé sina sinB = }[cos(a — B) — cos(a + B)] 
cos(—@) = cosé sec(—0) = secé cosa cosB = 5[cos(a — B) + cos(a + B)] 
tan(—@) = —tané cot(—0) = —coté sina cosB = 4[sin(a + 8) + sin(a — B)] 


Sum and Difference Formulas 


Sum-to-Product Formulas 


sin(a + B) = sinacosB + cosa sinB at+p a-B 
sin(a — B) = sina cosB — cosa sinB sina + sinf = 2 sin _ oe 
cos(a + B) = cosa cosB — sina sinB ef &8 
cos(a — B) = cosacosfB + sina sinB sina — sinB = 2 sin , = 3 
mio py tana + tanB yee ae 
1 — tana tang cosa + cosB = 2 cos 7 85 
tan(a — B) = ae at+Bp .a-B8B 
1 + tana tanB cosa — cosB = —2 sin 5 sin 5 
SOLVING TRIANGLES 
Law of Sines Law of Cosines 
a : : F 
y an = “2 = ie a’ = b’ + c? — 2becosA 
b? = a + c* — 2accosB 
? c =a + b’ — 2abcosC 
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Index 


Abscissa, 2 
Absolute maximum and minimum of 
functions, 46-47 
Absolute value, 328, A5 
inequalities involving, A51—A52 
solving equations involving, A30—A31 
Absolute value function, 54-55, 57 
Acute angles, 251-53 
complementary, 253 
trigonometric functions of, 251-53 
Addition, A10. See also Sum 
of complex numbers, A38—A39 
of vectors, 340-41 
geometrically, 336-37 
in space, 359 
Addition property of inequalities, A48 
Aerodynamic forces, 376 
Airplane wings, 303 
Algebra essentials, A1-A13 
distance on the real number line, 
AS5-A6 
domain of variable, A7 
evaluating algebraic expressions, 
A6-A7 
evaluating exponents, A10 
graphing inequalities, A4—A5 
Laws of Exponents, A7-A9 
real number line, A4 
sets, Al-A4 
to simplify trigonometric expressions, 
211-12 
to solve geometry problems, 4 
square roots, A9-A10 
Algebraic vector, 338-39 
Alpha particles, 410 
Altitude of triangle, A15 
Ambiguous case, 265-66 
Amplitude 
of simple harmonic motion, 287 
of sinusoidal functions, 143-44, 162-65 
Analytic trigonometry, 181-249 
algebra to simplify trigonometric 
expressions, 211-12 
Double-angle Formulas, 230-34 
to establish identities, 231-34 
to find exact values, 230-31 
Half-angle Formulas, 234-36 
to find exact values, 235-36 
for tangent, 236 
inverse functions. See Inverse functions 
Product-to-Sum Formulas, 240-42 
Sum and Difference Formulas, 218-30 
for cosines, 218-19 
defined, 218 
to establish identities, 220-23 
to find exact values, 219, 221-22 
involving inverse trigonometric 
function, 224 


for sines, 220-21 
for tangents, 223 
Sum-to-Product Formulas, 241-42 
trigonometric equations, 200-210 
calculator for solving, 203-4 
graphing utility to solve, 205 
identities to solve, 204—5 
involving single trigonometric 
function, 200-203 
linear, 202 
linear in sine and cosine, 225-26 
quadratic in form, 204 
solutions of, defined, 200 
trigonometric identities, 210-17 
basic, 211 
establishing, 212-15, 220-23, 231-34 
Even—Odd, 211 
Pythagorean, 211 
Quotient, 211 
Reciprocal, 211 
Angle(s), 96-109. See also Trigonometric 
functions 
acute, 251-53 
complementary, 253 
trigonometric functions of. See Right 
triangle trigonometry 
central, 99 
complementary, 253 
defined, 96 
of depression, 255-56 
direction, 342 
of vector, 361-64 
drawing, 97-98 
of elevation, 255-56 
elongation, 273 
Greek letters to denote, 96 
of incidence, 209 
inclination, 125 
initial side of, 96 
measurement of, 97-103 
arc length, 100 
degrees, 97-99, 100-102 
to find the area of a sector of a 
circle, 103 
to find the linear speed of an object 
traveling in 
circular motion, 104—5 
radians, 99, 100-102 
negative, 96 
optical (scanning), 239 
positive, 96 
quadrantal, 97 
of refraction, 209 
of repose, 199 
right, 97,A14 
in standard position, 96-97 
straight, 97 
terminal side of, 96 


between vectors, 350-51 
in space, 361 
viewing, 193 
Angle-angle case of similar triangle, A18 
Angle-side-angle case of congruent 
triangle, A17 
Angular speed, 104 
Aphelion, 397, 424, 441 
Apollonius of Perga, 377 
Approximate decimals, A3 
Araybhata the Elder, 121 
Arc length, 100 
Area 
formulas for, A15 
of parallelogram, 369 
of sector of circle, 103 
of triangle, 281-86, A15 
SAS triangles, 281-82 
SSS triangles, 282-83 
Argument 
of complex number, 329 
of function, 28 
Arithmetic calculator, A10 
Arithmetic mean, A55 
ASA triangles, 264-65 
Associative property of vector 
addition, 337 
Asymptote(s), 69-70, 403-5 
horizontal, 70 
vertical, 70 
Average rate of change, A65 
of function, 48-49 
exponential functions, 446-47 
finding, 48-49 
linear functions, 446-47 
Axis/axes 
of complex plane, 328 
of cone, 378 
coordinate, 2 
of ellipse, 388, 419 
of hyperbola 
conjugate, 398 
transverse, 398, 419 
polar, 304 
rotation of, 412-16 
analyzing equation using, 414-16 
formulas for, 413 
identifying conic without, 416-17 
of symmetry, of parabola, 379 
Azimuth, 258 


Barry, Rick, 39 

Base of exponent, A8& 

Basic trigonometric identities, 211 
Bearing (direction), 258 
Bernoulli, Jakob, 325 

Bernoulli, Johann, 433 

Bessel, Friedrich, 261 
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Best fit, line of, A81—A82 
Binomial(s) 

cubing, A23 

squares of (perfect squares), A23 
Blood alcohol concentration (BAC), 467 
Bonds, zero-coupon, 496-97 
Bounding curves, 290 
Box, volume and surface area of, A16 
Brachistochrone, 433 
Brancazio, Peter, 39 
Branches of hyperbola, 398 
Brewster’s Law, 210 
Briggs, Henry, 478 
Biirgi, Joost, 478 


Calculator(s), A10. See also Graphing 
utility(ies) 
approximating roots on, A56 
converting between decimals and 
degrees, minutes, 
seconds on, 98 
converting from polar coordinates to 
rectangular 
coordinates, 307 
to evaluate powers of 2, 444 
functions on, 29-30 
inverse sine on, 184 
kinds of, A10 
logarithms on, 477 
trigonometric equations solved using, 
203-4 
Calculus, 207 
area under curve, 193-94 
area under graph, 51 
difference quotient in, 29, 229, 480 
Double-angle Formulas in, 232 
ein, 451 
exponential equations in, 484 
functions and 
exponential, 443 
increasing, decreasing, or constant, 
44, 505 
local maxima and local minima in, 
45-46 
independent variable in, 139 
integral, 234 
logarithms and, 474, 484 
polar equations and, 325 
projectile motion, 428-30 
radians in, 123 
simplifying expressions with rational 
exponents in, A60 
Snell’s Law and, 209 
tangent line and, 285 
trigonometric functions and equations 
in, 205, 207-8, 232, 240 
trigonometric identities useful in, 234 
of variations, 433 
Carbon dating, 500 
Cardano, Girolamo, 333 
Cardioid, 318-19, 324 
Carlson, Tor, 511 


Carrying capacity, 503 
Cartesian (rectangular) coordinates 


converted to polar coordinates, 308-9 
polar coordinates converted to, 306-7 


polar coordinates vs., 304 


polar equations graphed by converting 


to, 314-17 
in space, 357 


Cartesian (rectangular) form of complex 


number, 329-30 
Catenary, 387 
Ceilometer, 256 
Cell division, 498, 503 
Cellular telephones, 1 
Center 
of circle, 16 
of hyperbolas, 398 
of sphere, 365 
Central angle, 99 
Change-of-Base Formula, 477-78 
Circle(s), 16-19, 378 
arc length of, 100 
area of, A16 
area of sector of, 103 
center of, 16 
central angle of, 99 
circumference of, A16 
defined, 16 
general form of equation of, 18-19 
graphing, 17-18, 323 
inscribed, 286 
intercepts of, 18 
polar equation of, 314, 316-17 
radius of, 16 
standard form of equation 
of, 16-17 
unit, 17, 109-12 
Circular functions, 111 
Circular motion, 104-5 
simple harmonic motion and, 287 
Circumference, A16 
Clark, William, 250, 302 
Clinton, Bill, 52 
Clock, Huygens’s, 433 
Closed interval, A46, A47 
Coefficient 
correlation, A82 
damping, 290 
Cofunctions, 253 
names of, 121 
Common logarithms (log), 464, 
477, 478 
Commutative property 
of dot products, 350, 361 
of vector addition, 336-37 
Complementary angles, 253 
Complementary Angle Theorem, 253 
Complement of set, A2 
Complete graph, 10 
Completing the square, A25—A26, 
A32-A33 
identifying conics without, 412 


Complex number(s), 345, 354, A38-A42 


addition, subtraction, and 
multiplication of, A38-A42 
argument of, 329 
conjugates of, 329, A40 
definition of, A38 
De Moivre’s Theorem and, 331-32 
equality of, A39 
geometric interpretation of, 328 
imaginary part of, A38 
magnitude (modulus) of, 328 
in polar form 
converting from rectangular form to, 
329-30 
converting to rectangular form, 
329-30 
products and quotients of, 330 
product of, 330 
quotient of, 330 
real part of, A38 
in standard form, A38 
power of, A42 
reciprocal of, A40-A41 


Complex number system, A38 


quadratic equations in, A42—A44 


Complex plane, 328-30 


defined, 328 

imaginary axis of, 328 
plotting points in, 328-30 
real axis of, 328 


Complex roots, 332-33 
Components of vectors, 338, 340 


in space, 358 


Compound interest, 488-94 


computing, 488-90 

continuous, 491 

defined, 488 

doubling or tripling time for money, 
493-94 

effective rates of return, 491-92 

formula, 489-90 

future value of lump sum of money, 
488-91 

present value of lump sum of money, 
492-93 


Compressions, 64—66, 67 
Conditional equation, 210 
Cone 


axis of, 378 
generators of, 378 
right circular, 378 
vertex of, 378 


Congruent triangles, A16—-A19 
Conics 


defined, 419 

degenerate, 378 

directrix of, 419 

eccentricity of, 419 

ellipse, 378, 388-98 
with center at (h, k), 392-93 
with center at the origin, 388-92 
with center not at origin, 393-94 


center of, 388 
defined, 388, 419 
eccentricity of, 398, 420-22 
foci of, 388 
graphing of, 390-93 
length of major axis, 388 
major axis of, 388, 419 
minor axis of, 388 
solving applied problems involving, 
394-95 
vertices of, 388 
focus of, 419 
general form of, 411-12 
hyperbolas, 377, 378, 398-410 
asymptotes of, 403-5 
branches of, 398 
with center at (h, k), 405-6 
with center at the origin, 398—403 
with center not at the origin, 405-6 
center of, 398 
conjugate, 410 
conjugate axis of, 398 
defined, 398, 419 
eccentricity of, 410, 421 
equilateral, 410 
foci of, 398 
graphing equation of, 400-401 
solving applied problems involving, 
406-7 
transverse axis of, 398, 419 
vertices of, 398 
identifying, 411-12 
without a rotation of axes, 416-17 
names of, 378 
parabola, 378, 379-87 
axis of symmetry of, 379 
defined, 379, 419 
directrix of, 379 
focus of, 379 
graphing equation of, 380 
solving applied problems involving, 
384-85 
with vertex at (h, k), 382-83 
with vertex at the origin, 379-82 
vertex of, 379 
paraboloids of revolution, 377, 384 
parametric equations, 424-37 
applications to mechanics, 433 
for curves defined by rectangular 
equations, 431-33 
cycloid, 432-33 
defined, 425 
describing, 427-28 
graphing using graphing utility, 
425-26 
rectangular equation for curve 
defined parametrically, 426-28 
time as parameter in, 428-30 
polar equations of, 419-24 
analyzing and graphing, 419-22 
converting to rectangular 
equation, 423 


focus at pole; eccentricity e, 
420-22 
rotation of axes to transform equations 
of, 412-14 
analyzing equation using, 414-16 
formulas for, 413 
Conjugate 
of complex number, A40 
of conjugate of complex number, A41 
of product of two complex 
numbers, A41 
of real number, A41 
of sum of two complex numbers, A41 
Conjugate axis, 398 
Conjugate hyperbola, 410 
Conjugate of complex numbers, 329 
Constant(s), A6 
Constant functions, 44-45, 46, 55 
Consumer Price Index (CPI), 497 
Continuous compounding, 491 
Cooling, Newton’s Law of, 501-2 
Coordinates, 2. See also Rectangular 
(Cartesian) coordinates 
of ordered triple, 357 
of point on number line, A4 
Copernicus, 105 
Correlation coefficient, A82 
Correspondence between two 
sets, 24 
Cosecant 
defined, 251 
graph of, 158-59 
periodic properties of, 128 
Cosecant function, 111 
domain of, 126, 127 
inverse, 196 
approximate value of, 197 
calculator to evaluate, 196-97 
definition of, 196 
exact value of, 196 
range of, 127 
Cosine(s) 
defined, 251 
direction, 362-63 
exact value of, 219 
Law of, 274-80 
in applied problems, 276-77 
defined, 274 
historical feature on, 277 
proof of, 275 
Pythagorean Theorem as special 
case of, 275 
SAS triangles solved using, 
275-76 
SSS triangles solved using, 276 
periodic properties of, 128 
Sum and Difference Formula for, 
218-19 
trigonometric equations linear in, 
225-26 
Cosine function, 110 
domain of, 126, 127, 142 


Index 13 


graphs of, 139-54 
amplitude and period, 143-44 
equation for, 148-49 
key points for, 144-48 
hyperbolic, 459 
inverse, 186-88 
defined, 186 
exact value of, 187-88 
exact value of expressions involving, 
195-96 
implicit form of, 186 
properties of, 142 
range of, 127, 142 
Cost(s) 
fixed, A77 
variable, A77 
Cotangent 
defined, 251 
periodic properties of, 128 
Cotangent function, 111 
domain of, 126, 127 
graph of, 157-58 
inverse, 196 
approximating the value of, 197 
calculator to evaluate, 196-97 
definition of, 196 
range of, 127 
Counting numbers (natural numbers), A3 
Cross (vector) product, 345, 366-71 
defined, 366 
determinants to find, 366-67 
to find the area of a parallelogram, 369 
to find vector orthogonal to two given 
vectors, 368-69 
properties of, 367-68 
algebraic, 367-68 
geometric, 368 
of two vectors in space, 366-67 
Cube(s) 
of binomials (perfect cubes), A23 
difference of two, A23, A25 
sum of two, A24 
Cube function, 28, 56 
Cube root, 53-54, 56, A56 
complex, 332-33 
Curve(s) 
bounding, 290 
defined by rectangular equations, 
431-33 
defined parametrically, 425-30 
graphing utility to graph 
parametrically defined, B10 
of quickest descent, 433 
sawtooth, 295 
Curve fitting 
sinusoidal, 165-69 
hours of daylight, 168-69 
sine function of best fit, 169 
temperature data, 165-68 
Curvilinear motion, 428 
Cycle of sinusoidal graph, 139, 144 
Cycloid, 432-33 


14 Index 


Damped motion, 290-91 
Damping factor (damping coefficient), 290 
Data 
fitting exponential functions to, 509-10 
linear models from, A79-A85 
sinusoidal model from, 165-69 
Day length, 95 
Decay, Law of, 500-501. See also 
Exponential growth and decay 
Decimals, A3 
approximate, A3 
converting between degrees, minutes, 
seconds and, 98-99 
repeating, A3 
Declination of the Sun, 192-93 
Decomposition, 352-53 
Decreasing functions, 44-45, 46, 47-48 
Deflection, force of, 303 
Degenerate conics, 378 
Degree of polynomial, A24 
Degrees, 97-99 
converting between decimals and, 
98-99 
converting between radians and, 
100-103 
historical note on, 97 
De Moivre, Abraham, 331 
De Moivre’s Theorem, 331-32 
Denominator, rationalizing the, A58 
Dependent variable, 28 
Depreciation, 442 
Depression, angle of, 255-56 
Descartes, René, 1 
Determinants, 366-67 
Difference(s). See also Subtraction 
of complex numbers, A39 
first, 161 
of logarithms, 475 
of two cubes, A23, A25 
of two squares, A23, A24, A25 
of vectors, 337 
Difference quotient, 29, 229, 458 
Directed line segment, 336 
Direction angle, 342 
Direction angles of vector, 361-64 
Direction (bearing), 258 
Direction cosines, 362-63 
Direction of vectors, 335, 341-43 
Directrix, 419 
of parabola, 379 
Dirichlet, Lejeune, 1 
Discriminant, A34, A44 
Disjoint sets, A3 
Distance, mean, 397, 441 
Distance formula, 3-4 
proof of, 3 
in space, 358 
using, 4 
Distributive Property 
of dot products, 350, 361 
of real numbers, A4 
Division, A10. See also Quotient(s) 
of complex numbers, A40—A41 


Domain, 25, 30-32 

of absolute value function, 57 

of constant function, 55 

of cosecant function, 126, 127 

of cosine function, 126, 127, 142 

of cotangent function, 126, 127 

of cube function, 56 

of cube root function, 56 

defined by an equation, 31 

of identity function, 55 

of inverse function, 78 

of linear function, 56 

of logarithmic function, 461-62 

of logistic models, 503 

of one-to-one function, 75 

of reciprocal function, 57 

of secant function, 126, 127 

of sine function, 126, 127, 140 

of square function, 56 

of square root function, 56 

of tangent function, 126, 127, 156 

of the trigonometric functions, 126 

unspecified, 35 

of variable, A7 
Domain-restricted function, 82-83 
Dot product, 345, 349-56 

angle between vectors using, 

350-51 

to compute work, 354 

defined, 349 

finding, 350-51 

historical feature on, 354 

orthogonal vectors and, 351-53 

parallel vectors and, 351 

properties of, 350, 361 

of two vectors, 349-50 

in space, 359, 360-61 

Double-angle Formulas, 230-34 

to establish identities, 231-34 

to find exact values, 230-31 
Double root (root of multiplicity 2), A31 
Drag, 376 


e, 450-52, 458 
defined, 451 
Earthquakes, magnitude of, 472 
Eccentricity, 419 
of ellipse, 398, 420-22 
of hyperbola, 410, 421 
Eddin, Nasir, 105, 277 
Effective rates of return, 491-92 
Elements (Euclid), 277 
Elements of sets, Al 
Elevation, angle of, 255-56 
Ellipse, 378, 388-98 
with center at (h, k), 392-93 
with center at the origin, 388-92 
major axis along x-axis, 389-90 
major axis along y-axis, 391 
with center not at origin, 393-94 
center of, 388 
defined, 388, 419 
eccentricity of, 398, 420-22 


foci of, 388 
graphing of, 390-93 
major axis of, 388, 419 
length of, 388 
minor axis of, 388 
solving applied problems involving, 
394-95 
vertices of, 388 
Ellipsis, A3 
Elliptical orbits, 377 
Elongation angle, 273 
Empty (null) sets, Al 
Equality 
of complex numbers, A39 
of sets, A2 
of vectors, 336, 340 
in space, 359 
Equation(s) 
conditional, 210 
domain of a function defined by, 31 
equivalent, A28—A29, B3 
even and odd functions identified 
from, 43-44 
exponential, 452-54, 466, 483-84 
quadratic in form, 484 
as function, 27 
graphing utility to graph, B3-B4 
intercepts from, 11-12 
inverse function defined by, 80-83 
linear. See Linear equation(s) 
polar. See Polar equations 
quadratic. See Quadratic equation(s) 
satisfying the, 9, A28 
second-degree, A31 
sides of, 9, A28 
solution set of, A28 
solving, A28-A37 
by factoring, A30, A31—A32 
with graphing calculator, B6—B7 
involving absolute value, 
A30-A31 
in two variables, graphs of, 9-16 
intercepts from, 11 
by plotting points, 9-11 
symmetry test using, 12-14 
x= y*,15 
y=1+x,15-16 
y =x, 14-15 
Equilateral hyperbola, 410 
Equilateral triangle, 7 
Equilibrium, static, 344-45 
Equilibrium (rest) position, 287 
Equivalent equations, A28—A29, B3 
Error triangle, 8 
Euclid, 277 
Euler, Leonhard, 1, 105 
Even functions, 144 
determining from graph, 42-43 
identifying from equation, 43-44 
Evenness ratio, 471 
Even-—Odd identity, 211 
Even—Odd Properties, 135 
Explicit form of function, 30 


Exponent(s), A8-A9 
Laws of, 444, 453, A7-A9 
logarithms related to, 460 
Exponential equations, 452-54 
defined, 452 
solving, 452-54, 466, 483-84 
equations quadratic in form, 484 
using graphing utility, 484-85 
Exponential expressions, changing 
between logarithmic expressions 
and, 460 
Exponential functions, 443-59 
defined, 444 
e, 450-52, 458 
evaluating, 443-47 
fitting to data, 509-10 
graph of, 447-50 
using transformations, 450, 451-52 
identifying, 445-47 
power function vs., 445 
properties of, 448, 450, 454 
ratio of consecutive outputs of, 
445-46 
Exponential growth and decay, 444, 
498-508 
law of decay, 500-501 
logistic models, 503-5 
defined, 503 
domain and range of, 503 
graph of, 503 
properties of, 503 
uninhibited growth, 498-500 
Exponential law, 498 
Extraneous solutions, AS8—A59 
Extreme values of functions, 46-47 
Extreme Value Theorem, 47 


Factored completely, A24 
Factoring 
defined, A24 
equations solved by, A30, A31—A32 
of expression containing rational 
exponents, A6él1 
over the integers, A24 
polynomials, A24—A25 
by grouping, A25 
Factors, A24 
Family of lines, A78 
Fermat, Pierre de, 459 
Ferris, George W., 22, 208 
Financial models, 488-97 
compound interest, 488-94 
doubling time for investment, 493 
effective rates of return, 491-92 
future value of a lump sum of money, 
488-91 
present value of a lump sum of money, 
490, 492-93 
tripling time for investment, 494 
Finck, Thomas, 105, 121 
First-degree equation. See Linear 
equation(s) 
First differences, 161 


Fixed costs, A77 
Focus/foci, 419 
of ellipse, 388 
of hyperbola, 398 
of parabola, 379 
FOIL method, A22—A23 
Foot-pounds, 354 
Force(s), 287 
aerodynamic, 376 
of deflection, 303 
resultant, 343 
Force vector, 342 
Formulas, geometry, A15—A16 
Frequency, 153 
in simple harmonic motion, 288 
Function(s), 1-94. See also Exponential 
functions; Inverse functions; 
Linear functions; Trigonometric 
functions 
absolute value, 54-55, 57 
argument of, 28 
average rate of change of, 48-49 
finding, 48-49 
on calculators, 29-30 
circular, 111 
constant, 44-45, 46,55 
cube, 28, 56 
cube root, 53-54, 56 
decreasing, 44-45, 46, 47-48 
defined, 25 
difference quotient of, 29 
domain of, 25, 30-32 
unspecified, 35 
domain restricted, 82-83 
equation as, 27 
even and odd, 144 
determining from graph, 42-43 
identifying from equation, 43-44 
explicit form of, 30 
graph of, 32-35, 61-74 
combining procedures, 63-64, 68-69 
determining odd and even functions 
from, 42—43 
determining properties from, 44-45 
identifying, 32-33 
information from or about, 33-35 
using compressions and stretches, 
64-66, 67 
using reflections about the x-axis or 
y-axis, 66-67 
using vertical and horizontal shifts, 
61-64, 67 
identically equal, 210 
identity, 55 
implicit form of, 30 
important facts about, 30 
increasing, 44-45, 46, 47-48 
library of, 53-57 
local maxima and local minima of, 
45-48 
one-to-one, 75-77 
periodic, 127-28 
piecewise-defined, 57-58 
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range of, 25 
reciprocal, 56-57, 158. See also 
Cosecant function; 
Secant function 
relation as, 24 
square, 56 
square root, 53, 56 
sum of two, graph of, 291-93 
value (image) of, 25, 27-30 
Function keys, A10 
Function notation, 35 
Fundamental identities of trigonometric 
functions, 130-32 
quotient, 130 
reciprocal, 130 
Fundamental period, 128 
Future value, 488-91 


Gauss, Karl Friedrich, 333 
General form 
of conics, 411-12 
of equation of circle, 18-19 
linear equation in, A71—A72 
Generators of cone, 378 
Geometric mean, A55 
Geometric vectors, 336 
Geometry essentials, Al4—A22 
congruent and similar triangles, 
A16-A19 
formulas, A15—A16 
Pythagorean Theorem and its 
converse, Al4 
Geometry problems, algebra to solve, 4 
Gibbs, Josiah, 345 
Grade, A78 
Graph(s)/graphing 
bounding curves, 290 
of circles, 17-18, 323 
complete, 10 
of cosecant function, 158-59 
using transformations, 159 
of cosine function, 141-43 
of cotangent function, 157-58 
of ellipse, 390-93 
of equations in two variables, 9-16 
intercepts from, 11 
by plotting points, 9-11 
symmetry test using, 12-14 


x= y*,15 
y=1+x,15-16 
y = x7, 14-15 


of exponential functions, 447-50 
using transformations, 450, 451-52 
of function, 32-35, 61-74 
combining procedures, 63-64, 68-69 
determining odd and even functions 
from, 42—43 
determining properties from, 44-45 
identifying, 32-33 
information from or about, 33-35 
in library of functions, 53-57 
using compressions and stretches, 
64-66, 67 
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Graph(s)/graphing (Continued) 
using reflections about the x-axis or 
y-axis, 66-67 
using vertical and horizontal shifts, 
61-64, 67 
of inequalities, A4-A5 
of inverse functions, 80 
of lines 
given a point and the slope, A67 
using intercepts, A71-A72 
to locate absolute maximum and 
absolute 
minimum of function, 46-47 
of logarithmic functions, 462-65 
base not 10 or e, 478 
inverse, 463-65 
of logistic models, 503-5 
of parabola, 380 
of parametric equations, 425-26, 
B9-B10 
of piecewise-defined functions, 57-58 
of polar equations, 313-27 
cardioid, 318-19, 324 
circles, 323 
of conics, 420-22 
by converting to rectangular 
coordinates, 314-17 
defined, 314 
lemniscate, 322, 324 
limacon with inner loop, 320-21, 324 
limacgon without inner loop, 
319-20, 324 
by plotting points, 318-23 
polar grids for, 313 
rose, 321-22, 324 
sketching, 324-25 
spiral, 322-23 
using graphing utility, 315, B9 
of secant function, 158-59 
using transformations, 159 
of sine and cosine functions, 139-54, 
165, 292-93 
amplitude and period, 143-44 
equation for, 148-49 
key points for, 144-48 
of vectors, 338 
Graphing calculator(s), A10 
Graphing utility(ies), B1-B10 
coordinates of point shown on, B2 
eVALUEate feature, B5 
to fit exponential function to data, 
509-10 
to fit logarithmic function to data, 
510-11 
to fit logistic function to data, 511-12 
functions on, 47-48 
to graph a circle, 19 
to graph equations, B3-B4 
to graph parametric equations, 
B9-B10 
to graph polar equations, B9 
identity established with, 213 


INTERSECT feature, B6-B7 

line of best fit from, A81—A82 

to locate intercepts and check for 
symmetry, B5-B6 


logarithmic and exponential equations 


solved using, 484-85 


MAXIMUM and MINIMUM features, 


47-48 

PARametric mode, 429 

polar equations using, 315 

REGression options, 509 

sine function of best fit on, 169 

to solve equations, B6-B7 

square screens, B8 

tables on, B4 

trigonometric equations solved 

using, 205 
viewing rectangle, B1—B3 
setting, B1 

ZERO (or ROOT) feature, B5, B6 

ZOOM-STANDARD feature, B3n 

ZSQR function on, B8” 
Grassmann, Hermann, 345, 354 
Greek letters, to denote angles, 96 
Greeks, ancient, 105 
Grouping, factoring by, A25 
Growth, uninhibited, 498-500 
Growth factor, 444 


Hale-Bopp Comet, orbit of, 377, 441 
Half-angle Formulas, 235-36 
to find exact values, 235-36 
for tangent, 236 
Half-life, 500 
Half-line (ray), 96 
Half-open/half-closed intervals, 
A46, A47 
Hamilton, William Rowan, 345 
Harmonic mean, A55 
Heron of Alexandria, 282, 283 
Heron’s Formula, 282-83 
historical feature on, 283 
proof of, 282-83 
Horizontal asymptote, 70 
Horizontal component of vector, 340 
Horizontal compression or stretches, 
65-66 
Horizontal lines, 315,323, A68—A69 
Horizontal-line test, 76-77 
Horizontal shifts, 61-64, 67 
HP 48G, B8n 
Huygens, Christiaan, 433 
Huygens’s clock, 433 
Hyperbolas, 377, 378, 398-410 
asymptotes of, 403-5 
branches of, 398 
with center at (h, k), 405-6 
with center at the origin, 398-403 
transverse axis along x-axis, 
400-401, 405 
transverse axis along y-axis, 
401-2, 405 


with center not at the origin, 405-6 
center of, 398 
conjugate, 410 
conjugate axis of, 398 
defined, 398, 419 
eccentricity of, 410, 421 
equilateral, 410 
foci of, 398 
graphing equation of, 400-401 
solving applied problems involving, 
406-7 
transverse axis of, 398, 419 
vertices of, 398 
Hyperbolic cosine function, 459 
Hyperbolic sine function, 459 
Hyperboloid, 410 
Hypocycloid, 437 
Hypotenuse, 251, A14 


i, A42 
Identically equal functions, 210 
Identity(ies), A28 
definition of, 210 
polarization, 356 
Pythagorean, 131,211 
trigonometric, 210-17 
basic, 211 
establishing, 212-15, 220-23, 
231-34 
Even—Odd, 211 
Pythagorean, 211 
Quotient, 211 
Reciprocal, 130, 211 
trigonometric equations solved 
using, 204-5 
Identity function, 55 
Image (value) of function, 25, 27-30 
Imaginary axis of complex plane, 328 
Imaginary unit, A38 
Implicit form of function, 30 
Incidence, angle of, 209 
Inclination, 125 
Increasing functions, 44—45, 47-48 
Independent variable, 28 
in calculus, 139 
Index/indices 
of radical, A56 
of refraction, 209 
Inequality(ies) 
combined, AS0-A51 
interval notation to write, A47 
involving absolute value, A51—A52 
nonstrict, A5 
in one variable, A49 
properties of, A47—A48, AS1 
sides of, AS 
solving, A49-A51 
strict, A5 
Inequality symbols, A4 
Inertia 
moment of, 243 
product of, 239 


Infinity, 70-71, A46-A47 
Inflation, 496 
Inflection point, 503 
Initial point of directed line 
segment, 336 
Initial side of angle, 96 
Initial value of exponential 
function, 444 
Input to relation, 24 
Inscribed circle, 286 
Integers, A3 
factoring over the, A24 
Integrals, 234 
Intercept(s) 
of circle, 18 
from an equation, 11-12 
from a graph, 11 
graphing an equation in general form 
using, A71—A72 
graphing utility to find, B5—B6 
from graph of linear equation, 14-15 
graph of lines using, A71-A72 
Interest 
compound, 488-94 
computing, 488-90 
continuous, 491 
defined, 488 
doubling or tripling time for money, 
493-94 
effective rates of return, 491-92 
formula, 489-90 
future value of lump sum of money, 
488-90 
present value of lump sum of money, 
492-93 
rate of, 488 
effective, 491-92 
simple, 488 
Internal Revenue Service Restructuring 
and Reform Act (RRA), 52 
Intersection of sets, A2 
Intervals, A46 
closed, A46, A47 
endpoints of, A46 
half-open, or half-closed, A46, A47 
open, A46, A47 
writing, using inequality notation, A47 
Invariance, 418 
Inverse functions, 77-83, 182-200. 
See also Logarithmic functions 
cosine, 186-88 
defined, 186 
exact value of, 187-88 
exact value of expressions involving, 
195-96 
implicit form of, 186 
defined by a map or an ordered pair, 
77-19 
domain of, 78 
of domain-restricted function, 82-83 
finding, 77-79, 190-91 
defined by an equation, 80-83 


graph of, 80 
range of, 78 
secant, cosecant, and cotangent, 196 
approximating the value of, 197 
calculator to evaluate, 196-97 
definition of, 196 
sine, 182-86 
approximate value of, 184-85 
defined, 183 
exact value of, 183-84 
exact value of expressions involving, 
195-96, 224 
implicit form of, 183 
properties of, 185-86 
solving equations involving, 191 
Sum and Difference Formulas 
involving, 224-25 
tangent, 188-90 
defined, 189 
exact value of, 189-90 
exact value of expressions involving, 
195-96 
implicit form of, 189 
verifying, 79 
written algebraically, 197-98 
Inverse trigonometric equations, 191 
Irrational numbers, A3, A38 
decimal representation of, A3 
Isosceles triangle, 7 


Jiba, 121 
Jiva, 121 
Joules (newton-meters), 354 


Latus rectum, 380, 381 
Law of Cosines, 274-80 
in applied problems, 276-77 
defined, 274 
historical feature on, 277 
proof of, 275 
Pythagorean Theorem as special case 
of, 275 
SAS triangles solved using, 275-76 
SSS triangles solved using, 276 
Law of Decay, 500-501. See also 
Exponential growth and decay 
Law of Sines 
in applied problems, 268-70 
defined, 264 
historical feature on, 277 
proof of, 269-70 
SAA or ASA triangles solved using, 
264-65 
SSA triangles solved using, 265-68 
Law of Tangents, 274, 277 
Laws of Exponents, 444, 453, A7-A9 
Left endpoint of interval, A46 
Legs of triangle, 251, A14—-A15 
Leibniz, Gottfried Wilhelm, 1 
Lemniscate, 322, 324 
Length of arc of a circle, 100 
Lewis, Meriwether, 250, 302 
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Lift, 303, 376 
Light detector, 256 
Light projector, 256 
Like radicals, A57 
Limacgon 
with inner loop, 320-21, 324 
without inner loop, 319-20, 324 
Line(s), A64—A78. See also Linear 
equation(s) 
of best fit, A81-A82 
family of, A78 
graphing 
given a point and the slope, A67 
using intercepts, A71-A72 
horizontal, 315, 323, A68-A69 
point—slope form of, A68—A69 
polar equation of, 314-15, 323 
slope of, A64—A67, A70 
containing two points, A65 
from linear equation, A70 
vertical, 315, 323, A64 
y-intercept of, A70 
Linear equation(s). See also Line(s) 
defined, A72 
in general form, A71-A72 
given two points, A69 
for horizontal line, A68—A69 
in one variable, A28 
for parallel line, A72—A73 
for perpendicular line, A73—A74 
slope from, A70 
in slope—intercept form, A69—A70 
for vertical line, A67-A68 
Linear functions, 56 
building from data, A79-A85 
graphing utility to find the line of best 
fit, A81-A82 
identifying, 445-47 
nonlinear relations vs., A80-A81 
scatter diagrams, A79-A80 
Linear models from data, A79—A85 
Linear speed, 104-5 
Linear trigonometric equation, 202 
Line segment, 336 
midpoint of, 5 
Local maxima and local minima of 
functions, 45-48 
Logarithmic equations, 481-87 
defined, 466 
solving, 466-67, 481-83 
Logarithmic functions, 459-72 
changing between logarithmic 
expressions and exponential 
expressions, 460 
defined, 460 
domain of, 461-62 
evaluating, 460-61 
fitting to data, 510-11 
graph of, 462-65 
base not 10 or e, 478 
properties of, 462, 468 
range of, 461 
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Logarithmic spiral, 323 
Logarithms, 472-80 
on calculators, 477 
common (log), 464, 477, 478 
evaluating, with bases other than 10 
or e, 477-78 
historical feature on, 478 
logarithmic expression as single, 
475-76 
logarithmic expression as sum or 
difference of, 475 
natural (In), 463, 477, 478 
properties of, 472-78 
establishing, 473 
proofs of, 473-74 
summary of, 478 
using, with even exponents, 483 
relating to exponents, 460 
Logistic functions, fitting to data, 
511-12 
Logistic models, 503-5 
defined, 503 
domain and range of, 503 
graph of, 503 
properties of, 503 
Loudness, 471 


Magnitude 
of earthquake, 472 
vector in terms of direction cosines 


and, 363-64 
of vectors, 335, 338, 340, 341, 
342-43 


in space, 359 
Magnitude (modulus), 328, 329, 330 
Major axis, 419 
Mandelbrot sets, 335 
Mapping, 24 
Maxima of functions 
absolute, 46-47 
local, 45-48 

Mean 
arithmetic, A55 
geometric, A55 
harmonic, A55 

Mean distance, 397, 441 


Mechanics, parametric equations applied 


to, 433 

Medians of triangle, 7 
Menelaus of Alexandria, 105 
Metrica (Heron), 283 
Midpoint formula, 5 
Mind, mapping of, 181 
Mindomo (software), 249 
Minima of functions 

absolute, 46-47 

local, 45-48 
Minutes, 98-99 
Model(s) 

linear, from data, A79-A85 

sinusoidal, 165-69 

best fit, 169 


daylight hours, 168-69 
temperature data, 165-68 
Modulus (magnitude), 328, 329, 330 
Mollweide, Karl, 273 
Mollweide’s Formula, 273 
Moment of inertia, 243 
Monomial, common factors, A24 
Monter, A78 
Motion 
circular, 104-5, 287 
curvilinear, 428 
damped, 290-91 
Newton’s second law of, 337 
projectile, 428-30 
simple harmonic, 287-89 


Multiplication, A10. See also Product(s) 


of complex numbers, A39-A40 
of vectors, by numbers 
geometrically, 337 
Multiplication properties for 
inequalities, A48 


Napier, John, 478 
appes, 378 
atural logarithms (In), 463, 477, 478 


autical miles, 108 
egative angle, 96 
egative numbers 
real, A4 
square root of, A9, A42—A43 
Newton-meters (joules), 354 
Newton’s Law of Cooling, 501-2, 506 
Newton’s Law of Heating, 507 
Newton’s Second Law of Motion, 
287, 337 
Niccolo of Brescia (Tartaglia), 333 
Nonlinear relations, ASO-A81 
Nonnegative property of 
inequalities, A47 
Nonstrict inequalities, AS 
nth roots, AS6—A57 
rationalizing the denominator, A58 
simplifying, A56 
simplifying radicals, AS6—A57 
Null (empty) sets, Al 
Numbers 
irrational, A3 
natural (counting), A3 
rational, A3 


N 
N 
N 
N 
N 
N 


Oblique triangle, 263-64 
Odd functions, 144 
determining from graph, 
42-43 
identifying from equation, 
43-44 
One-to-one functions, 75-77 
defined, 75 
horizontal-line test for, 76-77 
Open interval, A46, A47 
Optical (scanning) angle, 239 


atural numbers (counting numbers), A3 


Orbits 


elliptical, 377 
planetary, 397 


Ordered pair(s), 2 


inverse function defined by, 
77-19 
as relations, 24-25 


Ordinary (statute) miles, 108 
Ordinate (y-coordinate), 2 
Orientation, 425 

Origin, 2, 357 


of real number line, A4 
symmetry with respect to, 
12-14 


Orthogonal vectors, 351-53 
Output of relation, 24 


Parabola, 378, 379-87 


axis of symmetry of, 379 

defined, 379, 419 

directrix of, 379 

focus of, 379 

graphing equation of, 380 

solving applied problems involving, 

384-85 

with vertex at (h, k), 382-83 

with vertex at the origin, 379-82 
finding equation of, 381-82 
focus at (a, 0), a > 0, 380-81 

vertex of, 379 


Paraboloids of revolution, 377, 384 
Parallax, 260-61 

Parallelepiped, 371 

Parallel lines, A72—A73 
Parallelogram, area of, 369 
Parallel vectors, 351 

Parameter, 425 


time as, 428-30 


Parametric equations, 424-37 


for curves defined by rectangular 
equations, 431-33 
applications to mechanics, 433 
cycloid, 432-33 
defined, 425 
describing, 427-28 
graphing, 425-26 
using graphing utility, B9-B10 
rectangular equation for curve defined 
parametrically, 426-28 
time as parameter in, 428-30 


Pascal, Blaise, 433 

Payment period, 488 
Pendulum, period of, A63 
Perfect cubes, A23 

Perfect roots, A56 

Perfect squares, A23, A25 
Perfect triangle, 286 
Perihelion, 397, 424, 441 
Perimeter, formulas for, A15 
Period 


fundamental, 128 
of simple harmonic motion, 287 


of sinusoidal functions, 143, 144, 
162-65 
of trigonometric functions, 
127-29 
Periodic functions, 128 
Period of pendulum, A63 
Phase shift, 161-65 
to graph y = Asin(wx — ) + B, 
161-63 
Phones, cellular, 1 
Physics, vectors in, 335-36 
Piecewise-defined functions, 57-58 
Pitch, A78 
Pixels, B1 
Plane(s) 
complex, 328-30 
defined, 328 
imaginary axis of, 328 
plotting points in, 328-30 
real axis of, 328 
Plane curve, 424-25 
Planets, orbit of, 397 
Plotting points, 2, 304-6 
graph equations by, 9-11 
Point(s) 
coordinates of 
on graphing utility, B2 
on number line, A4 
distance between two, 3 
inflection, 503 
initial, 336 
plotting, 2, 304-6 
graph equations by, 9-11 
polar coordinates of, 305-6 
terminal, 336 
Point-slope form of equation of line, 
A68-A69 
Polar axis, 304 
Polar coordinates, 304-13 
conversion from rectangular 
coordinates, 308-9 
conversion to rectangular coordinates, 
306-7 
defined, 304 
plotting points using, 304-6 
of a point, 305-6 
polar axis of, 304 
pole of, 304 
rectangular coordinates vs., 304 
Polar equations 
calculus and, 325 
classification of, 323-24 
of conics, 419-24 
analyzing and graphing, 420-22 
converting to rectangular 
equation, 423 
focus at pole; eccentricity e, 
420-22 
defined, 314 
graph of, 313-27 
cardioid, 318-19, 324 
circles, 323 


by converting to rectangular 
coordinates, 314-17 
defined, 314 
lemniscate, 322, 324 
limacon with inner loop, 
320-21, 324 
limagon without inner loop, 
319-20, 324 
by plotting points, 318-23 
polar grids for, 313 
rose, 321-22, 324 
sketching, 324-25 
spiral, 322 
using graphing utility, 315, B9 
historical feature on, 325 
identifying, 314-17 
testing for symmetry, 317 
transforming rectangular form to, 
310-11 
transforming to rectangular 
form, 310 
Polar form of complex number, 
329-30 
Polar grids, 313 
Polarization identity, 356 
Pole, 304 
Polynomial(s) 
degree of, A24 
factoring, A24—A25 
by grouping, A25 
prime, A24 
special products formulas, A22—A24 
Position vector, 338—40 
in space, 358-59 
Positive angle, 96 
Positive real numbers, A4 
Power(s), 153. See also Exponent(s) 
of i, A42 
log of, 474 
Power functions, exponential 
function vs., 445 
Present value, 490, 492-93 
Prime polynomials, A24 
Principal, 488 
Principal nth root of real number, A56 
Principal square root, A9, A42 
Product(s). See also Dot product; 
Multiplication 
of complex numbers, A39—A40 
in polar form, 330 
of inertia, 239 
log of, 474 
special, A22—A24 
vector (cross), 345 
Product-to-Sum Formulas, 240-42 
Projectile motion, 428-30 
Projection, vector, 352-53 
Projection of P on the x-axis, 288 
Projection of P on the y-axis, 288 
Prolate spheroid, 397 
Ptolemy, 209, 277 
Pure imaginary number, A38 
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Pythagorean Identities, 131,211 
Pythagorean Theorem, 251, A14—A15 
applying, A15 
converse of, Al4—A15 
as special case of Law of Cosines, 275 


Quadrant, angle lying in, 97 
Quadrantal angles, 97 
trigonometric functions of, 112-14 
Quadrants, 2 
Quadratic equation(s) 
character of the solutions of, A44 
in the complex number system, 
A42-A44 
definition of, A31 
factoring, A31—A32 
solving 
completing the square, A32—A33 
procedure for, A35 
quadratic formula, A33—A35, A43 
Square Root Method, A32 
in standard form, A31 
Quadratic formula, A33—A35, A43 
Quaternions, 345 
Quotient(s). See also Division 
of complex numbers in polar 
form, 330 
difference, 29, 229, 458 
log of, 474 
Quotient identity(ies), 211 
of trigonometric functions, 130 


Radians, 99 
converting between degrees and, 
100-103 
Radical equations, AS8—A59 
defined, A58 
graphing utility to solve, B7 
solving, A58—A59 
Radicals, A56 
fractional exponents as, AS9 
index of, A56 
like, A57 
properties of, AS7 
rational exponents defined 
using, A59 
simplifying, AS6—A57 
Radical sign, A9 
Radicand, A56 
Radioactive decay, 500-501 
Radius, 16 
of sphere, 365 
Range, 25 
of absolute value function, 57 
of constant function, 55 
of cosecant function, 127 
of cosine function, 127, 142 
of cotangent function, 127 
of cube function, 56 
of cube root function, 56 
of identity function, 55 
of inverse function, 78 
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Range (Continued) 
of logarithmic function, 461 
of logistic models, 503 
of one-to-one function, 75 
of projectile, 233-34 
of reciprocal function, 57 
of secant function, 127 
of sine function, 127, 140 
of square function, 56 
of square root function, 56 
of tangent function, 127, 156 
of the trigonometric functions, 
126-27 
Rate of change 
average, 48-49, A65 
of linear and exponential functions, 
446-47 
Rate of interest, 488 
Rates of return, effective, 491-92 
Rational exponents, A59-A61 
Rationalizing the denominator, A58 
Rational numbers, A3, A38 
Rays (half-lines), 96 
of central angle, 99 
vertex of, 96 
Real axis of complex plane, 328 
Real number(s), A3-A6, A38 
approximate decimals, A3 
conjugate of, A41 
defined, A3 
principal nth root of, A56 
Real number line, A4 
Real part of complex numbers, A38 
Reciprocal function, 56-57, 158. 
See also Cosecant function; 
Secant function 
Reciprocal identities, 130,211 
Reciprocal property for inequalities, 
A48, AS1 
Rectangle, area and perimeter of, 
A15, Al6 
Rectangular (Cartesian) coordinates 
converted to polar coordinates, 
308-9 
polar coordinates converted to, 306-7 
polar coordinates vs., 304 
polar equations graphed by converting 
to, 314-17 
in space, 357 
Rectangular (Cartesian) form of 
complex number, 329-30 
Rectangular equations 
for curve defined parametrically, 
426-28 
polar equations converted to, 
310, 423 
transforming to polar equation, 
310-11 
Rectangular grid, 313 
Reflections about x-axis or y-axis, 
66-67 
Refraction, 209 


Regiomontanus, 105,277 
Relation(s), 24. See also Function(s) 
defined, 24 
as function, 24-27 
input to, 24 
nonlinear, A80-A81 
ordered pairs as, 24-25 
Relative maxima and minima of 
functions, 45-46 
Repeated solution, A31 
Repeating decimals, A3 
Repose, angle of, 199 
Rest (equilibrium) position, 287 
Resultant force, 343 
Review, A1l—A86 
of algebra, A1—-A13 
distance on the real number line, 
AS-A6 
domain of variable, A7 
evaluating algebraic expressions, 
A6-A7 
evaluating exponents, A10 
graphing inequalities, A4—A5 
Laws of Exponents, A7-A9 
sets, Al-A4 
square roots, A9-A10 
complex numbers, A38—A42 
of geometry, A14—A22 
congruent and similar triangles, 
A16-A19 
formulas, A15—A16 
Pythagorean Theorem and its 
converse, Al4—-A15 
inequalities 
combined, ASO-A51 
properties of, A47—A48 
solving, A49-A51 
interval notation, A46—A47 
of nth roots, A56—A57 
rationalizing the denominator, A58 
simplifying, AS6 
simplifying radicals, A56—A57 
of polynomials 
factoring, A24—A25 
special products formulas, 
A22-A24 
of rational exponents, A59-A61 
Revolutions per unit of time, 104 
Rhaeticus, 105 
Richter scale, 472 
Right angle, 97, A14 
Right circular cone, 378 
Right circular cylinder, volume and 
surface area of, A1l6 
Right endpoint of interval, A46 
Right-hand rule, 357 
Right triangles, 251, 253-58, A14 
applications of, 254-58 
solving, 253-58 
Right triangle trigonometry, 251-63 
Complementary Angle Theorem, 253 
fundamental identities, 130-32 


values of trigonometric functions of 
acute angles, 251-53 
Rise, A64 
Root(s), A28. See also Solution(s) 
complex, 332-33 
of multiplicity 2 (double root), A31 
perfect, A56 
Rose, 321-22, 324 
Roster method, Al 
Rotation of axes, 412-16 
analyzing equation using, 414-16 
formulas for, 413 
identifying conic without, 
416-17 
Rounding, A10 
Round-off errors, 254 
Rumsey, David, 250 
Run, A64 
Rutherford, Ernest, 410 


SAA triangles, 264-65 
SAS triangles, 264, 275-76, 281-82 
Satisfying equations, 9, A28 
Sawtooth curve, 295 
Scalar, 337 
Scalar product. See Dot product 
Scale of number line, A4 
Scanning (optical) angle, 239 
Scatter diagrams, 165-66, A79—A80 
Scientific calculators, A10 
Secant 
defined, 251 
graph of, 158-59 
periodic properties of, 128 
Secant function, 111 
domain of, 126, 127 
inverse, 196 
approximating the value 
of, 197 
calculator to evaluate, 196-97 
definition of, 196 
range of, 127 
Second-degree equation. See Quadratic 
equation(s) 
Seconds, 98-99 
Seed, 335 
Set(s), Al-A4 
complement of, A2 
correspondence between two, 24 
disjoint, A3 
elements of, Al 
empty (null), Al 
equal, A2 
intersection of, A2 
Mandelbrot, 335 
of numbers, Al—-A4 
union of, A2, A51n 
universal, A2 
Set-builder notation, Al-A2 
Shannon’s diversity index, 470 
Shifts, graphing functions using vertical 
and horizontal, 61-64, 67 


Side—angle-side case of congruent 
triangle, A17 
Side—angle-side case of similar 
triangle, A18 
Sides 
of equation, 9, A28 
of inequality, A5 
Similar triangles, A16—A19 
Simple harmonic motion, 287-89 
amplitude of, 287 
analyzing, 289 
circular motion and, 287-88 
defined, 287 
equilibrium (rest) position, 287 
frequency of object in, 288 
model for, 287-89 
period of, 287 
Simple interest, 488 
Simplifying 
expressions with rational exponents, 
AS59-A61 
nth roots, A56 
radicals, AS6—A57 
Sine 
defined, 251 
historical feature on, 121 
Law of 
in applied problems, 268-70 
defined, 264 
historical feature on, 277 
proof of, 269-70 
SAA or ASA triangles solved using, 
264-65 
SSA triangles solved using, 
265-68 
periodic properties of, 128 
Sum and Difference Formula for, 
220-21 
trigonometric equations linear in, 
225-26 
Sine function, 110 
of best fit, 169 
domain of, 126, 127, 140 
graphs of, 139-54 
amplitude and period, 
143-44 
equation for, 148-49 
key points for, 144-48 
hyperbolic, 459 
inverse, 182-86 
approximate value of, 184-85 
defined, 183 
exact value of, 183-84 
exact value of expressions involving, 
195-96 
implicit form of, 183 
properties of, 185 
properties of, 140 
range of, 127, 140 
Sinusoidal graphs, 139-54, 292-93 
amplitude and period, 143-44 
equation for, 148-49 


key points for, 144-48 
steps for, 165 
Sinusoidal models, 165-69 
best fit, 169 
daylight hours, 168-69 
temperature data, 165-68 
Six trigonometric functions 
exact values of, 120 
of quadrantal angles, 112-14 
of t, 110-11 
Slope, A64-A67, A70 
containing two points, A65 
graphing lines given, A67 
from linear equation, A70 
Slope-intercept form of equation 
of line, A69-A70 
Snell, Willebrord, 209 
Snell’s Law of Refraction, 209 
Solution(s), A28 
extraneous, AS8-A59 
of inequality, A49 
repeated, A31 
of trigonometric equations, 200 
Solution set of equation, A28 
Special products, A22—A24 
Speed 
angular, 104 
linear, 104—5 
Sphere, 365 
volume and surface area of, A16 
Spherical trigonometry, 301 
Spheroid, prolate, 397 
Spiral, 322-23 
Square(s) 
of binomials (perfect squares), 
A23, A25 
difference of two, A23, A24, A25 
perfect, A23, A25 
Square function, 56 
Square root(s), A9-A10, A56 
complex, 332 
of negative number, A9, A42—A43 
principal, A9, A42 
Square root function, 53, 56 
Square Root Method, A32 
SSA triangles, 265-68 
SSS triangles, 264, 276, 282-83 
Standard deviation, A55 
Standard form 
complex number in, A38 
power of, A42 
quotient of two, A40—A41 
reciprocal of, A40-A41 
of equation of circle, 16-17 
quadratic equation in, A31 
Standard position, angle in, 96-97 
Static equilibrium, 344—45 
Statute (ordinary) miles, 108 
Straight angle, 97 
Stretches, graphing functions using, 
64-66, 67 
Strict inequalities, AS 
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Subsets, A2 
Subtraction, A10. See also Difference(s) 
of complex numbers, A39 
of vectors, 340-41 
in space, 359 
Sum. See also Addition 
of logarithms, 475 
of two cubes, A24 
of two functions, graph of, 291-93 
Sum and Difference Formulas, 218-30 
for cosines, 218-19 
defined, 218 
to establish identities, 220-23 
to find exact values, 219, 221-22 
involving inverse trigonometric 
function, 224-25 
for sines, 220-21 
for tangents, 223 
Sum-to-Product Formulas, 241-42 
Sun, declination of, 192-93 
Surface area, formulas for, A16 
Symmetry, 12-16 
axis of, of parabola, 379 
graphing utility to check for, 
B5-B6 
of polar equations, 317 
with respect to origin, 12-14 
with respect to the line 6 = us 
(y-axis), 317 
with respect to the polar axis 
(x-axis), 317 
with respect to the pole (origin), 317 
with respect to the x-axis, 12, 13 
with respect to the y-axis, 13 


Tables, on graphing utility, B4 
Tangent(s) 
defined, 251 
graph of, 154-57 
Half-angle Formulas for, 236 
historical feature on, 121 
Law of, 274, 277 
periodic properties of, 128 
Sum and Difference Formulas 
for, 223 
Tangent function, 111 
domain of, 126, 127, 156 
inverse, 188-90 
defined, 189 
exact value of, 190-91 
exact value of expressions 
involving, 195-96 
implicit form of, 189 
properties of, 156 
range of, 127, 156 
Tartaglia (Niccolo of Brescia), 333 
Tautochrone, 433 
Terminal point of directed line 
segment, 336 
Terminal side of angle, 96 
Terminating decimals, A3 
3 by 3 determinants, 366 
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Thrust, 376 
TIL-84 Plus, B3 
TI-85, B8&n 
Time, as parameter, 428-30 
Transformations, 61-74, 382, 393, 405 
combining, 63-64, 68-69 
compressions and stretches, 
64-66, 67 
cosecant and secant graphs 
using, 159 
of cosine function, 142—43 
defined, 61 
graphs using, of exponential functions, 
450, 451-52 
reflections about the x-axis or y-axis, 
66-67 
of sine function, 140-42 
vertical and horizontal shifts, 
61-64, 67 
Transverse axis, 398, 419 
Triangle(s). See also Law of Sines 
area of, 281-86, A15 
ASA, 264-65 
congruent, A16-A19 
equilateral, 7 
error, 8 
isosceles, 7 
legs of, 251, A14 
medians of, 7 
oblique, 263-64 
perfect, 286 
right, 251, 253-58, A14 
applied problems involving, 
254-58 
solving, 253-58 
SAA, 264-65 
SAS, 264, 275-76, 281-82 
similar, A16—A19 
SSA, 265-68 
SSS, 264, 276, 282-83 
Trigonometric equations, 200-210 
calculator for solving, 203-4 
graphing utility to solve, 205 
identities to solve, 204-5 
involving single trigonometric 
function, 200-203 
linear, 202 
linear in sine and cosine, 225-26 
quadratic in form, 204 
solutions of, defined, 200 
Trigonometric expressions, written 
algebraically, 197-98, 224 
Trigonometric functions 
of acute angles, 251-53 
applications of, 250-302 
damped motion, 290-91 
graphing sum of two functions, 
291-93 
involving right triangles, 254-58 
Law of Cosines, 276-77 
Law of Sines, 275 
Law of Tangents, 274, 277 


simple harmonic motion, 
287-89 
calculator to approximate values of, 
119-20 
circle of radius r to evaluate, 120 
cosecant and secant graphs, 
158-59 
domain and the range of, 126-27 
exact value 


of 7 = 45°, 114-15, 118-19 


oft = 30° and 7 = 60°, 115-19 


given one function and the quadrant 


of the angle, 132-35 
using even-odd properties, 135 
fundamental identities of, 130-32 
quotient, 130 
reciprocal, 130 
of general angles, signs of, in a given 
quadrant, 129-30 
historical feature on, 105, 121 
period of, 127-29 
phase shift, 161-65 
to graph y = Asin(wx — 6) + B, 
161-63 
properties of, 109-38 
Even—Odd, 135 
of quadrantal angles, 112-14 
right triangle trigonometry, 251-63 
Complementary Angle 
Theorem, 253 
fundamental identities, 130-32 
sine and cosine graphs, 139-54 
amplitude and period, 143-44, 
162-65 
equation for, 148-49 
key points for, 144-48 
sinusoidal curve fitting, 165-69 
of ¢, 110-11 
tangent and cotangent graphs, 
154-58 
unit circle approach to, 109-25 
Trigonometric identities, 210-17 
basic, 211 
establishing, 212-15 
Double-angle Formulas for, 
231-34 
Sum and Difference Formulas for, 
220-23 
Even—Odd, 211 
Pythagorean, 211 
Quotient, 211 
Reciprocal, 211 
Truncation, A10 
2 by 2 determinants, 366 


Umbra versa, 121 

Unbounded in the negative 
direction, 69 

Unbounded in the positive 
direction, 70 


Uninhibited growth, 498-500 
Union of sets, A2, AS51n 
Unit circle, 17, 109-12 
Unit vector, 338, 341-42 
in space, 360 
Universal sets, A2 


Value (image) of function, 25, 27-30 
Variable(s), A6 
dependent, 28 
domain of, A7 
independent, 28 
in calculus, 139 
Variable costs, A77 
Vector(s), 335-49 
adding, 336-37, 340-41 
algebraic, 338-39 
angle between, 350-51 
components of, 338, 340 
horizontal and vertical, 340 
decomposing, 352-53 
defined, 335 
difference of, 337 
direction of, 335, 341-43 
dot product of two, 349-50 
equality of, 336, 340 
finding, 342-43 
force, 342 
geometric, 336 
graphing, 338 
historical feature on, 345 
magnitudes of, 335, 338, 341, 
342-43 
modeling with, 343-45 
multiplying by numbers geometrically, 
337-38 
objects in static equilibrium, 
344-45 
orthogonal, 351-53 
parallel, 351 
in physics, 335-36 
position, 338-40 
scalar multiples of, 337, 341, 350 
in space, 356-65 
angle between two vectors, 361 
cross product of two, 366-67 
direction angles, 361-64 
distance formula, 358 
dot product, 360-61 
operations on, 359-60 
orthogonal to two given vectors, 
368-69 
position vectors, 358-59 
rectangular coordinates, 357 
subtracting, 340-41 
unit, 338, 341-42 
velocity, 342-44 
writing, 343 
Zero, 336 
Vector product. See Cross (vector) 
product 
Vector projection, 352-53 


Velocity vector, 342-44 
Venn diagrams, A2 
Vertex/vertices 

of cone, 378 

of ellipse, 388 

of hyperbola, 398 

of parabola, 379 

of ray, 96 
Vertical asymptote, 70 
Vertical component of vector, 340 
Vertical line, 315,323, A64 
Vertical-line test, 32-33, 35 
Vertically compressed or stretched 

graphs, 64-65 

Vertical shifts, 61-64, 67 
Viéte, Frangois, 277 
Viewing angle, 193 


Viewing rectangle, 3, B1—B3 
setting, B1 
Volume, formulas for, A16 


Wallis, John, 333 
Waves, traveling speeds of, 209 
Weight, 376 
Whispering galleries, 394-95 
Wings, airplane, 303, 376 
Work, 365 

dot product to compute, 354 


X-axis, 2 
projection of P on the, 288 
reflections about, 66-67 
symmetry with respect to, 12, 13 
x-coordinate, 2 
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x-intercept, 11 
xy-plane, 2, 357 
xz-plane, 357 


y-axis, 2 
projection of P on the, 288 
reflections about, 66-67 
symmetry with respect to, 13 
y-coordinate (ordinate), 2 
y-intercept, 11, A70 
from linear equation, A70 
yz-plane, 357 


Zero-coupon bonds, 496-97 
Zero-level earthquake, 472 
Zero-Product Property, A4 
Zero vector, 336 
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